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Abstract Let Q@ C R” be a bounded domain, andlet | < p < oo and o < p. We study
the nonlinear singular integral equation

Mlu](x) = fo(x) inQ

with the boundary condition u = go on 32, where fy € C(Q) and gy € C(3d) are given
functions and M is the singular integral operator given by

— 0

Mu(x) = p.v. / o o+ 2) — w0l s+ 2) — )
B(0,p(x))

with some choice of p € C(2) having the property, 0 < p(x) < dist (x, d$2). We establish
the solvability (well-posedness) of this Dirichlet problem and the convergence uniform on
Q,as 0 — p, of the solution u, of the Dirichlet problem to the solution u of the Dirichlet
problem for the p-Laplace equation vA,u = fj in Q with the Dirichlet condition u = go
on d€2, where the factor v is a positive constant (see (7.2)).
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486 H. Ishii, G. Nakamura

1 Introduction

Let 2 be a bounded domain of R” and p € C(Q) a given function satisfying
Ao dist (x, 02) < p(x) < dist (x, 9€2),

where 0 < A9 < 1 is a fixed constant.
Let p > 1 and 0 < p. We introduce the nonlinear singular integral operator M = M,
given formally by

M[$](x) = p.v. / G(p(x+2) —9(x)K(2)dz
B(0.p(x))

for bounded measurable functions ¢ on €2, where G is the function on R given by
G(x) = |x|P~2x and the kernel K = K, is given by

1 . o
K(z) = W, with u = ue := p —o.

The symbol “p.v.” stands for the principal value of the integral. That is,

M[pl(x) = h%l-s- / G(p(x+z2) —¢d(x))K(z)dz if the limit exists.

r<lz|<p(x)

The constant o will be often regarded as a parameter to be sent to p.
We deal with the integral equation

M[u](x) = fo(x) in<2, (LD

where fj is a given continuous, real-valued function on 2 and u represents the unknown
function on Q2. Associated with (1.1) is the boundary condition

u(x) = go(x) forx € 02, (1.2)

where g is a given continuous function on 9€2.

Our primary purpose is to investigate the solvability of the Dirichlet problem (1.1) and
(1.2), and the secondary interest here is to study the asymptotic behavior of solutions u, of
(1.1)—(1.2) as o — p.

In the next section, we establish some basic estimates of the singular integral operator
M. In view of application to the asymptotic analysis as 0 — p, it is important to obtain
estimates of the operators M = M, which are independent of ¢ in a range close to p.

The notion of solution of (1.1) in this paper is an adaptation of viscosity solutions of
differential equations and it is defined as follows. We begin by introducing the spaces 7, (£2)
of test functions. We set 7,(Q2) = C2(Q) for p > 2. Forl < p < 2let 7,(2) denote the
space of functions ¢ € CZ(£2) having the property: for each compact R C K there exist a
neighborhood V C Q of R and constants 8 > 1/(p — 1) and A > O such that forany y € R,
if D¢ vanishes at y, then

lp(x) — ()| < Alx — y|PT! forallx e V.
We call any bounded function u in 2 a (viscosity) subsolution of (1.1) if we have

MT[u*](x) = fox)
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Integral equations 487

whenever (x, ¢) € 2 x 7,(Q) and u* — ¢ has a maximum at x. Here the operator M *is
defined by

M™T[v](x) = lim sup / Glv(x+2z)—v(x)K(z)dz
§—0
* S<|z]<p(x)
and u™ denotes the upper semicontinuous envelope of u. Similarly, we call any bounded
function u a (viscosity) supersolution of (1.1) if we have

M~ [uy](x) < fo(x)

whenever (x, ¢) € 2 x 7,(2) and u, — ¢ has a minimum at x, where the operator M~ is
defined by

M~ [v](x) = ljsm(i)r}rf / Gw(x+2z2) —vx)K(z)dz
d<lzl<p(x)

and u, denotes the lower semicontinuous envelope of u. Finally, we call any bounded func-
tion u in 2 a (viscosity) solution of (1.1) if it is both a subsolution and a supersolution of
(1.1).

In Sect.3 we prove the stability of solutions of (1.1) under certain limiting processes and
under taking the pointwise supremum or infimum. Also, in Sect. 3 the Perron method is estab-
lished for the integral equation (1.1). In Sect.4 we establish a comparison theorem between
sub and supersolutions of (1.1). In Sect. 5, we build sub and supersolutions which attain the
boundary condition (1.2) and prove the existence of a continuous solution of (1.1)—(1.2).
1’p(Q) of the inhomo-

In Sect. 6, we recall basic results concerning weak solutions in W, ;

geneous p-Laplace equation
Apu(x) = fo(x) ing, (1.3)
and formulate comparison results for (1.3), where we mostly follow the argument of [12].
In Sect.7 we are concerned with the asymptotic behavior of solutions u, of (1.1)—(1.2),

and we show that under appropriate hypotheses, 1, converges uniformly to the solution u of
the Dirichlet problem

VA u(x) = fo(x) in g,

where v is an appropriate positive constant (see (7.2) for the precise value of v), with the
Dirichlet condition (1.2).

In Sect. 8, we give a few comments on possible generalizations or variants of the results
presented in the preceding sections.

Recently, while this paper was in preparation, Andreu—Mazén—Rossi—Toledo [1,2] have
studied problems similar to ours. In [1] they study the evolution equation

u(x,t) = Mplu(-,t)](x) inQx (0, T). (1.4)

Here the unknown function u is definedon 2 x (0, 7),0 < T < 00, u, denotes the derivative
of u with respect to the time variable ¢ and the operator Mp is given by

Mplg](x) = / G() — NI (x — y)dy
Q

+ / G(go(y) =) J(x — y)dy, (1.5)
Q\Q
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where the function J is a non-negative continuous radial function on R” with compact sup-
port, Q7 := Q + supp J and go is a given function on R” belonging to L” (R"). In [1] they
have established, among others, the solvability in the space

c(o, 71, L") n w0, 1), L'(2)),

of the Cauchy problem for (1.4) with initial data ug € L?(£2) and, under some additional
assumptions on J and go, the convergence in the space C([0, T], L?(2)), as ¢ — 0+,
of the solution u, of the Cauchy problem for (1.4), with the kernel function J (x) replaced
by J, e (x) := CpJ(x/e)/e"P with Cp := (1/2) [ J(x)|x,|? dx, to the solution u of the
initial-boundary value problem for

ur(x,t) = Apu(x,t) for(x,1) € 2 x(0,00) (1.6)

with the Dirichlet boundary conditionu = gpon 92 x (0, T') and the initial datau(-, 0) = uo.
In [2], they have treated the evolution equation similar to (1.4), but with Mp replaced by the
operator My defined by

Mylo](x) = / G(o(y) —o(x))J(x —y)dy,

Q

and have obtained solvability and convergence results similar to the above, where the limit
problem is the initial-boundary problem for (1.6) with the Neumann boundary condition
du/dn = 0, with n denoting the outer unit normal vectors at points on 9€2.

In [1] they treat the evolution problem while we study here the stationary problem, and
the operator Mp in [1] is different from our M. Beyond these apparent differences, there are
two important differences between [1] and ours. One is of the qualitative property between
the operators M and Mp: the kernel K, of M is singular at the origin while the kernel J
of Mp is continuous. Indeed, it is not clear if the Cauchy problem for (1.4), with singular
kernel J is solvable or not, while it seems difficult to solve the Dirichlet problem for (1.1)
with a continuous kernel K. The second is that the results [1,2] are formulated in the L?
framework while the viscosity solutions approach is taken here.

We refer the reader to [1,2] and the references therein for some applications of nonlocal
diffusion equations like (1.1), (1.4), or (1.4) with My in place of Mp. For the viscosity
solutions approach to integro-differential equations with singular kernels, we refer to the
article [4]. We refer to [3,6] for regularity results for integro-differential equations. We refer
to [9,10] and the references therein for analysis of nonlocal Hamilton—Jacobi equations
describing dislocation dynamics.

Before closing the introduction we introduce a few of notation used below: a A b :=
min{a, b}, a V b := max{a, b}, a; :=a Vv O0fora,b € Rand |[ullcc,@ := SUPcq |u(X)]|
for real-valued function u on 2. We write intB for the interior of the set B in a topological
space.

2 Estimates of operators M*

We note that for any bounded measurable function ¢ on 2 and forany x € ,if0 < § < p(x),
then

MYIB1) = M [81) + / G +2) — p(NK (2) dz,

d<lzl=p(x)
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where

M1 =timsup [ GG +2) - 9K (2 d
e 0t e<|z]<d

In this section, we fix x € R"”, § > 0 and u a bounded measurable function on the ball
B(x, &), and establish some upper bounds of M ; [u](x).

We note that the function G has the properties: (i) G(a) < G(b) if a < b and (ii)
G(ab) = G(a)G(b) for all a, b € R.

The following lemma (see, e.g., [8, Exercise 6.65]) will be useful when carrying out our
computations and can be checked easily.

Lemma 2.1 Let p; > Ofori = 1,...,nandlet f : (0, 1] — [0, 00) be a continuous
function which satisfies the integrability condition at the origin:

1
/f‘(t)tpl+P2+"'+Pn_ldt < 0.
0

Set® = {x = (x1,...,x,) € B0, 1) | x; >0 foralli}. Then

2, 2 2\ 2p1—1 2pr—1 2pu—1
/f(x] +x5 4 ax T T T dx
®

1
_ TGOT(p) (o) / P gy
2”F(p1+pz+---+pn)0 '

where T denotes the gamma function, i.e., I'(t) = fooo e ¥xt~dx.

Theorem 2.2 Assume that p > 2 and that there are a vector q € R" and a constant C > 0
such that

u(x +z) —u(x) <q-z+Clz|> forallz € B, §). (2.1)
Then there is a constant C1 > 0, depending only on n, such that
My [ul(x) < C1C(lg] +5C)P 257~

A warning here is that M(;L[u](x) can be —oo in the above theorem. Also, we remark that
if we replace (2.1) by the inequality

u(x +z) —u(x)>q-z—Clz|*> forallz € B(0,8)
in the above theorem, we have the following conclusion:

My [ul(x) = —C1C(lg| +8C)P~28777,

where
My [u](x) := lim(i)nf / Gu(x +2z)—u(z)K(z)dz.
e—0—
e<|z|<d
This result follows from the above theorem applied to v := —u. Indeed, we have

v(x +272)—vx) < —q~z—i—C|z|2
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for all z € B(0, §). Hence, as a consequence of Theorem 2.2, we obtain
M [vl(x) < C1C(Iq| +3C)" 2877,
while we obviously have
M [u)(x) = =M [v](x).

