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Abstract We consider a compact star-shaped mean convex hypersurface £ C R3. We
prove that in some cases the flow exists until it shrinks to a point. We also prove that in the case
of a surface of revolution which is star-shaped and mean convex, a smooth solution always
exists up to some finite time 77 < oo at which the flow shrinks to a point asymptotically
spherically.
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1 Introduction

We will consider in this work the deformation of a compact hyper-surface ¥, in R? with no
boundary under the harmonic mean curvature flow (HMCF) namely the flow
P G
— =—-—0 (1.1)
ot H
which evolves each point P of the surface in the direction of its normal unit vector with speed
equal to the harmonic mean curvature of the surface G/H, with G denoting the Gaussian
curvature of X, and H its mean curvature. Here v denotes the outer unit normal to the surface
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188 P. Daskalopoulos, N. Sesum

at P. This flow remains weakly parabolic without the condition that ¥, is strictly convex.
However, it becomes degenerate at points where the Gaussian curvature G vanishes.

The existence of solutions to the HMCF with strictly convex smooth initial data was
first shown by Andrews [3] who also showed that under the HMCEF strictly convex smooth
surfaces converge to round points in finite time. In [8], Diéter established the short time
existence of solutions to the HMCF with weakly convex smooth initial data. More precisely,
Diéter showed that if at time ¢+ = O the surface X satisfies G > 0 and H > 0, then there
exists a unique strictly convex smooth solution ¥; of the HMCF defined on 0 < t < 7,
for some 7 > 0. By the results of Andrews, the solution will exist up to the time where its
enclosed volume becomes zero.

Caputo and the first author [5] considered the highly degenerate case where the initial
surface is weakly convex with flat sides, where the parabolic equation describing the motion
of the surface becomes highly degenerate at points where both curvatures G and H become
zero. The solvability and optimal regularity of the surface %;, for t > 0, was addressed and
studied by viewing the flow as a free-boundary problem. It was shown that a surface Xy of
class Ck7 withk > 1and 0 < y < 1 att = 0, will remain in the same class for ¢ > 0. In
addition, the strictly convex parts of the surface become instantly C* smooth up to the flat
sides on ¢ > 0, and the boundaries of the flat sides evolve by the curve shortening flow.

The case G < 0 was recently studied by the first author and Hamilton [7], under the
assumption that the initial surface is a surface or revolution with boundary, and has G < 0
and H < 0 everywhere. It was shown in [7] that under certain boundary conditions, there
exists a time Ty > 0 for which the HMCF admits a unique solution ¥; up to Tj, such that
H < Oforallt < Tpand H(-, Tp) = 0 on some set of sufficiently large measure. In addition,
the boundary of the surface evolves by the curve shortening flow.

In this work we address the questions of short time and long time existence and regularity
of the HMCF under the assumption that X is star-shaped with H > 0 but with G changing
sign.

Let M? be a smooth, compact surface without boundary and Fy : M?> — R3 be a smooth
immersion of M2. Let us consider a smooth family of immersions F(-,t) : M 2 5 R3
satisfying

%‘t’”) — —k(p. D) - v(p, D) (HMCF)

where k = G/H denotes the harmonic mean curvature of X; := F(M 2 1) and v its outer
unit normal at every point. This is an equivalent formulation of the HMCFE.

For any compact two-dimensional surface M? which is smoothly embedded in R? by
F : M? — R3, let us denote by g = (gij) the induced metric, and by V the induced
Levi-Civita connection. The second fundamental form A = {h;;} is a symmetric bilinear
form A(p) : T,Z x TyM — R, defined by A(u,v) = (V,v, v). The Weingarten map
W(p) : T,)X — T,% of T,M given by the immersion F' with respect to the normal v,
can be computed as h; = gikhkj. The eigenvalues of W(p) are called the principal cur-
vatures of F at p and are denoted by A1 = A;(p) and A; = A(p). The mean curvature
H = trace(W) = A; + Ao, the total curvature |A|2 = trace(W! W) = A% + k% and the
Gauss curvature G = det W = Aq Aj.

Remark 1.1 We will recall some standard facts about homogeneous of degree one functions
of matrices that can be found in [1]. The speed « of the interface evolving by the HMCF
can be viewed as a function of the Weingarten map W and therefore, more generally, as a
function k : § — R, where S denotes the set of all symmetric, positive transformations of
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The harmonic mean curvature flow of nonconvex surfaces 189

T¥? with strictly positive trace. Let A, A, be the eigenvalues of A € S. We can then define
the symmetric function f (i1, 12) := k(A). We have:

e If f is concave (convex) and A; > A, then % - aanj is negative (positive).

o Letk eTEQRT*X ®TX ® T*X denote the second derivative of « at the point A € S.
If A is diagonal, then

Ik Ik

9%k 3, — 9k
3 , — P4 )4 q 4 ‘1. 1.2
K&, m E a)hp)hqépnq'i' E 7/\’)_&] Epnp (1.2)

r.q P#q

The outline of the paper is as follows:

i. In Sect.2, we will establish the short time existence of (HMCF), under the assumption
that the initial surface % is compact of class C>! and has H > 0. To do so we will
have to bound H from below away from zero. This does not follow naturally from the
evolution of H. To obtain such a bound we need to combine the evolution of H with the
evolution of the gradient of the second fundamental form. This explains our assumption
that © € C%1.

ii. In Sect.3, we will study the long time existence of the regularized flow (HMCF,)
(defined in the next section). We will show that there exists a maximal time of existence
T. of a smooth solution Xf of (HMCF;) such that either H(P;,t) — 0,ast — T, at
some points P; € Xf, or X shrinks to a point as # — T¢. In addition, we will establish
uniform in € curvature bounds and curvature pinching estimates. In the special case
where the initial data is a surface of revolution, we will show that the flow always exists
up to the time when the surface shrinks to a point.

iii. In Sect.4, we will pass to the limit, ¢ — 0, to establish the long time existence of
(HMCEF).

2 Short time existence

Our goal in this section is to show the following short time existence result for the HMCFE.

Theorem 2.1 Let Ty be a compact hyper-surface in R3 which is of class C*! and has strictly
positive mean curvature H > 0. Then, there exists T > 0 for which the harmonic mean cur-
vature flow (HMCF) admits a unique C2Y solution ,, such that H > 0 on't € [0, T).

Because the HMCF becomes degenerate when the Gauss curvature of the surface X;
changes sign, we will show the short time existence for (HMCF) by considering its
e-regularization of the flow defined by

dF, G
a; =— (ﬁ +e H) ‘v (HMCF,)

and starting at . We will denote by Xf the surfaces obtained by evolving the initial surface
Yo along the flow (HMCF,).

Since the right-hand side of (HMCF,) can be viewed as a function of the second funda-
mental form matrix A, a direct computation shows that its linearization is given by

Le(u) =

G .
(— + eH) V; Viu = alF v; vy

oni \H
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190 P. Daskalopoulos, N. Sesum

with

, 3 (G
alk = o ( +6H) 2.1)

Notice that if we compute aék in geodesic coordinates around the point (at which the matrix
A is diagonal) we get
)\2

, —2 - te€ 0
aék — | Gu+? 5 (2.2)

)\.
0 (/\1+)»2)2 Te

which is strictly positive definite, no matter what the principal curvatures are.
The following short time existence for the regularized flow (HMCF,) follows from the
standard theory on the existence of solutions to strictly parabolic equations.

Proposition 2.2 Let 3¢ be a compact hyper-surface in R3 which is of class C*' and has
strictly positive mean curvature H > 0. Then, there exists T > 0, for which the harmonic
mean curvature flow (HMCF¢ ) admits a smooth solution X.€, such that H > Qont € [0, T;).

Our goal is to show that if the initial surface X is of class C 2.1 then there is a To > 0,
so that T¢ > Ty for every € and that we have uniform estimates on F¢, independent of €, so
that we can take a limit of F, as ¢ — 0 and obtain a solution of (HMCF) that is of class
C%!. The main obstacle here is to exclude that H:(Pc,te) — 0, as € — 0, for some points
P, e EZ and times ¢z, — 0. Notice that our flow cannot be defined at points where H = 0.

Notation

e When there is no possibility of confusion, we will use the letters ¢, C and Ty for various
constants which are independent of € but change from line to line.

e Throughout this section we will denote by A, A, the two principal curvatures of the
surface X at a point P and will assume that A1 > A,.

e When there is no possibility of confusion we will drop the index € from H, G, A, g;;, h;j
etc.

The next lemma follows directly from the computations of B. Andrews in [1] (Chapter 3).

Lemma 2.3 If X7 moves by (HMCF¢), with speed k. := % + € H, the computation in [1]
gives us the evolution equations

i, LH=LoH + 5 VIRV, + 2l ph

ankonl, anl,
i e = Lewe + 2 highy; e
J
Note that if ¥ := %, we have
I g, m S 2 2
@hmhp = ZaT,»Af =2« (2.3)
i=1
hence
Okcc a pm — 3 Hes2 g A 2.4
o] Z“ =2k +e|AP (2.4)
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The harmonic mean curvature flow of nonconvex surfaces 191

with |A|? = kf + A%. We then conclude from the above lemma that H and . satisfy the
evolution equations

9 2
—H=LH+—5——VRVihl, +Qk* +e|AP)H 25
o c ahpah ( 1A1%) 25)
and
K,
8—; = Leke + QK%+ € |A)P) ke. (2.6)

We will now combine the above evolution equations to establish the following uniform
bound on the second fundamental form.

Proposition 2.4 There exist uniform constants C and Ty so that

max |[A] < C, vt € [0, min(T¢, Tp) ). 2.7
EE

1
Proof Recall that H satisfies (2.5). If we multiply this equation by H, we get
dH? . 9%ke

2 kg i1P. 1l 2 24 172
5 = Le(H?) — 2] V,HVkH—}-iahpahl ViREVinl, - H + 221> + € |AP) H

. . .. . 2
with k = G/H. Notice that the definiteness of the matrix Dk, = [ 3 ;q ’8‘;, ] depends on
P m
the sign of H. It is easier to check this in geodesic coordinates around a point at which the

Weingarten map is diagonalized. In those coordinates, by (1.2), we have

ke ke
ke ipo ke i po g 92y kg
> TR ETIR hqvihm:zakpk VinhVing +27(Vh )2
pgom,l 4 TTm pq p#q
where the matrix D%k, 1= [ gfp’(iq] is given by
212 2h1A2 2
e — [ “TH (M+X22)3 __ 2 Mk 2.8)
€ 21k H3 \—Mhy A2
()»1+)»2)3 ()\1+)»2)3
and for p # ¢,
dke ke
af,, - a:‘, _ )»S —)»% _ 1
Ap—hg  Ap— iy H
It is now easy to see that
e ———ViRlvinl, - H <0 (2.9)
Oh o, -
hence
dH?
7<£(H)+2(2/< +€e|A)?) H. (2.10)
Similarly, from the evolution of «., namely (2.6), we obtain
el 2y 15 (2,2 2,2 21
WSEG(KG)Jr (2" + € |AID) kg (2.11)
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192 P. Daskalopoulos, N. Sesum

We observe that because of the appearance of the second fundamental form |A|? in the zero-
order term of (2.10) and (2.11), we cannot estimate the maximum of H2 and /cez directly
from each equation using the maximum principle. This is because the surface is not convex.
However, it is possible to estimate the maximum of H2 + Kf by combining the two evolution
equations. To this end, we set M = H? + k2 and compute, by adding the last two equations,
that

oM 2 2
¥§£€M+2(2/c +€e|AlY) M. (2.12)
It is easy to verify that
K+ H> > (1—e)(k” + H?),
which immediately implies

262 +€|A? = 2>+ e€(H> —2kH) < 24 €) (k> + H?)
2
<2 m, 2.13)
1—¢
Combining (2.13) and (2.12) we conclude

oM ’
—— <LM+OM
at
for some uniform constant . The maximum principle then implies the differential inequality
dM, max 2
dt E 9 Mmax

which readily implies that

II)I:%XM <C, vVt € [0, min(Ty, Ty) )
1

for some uniform in € constants C and Ty. This bound combined with (2.13) implies bounds
on k2 and H? from which (2.7) easily follows. O

To establish the short existence of the flow (HMCF) on (0, Ty) for some Ty > 0, we
still need to bound H from below away from zero independently of €. This does not follow
naturally from the evolution of H, because the equation (2.5) carries a quadratic negative
term which depends on the derivatives of the second fundamental form. Hence to establish
the lower bound on H we need to combine the evolution of H with the evolution of the
gradient of the second fundamental form. This is shown in the next proposition.

Proposition 2.5 There exist uniform in € positive constants Ty, C and §, so that
IVA| <C and H >3, on X
fort € [0, min(T¢, Tp) ).
Proof We will first compute the evolution equation for >, j IVhl.j |2. Lets first see how hlj
evolves. We have
9%k,
dhlhont,

0Ke
onl,

9 .
—h! = Le(h!) +

o VIREVIn!, +

Lo
Ry hmh';.
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From the previous equation, commuting derivatives we get

Vi) = Le(Vyh]) + ﬁv,h;vpvqh{ + 6?h";jgR,pqmvmh{
_ e g pegipry gl 4 0K Vv, Vihiv;il,
onbonl,ons " 8h"8h1

9%k,

) 1
ah,’jahﬁnv hEv,Vihl, +
0Ke
ahl,

+

1P
T o Y,

V,hl iy h]

> Vrhinh!

Cnhvenl. (214)
Letw =2 |Vhf|2 Since |Vhf|2 =gPiv, hJV hJ and -"”

Jw

= 2«ch;j, we get

o= —4gP g1 i h oy V ph! Vgh! + Lo(w) — 2k (V2h], V2h))

+ 9P — Oie © Rpabs Vsh! Voh! + e 9N,V bV
m

oh? dn%ont, L

’ i1 l 4 ke
ra S \7i i
ST AT AL

J ahqahl ALY S8 VIR
m
82 . . 82

ahqg;ﬂ VG, Vah] + I;fhs A
p m m

+

8/( . . 8/{ . .
+ ah; gV hl i Vah! + ah; 9BV hinh! Vah!
m m

0Ke

8 Hphin Ve Vo]
m

Whenever we see i and j in the previous equation we assume that we are summing over all
indices i and j. Also,

ke(V2h!, V2h!) = ngqgfdquch{vpvdh{.
p

Notice that since |A] < C for all t € [0, min(T¢, Tp) ), we have

82165 < Cq 83Ke < Ci
anhonl, | — H3 anhont, ons | — H*
for a uniform constant C.