Combining these yields the desired conclusion.

Another important remark is that Theorem 2.2 readily shows that under the assumptions
of Theorem 2.2 we have M; [ul(x) = M [u](x). Indeed, under the assumptions of Theorem
2.2, we see that

MFul(x) < CiC(lg| +C)P~2eP=°  forany 0 < & < 6,

from which one deduces easily that M(;"[u](x) < Mj [u](x). That is, under the assumptions
of Theorem 2.2, the following identity holds:

Mul(x) = MF[ul(x) = M~ [u](x). (2.2)
In what follows we denote by o, the surface area of (n — 1)-dimensional unit sphere, i.e.,

_ara/r 2p?
" T@m/2) T Tm/2)

Proof 1t is enough to show that the assertion of Theorem 2.2 is valid for x = 0 and § = 1.
Indeed, if we define the function us on B(0, 1) by us(z) = u(x + §z), then we have

us(z) — us(0) < 8q -z + 8%C|z|* forall z € B(0, 1).

If we assume in addition that the assertion of Theorem 2.2 holds true for x = 0and § = 1,
then we get

M usl(0) < C182C(8lg| + 8°C)P~2 = C1C(lq| + 8C)P 257, (2.3)

On the other hand, one observes that

M [us1(0) = lim sup / Gu(x +68z) —u(x))K(2)dz
e—>0+
e<|z|<1

= lim sup / Gux+y) —u@x)K(y/8)s"dy = (S(TM;_[M]()C).
e—>0+
e<|z|<d

Combining this with (2.3) ensures that
M [ul(x) < Ci(lq| +8C)P 26777,

We may thus assume that x = 0 and § = 1. Fix any 0 < ¢ < 1. Let z € R” be such that
& < |z| < 1. Observe that

Gu(z) —u(0)) <G(g-z+Clzl) < G(q-2) + G'(q - 2+ 6C|z|)HC|z|?
for some 0 = 0(z) € (0, 1), where G’(¢) := dG(¢)/ dt, and

G'(q-z+6C1z1») < (p — D (Igllzl + ClzI»)P™% < (p — D (Ig] + CO)P2|z|P 2.
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By symmetry, we have

G(g-2)K(z)dz =0.
e<|z|l<1

Hence, we get

G(u(z) —u(0)K(z)dz

e<lz]<l
< / (G(q-2) + C(p — D(lgl + O 22K (2) dz
e<|z]<1
— uClql +C)P2 / 1217 dz

e<|z|<l1

1
— uC(q| + C)" 2, / P10 dr < 6,C(lg] + €)P2,
&

which completes the proof. O

Theorem 2.3 Assume that | < p < 2 and there are a vector q € R"\{0} and a constant
C > Osuchthatu(x+z)—u(x) <q-z+ C|z|2for all z € B(0, 8). Then there is a constant
C1 > 0, depending only on p and n, such that

M [ul(x) < C1Clq|P 2877
For the proof of the above theorem, we need the following lemma.

Lemma 2.4 Suppose thatn > 2. Let 0 < a < 1 and e € R" be a unit vector. Set
S(a)={x eR" | [x| =1, |e- x| <a}.
Let |S(a)| denote the (n — 1)-dimensional surface measure of S(a). Then we have |S(a)| <

To,—1d.

Proof We begin with the formula from Advanced Calculus
sin~!a
1S(a)| = 20,1 / cos" 2t dr.
0

Since sin~' a < 7wa/2, we immediately get
1S(@)| < 20,1 sin""(a) < woy_1a.
O

Proof of Theorem 2.3 We first prove that the conclusion of Theorem 2.3 is valid under the
additional assumption that

lgl > 45C. 24

As in the proof of the previous theorem, we may assume that x = 0 and § = 1.
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In the case where n > 2, we make an orthogonal transformation if needed and assume
that ¢ = |gqle,, where e, € R" denotes the unit vector ¢, = (0,...,0,1). We write
2= (7, z2) € R""! x R for generic z € R” in what follows.

Fixany 0 < ¢ < 1.Seta := C/|q] € (0,1/4], ® = {z € R" | ¢ < |z] < 1},
OF ={z=(,20) € O | |za] > 24|z} and O~ = {z = (Z, z) € O | |za| < 2alz]?}.
Setting

I = /G(u(z)—u(O))K(z)dz,

e

[T = /G(u(z)—u(O))K(z)dz,
ot

I = /G(u(z) —u(0)K(z)dz,

o

we observe that I = IT + I~ and

It ;=/G(u(z)—u(0))1<(z)dzs/G(Iqlzn)G(l+a|z|2/zn)K(z)dz
ot ot
= |q|f’*1/|zn|P*2(zn+(p— DI+ A@2)|P%alz|)K (z) dz,

ot

where A(z) is a real-valued function on ® satisfying |A(z)| < 1/2. Here we have used that
alz|?/|za| < 1/2 for z € ©. Hence we get

1" <277 (p— DiglP ' ap / (2 P22 dz.
o

Applying Lemma 2.1, we obtain

1
I < cz|q|”*‘au/r%*' dt = 2C21q1P~'a = 2C5Clg|" 2,
0

where

_27P(p = DI /"' T~ 1)/2)

C
? T((p+n—2)/2)

Now, we compute
I~ < Iql"_l/G(Izn|+a|Z|2)K(Z)dz < |q|P‘1/G<3a|z|2)K(z>dz
Ok Ok

<1glP'u / P2 dz < g P / 2P0 gz, 2.5)
(Ol (Ol
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For z = (z/,zy) € ©7, since a < 1/4, we have |z,| < 2alz]> < 2alz’|> + 2, and
|zn| < 4alz’|>. We now assume that p—o <2Sincep—1—n—o <0, we get

/|Z|p—l—n—0 dz§/|zl|p—l—n—a dz
o~ (O

and
4alZ')?
e T B
6- l2]<1 0
<dap |2/ [P0 47 = 4ao, .

lz’]<1

We next treat the other case, i.e., the case where p — o > 2. Let S(¢) denote the portion of
the unit sphere defined by Lemma 2.4, with e = ¢,,, for r € (0, 1). Since |z,| < 2a|z|2 for
7€ ® ,weseethat ®~ C {ty | y € SQ2a), 0 <t < 1}. Thus, using Lemma 2.4, we find
that

1
o
n / 121P71170 dz < plS(Q2a)] / #7277 dr < 270,01 ——7—a < 40 a.
p—1l—-oc
o 0

Thus we get I~ < 4mo,_1 |q|1’_2 in view of (2.5) and
I <CsClglP~2, (2.6)

where C3 =2Cr +4moy,_1.

Next we consider the case where n = 1. We follow the above argument for higher dimen-
sions. Noting that C|z|/|g| < 1/2 for all z € (—1, 1), we compute that forany 0 < ¢ < 1
and for some function A(z) € (—1/2, 1/2),

I < / G(qz)(1+(p—1)|1+A(z)|p_2%)l((z)dz

e<|z|<1

1
<27P(p-1) C|q|f’—2u/ |21P710 dz < 2P (p — 1) Clg|P 2.
&

This together with (2.6) guarantees that the conclusion of the theorem holds under condition
(2.4).

Now, we turn to the general case. We may assume that x = 0 and § = 1. If |¢| > 4C,
then we are done. Thus, we may assume that |g| < 4C.

We set r := |gq|/(4C) € (0, 1) and observe that condition (2.4), with r in place of &, is
satisfied. We apply what we have proved above, to see that

M [u1(0) < C3Clg|P 7P~ < C5Clq|P 2.
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Also, we have

/G(M(Z)—u(o))K(Z)dZS / (Glgllzl) + G(Clz") K (2) dz,

r<lzl<l r<|zl<l

G(|q||Z|)K(Z) dz < |q|p71r71u_ / |Z|[I7n7¢7 dz
r<ll< r<lz|<l
= cm|q|p*1r7l = 4gn(;|q|1r7727
and
G(ClzPK () dz < CP~'rP=2p / 12171 dz
r<|z|<l r<itl<1
= GnC(Cr)p_2 < 4o‘nC|q|P_2.
Combining these, we get
I < (C5+80,) Clg|"™?,

which completes the proof. O

Nowletl < p <2and B > 1/(p — 1). Let ¢ € C>(R") be the function given by
¢ (x) = |x|#+1. We note that for all x, y € R",

De(x) =B+ DIx/Px and |D*p(x)y -yl < BB+ DIx/P |y
Lemma 2.5 We have

M [$1(0) < o, sV P10,
We remark that (B + 1)(p— 1) —o > p—0o > 0.

Proof Observe that for any z € R",
G($ () — $ONK ) = G(|z/PTHK () = plz| PHDP=D=n=0,
Hence, we get forany 0 < ¢ < 4,

$
/ G(p(2) — (0K (z)dz = onu/rw“)@*l)*”*l dz

e<|z|<d e
- Ontt §B+D(p=D—0
B+DHpp-1 -0

Thus
M 1$1(0) < 0,8 +DP=D0,

[m}

Theorem 2.6 There is a constant C1 > 0 depending only on B, p and n such that for any
x € B(0, ),

My [9)(x) < €8P HDP=be,
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Proof Fix any x € B(0, §). In view of Lemma 2.5, if x = 0, then we have nothing to prove,
and hence we may assume that x # 0. Observe that for any z € B(0, |x|) and for some
0 =0(z) € (0, 1),

@u + oz

px+2) —¢) < B+ DIxfPx -2+
< B+ DIxIP x4 BB+ D22 P
Using Theorem 2.3, we get
M [¢(x) < C2P72B(B + 1P~ |x|PHDP=D=0

where C» is a constant depending only on p and n.
Next, setting

I'= / G(p(x+2) —p(x)K(2)dz,

[x]<|z]<é
we have
M [pl(x) < C22P2B(B + 1P~ 1sPHDW=D0 4 2.7)
Observe that G(¢p(x +2) — p(x)) < G(p(x +2)) < G(¢p(27)) for z € R"\B(0, |x]) and

[ < 2B+0G-D 2| BFDP=D=n=0 4. < 2B+DP=D g sE+D(P-D-0
|x|<|z]<d

This combined with (2.7) completes the proof. O

We close this section with the following remark. Theorems 2.2, 2.3 and 2.6 guarantee that
identity (2.2) holds true for every x € Q and u € 7,,.

3 Stability properties and the Perron method

In this section we establish some stability properties of subsolutions of (1.1) as well as the
Perron method. Analogous stability properties are valid for supersolutions of (1.1), but we
leave the details to the reader.

Lemma 3.1 Lets > 0, {x;} C Qandxg € Q. Let {uy} be a sequence of bounded measurable
functions on Q and u a bounded measurable function on Q. Assume that {uy} is uniformly
bounded on Q2 and (xi, ur(xx)) — (xo, u(xg)) as k — oo. Moreover assume that

jli)rrolosup{uk(y) |y e B(z,jfl) NQ, k> j}<u(z) forallze Q. 3.1
Then
lim sup / Gk (xx +2) — ux (1) K () dz
2% B0, e\ BO.8)
= / G(u(xo +z) — u(xo)) K (z) dz.

B(0, p(x0)\B(0, 8)
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Proof Set

fi@) = [G(“kOCk +2) —ur(a)) forz € BO, p(x0)) N BO, p(xp)),
0 for z € B(O, p(xo)) \ BO, p(xp)).
I = / fi(2)K(z) dz.
B(0, p(x0)\B(0, 8)

Choose a constant C > 0 so that |ui(z)| < C for all (z,k) € Q x N, and note that
[ fe(@)|K(z) < GQRC)K(z) forall z € B(0, p(xp)) and all k € N. By the continuity of p,
we find that

lim sup / G (ug (xg + 2) — up(xx))K (z) dz = lim sup Iy.
k— 00 k—00
B(0, p(xx)\B(0, 8)
By the Fatou lemma, we have
limsup I < / lim sup fx(z) K (z) dz.
k—o00

B(0, p(x0))\B(0.8)

Since G is continuous and nondecreasing in R, using (3.1), we see that for any z €
intB(0, p(xo)),

lim sup fi(z) < G(u(xg + z) — u(xp)).
k— o0
Thus we obtain
lim sup I < / Gu(xp +z) — u(xp))K(z)dz,

k—o00
B(0, p(xo)\B(0, 8)

which completes the proof. O

Theorem 3.2 Let {u;} be a sequence of bounded measurable functions on Q and u a bounded
measurable function on Q. Let ¢ € T), and let {x;} C Q be a sequence converging to a point
xo € Q. Assume that for each k € N the function uy — ¢ attains a maximum at xy, the
sequence {uy} is uniformly bounded on Q, uy(x;) — u(xo) as k — oo and

lim sup{ux(y) |y € B(x,j_l) N, k> j} <u(x) forallxeQ.
Jj—00

Then

lim sup M [u](xx) < M [u](xo).

k—00

A useful remark concerning the above theorem is that the global maximum assumption
can be replaced by the following “uniform” local maximum condition: there exists a constant
r > 0, independent of &, such that u; — ¢ attains a maximum over B(xg, r) N Q.

Proof Fix anr € (0, p(xp)/2). By selecting a subsequence if necessary, we may assume
that xy € B(xp, r) for all k € N. Noting that B(xg, r) C B(xp,2r) C 2, we choose a
constant C > 0 so that

b +2) —d(xx) < DPp(xx) - z+ Clz|> forall z € B(O, r).

@ Springer



Integral equations 497

Then we have
up (i + 2) — ug(xx) < Dp(xx) - 2+ Clz|> forall z € B(O, r).

We first treat the case where p > 2. By Theorem 2.2, there is a constant C; > 0, inde-
pendent of k, such that forany 0 < § < r and any k € N,

M lul () < CC(I1Dg (xp)| + 8C)P~25777 . (3.2)
Thus, we have
M ul(e) < CLC(IDG (xp)| + 8C)P 2677
+ / G (u (xx + 2) — ur(x) K (2) dz.
B(0, p(xx))\B(0, 8)

We now apply Lemma 3.1 to the second term on the right hand side of the above inequality,
to get

lim sup M [ug](x) < C1C(|D(x0)| + 8C)P 26777

k— 00
+ / G(u(xo +z) — u(xp))K(z) dz,
B(0, p(x0)\B(0, 8)

from which we conclude that

lim sup M [u](xx) < M [u](xo).

k—00

Next, we consider the case where 1 < p < 2. We follow the above argument with some
modifications. In the case where D¢ (xg) # 0, we may assume by selecting a subsequence
if needed that infgen | D¢ (xx)| > 0, and instead of (3.2), by applying Theorem 2.3, we get

M Tui] () < C11D () |P 28777
In the case where D¢ (xg) = 0, we may replace the test function ¢ by the function
¢(x) = Alx —xol !,
where A is a sufficiently large constant, and using Theorem 2.6, we get
M lul () < M (91000 < AC8PHDP=D=7 if g — xo| < 8

in place of (3.2), where C; is a constant depending only on p, 8 and n. Then the rest of
argument is the same as the previous case. O

Theorem 3.3 Let So be a nonempty set of subsolutions of (1.1). Assume that the family Sp is
uniformly bounded on 2. Define the bounded function u on Q2 by u(x) = sup{v(x) | v € Sp}.
Then u is a subsolution of (1.1).

Proof Let xo € Q and ¢ € T,(S2), and assume that u* — ¢ attains a strict maximum at xo.
By the definition of u*, there are sequences {x;} C B(xo, r), where r > 0 is chosen so that
B(xp, r) C 2, and {vg} C Sp such that vi(xx) — u*(x0) and xy — x¢ as k — o0o. By the
definition of u, we have v} < u* in Q.
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For each k € N let y; € B(xp, ) be a maximum point, over B(xg, r), of the function
v} — ¢. Observe as usual that

(" = §)(x0) = lim (v = $)() < liminf (v} — ) ()
< lim sup(u} = 9)(0%) = i sup(u” = $)(3p) = (= §)(x0).

This shows that v (y) — u*(xo) and (u* — ¢)(yx) — (u* — ¢)(x0) as k — oo. It is
now easy to deduce that y; — x¢ as k — oo. Passing to a subsequence if necessary, we
may assume that y;y € intB(xg, r) for all k. Since v is a subsolution of (1.1), we have
M“'[v;:](yk) > f(yx) forall k € N. Since v < u*, we see that for all x € 2,

lim sup{vi(y) | k> j, y € B(x, j~H)NQ} < u*(x).
]—)OO

We may now invoke Theorem 3.2, to conclude that M [u*](x¢) > fo(xo), which completes
the proof. O

Theorem 3.4 Let {ur} be a sequence of subsolutions of (1.1). Assume that the collection
{ur} is uniformly bounded on Q2. Define the bounded function u on 2 by

u(x) = lim sup{ur(y) | y € B(x, j~HNQ, k = j}.
J—> 00

Then u is a subsolution of (1.1).

Proof First of all, we remark that u € USC(2). Next, let xg € Q2 and ¢ € 7,(2). Assume
that # — ¢ attains a strict maximum at xo. By the definition of u, there are sequences {k;} C N
diverging to infinity and {x;} C € such that ug; (xj) — u(xo) and x; — xp as j — oo.
Here we also assume by passing to a subsequence if necessary that {x;} C B(xo, r), where
r > 01is chosen so that B(xg, r) C 2.

Set vj = uy; for j € N. For each j € Nlet y; € B(xp, r) be a maximum point, over
B(xg, r), of v;f — ¢. We observe that

(u = P)(x0) = jli)n;o(vj —9)(x)) < lijn_l)gf(vf —P)(y))- (3.3)

By selecting a subsequence if necessary, we may assume that y; — y as j — oo for some
vy € B(xg, r). By the definition of u, we see that

limsup(v} — ¢)(y;) = li]:n sup v (vj) — ¢(y) < u(y) — ().

J—>00
This together with (3.3) guarantees that y = x¢. That is, the sequence {y;} converges to xo.
Also, it follows that vjf(yj) — u(xp) as j — oo.
For sufficiently large j, we have y; € intB(xo, r) and M*[vj](yj) > fo(y;). Applying
Theorem 3.2, we find that M T [u](xo) > fo(xo). This finishes the proof. ]

To formulate a basic existence result (Perron method) for (1.1), we let g= € LSC(2)
and gT € USC(R) be a subsolution and a supersolution of (1.1), respectively. Assume
furthermore that g¥ are bounded in 2 and g~ < g% in Q. Set

u(x) = sup{v(x) | vis a subsolution of (1.1), g~ <v < g+ in Q}. (3.4)
Note that « is bounded in 2.

Theorem 3.5 The function u given by (3.4) is a solution of (1.1).
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Proof We note by Theorem 3.4 that u™* is a subsolution of (1.1). We thus need to show that
iy is a supersolution of (1.1).

Let xo € Q and ¢ € 7,(£2). Assume that u, — ¢ attains a strict minimum at xo, with
minimum value zero. We intend to show that the inequality

M~ [uy](x0) = fo(xo) (3.5)

holds.

It is clear by the definition of u that g~ < u < g% in Q. Consequently we have g~ <
u, < g in Q. Consider first the case where u,(xg) = g% (x0). Then, since u, < g% in ,
it follows that g%, — ¢ attains a minimum at xo. As g™ is a supersolution of (1.1), we have

M~ [gh1(x0) < folxo). (3.6)
But, since u, < g%, in Q and g (xg) = u.(xp), we see that
M~ g 1(x0) = M~ [u.](x0),

from which together with (3.6) we conclude that (3.5) holds.

Next we assume that u,(xg) < g";(xo). We deduce by the semicontinuity of g'ﬁ; that
gt > ¢ + & in a neighborhood of x( for some constant ¢ € (0, 1). Furthermore, we may
assume, by modifying ¢ on a set away from the point xo if necessary, that g% (x) > ¢(x) +&
forall x € Q.

Define

uk=u\/(¢+%) in .

Note that (i)« (x0) = ¢(x0) + 1/k > uy(xg) and therefore u; £ u. Since ¢ + & < g+ in
Q, we see that g~ < uy < gV for sufficiently large k, say, k > j, for some j € N.