We next compute the evolution equation for 1/H from the evolution of H, namely (2.5)
By direct computation we get that

3 (1 1 2 dk. 1 9%k,
—(=)=z=)-=—=EV,HV,H-— —
ar \H H

H3 3nd, 7 Va

: 1 0k
2 oot Vil = g S
P¥"m

m
Taking away the second negative term on the right-hand side we easily conclude the differ-
ential inequality

31<£ 1+Cw+C
at \H/) ~ "\ H

H> H’
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194 P. Daskalopoulos, N. Sesum

Combining the evolution equations of w and 1/H we will now compute the evolution equa-
tion for

1
V= —.
w+H

We look at the point (P, ¢) at which V achieves its maximum at time # and choose coordinates
around P so that both, the second fundamental form and the metric matrix are diagonal at

P. Using the exact form of coefficients aék = 2;5, computed in (2.1) we get
ohp

. . 9 . .
2> ke (VP V) = 2> aZ; 91N, VehI Y, V!
i iy O

2 . ;
= =3 2 BVIVIE)? + A (VaVahi)?
ij
+03 +23) (ViVar])? 1. 2.15)
Our goal is to absorb all the remaining terms that contain the second order derivatives,
appearing in the evolution equation for V, in the good term (2.15). By looking at the evolu-

tion equation of w, we see that those second order terms are

9%k,

O = —— gV, h!,V, Y h!Vahi,
dh%ont, " P
82K€ ra i 1 j
= ———3¢" "V V'h}V;h, V.h
dh%oh!, e
and
9%k, : i
R=—o—g*Vh)V, Vi, V,h!
dh%ohl, e
where we understand summing over all indices. Denote by &,51 = Vrhﬁn and by n;’, =

Vp thl.j . If we specify the coordinates around the maximum point P in which W and g are
diagonal, by (1.2)

oK oK

2 _ 9Kk

K <p g dhp g g g

axpxqunq4_zzz Ay —hy P
P#q

O=g“Vh] | >
p-q

2X1 A2 1 ;
7B V,hiV2Vah!

o 223 22 ;
= V,h! (—Hgv,h}vlvlh{ — H—;v,hgvzvzh{ +

2A1 A2

. 1 . .
Tv,hgvlvlh{ - ﬁ(vlvzh{v,h% + vzvlh{v,h;) ) (2.16)

Since |A| < C and

L _ At [Ml+12]

H H? H?
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The harmonic mean curvature flow of nonconvex surfaces 195

by the Cauchy—Schwartz inequality, we can estimate O term by term, namely

Y- A .
29,h] 5V ViVih] | = ‘2v h{sz hl ﬁvlvm{
2 }LZ
J2
C— thi7 2 IViVih]|
2

B K (VAR VPh)
ij

and
A S
2222V, 0I 0V ViR | = V,hiV,h! vlwﬂ
H3 7 H
2 )\2
+51 |V1V1h1|
2 217217
< Cm +B1 D ke(V2h]V?h])
ij
and
1 , , 1 1A +2
ZVIVah! ViV | < ‘ﬁv,h%v,h{ 1;; 2V, Vah!

w?
C* +Bi(A] +A2)|V1V2h1|

2 . .
< Cﬁ +B1 Y ke(Vh], V2h])
ij
where 81 > 0 is a uniform small number. We can estimate other terms in O the same way
and combining all those estimates yield

2
01 = Cog + B 2 ke (V2h], V2h))
-

where 8 > 0 is a small fixed number.

In order to estimate P, we would like to be able somehow to switch the pair of indices
{i, r} with {p, q} so that we reduce estimating P to the previous case of O. We will use
Gauss—Codazzi equations in the form

Vihij = Vihy;.
In our special coordinates at the point we have
Y VIR = YV (s g®) = Vi (7Y (hpsg™))
= V(97 9") - Vihps + g7 g%V, Vjihps + hps Vi (97 V j97)
=V, Vyhyj + V(g7 %) - Vil + hpppV, (g7 VgP9). (2.17)
We have the following:

Claim There is a uniform constant C depending on C, so that
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9. Dle2 = C (2.18)
aslongas |A| < C.

To prove (2.18) we observe that in geodesic coordinates {x;} around a point p, which corre-
sponds to the origin in geodesic coordinates, we have

1
9ij (#) = 8ij + 3 Ripgja"s? + O(lal’) (2.19)
and that an easy computation shows that
1
VpVqij(0) = _gRiqu'
By the Gauss equations, we have Ripgj = highp; — hijh g, which yields to |V, V,g;;| < C

as long as |A| < C. This together with (2.19) proves the Claim.
Combining (2.17)—(2.18), we obtain as in the estimate of O, the bound

Cuw? . (2 w2pd
Pl < =g +B D ke(V2h], V2h)).
ij
Similarly, we get the estimate for R. We conclude that

Cw? . . .
O+ 1P|+ IRl < = +38 3 ke(V2h], V2h). (2.20)
ij
Choosing 8 > 0 so that 38 < 2 in (2.20) and analyzing the right-hand side of the evolution
of w term by term, we obtain the following estimate at the maximum point P of ) at time ¢

d Vinax Cw?> Cyw Cw C
——F <C —_— — + —.
a ST E T T T
Young’s inequlity, implies the estimates
2
w 6 1 6
= e =Y
and
w 6 6
ﬁ <w + <V
and
vw 6
0 <w-+ 6 <V+V
Hence, denoting by f () = Vmax (t) we obtain
d
d—’; <C(f+r% @21

which implies the existence of uniform constants C and Ty, depending only on C and f(0),
so that

1 , B}
sup | — + D |VA/[*| <C.  forall t € [0, min(T,, Tp)).
s \ H v,

This finishes the proof of the lemma. O
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The harmonic mean curvature flow of nonconvex surfaces 197

Having all the curvature estimates (that are proved above), we can justify the short time
existence of the C2-!-solution to the (HMCEF).

Proof of Theorem 2.1 For every € > 0, let T, be the maximal time so that
|A|Cl(2t€) < C, and H > 6§>0

where C, § are constants taken from Proposition 2.5. Take now €; — 0. We have that
|A|Cl():e,-) < C, which implies |F,|c21 < C, for all ¢+ € [0, Tp]. By the Arzela-Ascoli

2,1
theorem there is a subsequence so that F¢, (-, 1) C—) F(-, 1), where F(-, 1) is a C*! solution
to (HMCEF). Since we have a comparison principle for C 2.1 golutions to (1.1) as discussed
above, the uniqueness of a C>! solution immediately follows. O

3 Long time existence for the e-flow

In this section we will study the long time existence for the e-regularized flow (HMCF)
assuming that X is an arbitrary smooth surface with mean curvature H > 0, Euler charac-
teristic x (o) > 0 and it is star-shaped with respect to the origin. Throughout the section
we fix € > 0 sufficiently small, we denote by X the surface evolving by (HMCF,) and,
to simplify the notation, we drop the index € from F, v, H, G, k, A, gi;, h;j etc. The e-flow
has one obvious advantage over (1.1), it is not degenerate and therefore it has smoothing
properties. Indeed, it follows from the Krylov and Schauder estimates that a C!! solution of
(HMCF,) is C*° smooth.

Assume that Xf is a solution of (HMCF,) on [0, 7¢) and let us consider the evolution
equation for the area form dt;, namely

a G H

Integrating it over the surface X; we obtain the following ODE for the total area jt;(X;) of
the surface X

d € 2
Eﬂt(E;)=— (G +eH)du,.

DY

By the Gauss-Bonnet formula we have

/Gdut — 27 4 (5.
=F

Since X is a surface with positive Euler characteristic, then by the uniformization theorem
x(2;) = 2 and therefore we conclude the equation

d € 2
Tm(E) = 4w —e [ H du. 3.1

=
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198 P. Daskalopoulos, N. Sesum

Denote by T, the maximum time of existence of (HMCF;). Integrating (3.1) in time from 0
to T¢, solving with respect of 7, and using that p,(Xf) > 0, gives

Te
1 €
T, < —po(So) — — H>du,.
6_471#0( 0) = // e
0 x¢
This, in particular shows that
1
T. < TMO(EO) (3.2)
v

where o(Zo) is the area of the initial surface X.