In what follows we are concerned only with u; having k > j. Since uy £ u and g= <
ux < g on Q, by the definition of u, we find that uy is not a subsolution of (1.1). Thus, for
each k there are a point x; € €2 and a function v € 7,(£2) such that x; is a maximum point
of u}f — v and the inequality

M Tufl(a) < folxr) 3.7

holds.

Set ¢ (x) = p(x) + % forx € Qand Vy = {x € Q| ¢x(x) > u*(x)}. Note that V} is an
open subset of 2 and uy = ¢, on Vj.

We claim that x; € V. Indeed, if this were not the case, then we would have ¢y (xx) <
u*(xy) and therefore u (xp) = u™*(xp) Vv ¢x (xp) = u*(xp).

Now, since uz > u* in , we see that x; is a maximum point of u* — ;. Hence we have
MT[u*)(xx) > fo(xp). Since u} (xx) = u*(x) and uj > u* in 2, we have M [u*](x) <
M [uz](xy). From these we obtain M+ [u}](xx) > fo(xx), which contradicts (3.7). Thus we
have x; € V4.

As noted above, Vj is an open subset of Q and uy = ¢ on Vj. Therefore, (uy)4(xr) =
@k (x). By the definition of uj, we have u; > ¢ on Q and hence (uy), > ¢, on 2. Thus,
(ur)« — ¢ takes a minimum at xi. Also, since u, < (ug)x < uyx + 1/k in 2, we find that,
as k — oo, (ug)x — u, uniformly on Q and x; — xo. Hence, applying Theorem 3.2, we
obtain

likm inf M~ [(up)s](xk) = M~ [us](xp).

Combining this with (3.7) yields fo(xo) > M~ [u4](x0), which finishes the proof. ]
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4 Comparison theorem

In this section we prove the following comparison theorem.

Theorem 4.1 Let g = 1. Let u € USC(Q) and v € LSC(Q) be a subsolution and a
supersolution of (1.1), respectively. Assume that u < v on d$2 and u and v are bounded on
Q. Thenu < vin Q.

Proof We argue by contradiction, and thus suppose that m := supg(u — v) > 0 and will
show a contradiction. We fix a constant C > 0 so that [lull, g V lvll,, g < C. Since G is
strictly increasing, we can choose a nondecreasing positive function y on (0, m) so that

G(t+s)>G@t)+y(s) forall|t] <2C,0<s <m.

For a > 0 we consider the function ®, on Q x Q defined by

Do (x, y) = u(x) = v(y) — alx =y,

where 8 > max{1, 1/(p — 1)}. For each o > 0, let (x4, o) € 2 X © be a maximum point
of ®,. As usual in viscosity solutions theory, we observe that there are a sequence {oy},
diverging to infinity, and a point xo € Q for which Xag —> X0, Yog —> X0, U(Xgy) —> u(xp)
and v(yy,) — v(xp) as j — oo. Also, it is easy to see that (u — v)(x9) = m. Since
maxyq (4 — v) < 0 by assumption, we have xo € .

For notational simplicity, we write x; and y for x,, and y,, , respectively. Passing to a sub-
sequence if necessary, we may assume that x, yx € 2 forall k € N. Hence, by the definition
of sub and supersolutions of (1.1), we have M [u](xx) > fo(xx) and fo(yx) > M~ [v](vx)
for all k € N. As a remark after Theorem 2.2, we see from Theorems 2.2, 2.3 and 2.6 that
M+ u](xx) = M~ [u](xg) for all € N.

Since p(xg) = dist(xg, d2) and m > 0, by the upper semicontinuity of u — v, we
can choose a point £ € intB(xq, p(xp)) so that (v — v)(§) < m/2. Then, in view of the
semicontinuity of # and v, we can choose an 0 < r < dist (&, dB(xp, p(x0))) so that
u(x) —v(y) < m/2forall x,y € B(§, r). Setting px = p(xx) A p(yx) and passing to a
subsequence if necessary, we may assume that

B(&,r) C B(xk, px) N B(yk, pr) forallk € N,
which can be stated as
B — xx,r)UBE — yi,r) C B(O, p) fork e N.

Again, passing to a subsequence if needed, we may assume that

B — xo, r/2) C B(§ — xp, r)NB(& — y, r) fork e N.
Note that for z € B(§ — x¢, r/2),

Xk +2z, yk+zeBE, )
and
ulxp +2) — vk +2) < %

Since u(x;) — v(yr) > m, we have

(x4 2) — 1) < v +2) — v(%) — % for z € B(E — x0. 1/2).
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Note also that B(§ — x9) C B(0, pg) for k € N.
‘We have

D (xp, yi) > P(xg +2z, 6 +2) forall z € B(O, pi), k €N,
and hence
u(xg) —v(yr) > ulxg +2) —v(yx +z) forallz € B(O, pr), k € N.
We set n = & — x¢. Using the above observations, we compute that

SoCe) < M~ [u](xk)
< liminf / Gk +2) —v())K(z)dz

e—>0+
B0, pp)\(B(n, r/2)UB(0, ¢))

+ / Gulxe +2) — u(x)K () dz

B(n.r/2)
+ / GRC)K(z)dz

pr<lzl<p(xk)

< lim(i)r}rf / Gk +2) —v(y)K(2)dz
e—
B(O, p)\(B(1, r/2)UB(0, £))

+ / Gk +2) —v(y) —m/2)K(z)dz

B(y.r/2)
+ / GQO)K (2)dz

Pr<lzl<p(xk)

< lim of / Gy +2) — v K (2) dz

B(0., o)\ B(0, €)

—y(m/2) / K(z)dz + / GQ2CO)K (z)dz

B(n,r/2) px<lzl<p(xk)
< M) — y(m)2) / K()dz
B(n,r/2)
+2 / GRC)K(z)dz

pr<lzl<pxi)Vp(yk)
< fo) —y(m/2) / K(z)dz
B(n,r/2)

+2 / G(2C)K (z) dz. 4.1)

Pr<lzl<p(xR)Vo(yk)
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Sending k — oo yields

y(m/2) / K()dz <0,
B(n,r/2)

which is a contradiction. m]

Remark 4.1 In the (linear) case where p = 2, the same conclusion as the above theorem is
valid without assuming Ao = 1.

Proof of Remark 4.1 Let p = 2 and 0 < A9 < 1. As in the proof of the previous the-
orem, we suppose that m := maxg(u — v) > 0 and will show a contradiction. We set
I'={x € Q| (u— v)(x) = m}. Obviously, the set I is a nonempty closed subset of Q and
there are a point xg € I' and a ball B(&, r), with r > 0, such that

B(&,r) C intB(xo, p(x0)\I'.

Here we may assume by choosing r > 0 small enough that u(x) — v(y) < mg for all
x,y € B(&, r) and some constant mg < m.

Let ¢ > 0, and note that the function u(x) — v(x) — &|x — xo|? has a strict maximum at
X = X, and, introducing the function

Wy (x, y) = u(x) — v(y) — elx — x0/*> — atlx — y|?

on Q x 2, we find that there are a sequence {ay} diverging to infinity and sequences {x;}
and {yx} converging to x¢ such that W,, attains a maximum at (x, yx).

Selecting a subsequence if necessary, we may assume that xx, yx & B(&,r)and B(&,r) C
B(xx, p(xx)) N B(yx, p(yx)) for all k € N. Setting n = & — xp, we may assume that for all
keN,

(xx + B(n,r/2)) U (yk + B(n,r/2)) C B(§,r).
As u and v are sub and supersolutions of (1.1), respectively, we get
M [u](xx) = M™[ul(xx) = fo) and - M~ [vl(y) = MT 1) < fol).
Since
oy (xks yk) = Wy (xk + 2, ye +2)  forall z € B(0, p(xi) A p(yi)), k €N,
we have

(g +2) —ulx) < vk +2) — () + & (200 — x0) - 2 + [z]%)
forall z € B(0, p(xx) A p(yx)), k €N.

Hence, computing similarly to (4.1), we get
Jolxr) = fo(yk) — y (m —mo) / K(z)dz + 2/ G(R2CO)K (2)dz
B(n,r/2) Ni

+e / 1zI?K (z) dz,
B(O, p(x¢)

where

Ny = (B(xk, p(xx)) U Bk, p(yi)) \ (B(xk, p(xx) N Bk, p(Vx))),
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from which we obtain a contradiction in the limit as k — oo if ¢ > 0 is sufficiently small.
o

5 Existence of continuous solutions

In this section we establish an existence result for the Dirichlet problem for (1.1)—(1.2). We
need the following additional hypotheses on €2 and fj.

(H1):The set Q satisfies the uniform exterior sphere condition. That is, there is an R > 0
and, for each x € 92, a point y € R” such that

B(y, R)NQ = {x}.
(H2): There exist constants g € (0, 1) and Cy > 0 such that
| fo(x)| < Co (ho dist (x, 32))P~D=7 forall x € Q.

Remark 5.1 (i) Although we are mainly concerned with bounded fj, but assumption (H2),
witheg(p—1)—o < 0, allows fp to blow up at points of the boundary d€2. (ii) Fix a bounded
function foon €2 and constants p > 1 and 0 < op < p. We may choose constants gy € (0, 1)
and Cyp > 0 so that eg(p — 1) — op < 0 and | fo(x)| < Co(rgdist (x, dQ))e0P~1D=00 for
x € Q. Then, for any og < o < p, we have | fo(x)| < Cy (Ao dist (x, 3€2))0P~D= for all
x €  and for some constant C; > 0 independent of ¢. This remark is important when we
discuss the asymptotic behavior of of the solution u, of (1.1)~(1.2) as o0 — p.

Henceforth in this section, we assume that the above hypotheses are valid, and we fix
R > 0,¢g9 € (0, 1) and Cy > 0 taken from (H1)—(H2).
The main result in this section is stated as follows.

Theorem 5.1 Assume that Lo = 1 if p # 2. Then there exists a unique solution u € C()

of (1.1)=(1.2).

Proof In view of the Perron method (Theorem 3.5) and the comparison theorem (Theorem
4.1 and Remark 4.1), we need only to show that there exist a subsolution ¥y~ € LSC(2) and
a supersolution ¥+ € USC(Q) of (1.1) such that = < ¥+ in Q and ¥~ = ¥+ on 9%,
which is exactly what the next theorem guarantees. O

Theorem 5.2 There exist functions v+ € USC(Q) and v~ € LSC(RQ) such that '+ (resp.,
Y7 is a supersolution (resp., subsolution) of (1.1), ¥~ < ¥T on Q and ¥ = gy on IQ.
Moreover, the functions y* can be chosen independently of o.

Remark 5.2 The hypotheses of Theorem 4.1 exclude the case where 0 < Ag < 1 and p # 2.
But, even in this case, the proof of Theorem 5.1 ensures the existence of a solution u of
(1.1)—(1.2) which is continuous at points of the boundary 9€2, i.e.,

lim u(x) =go(y) forye 9,
Qox—y
and may not be continuous in 2.
The above theorem is an easy consequence of the following lemma.

Lemma5.3 Letg € C 2(§)~ Then there is a function ¥ € C(Q) such that \ is a superso-
lution of (1.1), g < ¥ on Q and y = g on dR2. The choice of ¥ does not depends on o.

Assuming the above lemma as true for the moment, we prove Theorem 5.2 as follows.
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Proof of Theorem 5.2 We extend the domain of definition of g to Q so that the resulting
function, denoted again by go, is continuous on 2. For any 0 < ¢ < 1 we choose a function
ge € C%(Q) so that ||g, — 8ollpo g < & We apply Lemma 5.3 with ¢ = & + g, to find a

supersolution ;- € C(Q) of (1.1) such that ¥;" > ¢ + g. on Q and V" = & + g, on IQ.
Here the choice of ;" is independent of o. Now, we set

YH(x) =inf{y (x) |0 <e <1} forx e Q.

This function v T is upper semicontinuous on €2, is a supersolution of (1.1) due to Theorem
3.3 and satisfies the conditions that gg < ¥ on Q and gg = ¥ on Q.

Next we apply Lemma 5.3 with — fj and ¢ — g, in place of fj and g, respectively, to
obtain a supersolution ¢, of

Mlul(x) = —fo in Q.

Setting .~ = —¢., we observe that ¢, is a subsolution of (1.1) and satisfies the conditions
that ¢y, > —e + g, on Q and ¥, = —e + g, on 9. As before, setting

Y (x) =sup{y, x) |0 <e <1} forxe Q,

we get a subsolution 1y ~ € LSC(RQ) of (1.1), the choice of which is independent of o, having
the properties: 1~ < go on Q and ¥~ = go on dQ. Noting that v~ < go < ¥+ on Q, we
conclude the proof. O

In this section we put d(x) = dist (x, dQ) for x € Q and
Qs ={xeQ|dx) >34} fors>0.
To prove Lemma 5.3, we need the following lemma.

Lemma 5.4 Let ¢ € (0, 1). Define the function ¢, € C(RQ) by ¢e(x) = d(x). Then there
are constants 8§ = 6. g, C = Cr > 0, y = yo. g > 0 and, for each x € Q\Qs, a unit vector
e = ex € R" such that for any z € B(0, d(x)),

ed(x)*~! (e- 2+ Clz),

5.1
ed(x)* " (e -z —yd) 7 z?) if le-z| = |z]/2. e

Pe(x +2) — Pe(x) < l

Now, assuming Lemma 5.4 as true, we give the proof of Lemma 5.3.

Proof of Lemma 5.3 In this proof we write ¢ for gg for notational simplicity. Let ¢., Cg,
¥ = Ve.r and 6 = 6, g be as in Lemma 5.4. Fix a constant C > Cg V 1 so that

CoV lglos.a V IIDgllo.a V ID*gllcc.a < C.

Here, to be sure, we write | D?g|loo.q := sup{|D?g(x)€ - &| | x € Q, & € B(0, 1)}.
It is easy to see that there is a quadratic function g € CZ(R") such that

Yo(x +2) — Yo(x) < DYo(x) -z — |z|* forallx,z € R"
and
diam () + 1 < |Dyp(x)| < 3diam () +1 forall x € Q.

We may moreover assume that vy > 0 on €. We fix such a function .
Now, we fix x € Q and set go = Dyy(x) and

Yo ={z € B(0, p(x)) | |90 - z| = lqollzl/2}.

@ Springer



Integral equations 505

Note that ¥g is symmetric, i.e., —X¢ = X and the volume of ¥ is comparable to that of
B(0, p(x)), i.e., | Xo| = 1,|B(0, p(x))| for some constant 7,, € (0, 1). We observe that for
some 6 € (0, 1),

G(Wo(x +2) — Yo(x)) = G(go - 2) — G'(qo - z — 01zH)z]?
G(qo-2) for all z € B(0, p(x))
<
G(qo-2) — (p— Dlgo -z —0|z)*|P72|z|P  forall z € Zy.

Letz € ¥pand 6 € (0, 1), and observe that if p > 2, then
g0 - z = 0121772 = 227|272 [|qo| — 2Iz||P7? = 227 Pz
and if p < 2, then
g0 - 2 = 0121772 = 121" llgo| + |2]1P7% = (4 diam () + 1P ~2[z]P~2.
Here we have used the condition that diam (2) + 1 < |gg| < 3 diam (2) + 1. Setting

(p—122» if p > 2,

(p — D(4diam () + 1HP~2  ifp <2,
we have for z € X,

G(Wo(x +2) — Yo(x)) < G(qo - 2) — bylzl,
and obtain
MIol(x) < / Glqo - DK () dz
B(0, p(x)\ X0
+/ (G(go-2) — bplzI”) K (2) dz
o
= —bpu [ 1271 dz = o
o

Thus, noting that p = e(p — 1) + (1 — &)p + ¢ and setting by = b, 7,0, (A05/2)1 =8P+,
we get

M[ol(x) < —bop(x)*P~D77  forall x € Q. (5.2)
Let A > 1 be a constant to be fixed later on, and set
v(x) = g(x) + Ap(x) forx € Q.

Fix x € Q\Qs and let e € R” be a unit vector which satisfies (5.1). We set ¥ = {z €
B©, p(x)) | le -zl = |21/2}, q1 = Dg(x) +£d(x)* " Ae and y1 = yed (x)* 2 A/2. We may
assume by replacing y and é by smaller positive numbers if needed that § < 4y < 1. We
now assume that 4C < £~ A. Then we have C < y885_2A and

C _ yed(x)*2A
5 —red)’ ’A < ———=n
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Hence, by (5.1), we have for any z € %,
vix+2)—v(x) <q1-z2—n Izlz.
Observe also that for any z € X,

yed(x)*'Alz] _ ed(x)*" Al
2 - 8

2
rilzl” <

)

ed(x)¢71|z]A
—
lq1 - 2| < ed(x)* ' Alz| + Clz| < 2ed(x)* ' Alz].

lg1 - z| = ed(x)* ' Ale - z] — Clz| =

Hence, forany z € ¥ and 6 € (0, 1), if p > 2, then

sd(x)s_lAlzl)p_z

-2
Gqi-z—0nlz)=@-Dlg-z—onlz?|” " =p-1 ( :

andif 1 < p < 2, then
_ -2
Gq1-z—0nlz») = (p—1) (2edx) " Alz))" .
Thus, setting
(p—1D8F ifp>2,

Cp—
(p—12r2 ifp <2,

we get
-2
G(x +2) —v(x) < G(q1 -2) — ¢p (ed () A) "zl forze =,
and consequently
_ -2 o
/G(v(x-l-z)—v(x))K(z)dz < —cp (ed(x)*7'4)" J/IM/|Z|p "T7dz
X X

1
= —5cpy (AP 0, p ()P

1 _
< —5epTony (AT py T (53)

Next, we give an estimate of the integral

I:= / G(x +272) —v(x)K(z)dz.
B0, p(x)\Z
We have v(x +z) — v(x) < g1 -z + C(1 +ed(x) "1 A)|z|? for z € B(0, p(x)). Noting that
lg1l vV C( +ed(x)*"'A) < Q :=2ed(x)*"'AC

and arguing as in the proofs of Theorems 2.2 and 2.3, we find a constant C; > 0, depending
only on p and n, such that if p > 2, then

I<CiQQ+pMQ" ?p(0)P™ =C1o" 1+ p(0))’ 2px)P~°
< 277201 e AC)P T d() VPV p(x)P7 < Ci(4eAC)P T p(x) PP DAPTe
= C1(4eAC)" ™ p ()P D7t
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and if p < 2, then

1 <COP ' p(x)P7 < C1(2eAC)P d(x) VP~ p(x)P—2
< C1(2eAC)P~ p(x)sP= D=0+l

Here we have used that p(x) < § < 1. From these and (5.3), we get
1 _
M) < (e4)77! ((4C)P—lcla — 3CpTOny Ay ”’”“) plx)fr=h=e,

Set cp = cprno,,y)»glfa)p te /4. Replacing § > 0 by a smaller number if needed, we may

assume that (4C)?~1C8 < ¢p. Then we have
MY(x) < —co(e AP T px)* P~V forall x € Q\Qs.
We now assume that co(sA)p_1 > C, and then we get
MT[](x) < —Cpx)*P~D=  forall x € Q\y. (5.4)

At this stage, our requirement on A is that A > A, where

1
4 1 -1
Aj = max l,ic , = E ! .
e8¢l ¢ \ ¢p

By (5.2), for any constant B > 0, we have
M[Bol(x) < —B"'bop(x)*P~D=7 forx € Q).
We fix B > 0 so that B?~1by > C, and we have
M[Byrl(x) < —Cp(x)*P~D=7  forall x € Q. (5.5)
We set

L := Bmaxyg € (0, c0) and j.(1) =1t for t >0,
Q

and observe that

sup v < C+ Aj:(8/2),
Q\Q2s/2

infv>—C+ Aj:.(5).
Qs

Since j.(8) > j.(6/2), we may choose a constant Ay > 0 so that
Az (Je(8) — Je(8/2)) = L +2C.
We finally fix A = A Vv A3, and define the functions w, ¥ € c(Q) by
w(x) = C+ Aje(8/2) + Byo(x),
v(x) if x € Q\Q52,
Y(x) = qvx) Awx) ifx € Qs/2\Qs,

w(x) if x € Qs.