Our goal is to prove the following result, concerning the long time existence of the flow
(HMCF,). We will also establish curvature bounds and curvature pinching estimates which
are independent of €.

Theorem 3.1 Let g be a compact star-shaped hyper-surface in R3 which is of class C1-!
and has strictly positive mean curvature H > 0. Then, there exists a maximal time of existence
T of a smooth (HMCF,) flow £ such that either:

(i) H(P:,t) — 0, ast — T. at some points P; € X, or
(i) X! shrinks to a point ast — T and T¢ is given explicitly by
Te

1 €
Te = —po(So) — — //H2 I 3.3)
47 47
0 ¢

where [1o(Zo) is the total area of ¥o. Moreover, fZ‘f H?d, is uniformly bounded for
all t € [0, Ty), independently of €.

Assume that (i) does not happen in Theorem 3.1. Then, we have

mitn H(-,t)>§>0, forall ¢ € [0, Tc) 3.4
EE

where T is the maximal existence time of a smooth flow ZZ.

Proposition 3.2 Assuming that (i) does not happen in Theorem 3.1, then the maximal time
of existence T of the flow (HMCF,) satisfies T < uo(Xo)/4mw and

lim sup |A| = oo.
t—T

Proof The bound T" < My/47 is proven above. Assume that maxy: [A] < C forall 7 €
[0, T). Then we want to show that the surfaces X converge, ast — T, to a smooth limiting
surface E;. Similarly as in [8], using the curvature bounds we have, forall0 <t <1, < T,
the bounds

2

<C

d
[F(p,t1) — F(p, )| <Cltz —11] and ‘5917

for a uniform in ¢ constant C, which imply that F (-, t) converges, as t — T to some continu-
ous surface flz . We get uniform C2-bounds on F out of the bound on | A|. Since our equation
is uniformly parabolic and the operator « is concave, by Krylov and Schauder estimates we
obtain all higher derivative bounds.
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The harmonic mean curvature flow of nonconvex surfaces 199

We have just shown that the surface X, is C°° smooth. Also from our assumption
H(,T)>68>0, onZXj.

By Proposition 2.2 there exists 7. > 0 for which a smooth flow can be continued on [T, T +
7c), which contradicts our assumption that 7" is maximal. Hence, lim sup,_, 7. |A| = oo and
the result follows. O

3.1 Monotonicity formula

We will now show the monotonicity property of the quantity
Qc = (Fe,v) + 2tk

along the flow (HMCF,). This will play an essential role in establishing the long time exis-
tence. Similar quantity was considered by Smoczyk [16].

Lemma 3.3 Assuming that gc(0) := miny, (Fe, v) > 0, the quantity

qge(1) = H%ien((Fe, V) + 21 ke)

is increasing in time for as long as the solution X5 exists. Hence,
ge(t) = n%i;n((Fe, V) + 21 ke) = ge(0) = 0.
Proof We will compute the evolution of Q. and apply the maximum principle. By the
computation in [17] we have
Lev + aikhijhjkv = Vke.
Since L Fe = —kcV, an easy computation yields

Le((Fe,v)) = ke — a™*hijh ji(Fe,v) + (Fe, Vice).

On the other hand, since %—‘t’ = Vke, it follows
0
87<F6’ V) = —Ke + (Fe, Vi)
t
which yields
P .
o7 (Ferv) = Le({Fe, v)) = =2c + ahijh ju (e, v).
We also have
oK, :
a—; = Le(ke) + alnijh jrxce.
Hence Q. = (Fe, v) + 2t k. satisfies
00 :
5. = LcQc+alhijhjx Q. (3.5)

Notice that the right-hand side of (3.5) is a strictly elliptic operator and

ik
a, hl'jhjk > 0.
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We conclude by the maximum principle that

qc(t) = %((Fe, V) + 2 Ke) Jmin > 0
assuming that g (0) > 0. This implies that g (#) > ¢ (0) finishing the proof of the lemma.O
Notice that if instead of Q. we take the quantity
One = (Fe,v) +2(t + 1) ke
for any constant € R, the same computation as above yields to that Q, . satisfies

0 Qn,e
ot
Assume that at time ¢ = 0, we have

=LcQpe+a*hijhjxOye.

Gn,e(0) = rgin(<F, V) +2nke) =0
0
for some 1 € R (notice that Fe = F att = 0). Then, the maximum principle to the above
equation, gives:

Proposition 3.4 For any n € R, such that g, (0) := ming, ((F,v) + 2nke) > 0 the
quantity

qn,e(t) == H%ien (Fe,v) +2@ +n)ke)

is increasing in time. Hence

Gen(t) := H%igl ((Fe,v) +2(t + n) ke ) = Ge,n(0) = 0. (3.6)

Since the initial surface X is star-shaped, we may choose n > 0 so that we have g, ¢ (0) >
0. This is possible by continuity, since (F, v) > 0. By Proposition 3.4 we have

Q?},E('v 1) > Qn,e(t) >0

which implies the lower bound

<F € V)
Ke=—+€H>———.
H 2(t +n)
We will show next that (3.7) implies a uniform lower bound on k., independently of €. To this
end, we need to bound (F¢, v), independently of €. This bound follows from the comparison
principle for curvature flows with the property that the speed is an increasing function of the
principal curvatures. More precisely, we have the following lemma.

3.7

Lemma 3.5 There exists a constant C, independent of €, so that
G
Ke 1= T +eH>—-C, Vtel0,T). (3.8)

Proof We claim that there is a uniform constant C so that |F¢| < C, for all t € [0, T¢). To
see that, let ¥y : S> — R3 denote the parametrization of a sphere that encloses the initial
hypersurface . By the result of Andrews [1], the solution ¥ (-, ) of (HMCF,) with initial
condition g shrinks to a point in some finite time T.. Moreover,

T.<T <o (3.9)

for a uniform constant 7.
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The standard comparison principle shows that the images of F, and ., stay disjoint for
all the time of their existence. To see this, we consider the evolution of

d(p,q.1) == |Fe(p, 1) —¥e(qg, DI, (p,q) € IF x S

Assume that the minimum of d at time ¢ occurs at (po, go). If W denotes the Weingarten
map, at that minimum point W(pg) > W(qo), so by the monotonicity of our speed k.,
ke(W(po)) > ke(W(qo)). The maximum principle tells us that d,,;, (¢) is non-decreasing
and therefore the distance between the images of F, and ¥ is non-decreasing. Hence, they
stay disjoint in time. As a consequence of that, our hypersurfaces F¢ (-, t) stay enclosed by
the sphere /g for all times of their existence (since . (-, ¢) are enclosed by 1) and therefore
|Fe|(-, t) < C for a uniform constant C.

The above bound implies that ( F, v) < C,forauniformine constant C andallz € [0, T).
This together with (3.7) yield to (3.8). ]

3.2 Curvature pinching estimates for the e-flow

Define
Fe = (Fe,v) + 2t k.

Notice that division by F, makes sense since by Lemma 3.3, (F¢)min is increasing in time
and (F¢)min(0) > 6 > 0 due to star-shapedness. As we showed above, supy, |Fe] < C fora
uniform constant C. Rewrite the evolution equation for A from Lemma 2.3 in the form

a
o H = Lo(H) + ke (VW, VW) + ke (WHH
where W is the Weingarten map and

2,

dhhon!,

0Ke
onl,

K(VW, VW) = V'hyVihl, and kc(W?) = —h!hl.