It is easily checked that ¥ > g on © and { = g on 92 and also that ¥ (x) = v(x) A w(x)
on 2.
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It remains to check that ¥ is a supersolution of (1.1). Let ¢ € 7,(2) and y € 2, and
assume that i — ¢ attains a minimum at y. We may assume that (¢ — ¢)(y) = 0, so that
Y > ¢ in Q. We divide our consideration into three cases. First, we consider the case where
y € Qg2 and ¥ (y) = w(y). Since ¢ < ¥ = v A w in 2, we see from (5.5) that

M9l(y) = M[w](y) = fo(y).

Next, consider the case where y € 25,7 and ¥ (y) # w(y). Then we have y € Q5,,\2;s and
¥ (y) = v(y). Hence, from (5.4), we get

Mp1(y) < MT[WI(Y) < foy).

The last case is where y € Q \ 5/>. But then we have ¢ (y) = ¥ (y) = v(y) and, as in the
previous case, we get

M$l(y) < MTv1(y) < foly),

which completes the proof. O
We need the following lemma for the proof of Lemma 5.4.

Lemma 5.5 Letr > 0,0 < & < 1, and e € R" be a unit vector. Set x = (R + r)e. Then
there are positive constants cg g and 8 g, depending only on ¢ and R, such that for any
z € B(0,r), ifr <8¢ R, then

2

e—1 . |Z|
. . er (e z—l——ZR),
(Ix+zl=R)" = (x| - R)” =

erf (e -z—corrtz?) if le-z| = ll,

Proof We fix any z € B(0, r) and observe that for some 6 € (0, 1),
(Ix + 21 = R — (Ix| = B)® < e(lx| — R "(Ix + 2| — |x])
—¥(|x +0z] — R (Ix +z| — x>
We set f(y) = |x + y| for y € R"” and compute that if x + y # 0, then

x+y 1 x+y)x+y)
Df(y) = and  D*f(y) = (1 - 2
lx + vl lx + vl lx + vl
where [ denotes the identity matrix of order n and v ® v := (V;vj)1<ij<n for
v = (v, v2, ..., vy). Hence, we have
|x +z] — |x] <e~z+i
' - " 2|x +0z|

for some 6 € (0, 1). Thus, noting that R < |x + 0z| < R+ 2r for 6 € (0, 1), we get

2
(Jx +z| — R)® — (x| — R)® < er®™! (€-z n %)
_Lz—s)(zr)e—qu 2= 2 56

In particular, we have

_ |z|?
— R)f — —RE <ert e = ).
(Ix + z| )" — (x| ) <er (e 7+ 3R

@ Springer



Integral equations 509

We assume henceforth that |e - z| > |z|/2. Note that

2lx -z — |zI* = (R +r)lz| — rlz| = Rlzl,

and
o (x+zP=1x? _ (RizD?
x+zl—|z|)" = > . 5.7
( =D (Ix +z| + 1xD2 (2R +3r)? 67
We choose 8¢, g > 0 so that
1 R?
—=(1—e)2
R (2R +38)2
and set
R2
=(1—-g)2f 3 — .
cer = (=& 3
From (5.6) and (5.7), if r < 6. g, we get
(x+2l =R = (x| = R <er*! (e 2z —corr'2z?).
which completes the proof. O

Proof of Lemma 5.4 Let ¢ = ¢ g and § = §, g be positive constants from Lemma 5.5. Fix
any x € Q\Qs. Setr :=d(x) € (0, ] and select a point £ € 92 so that r = |£€ — x|. By the
uniform exterior sphere condition (H1), there is a point € R” such that B(, R)NQ = {£}.
By translation, we may assume that n = 0. Setting ¢ = x/|x|, we have x = (R + r)e and
& = Re.Note alsothatd(x)® = r® = (|x|—R)®.Letz € B(0, r).Settinge = (x+2z2)/|x+2z|,
we observe that Re & Q,
dix+7) <|x+z—Ré|=|x+z| — R,

and

d(x +2)° —d(x)* < (Ix +z| = B = (Ix| = B)".

Now, by virtue of Lemma 5.5, we see that

1, lzlz)
pex+2) —pe) < | (e “Tar)

ertl (e z—erlz?) ifle-zl = .

This completes the proof. O

6 Comparison results for the p-Laplace equation

In this section we recall some of basic results on the inhomogeneous p-Laplace equation
Apu = fox) inQ 6.1)

and formulate comparison results for (6.1). The results in this section are more or less well-
known (see [12]), and thus we give only a brief sketch of their proofs. We refer to [12] for
results and proofs similar to those in this section.
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We are concerned with the Dirichlet problem for (6.1) with the Dirichlet condition (1.2),
i.e., the condition u = gp on 02. We may assume that g¢ is a continuous function on 2 and
moreover gg € C 2(Q).

We call any function u € W,.7 () a weak solution of (6.1) if

ocC

—/ |Du(x)|P~>Du(x) - DY (x)dx = / So)y(x)dx forall y € Cj°(Q2).
Q Q

Also we call any function u € WIL’C” (2) a weak subsolution (resp., supersolution) of (1.1) if

—/|Du(x)|1’*2Du(x)-Dl//(x)dx = /fo(X)l/f(X)dx,
Q Q

(resp., —/lDM(x)I”_zDu(x)-Dlﬁ(x)dx < /fo(x)Iﬁ(x)dx)
Q Q

for all ¢ € Cy°(R2) with ¥ > 0.
In this paper, the Dirichlet condition (1.2) for weak solutions u of (6.1) is understood in
the pointwise sense, i.e.,

xgrglg(u —80)(x) = 0.

Next, following [11,14], we recall the definition of viscosity solutions of (6.1). We call
any bounded function u in €2 a viscosity subsolution (resp., supersolution) of (6.1) provided
that for any (x, ¢) € Q x 7,(82) for which u* — ¢ (resp., u, — ¢) attains a local maximum
(resp., minimum) at x, we have

Apg(x) = fo(x) (resp., Apgp(x) < fo(x)) if Do(x) # 0,
and
0> fo(x) (resp.,0 =< fo(x)) if Dg(x)=0.

We call any bounded function u on 2 a viscosity solution of (6.1) if it is both a viscosity sub
and supersolution of (6.1).

We assume throughout this section that the uniform exterior sphere condition (H1) holds
and that fo € C(€2) is bounded on 2.

Theorem 6.1 Let u,v € WIL’C’) (2) be weak sub and supersolutions of (6.1), respectively.
Assume that

lim sup(u — v)(x) < 0.
x—>09Q

Thenu < v a.e. in Q.
Proof Fix any ¢ > 0 and replace u by u — ¢. Then w := (u —v)1 € Wol’p(SZ), and we get
- / (IDu|P~2Du — |Dv|P~*Dv) - (Du — Dv)dx > 0,

w>0

which implies that

/ (IDu|”~2Du — |Dv|P~?Dv) - (Du — Dv)dx = 0.

w>0

@ Springer



Integral equations 511

Observe (see [15, Lemma 1]) that there is a constant y;, > 0 such that for all a, b € R",

ypla—blP  ifp =2,
(alP=2 = 1bIP?b) - (a—b) = {1 ypla —bJ?

— e if 2.
(al+ 127 P =
Accordingly, if p > 2, then we have
/ |D(u —v)|” dx
w>0

< yp_l / (|Du|p_2Du — |Dv|p_2Dv) -(Du — Dv) =0,
w>0

and, if 1 < p < 2, then we have

/ |Du — Dv|?P dx

w>0
p/2 (2-p)/2
|Du — Dv|?
< ———————dx (|Du| + |Dv|)? dx
(|IDul + |Dv|)==P
w> w>0
p/2
—1 p—2 p—2
=\ / (|Du| Du — |Dv| Dv) - (Du — Dv)dx
w>0
(2-p)/2
x / (|Du| + |Dv|)? dx =0.
w>0

Thus we find that w = 0 and hence u < v + ¢ a.e. in €2, which shows that u < v a.e.in Q2.0

Lemma 6.2 For each x € 02 and ¢ > 0 there exist a weak supersolution w;f c€C *(Q)
and a weak subsolution ¥, € C®(Q) of (6.1) such that Ve < 80 < 1,//;':8 in Q and
Y () — & < go(x) < Yy, (¥) + .

Proof Fix any x € 02 and ¢ > 0. Let y € R" and R > 0 be those from condition (H1). Let
C > 0 and o > 0 be constants to be selected later. We define the function f € C*°(R") by

f@@)= C(e*"‘R2 — e"’“z’ylz).
By a simple computation, we get
Apf @) = QaC)P~ e @D 2 _ g 1p=2 (n 4 p — 2 —2a(p — 1|z — y) .
We choose a > 0 so that 2a(p — 1)R> > n + p — 2 and then C > 0 so that
Apf(2) < fo(z) and &+ f(z) > go(z) forallz € Q.

The function f(z) + € has the properties required of the function ll’;f ¢ in the lemma. The
function ¥, can be constructed in a similar way. O

We need the following well-known Holder gradient estimate for the solutions of (6.1). We
refer to [7,13,15] for this estimate.
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Lemma 6.3 Letu € WIL’CP(Q) be a weak solution of (6.1). There is a constant « € (0, 1),
depending only on p and n, and for each ball B := B(xg,2r) C Q a constant C > 0,
depending only on p, n, r, ||[u|lco,p and || follco, B, Such that

[Du(x) — Du(x’)| < Clx —x'|% forall x,x" € B(xq,r).

The constant C can be chosen so that it is nondecreasing in ||u|| o, p and || follco, B-

Theorem 6.4 There is a unique weak solution u € WIL’CP () N C(Q) of (6.1) and (1.2).

Progf We choose a sequence {gx} C C 1(Q) such that, as k — o0, gx — £ uniformly
on Q and Dgr — Dgop locally uniformly in 2. For each & € N we consider the convex
minimization problem

inf(I(v) | v e g + W, (Q), (6.2)

1
I(v) = / (;|Dv|” + fov) dx.
Q

It is a standard observation that for each k € N, the minimization problem (6.2) has a unique
solution uy € gr + W&’p(Q) and it is a weak solution of (6.1).