Then, by direct computation we have

iy L i +2' V}'VH + : t c(VW, VW). (3.10)
— =)= — — K ,V— —— trace K , . .
at \ Fe NF) € Fe) 2Fe TS
By (2.9), the last term in this equation is negative. Hence, by the maximum principle, the
supremum of H /F. is decreasing. In particular, we have:
Lemma 3.6 Assume that X7 is a solution of HMCF on [0, T,) with g as in Theorem?2.1.
Then,

" <C [0, T¢) (3.11)

sup — X < C, on]|0, .
exi0,0) (Fer V) + 21 ke ¢

for a uniform constant C that depends only on Xy.

Denote by Ay, A2 the two principal curvatures of the surface Xf at some time ¢ and
point P.

Lemma 3.7 If there is some time ty so that liminf;_,,, H(-,t) = 0, then

liminf (A7 + 23) = 0. (3.12)
=1
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Proof Assume liminf;_,, H(-, t) = 0. We distinguish the following two cases:

(i) A1 > 0and X, > 0. In this case (3.12) immediately follows.
(i) A1 > Oand 2> < 0. By Lemma 3.3,

G
Ke :=E+6H2—C

uniformly in time, which implies
AlA2| <CH +eH.

Since liminf,_,,, H = 0, at least for one of the two principal curvatures must tend to
zero, i.e.

liminf |A;| = 0. (3.13)
—1
Since lim inf;,,, H = 0, (3.12) readily follows. m]

Lemma 3.8 There exist uniform (in time t and €) constants C > 0 and €y > 0, such that for
every 0 < € <€, if 2 <0at P, then

M <C.

Proof Since Ay < 0, we have G/H < 0. Hence, from (3.11) and the bound |{F¢, v)| < Co,
for a uniform in time constant C, we conclude that

H<C+CeH

for a constant C that depends only on the initial data. We conclude that for € < €, with €p
sufficiently small depending only on the initial data X, we have

H:=Mm+1x=C

from which the desired bound on | follows with the aid of the previous lemma. O

Lemma 3.9 There exist uniform (in t and €) constants C > 0 and €p > 0, such that for
every 0 < € < €y we have

A > —C.

Proof Assume that A < 0 (otherwise the bound is obvious). Then, A; > 0 (since H =
A1 4+ A2 > 0) and by Lemma 3.5, we have

G
Ke :=E+6HZ—C

for a uniform in time constant C. Also, by the previous lemma H < 1| < C. Hence,

A+ A2
Al

A2l < C(1+4¢€) <C.
O
Remark 3.10 Lemma 3.8 implies that if the flow terminates because of the blowing up of the

second fundamental form, that could only happen in the convex region of Xf where A1 > 0,
A > 0.
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Lemma 3.11 There exist uniform (in time t and €) constants C > 0, Co > 0 and €g, such
that for every € > €g if Ay > Cqo at P, then X > 0 at P and

Proof From the previous lemma, A, > 0 if Cp is chosen sufficiently large. Hence, from the
bound (3.11) we conclude

O +2)2 < Cr M+ 1) +2T [ M ra+ €M +212)]
<Cr (M +212) +Corr Ao (3.14)

for some uniform in € and 7 constants C; and C,. By taking Cy sufficiently large, we can
make

O +32)> = Cr i +42) = % (b1 +22)%.
Hence, (3.14) implies the bound
M <2Cah
from which the desired estimate readily follows. O

To facilitate future references we combine the previous three lemmas in the following
proposition:

Proposition 3.12 There exist €9 > 0 and positive constants C1, Ca, uniform in 0 < € < €
and t, so that for every 0 < € < €g, we have

i. Ay > —Cy, and
ii. A < Cii + Co.

In the proof of Theorem 3.1 we will also need the following bound.

Lemma 3.13 There is a uniform constant C, independent of € and t so that
/ H*dy, < C.
I

Proof We begin by noticing that that leg G dyu, is a topological invariant, equal to 27 ¥,
where x is the Euler charactersistic of Xg. Since x = 2 we then have

/Gdut —an (3.15)

o7
At any point we can choose the coordinates in which the second fundamental form is diagonal,
with eigenvalues A1 and A, as beforeand A1 > A;. By Lemma3.12wehave A < C; Ay +C>
which gives the inequality

Gimiit = —22 A
=ALA2 2 Ci 1 1

Using Cauchy—Scwartz we conclude the bound

A Ao > élk% —62
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where Cy, C, are some uniform constants independent of ¢ and time. This yields to the
estimate

AP = +A3 < C1G+ G

which after integrated over X implies the bound

Rz scl/cdu,+c2m<zf>
= zf

with 1, (2f) denoting, as above, the surface area of X5. By (3.1), i (Xf) < uo(Xo), where
1o(2p) denotes the surface area of ¥p. Hence, the lemma readily follows from (3.15). O

3.3 The proof of Theorem 3.1

Having all the ingredients from the previous sections we will finish the proof of Theorem 3.1.

Proof of Theorem 3.1 Fix ane€ and let T = T, be a maximal time up to which the flow exists.
To simplify the notation we will omit the e-scripts from everything, including 7, and the
surface Xf, denoting them by 7" and X, respectively. Because of Proposition 3.2, the second
fundamental form blows up at time 7. Hence, there are sequences #; — T and p; € X;; so
that

Qi = |Al(pi, t;) = max max |A|(-, t;) = o0, as i — o0o.
tel0 z

i 1

Consider the sequence f)t’ of rescaled solutions defined by

Fi(, 1) := Q; (F(-,HQZ)—p,»). (3.16)

Notice that under the above rescaling all points p; are shifted to the origin. If g, H and
= {h i} are the induced metric, the mean curvature and the second fundamental form of
3, respectively, then the corresponding rescaled quantities are given by
H L2 = |A]?

= 0%, H=—, |A’=".
i L Q[ L le

Consider a sequence of rescaled solutions fl; They have a property that

max |A;| <1, fors e [~1,0]and |A;|(0,0) = 1.

%
The above uniform estimates on the second fundamental form yield uniform higher order
estimates on F} (-, r) and the Theorem of Arzela-Ascoli gives us a uniformly convergent sub-
sequence sz( t) on compact subsets, converging to a smooth F (-, 1) for every t € [0, 1].
Notice that

Gi - AMA A A
[ A A S e
H; Qi(A1 +22) Oi

and therefore by Proposition 3.12,

c . ,
| < [Q, if A, 0 << O

, (3.17)
C, if A1, A2 ~ Q;
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since A > —C and A is big, comparable to the rescaling constant Q;, if and only if A5 is
big and comparable to Q; (both A and A; are computed at time #; + ¢/ Qiz). This implies that

I:“(-, t) solves %I:“(-, t) = —K. v, Where

o, if 41 =0, i2=0

Ke = }“\ X ~ ~ R ~ (318)
22 4 e (A 4 Ap), if A >0, 4 >0.
Alt+A2

By Proposition 3.12 there are uniform constants Cq, C2 so that
M =Cida+Co

which holds uniformly on ¥, for all # > 0 for which the flow exists, which after rescaling
yields

A< Cd + 9 (3.19)
Qi
The previous estimate implies that the limiting surface (which we denote by ) is convex
(possibly not strictly convex). There are two possibilities for So: either it is a flat plane or
it is a non-flat complete weakly convex smooth hypersurface in R>. Let Fo be a smooth
embedding of ¥ into R3. Due to our rescaling, the norm of the second fundamental form of
rescaled surfaces is 1 at the origin and therefore 3 is not a plane, but is strictly convex at
least somewhere. It has the property that

sup |A| <C.
o

By the results in [9] there is a smooth complete solution ¥, to the mean curvature flow

(3.20)

a%I:ﬂ(p,t) =—~I-—Iv(p,t), pef}t, t>0
F(p,0) =Fo.