According to Lemma 6.2, there are functions ¥+ € C(Q) such that ¢ T (resp., ¥ 7) is
a weak supersolution (resp., subsolution) of (6.1) and ¥~ < g < ¥ on Q for all k € N.
By an argument similar to the proof of Theorem 6.1, we see that ¥~ < u; < ¥ ae. in
Q for all k € N. By Lemma 6.3, we may assume that u; € C%() for all  and for some
o € (0, 1) and that the sequence {uy} is precompact in C 1(©). Thus, the sequence uy has
a subsequence {ukj} such that (ukj, Dukj) — (u, Du) locally uniformly in € for some

where k € N and

function u € C1*(Q) N Wllo’cp (R2) as j — oo. It is easily seen that u is a weak solution
of (6.1). We extend the domain of definition of u up to 92 by setting u(x) = go(x) for all
x € 9Q.

We now show that u € C(S2). Fix any x € 9Q and ¢ > 0. Let wfg € C®(Q) be two
functions from Lemma 6.2. If k € N is sufficiently large, then we have

Vi o(2) — 26 < gr(2) < Yne(z) +2¢ forallz € Q.
By comparison, we see that if k is sufficiently large, then

Ve e(2) = 26 <up(z) < ¥ (2) +2¢ forallz € Q,

which obviously implies that u is continuous at x. Thus u is a continuous function on .
The uniqueness of weak solutions of (6.1) and (1.2) follows from Theorem 6.1. ]

Theorem 6.5 Let u € Wll’cp(ﬂ) N USC(R2) (resp., u € Wll’cp(Q) N LSC(2)) be a weak

(o] [o]
subsolution (resp., supersolution) of (6.1). Then it is a viscosity subsolution (resp., superso-

lution) of (6.1).
Proof Note that w € WIL’Cp (£2) N LSC(L2) is a weak (resp., viscosity) supersolution of (6.1)

if and only if —w € WIL’CP (©2) N USC(L) is a weak (resp., viscosity) subsolution of (6.1)
with — fo in place of fj. Hence, we need only to prove the subsolution part of the assertion.
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Let U C 2 be an open ball such that U C 2. Suppose that u is not a viscosity subsolution
of (6.1) in U. Tgen there is a function ¢ € 7,(U) N C(U) such that u — ¢ attains a strict
maximum over U at some point xo € U and

Apd(xo) < fo(xo) if D@(xp) # 0,
0 < fo(xo) if D¢(x0) = 0.

By replacing the function ¢ (x) by the function C|x — xo|#*! with a sufficiently large C > 0
andapg > 1/(p —1)if I < p < 2and D¢(xg) = 0, we may assume that |[Dp|P~>D¢ €
C(U), and then it is easily checked that ¢ is a weak solution of (6.1) in a neighborhood V C
U of xo. Adding a constant to u, we may assume that (u —¢)(xo) > Oand maxyy (u—¢) < 0.
By the comparison theorem (Theorem 6.1), we find that u < ¢ in V, which is a contradiction.
This guarantees that u is a viscosity subsolution of (6.1). ]

Proposition 6.6 Let f1, f> € C(Q) satisfy fi > f>» on Q. Letu € USC(RQ) (resp., v €
LSC(R)) be a viscosity subsolution (resp., supersolution) of (6.1) with f| (resp., f>) in place
of fo. Assume that u < v on Q2. Then u < v in Q.

Proof We argue by contradiction, and thus assume that maxg(u — v) > 0. Fixa 8 > 1 so
that 8 > 1/(p — 1), and set ¢ (x) = |x|A*! for x € R". For any ¢ > 1 we consider the
function

ux) —v(y) —ap(x —y) onQxQ

and choose a maximum point (x4, Yo ) of it. Restricting our attention to sufficiently large c,
we may assume that xy, y, € Q. Setting

Go = @D (xe — Yo) = @(B + Dlxa — yal’ ™ (v = ya),
noting that
0<D*p(x) < B+ DBIx|P'T forallx e R",
and using, for instance, [5, Theorem 3.2], we find an n x n real matrix X, such that
(G Xo) € T u(xe) and (gu Xo) € 77 0(3).

Here we refer the reader to [5] for the definition of semijets 72’i. Note that for every
¥ € T,(Q), if DY (x) # 0, then

Apy(x) = DY) [P~ i (IDY )P D*Y(x) + (p — (DY (x) ® DY (x)D*Y (x)) .
Now, by the viscosity property of u and v, we get
4ol (19a* Xa + (P = 2)(Ge ® g)Xa) = fi(xa),
19a 1”1 (19a*Xa + (P = 2)(qa ® Gu) Xa) < f2(ya)
if either p > 2 or g4 # 0, and
0> fi(xe) and 0= fr(va)

otherwise. From these, we see that fi(xe) < f2(¥a)- Sending « — 0, we conclude that
J1(x0) < fa(xp) for some xo € €2, but this contradicts our assumption that f; > f> on Q.
O
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The following Theorem improves the previous proposition.

Theorem 6.7 Let u € USC(Q2) and v € LSC(RQ) be, respectively, viscosity sub and super-
solutions of (6.1). Assume that u < v on 0Q2. Then u < v in Q.

L2 (@) N C(@) of

Proof According to Theorem 6.4, there is a unique weak solution w € W,/

(6.1) and (1.2).

Now, we prove that u < w in Q. Fix any y € (0, 1), and let w,, € WIL’CP () N C(Q) be
the unique weak solution of (6.1), with fo — y in place of fp, and (1.2).

Since w), is a viscosity solution of (6.1) with fo — y in place of fj, applying Proposition
6.6, we see that u < w,, on Q.

Using Lemma 6.3, we deduce that there is a sequence y; — 0 such that as j — oo,
(wy;, Dwy,;) = (wo, Duwy) locally uniformly in €2 for some weak solution wg of (6.1).

Let w;s € C®(Q), with x € 9Q and ¢ € (0, 1), be those functions given by Lemma 6.2
with fo — 1 in place of fy. By Theorem 6.1, we have

wy (z) < Uh(2) :=infle + ¥y e(z) | x €9Q, e € (0, 1)} forallz € Q.

Since T = gopon dQ and Y+ € USC(RQ), we see that if we set wo(x) = go(x) forx € 9L,
then wg € C(Q). Hence, by the uniqueness of weak solutions of (6.1) and (1.2), we find that
wo = w. This shows that ¥ < w on Q.

An argument similar to the above yields the inequality w < v on Q. The proof is now
complete. O

7 p-Laplace equation in the limit as o0 — p

Throughout this section we assume that the uniform exterior sphere condition (H1) is satis-
fied, fo € C(2) is bounded on 2 and 1/2 < o < p. The last two assumptions assure, in
particular, that there are constants g9 € (0, 1) and Co > 0, independent of o, such that

| fo(x)| < Co (hodist (x, 92)°P~ D=7 forx € Q.

That is, condition (H2) is satisfied. Hence, according to Lemma 5.3, there are functions
¥* e C(RQ), independent of o, such that ¥+ = go on 92, ¥~ < ¥+ in Q and ¢ (resp.,
¥ ) is a supersolution (resp., subsolution) of (1.1). By virtue of Theorem 3.5, there is a
solution u of (1.1) (see also Theorem 5.1 and Remark 5.2) such that ¥~ < u < ¥ in Q.
We fix such a solution and denote it by u,. According to Theorem 5.1, under the additional
assumption that Ao = 1 if p # 2, u, is a unique solution of the problem (1.1)—(1.2) and it is
continuous on .
As the limit equation for (1.1), we introduce the p-Laplace equation

VApu(x) = fo(x) forx € Q. (7.1)
with the factor v = v, , given by
()
V= ————. (7.2)
rs)

By Theorem 6.4, the Dirichlet problem (7.1) and (1.2) has a unique weak solution in
Wll)‘cp (£2) N C () which is also a unique viscosity solution of (7.1) and (1.2), by Theorems
6.5 and 6.7.
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Theorem 7.1 Letv € W27 N C () be the unique weak solution of (7.1) and (1.2). Then
loc q

lim u,(x) = v(x) uniformly on Q.
o—>p—

Proof As usual in viscosity solutions theory, we introduce the half relaxed limits u™ of 1,
by

uT(x) = lim sup{ug(y) | y € B(x,)NQ, p—r <o < p} forx € Q,
r—0+

u (x) = rgr(r)1+inf{u(,(y) |yeBx, )N, p—r <o < p} forx e Q.

Observe that ut € USC(Q), u~ € LSC(Q) and ¥~ < u~ < u’ < ¢ on Q. We intend
to show that u™ (resp., u™) is a viscosity subsolution (resp., supersolution) of (7.1). Once
this was done, Theorem 6.7 guarantees that u~ = u™ on Q and, as 0 — p—, u, converges
uniformly on € to the unique viscosity solution of (7.1) and (1.2) which is equal to v, thanks
to Theorem 6.5. In fact, we prove here only that u™ is a viscosity subsolution of (7.1), and
leave it to the reader to check that #™ is a viscosity supersolution of (7.1).

Let ¢ € 7,(2), and assume that ut — ¢ attains a strict maximum at xo € Q. By trans-
lation, we may assume that xp = 0, and then set ¢ = D¢(0) and A = D2¢(0). We
choose a constant 59 € (0, 1/2) so that B(0,289) C 2. Fix a constant C; > 0 so that
(1/2)|D2¢(x)f§ -E| < Cy|E)? forall x € B(0, 28p) and £ € R". Itis easy to find a sequence
{ox} C (1/2, p) converging to p such that for each k € N, u?}k — ¢ attains a maximum
over B(0, 28p) at some point x; € B(0, §p), where x; converges to the origin. Note that
My, [u(*,k](xk) > fo(xx) for all k € N. We may assume that 59 < p(x) for all x € B(0, 28p).

We first consider the case where ¢ = 0 and p # 2. Note that A ,¢(0) = 0if p > 2. Thus
we need to show that fp(0) < 0.If 1 < p < 2, we may replace the test function ¢ by a
function C|x|#*!, with some constants C > 0 and 8 > 1/(p — 1). Applying Theorem 2.2
or Theorem 2.6, we see that there is a constant C > 0, independent of o, such that for any
0 <8 <dpandx € B(0,9), if p > 2, then

Mo [}, 1(56) < Co(IDp(xp)| + 8)P 2877 + / G(cg>|’;|,%+‘f,dz,

S<lzl<p(x)

andif 1 < p < 2, then

- p—o0
Mo uj 1) < CpaPHDP=D=e / G(C3) g 42

d<lzl<p(xr)

where C3 := | ||oo.@ + [1¥ " |lco.2- From this observation, since M, [} 1(xx) = folxk),
we find that f,(0) < 0, which was to be shown.

Next, we consider the case where g # 0 and will show that fp(0) < vA,¢(0). Fix any
e € (0, 1). We may assume by reselecting & if needed that

(A — D*¢p(x))E - €| < ¢l€|* forall x € B(0,28)) and & € R".

We may also assume that |g|/2 < |D¢(x)| < 2|q| for all x € B(0, dp).
Fix any x € B(0, §¢). For each z € B(0, §p) we can choose a constant 6(z) € (0, 1) so
that

Pt — ) =gy -7+ %D%(x +0D2)z -2,
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where g, 1= D¢ (x), and note that

Glpx+z2)—¢px) <G (qx 4+ %Agz . z) ,

where A, := A +¢el.Leté € (0, §p). Weset C4 = C; + 1 and
Ws(x) = {z € B(0, 8) | C4lz|* < elqx - zl}-

Let z € Ws(x) and compute that

29y -z

Acz -z
G@x+2)—¢dx) <Ggx-2)G (1+ )

, Agz -z
= G(gy - 2) (1 +G'(14+ 1) )
2qx -z

_ LAz 2
=G(gx-2) + (p — Dlgy - 2IP 21 + 2(2)|7 “T

for some A(z) € R satisfying

C4lz|?

~ 2lgx - 2

Noting thatif 1 < p < 2, then
I+’ <[1+2@" 2 <1 —e)P?
and if p > 2, then
Q-2 <|1+2@IP% < (1 +e)P72,
we find that
|11+ A@1P2 = 1) Apz - 2| < |1+ )P 72 — (1 — &)P7%| Calz|*.
Setting y. = ¢ + |(l —e)P 21+ 8)1”2| and B, = A + y. I, we observe that

114+ AP 2Acz- 2 < Bez - 2,

N (p—Dlgx - 2P™?Bez - 2

Gx+z2)—¢(x)) <Gy -2) > ,

and limg_.¢ y. = 0.
Now, we write gy = ¢x/|qx| and reselect &g, if needed, so small that C45p < ¢€|gy|/2.
Observe that if z € B(0, §)\ Ws(x), then

elgx -2l < Calzl* = Ca (12 = G - DG* + G - 2)°)
< C4(Iz = (@x - Dax|* + 81gx - z)
< Calz = @ - D3+ 314x 2.
That is, for any z € B(0, 8)\W;s(x), we have e|q, - z| < 2C4|z — (x - 2)G»|*. Hence, setting
Vs(x) = {z € B0, 8) | elgx - 2| <2Calz — Gy - 2)G:*} .
we get B(0, §) C Ws(x) U Vs(x).
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Next we observe that

Ii(x) = / G(p(x+2) —9(x)K(z)dz

Ws (x)
< / (G(qx )+ pT_lmx -z|1’—23€z-z) K(z)dz
W (x)
= pT_l lgx - 217" 2(Bez - 2K (2) dz.
Wi (x)

‘We make an orthogonal change of variables in the above integral. Indeed, foreach x € B(0, §),
we introduce an orthogonal matrix U, of order n for which U,e, = ¢, and compute as fol-
lows:

p—1 _
L) < T/mx-nyw 2(B.Uyy - U)K (y) dy
Wy

n
p—1 _
=2 1gr> /|yn|1’ 20y K (v) dy
=y

IA

n
p—1 _ _
P22 [ ik oray
J=1\yl<s

+/|bjj(x)||yn|l"2y,2-1<(y>dy ,
v
where b;;(x) denotes the (i, j)-entry of the matrix U 'B.U, and

W= {y = (', y) € B(O, 8) | Caly* < elgxllyal},
= {y = (/s yu) € B(0,8) | lgxllynl < 2Caly'*}.

For 1 < j < n we compute

i) = / yalP~ 232K () dy
[yl<d

= w5 [ 2 ay.
lyl<l

We use Lemma 2.1, to find that if j < n, then

Ji,j(x) =

r (n+

usP=T (3)T (3)" pT /]
0
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and

Next, we set Cs = 4C4/(|qle), so that |y,| < Cs|y’|> fory = (y', y,) € V. We compute
that for 1 < j < n,

R0 i= [P 2K dy

vy
Csly'?
/2—n—o / p—2
§2M/|)’| dy /yn dyn
[y'|<8 0
p—1 p—1
— 2C5 M / |y/|2p—n—(r dy’ — 2CS On—1H )
p—1 (p—DEp-1-0)
[y'I<1
Similarly we get
J2.n(x) :=/|yn|”K(y)dy
14
Csly'?
<o [ ey [ sk
[y'[<8 0
p+1
_ 2C5 M 12p+2—n—o dv’
= —— [yl y
p+1
[y'1<1
1 1
2C§Jr Op—1 4 2C§7+ Op—1 4

P+DCp+1l-0)  (p+D@p—1-0)
Furthermore, noting that

d(x +2) —Pp(x) < qp -2+ Cylz]* forz e B(0,8)
and

|gx| - [yn] + Calyl* < 2lg| + Ca)lynl + Caly'|* < Coly'|* fory €V},
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where C¢ := (2|q| + C4)Cs + C4, we compute that

L(x) := / G@(x+2)—9d(x)K(2)dz
Vs (x)
< /G(|qx||yn| + CalyPYK () dy
vy
Csly'|?
<2¢) ' / Iy |PP=2e dy / dyy
[y'<l1 0
<26sCf 7 [Py
ly'1<1
- 2C5Cé’_1an,1u.
2p—1—0
‘We combine the above observations, to obtain
lim sup / G@@x+2)—d(x)K(z)dz (7.3)
0% r<|z|<é$
= Cip
< |gy|P7? bjj —-2)b —_—
< Igel” 2 [ Db ) + (P = Dbun(x) | + 7—1—¢

Jj=1
where C7 is a positive constant depending only on Ci, p, |¢|, € and n. Since fp(xr) <

M, [uy, 1(xk), we have

So(xx) < lim 2Up / G(p(xk +2) — P (xx)Kg, (2) dz
r—>0+
r<|z|<é

+ / G(C3)Ky (2) dz.

d<lzl<p(xk)

Here, as before, we have

lim / G(C3)Ky, (2)dz = 0.
k—o00
d<lzl<p(x)

Observe that
n
> bjj(x) = tr (U;'BU,) = tr B,
j=1
bup(x) = Ux_lBsten ey = Beqyx - Gx.

Now, from (7.3), we get

fo(0) < v (Ig1P2tr Be + (p — 2)Iq1P™*Beq - q)
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and, because of the arbitrariness of ¢ > 0,

fo(0) < v (Ig1P2A¢(0) + (p — Dlgl”*D*$(0)q - ) = vA,$(0),

which is the desired inequality.

It remains to check the case where p = 2 and ¢ = 0. For each ¢ > 0, selecting §p > 0 as
in the previous case and setting A, = (a;;) := A+¢l, wehave forany 0 < r < § < §p and
any x € B(0, &),

Gl +2) — pNK () dz < / (qx-z—F%Agz-z)K(z)dz

r<|z|<é r<|z|<é
1 n
= Ez / ajjzﬁK(z)dz.
j:1r<|z|<6
By applying Lemma 2.1, we find that for any 1 < j < n,
/ Z%K(z) dz = 2v8%7°.
|z]<é
Hence we have
lim sup / Glpx+2) —p(x)K(z)dz < V8277 tr A,.
r<|z|<é

Using this and arguing as in the previous case, we see easily that fp(0) < vA¢(0). This
completes the proof. O

8 Final remarks

In this section we discuss a few possible extensions and variants of the formulations and
results presented in the previous sections.
Letc € C(R2) be a given function satisfying infg ¢ > 0. We consider the integral equation

Mo [u)(x) = c(x)u(x) + fo(x) in €, 8.1
together with the Dirichlet condition (1.2). The p-Laplace equation corresponding to (8.1) is
VApu(x) = c(x)u(x) + fo(x) in €, (8.2)

where v = v, , is the constant given by (7.2). Because of the new term “cu”, two equations
(8.1) and (8.2) are tractable. Indeed, for the Dirichlet problem for (8.1)—(1.2), without the
restriction that Ag = 1 if p # 2, a comparison assertion similar to Theorem 4.1 and conse-
quently the existence of a unique continuous solution as in Theorem 5.1 hold true. Also, for
the Dirichlet problem (8.2)—(1.2), a comparison theorem for viscosity sub and supersolutions
similar to Proposition 6.7, but with f; = f>, is valid. The same assertion as Theorem 7.1,
with (8.1) and (8.2) in place of (1.1) and (7.1) respectively, is valid.
A remark similar to the above applies to the evolution problem. The equations are now

Moy lu(-, D)l(x) = u;(x, 1) + fo(x, 1) in Qr, (8.3)

@ Springer



Integral equations 521

and
VA u(x,t) = u;(x, 1) + fo(x,t) in Qr, (8.4)

where 0 < T < oo is a fixed constant, Q7 := Q x (0, T), u; := du/dt and fo € C(Q7) is
a given function. The initial-boundary condition for (8.3) or (8.4) is of the form

u = go on the parabolic boundary, 9, 07 = Qx{0lUa x (0, T), (8.5)

where gg € C(d, Q). With an obvious modification (see for instance [11]) of the defini-
tion of spaces of test functions, we have well-posedness and convergence results similar to
those for (8.1) and (8.2). That is, the Cauchy—Dirichlet problems for (8.3) and for (8.4) are
well-posed in the space C (@T) and the solution u, of the problem (8.3) and (8.5) converges
uniformly on Q7 as ¢ — p— to the solution of the problem (8.4) and (8.5).

It would be interesting to treat the Neumann boundary problem for (1.1) as in [2], and we
hope to come back to this issue in a future publication.

Another interesting question would be to seek for the possibility of replacing the operator
M, , in the well-posedness problem of Sects.3-5 or in the convergence problem of Sect. 6
for (1.1), by the operator

My [](x) = p.v. / G@(x+2) —9(x)Ks(2)dz,
B(x)

where B(x), with x € €, are given measurable subsets of R" satisfying the condition that
x+ B(x) C Qforall x € Q.
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