The results in [9] (see Theorems 2.1, 2.3, 3.1 and 3.4, which provide with curvature estimates
and are of local nature) imply that the curvature of ¥, stays uniformly bounded for some
short time ¢ € [0, Tp). The evolution for A along the mean curvature flow is given by
= Al 71AP.

ot
As in [9], due to the curvature bounds, the mean curvature H satisfies the conditions of
Theorem 4.3 in [9] (the maximum principle for parabolic equations on complete hypersur-
faces) and therefore nonnegative mean curvature is preserved along the flow. This together
with the strong maximum principle implies that if H is not identically zero at t = 0, then it
becomes strictly positive at > 0. We also know that X satisfies A; < C A, for a uniform
constant C, which follows from (3.19) after taking the limitasi — oo. Since we are assuming
X1 > X this can be written as

hij > n H gij, (3.21)

for some uniform constant > 0 and we will say the second fundamental form of X is
n-pinched.

By the curvature bounds, the maximum principle for complete hypersurfaces and the evo-
lution for /;; — nHg;; it follows that the pinching estimate (3.21) is preserved by the mean
curvature flow (as in [14]). In particular, this implies that ; j is strictly positive definite, which
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means ¥, is strictly convex for ¢ > 0. The result of R. Hamilton in [13] states that a smooth
strictly convex and complete hypersurface with its second fundamental form n-pinched must
be compact. Hence, it follows that 3 has to be compact for ¢ > 0. In this case, the initial
data ¥ has to be compact as well.

We recall that X is the limit of the hyper-surfaces f]f) which are obtained via re-scaling
from the surfaces %, . Hence, since o is compact, there are constants ig, C so that fori > ip,
we have

. C .
diam(X;) < a — 0 asi — oo, (3.22)
1

and therefore X, — {p}.

Claim 3.14 For any point g € R3, we have
|AI?
H?

Proof Follows by a simple computation. O

d 2 2
o F—alh=Le(F—ql") =2

By Claim 3.14, | F — p|max (?) is decreasing along (HMCF,) and therefore
Y —>{p}, ast—>T

which implies that the surface X; shrinks to a point as as + — T. Hence, u;(%;) — 0 as
t — T. It follows by (3.1) that T must be given by (3.3). O

4 Passing to the limit e — 0

We will assume in this section that X are solutions of the flow (HMCF,) which satisfy the
condition (3.4) uniformly in €, with 7 given by (3.3). We shall show that we can pass to the
limit € — O to obtain a solution of the (HMCF) which is defined up to time

#o(Zo)

T:=1limT, = .
e—0 4

The key result is the following uniform bound on the second fundamental form A of .

Proposition 4.1 Under assumption (3.4), for any Tt < T, there is a uniform constant C =
C(7) so that

n)lzaéx |A|(-, 1) <C, Ve >0 and Vte]|0,r1]. 4.1)
1

where A denotes the second fundamental form of the surface Xy.

Proof Assume there is T < T for which (4.1) does not hold. Then, there exist sequences
ti —> 1,6 — 0and p; € Zfii so that

Qi :==|Al(pi,t;) = max |A| — 00 as j — oo.
= x[0,]

Consider, as before, the rescaled sequence of solutions > ; defined by the immersions I:"i (-, 1) :

M? - R3,
ﬁi('vt) = Qi (FE,' ('»ti + Qtz)_ pl)
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Due to our rescaling, the second fundamental form of rescaled surfaces is uniformly bounded
in i. This uniform estimates on the second fundamental form yield uniform C2-bounds on
F;(-,0) and the Theorem of Arzela—Ascoli gives us a uniformly convergent subsequence
on compact subsets, converging in the in C1!-topology to a C!-! surface ¥ defined by the
immersion F.

By Lemma 3.12, there are uniform constants C, C; so that the estimate

A= Ciap+C

holds uniformly on X¢, for all # > 0 for which the flow exists, and all €, which after rescaling
yields to the estimate

C
0

Hence, the limiting surface % is convex. There are two possibilities for ¥, either it is a flat
plane, or it is a complete convex C'-!-hypersurface.

Due to our rescaling, the curvatures of the rescaled surfaces i; are uniformly bounded
in i. This in particular implies a uniform local Lipshitz condition on F;(M?,0). This means
that there are fixed numbers rg and Cq so that for every ¢ € 17“1 (M2, I:} (Urg,q) (Where Uy 4
is a component of I:TI (Bro(ﬁ,-(q))) containing ¢, and By, is a ball of radius ry in R?) can
be written as the graph of a Lipshitz function over a hyperplane in R3 through F; (g) with
Lipshitz constant less than Cy. Notice that both Cy and rg are independent of i, they both
depend on a uniform upper bound on the second fundamental form. This means the limiting
surface ¥ will satisfy a uniform local Lipshitz condition.

)\l < Cl)\.z

Lemma 4.2 The limiting hypersurface ¥ is not a plane.

Proof Assume that the limiting hypersurface Tisa plane. Then, for each i we can write
¥; in a neighbourhood which is a ball B(0, 1) of radius 1 around the origin as a graph of a
C?-function i;, over some hyperplane ;. In particular, we can choose one that is tangent to
¥; at the origin. Then

o Dy

By = —0 4.2)
(1+ |Di;|*)2

Jk =
We can choose a coordinate system in each hyperplane so that the second fundamental form

and also D?u; are diagonal at the origin. The function u; is a height function that mea-
. cht
sures the distance of our surface from the hyperplane ;. We also have that u; — u as

i — ooand u;(0) =0 foralli. If £ were a plane then & = 0 and |Du| = 0 which would

imply |i|c11 = 0. Take € > 0 very small. Then there would exist io so that for i > io,
|u; |C1,~1 < eon B(0,1) C X;. Since we have (4.2), the last estimate would contradict the
fact |A;](0, 0) = 1, that is valid by the way we rescaled our solution. O

It follows from the previous lemma and the discussion above that 3 is a complete convex,
non-flat C1-!-surface that satisfies ):1 <C ):2, whenever those quantities are defined (since
a surface is C1!, the principal curvatures are defined almost everywhere). Because of our
uniform curvature estimates of the rescaled sequence, % is a uniformly locally Lipschitz
surface. By the results in [9] there is a solution F, of the Mean Curvature flow (3.20) with
initial data ¥ on some time interval [0, T1) and F; is smooth for 7 > 0. We can now carry out
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the same argument as in the proof of Theorem 3.1 to show that ¥ has to be compact. That
would mean that for j >> 1,

C C
diam (%, ’) < — and area (E < — (4.3)

Q; Q;
for a uniform constant C. Since 7; — t < T, (4.3) and Lemma 3.13 contradict (3.1). This
shows that (4.1) holds true, therefore finishing our proof. O

We will now show that because of (4.1) we can pass along subsequences €; — 0 and
show that the solutions Ef i converge to a solution %, of (HMCF).

Observe first that since dF./dt = —(x + € H)v, by Proposition 4.1 we have that
|0 F¢/0t] < C, uniformly in €. Hence, F is uniformly Lipshitz in . Combining this with
Proposition 4.1 and the assumption (3.4), we conclude that for every t < T there is a sub-
sequence €; — 0 and a 1-parameter family of 1 surfaces F(-, 1), so that F¢; — Finthe
C"! norm, 3 F,, /dt — dF /dt in the weak sense and F satisfies

oF
— = —K V. 4.4
a7 K (4.4)
Due to (3.4) our solution has the property that
ess il‘lfztx[()yT)H > 4. 4.5)

Claim 4.3 The limiting solution of (4.4) does not depend on the sequence €; — 0.

Proof Consider the evolution of a surface ¥; by a fully-nonlinear equation of the form

oF
where h;; is the second fundamental form and F is a function of the eigenvalues of {A;;},

which we denote by A1, A» and assume that &1 > A;. Let £ = A2/ and take

AMAy A _
Fog.u = Hpe = T oz (4.7)
li—zal, otherwise

which we can be written as

for Hgi; > (11— 51)}1[.,‘

) (4.8)
otherwise.

K,
F(hij) = [me
1-4; ’

We can also consider solutions of (1.1) in the viscosity sense (defined in [6] and [10]). In that
case (4.6) can be written in the form

(2 (7)) when div (1) 8 = (1 = 60Dy ()

div( Igz\)
ur = D;u (49)
aiv ()i B ) ~aden (03 (i) .
=5, otherwise.
Equation (4.9) can be expressed as
ur + Fi(t, Vu, V2u) = 0, (4.10)
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with
_ P . P
|p|det<X |p|®(X w))
Fit,p, X) = — ) - ,
trace(([—m@)m).X)
if
1~trace((1—£®£)-x)2(1_51)(X_X.£®£)
pl — Ipl lpl — Ipl
and

1 1 p p
Fit,p, X)=—— |—trace{ {§;j——® — | X
1 =41 \Ipl lpl ~ Ipl
1 2 4 X .
+ | — (trace((&j—£®£))()) ——det(X—( p)®£)
Pl lpl — 1pl Pl Ipl Ipl
otherwise.

Notice that the lower bound (4.5) together with our curvature pinching estimates (that
follow from the Proposition 3.12) imply that

’

H gij > (1 = 81)hij

for some 1 > §; > 0. This implies that we can view a solution to (4.4) as a solution to (4.6)
with F as in (4.8). The function Fi (¢, p, X) is continuous on (0, 7') x Rz\{O} x §2%2 it
satisfies the conditions of Theorem 7.1 in [6] and (4.10) is a degenerate parabolic geometric
equation in the sense of Definition 5.1 in [6]. Theorem 7.1 in [6] shows the uniqueness of
viscosity solutions to (4.10). The C!1 solution on [0, T) constructed above is a viscosity
solution to (4.10) and by the uniqueness result it is the unique C L1 solution to (4.4). This
means that the limiting solution of (4.4) does not depend on the sequence ¢; — 0. O

5 Radial case

In this section we will employ the results from the previous section to completely describe
the long time behaviour of (1.1) in the case of surfaces of revolution, r = f(x, t) around the
x-axis. For such a surface of revolution the two principal curvatures are given by

M=——— and I=-—""—7. 5.1
fa+fhH: 1+ f)2
Therefore,
2
—ff. 1
H=x+Xi = M >0
FL+f2)2
and
_fac.'zc
G=AMAhp=——"T""—.
fa+f2?
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When the surface evolves by (1.1), f(z, t) evolves by

— fiL‘(l?
_ffxm + fTZ + 1.
We will consider solutions f (-, t) on an interval I; = [a;, b;] C [0, 1] such that f(a;,t) =

fb,t) =0, f >0and H= —ffox + fgf + 1 > 0. From (5.1) we see that A; > 0 and A»
changes its sign, depending on the convexity of f. The linearization of (5.2) around a point

fis

Ji (5.2)

frzx 3
72 f (5.3)

= L+ f2 o 2fifu -
Ji= I_~12x Jaa — ;szl Ju +
which is uniformly parabolic when H is away from zero, no matter what is the sign of the
smaller eigenvalue A;.

Theorem 5.1 Assume that at time t = 0, Xq is a C"! star-shaped surface of revolution
r= f(z,0), forx € [0,1], £(0,0) = f(1,0) =0, f(-,0) > 0and H > 0. Then, the flow
exists up to the maximal time

>
T — o (Z0)
4

when the surface ¥; contracts to a point. Moreover, the surface becomes strictly convex at
time t1 < T and asymptotically spherical at its extinction time T.

Since the equation s strictly parabolic when H > 0, the short time existence of a smooth
solution on some time interval [0, t], follows by classical results. Having a smooth solution
to (1.1) on [0, ] implies that we have a smooth solution f (-, t) to (5.2). By the comparison
principle, f(z,t) is defined on I; = [a;, bs] C [0, 1] and f(a;,t) = f(bs, t) = 0. Since the
surface is smooth and H > 0 on [0, t], the expressions for A; and A; in (5.1) yield to the
bounds

limsup f|fy] < C1(¢) and limsup f|f;] < Ca(z), for0 <t <rt.

T—a; r—by
In the next lemma we will show that the above bounds do not depend on the lower bound on
H, but only on the initial data.

Lemma 5.2 Assume that the solution f is smooth on [0, ty), for some to < T and H > 0
on [0, to). Then, there exists a uniform constant C, depending only on initial data, so that

f2fr<c,  forallt €0, 1). (5.4)

Proof We will bound f2 fl? from above by the maximum principle. Let us compute its
evolution equation. We first compute the evolution of f, by differentiating (5.2) in . We get

foze U+ f2) = fo £2,

(fx)t = 72

(5.5)

which yields the following equation for fr2

(2, — 2eanfs (14 I =2f2 12 (fDaa —2f2) A+ f2) = 2£2f2,
foh = g2 - H?

_ Daa U+ D) = 4f2 fon = 2

_ - .
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The function f? satisfies the equation

(f Do =217
="
Combining the last two equations we obtain
(fDae L+ £2) = 4f2 fn — 212, fos 12
= : : 22—
(D= = fPH22s

_ P O fD A+ DU 7 =2UDe (D) | fea 2
B H? H? H

Let ¢ < 9. We distinguish the following two cases:

Case 1 The ( f2 fl?)max(t) is attained in the interior of (a;, b;). Then, at that point
(f%f3), = 0, which implies (since f(-,) > 0 in the interior) that

£l == ffafuer. (5.6)
Hence, the maximum principle implies the differential inequality
d 1 + f s f v /T, 952
S Dmax(0) = = (P fi =202 (f2)a) +2 7257
4
_ (1+f)f7 _ods . 5.7
H* H 2

Case 2 The (f 2 ff)max () is attained at one of the tips {a;, b;}. Assume it is attained at a;.
The point of the surface X, that arises from x = a; can be viewed as the interior point
of ¥, around which our surface is convex. We can solve locally, around the point z = «;
(say for x € [a;, z;]) the equation y = f(z,t) with respect to z, yielding to the map
x = g(y, t).Notice that ff, = y/g, andthatx = a; correspondstoy = 0. Since { f(x, 1)|x €
[a;, 1} U{—f(x,t)|x € [a;, x(]} is a smooth curve, we have that x = g(y, t) is a smooth
graphfory € [—f(x;, 1), f(xr, 1)].If fzfgf(-, t) attains its maximum somewhere in [a;, x;),
then 2/ gi attains its maximum in the interior of (— f (x;, t), f(xs, 1)).

We will now compute the evolution of y2/ gs from the evolution of f2 sz Since

Sfo(z, 1) = gy(y7 )

from the evolution of f? ff. we get

v\ (+g) (1+g) b 1 1 Zyxxy
i B TS W) aa - = - ( )a S
9y t 9y 2l gy T 9y H 9y 9y gl/ H

By direct computation we have

! 29y, 2y Gy
=) =—=% and @), =" and yp, =—"%
g?/ gy gy 3

S =\z) \z2) 57 ad @lw=5-—5
g g’ g g" g’ g
Y/ va v/ yy v/)y y Y

and

@ Springer



212 P. Daskalopoulos, N. Sesum

Combining the above yields to

(yZ) _ (95"!‘1) (yz) (yz) gg/y(1+g§)
9 ), g2H? \ 9, w \9%/, g H?
(1 + 9y ) + zyg;/y 2 YGyy
gz H2 gy gy ngZ
which can be re-written it as

(yz) _ (954‘ D (’ljz) (7/2) Gyy(1 +912)
2 | — 72 “\N2) T 205
9y ], 92H2 9/, \9/, gZH5

2
(1 + gy) (2 n zyzgygyy) _ 23/291/97/1/ (5.8)
g2H? \ 9 ygs ygSH2

At the maximum point of 3%/ gy we have
Y29y 9y = Y9;-
This together with the maximum principle applied to (5.8) yield to the differential inequality

2 4(1+ 2
< y—z (1 <— (6~f) = =0. (5.9)
dt gy max ng H gy

Estimates (5.7) and (5.9) imply that (f2 f2)(x,t) < C, forall z € [a;, b;] and all 1 < to,
where C is a uniform constant independent of time. This finishes the proof of the lemma. 0O

Corollary 5.3 Let T = uo(Xo)/4m be as in Theorem 5.1. Then, there exists a uniform
constant 8, depending only on the initial data, so that H > § > 0, forallt € [0, T).

Proof 1t is enough to show that if H > 0 on [0, #p), then H > § > 0 there. We recall that
A= 1/f(1+ f2)/2. Hence, the estimate (5.4) yields to the bound

AM>c>0 onX, fortel0,r1). (5.10)

Since H = A1 + A, if A > 0,then H > A1 > ¢. If A <0 and H < ¢/2 (otherwise we are
done) by (5.10) we have

C
A <f:>k > —.
— [A2] 5 [A2] 7

Observe next that Lemma 3.5 implies the bound

AtlAz] .
——— < C, for auniform constant C.
Hence
2
H> AtlAz] S <
C 2C
In any case, we have
e 2
H>min{ -, —
(2 2C ]
which shows our lemma with § := min{%, %}. ]
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The harmonic mean curvature flow of nonconvex surfaces 213

Lemma 5.4 Let [0, T) be the maximal interval of existence of a solution to (1.1). Then,
maxs, |A| becomes unbounded ast — T.

Proof Assume that supy, |A]| < C,forallt € [0, T) and write
B H
IR ERE

with H = —ffrz + f,c2 + 1. Then H < C (since |A]| is bounded) and H > § > 0 (by the
previous result). Hence,

H

2 3/2
1
PAC )
H
which implies
Ccl - 14+ fl2 - &)
FaA+ Y= g T fA+ YV

We can rewrite it as

1 /2
cri < A <ah (5.11)
H
which together with (5.10) and |A| < C imply the bounds
1 /2
Cy < J;Iff <G (5.12)

for uniform constants Cy, Cs, for all ¢ € [0, T'). This means the linearization (5.3) of (5.2)
is uniformly elliptic on time interval [0, T). If our surface of revolution at time ¢ is given by
an embedding F' (X, t), which is a solution to (1.1), |A| < C implies |F|-2 < C on the time
interval [0, T') and the speed |k| < C (we will use the same symbol C to denote different
uniform constants). It is easy to see that F(-, t) converges to a continuous limit F(-, T) as
t — T, since
7]
F@.t) = Fl < [ Ikldi = Cln = ol
1

Due to
2 2 2,

= [2hyj¢] =c

and [12] we have that F (-, T) represents a surface. It is a C L1 surface of revolution r =
f(x, T) around the z-axis that comes as a limit as t — T of surfaces of revolution r =
f(z,t). Take 0 < € << br — ar arbitrarily small. Consider f(r,t) on x € [a; + €, b; — €],
that is, away from the tips * = a; and x = b, where f = 0 and f, becomes unbounded.
Since our solution is C1!, ¢ < fr,T) < ¢y and |fz| < c3, at time t = T and for
x € lar + €, br — €], where cy, ¢3, ¢3 all depend on €. Due to (5.12), equation (5.2) is
uniformly parabolic and standard parabolic estimates yield

[fC Tk < Cle, k), forevery k > 0 and = € [ar + €, br — €]. (5.13)
We can repeat the previous discussion to every € > 0 to conclude that our surface X7 is

smooth for x € (ar, br). By writing our surface locally as a graph « = g(y, t) around the
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214 P. Daskalopoulos, N. Sesum

tips (at which our surface is strictly convex), we can show that our surface is smooth at the
tips as well (similar methods to those discussed above apply in this case). O

The same proof as the one for the flow (HMCF,) which was presented in the previous
section, shows that our radial surface ¥; shrinks to a pointat 7 = %, where o (Zg) is
the total area of ¥¢. In particular, this means f(z,t) — Oast — T.

We will show next that at some time #; < T the surface X, becomes strictly convex. This

will follow from the next lemma.

Lemma 5.5 Assume that f is a solution of the HMCF on [0, T). Then, there exists a constant
¢ > 0, independent of t, such that f(x,t) > c, at all points (x,t), with0 <t < T and
Jaa(x, 1) > 0.

Proof Fixt < T. Since our surface ¥; is convex around the tip x = a; we have f;, <0
there. Let ¢; be the largest number in [a;, b;] so that X, is strictly convex for x € [a;, ¢;].
If ¢; = by, then %; is convex and we have nothing to show. Otherwise, f,,(x,f) < 0 for
ar <x <c¢;and fr;(x,t) > 0in (¢;, ¢; + €) for some €; > 0. Hence, f, (-, t) is increasing
inx, forx € (¢, ¢ + €).

Consider the function f,.(-, t) on the interval = € [¢;, b;). From the above discussion and
the fact that lim, ., f,(x, ) = —o0, we conclude that the maximum

M(t) :=max { fy(x,1), x € [c;, bs]}
is attained in the interior of [¢;, b;]. Recall the evolution equation for f, to be

fraa0+ 1D fuf2,
i /e

Hence, assuming that M (1) > 0, the maximum principle implies that M’(¢) < 0. This shows
that f; is uniformly bounded from above on [¢;, b;]. Since a similar argument can be applied
near the other tip b;, we finally conclude that | f,;| is uniformly bounded in the non-convex
part (if it exists) away from the tips.

We will now conclude the proof of the lemma. Assume that f,,(x, ) > 0, which holds
in a non-convex part of our evolving surface. At that point, we have

_L < 0
(L4 3%~

Since A, < 0, Lemma 3.8 implies the bound

(fr)t =

A =

Ay = FA+ i =C

which reduces to the the bound
1

> > — =
Izcaypr=e=¢

in the non-convex part where fgc2 < C, uniformly in ¢. This finishes the proof of the lemma.
]

We will now conclude the proof of Theorem 5.1: Since f(x,t) — 0 ast — T, with

T = 100 there is some time 71 < 7' so that

fla, 1) < % for all = € [ar, by]
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The harmonic mean curvature flow of nonconvex surfaces 215

where ¢ > 0 is the constant taken from Lemma 5.5. Hence, by Lemma 5.5 the surface %,
is convex for t > #;. Since H > § > 0 for all + < T, the surface X, is strictly convex.
The result of Andrews [1], implies that X, shrinks asymptotically spherically to a point as
t—T.
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