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Abstract This work uses the energetic formulation of rate-independent systems that is
based on the stored-energy functionals £ and the dissipation distance D. For sequences
(&x)ken and (Dy)ken we address the question under which conditions the limits goo Of
solutions gy : [0, T] — Q satisfy a suitable limit problem with limit functionals £, and Dy,
which are the corresponding I'-limits. We derive a sufficient condition, called conditional
upper semi-continuity of the stable sets, which is essential to guarantee that g, solves the
limit problem. In particular, this condition holds if certain joint recovery sequences exist.
Moreover, we show that time-incremental minimization problems can be used to approximate
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the solutions. A first example involves the numerical approximation of functionals using
finite-element spaces. A second example shows that the stop and the play operator converge
if the yield sets converge in the sense of Mosco. The third example deals with a problem
developing microstructure in the limit kK — oo, which in the limit can be described by an
effective macroscopic model.

Mathematics Subject Classification (2007) 49J40 - 49S05 - 35K90

1 Introduction

Rate-independent models for material behavior are useful in many contexts. Elastoplasticity
is the most prominent application, but recently also damage, fracture, hysteretic behavior in
magnetic, magnetostrictive and ferroelectric materials, and phase transformations in shape-
memory alloys have been described via such models, see [25,26] and the references there.

Here, we want to contribute to the abstract mathematical foundations for such models.
While a quite flexible existence theory has been developed over the last years (cf. [14,25,27,
32,34]), there is still a need to develop a theory for parameter dependence and for numerical
approximation properties. The first part of this work will address these questions in the frame-
work of I'-convergence. In the second part, we are concerned with the question of relaxation
of rate-independent evolutionary systems. This topic is important for the understanding of
evolution of microstructures in materials, see [4,9,19,24,28,35]. While the static questions
of I'-convergence or relaxation are well studied, the related questions for evolutionary sys-
tems are treated less systematically, see e.g., [7,8,37]. Only recently, a systematic study for
gradient flows was initialized in [36,38—41].

To present our main ideas we introduce the main notions. The state space of our system
is denoted by Q and the stored-energy functional £ : [0, T]xQ — Ry = R U {oo} is
assumed to depend on the (process) time through a time-dependent loading. Additionally,
there is given a dissipation distance D : QxQ — [0, oo], which is assumed to satisfy the
triangle inequality but may be unsymmetric. Here, D(qo, ¢1) measures the minimal amount
of energy that is dissipated when the state is changed from ¢gg into g;. In rate-independent
systems the dissipation depends only on the path but not on the velocity.

A process g : [0, T] — Q is called an energetic solution of the rate-independent process
associated with the functionals £ and D, if it satisfies the stability condition (S) and the energy
balance (E) for all ¢t € [0, T]:

(S) VgeQ: E(t,q() =&, q)+D(q), q),

t
(E) £(t.q(1) + Dissp(g: [0, 1]) = £(0, ¢(0)) + / 8,8, qsnds. D
0

Here, the dissipation Dissp(g; [r, s]) along a part of the curve is defined as a total variation
with respect to the “metric” D. In this case, we also say that g solves the energetic formulation
(S)&(E). If € and D are replaced by & and Dy, we call this the energetic formulation
(S)i&(E);.

Under the assumption that Q is a Banach space, that D is translation invariant, i.e.
D(qo, q1) = R(q1—qo), and that £(¢, -) is convex, the energetic formulation (S)&(E) is
equivalent to the doubly nonlinear differential inclusion

0 € 0R(g(t)) + 3&E(t, q(t)) C QF (dual space)
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I'-limits and relaxations for rate-independent evolutionary problems 389

cf. [25,32]. The advantage of the energetic formulation (S) & (E) is that it is totally derivative
free and hence can be formulated on an abstract topological space Q, see [27]. The stability
is a purely static concept and the evolutionary concept is brought into bearing solely by the
scalar energy balance.

In Sects. 2 and 3 we study the situation that a sequence of pairs (£, Dy ) is given as well as
limit functionals (€0, Do) Assume that g : [0, T] — Qis an energetic solution associated
with & and Dk. We study the question in what sense (£, Dy) has to converge to (£x0, Do)
such that a limit process ¢ () = klim qx (t) solves the energetic formulation (S),,&(E) -

— 00

It turns out that the right notion of convergence is related to I'-convergence. However, it is
easy to see that
Exo =T-lim &, and Dy, = I'-lim Dy, (1.2)
k— 00 k—00

is not sufficient. See (2.14) for the definition of I"-convergence and Example 3.2 for a simple
system where (1.2) is not sufficient for convergence of solutions. Note also, that the I"-limit
Do may no longer satisfy the triangle inequality, so this will be an extra assumption.

Central objects are the set of stable states and stable sequences. The sets of stable states
Sk (t) dependont € [0, T] and k € Ny, := N U {oo} and are defined via

Sk):={qeQ; &, q) <00, Vg e Q: &(t,q) <&, q)+Dil(q,q) ).  (1.3)
A sequence (#, gk, )1en is called a stable sequence if

Qi € Sk, (1) and sup &, (1, q,) < 0. (1.4)
leN

Here we always assume that (k;);< denotes a subsequence, i.e., k; < k41 — 00. The crucial
conditions for the desired convergence result are now

o . 0.7]xQ
(a) 5oo(t,q)Smf{h[rggf&l(tz,q;q); (#1, qx,) is stable and (17, )  — ~ (£, q) },
(®) Dool(g, q) < inf{liminf Dy, (qx,. gx,) : (11, qx,). (71, Gk,) are stable,
I=o00 [0.T1xQ ~ — _[0TIXxQ ~ —
U qr) = (t.q), W.qy) — &g}

[0.7]xQ
(c) V stable sequences (1, gi)ien : (1, qr) —  (t,q) = g € Seol?).

While the conditions (a) and (b) are usually satisfied by assuming (1.2), the condition (c) is
genuinely new and concerns the interplay between the two sequences (E)ken and (Dy)keN-
In Sect. 2 we provide several sufficient conditions for the implication (c), which can be
understood as conditioned upper semi-continuity of the stable sets. The strongest of these

conditions is that £, = I;—lim & and that Dy continuously converges to Do,. Note that
— 00

(a) and (b) only ask for a lower estimate, however our theorems will prove that, along the
approximate solutions, the lower limits £, and D, are attained, see assertions (i) and (ii) in
the Theorems 3.1, 3.4, and 4.1.

Having in mind numerical approximation we also combine this result with time discreti-
zations. The most effective way to study energetic formulations is based on the incremental
minimization problems

(P g € Argmin{ & (5. 3) + Di(gk_1.9): Ge Q).

where IT; = {O = té‘ < tf << t}i,k = T} is an arbitrary partition of [0, T']. Using the
same conditions as for the above convergence result together with suitable uniform compact-
ness results, we show that the piecewise constant interpolants g : [0, T] — O associated
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with solutions of (IP); contain a subsequence that converges to a solution of (S) s, &(E) e,
see Theorem 3.4.

In Sect. 4 we consider the situation that the sequences (£ )xen and (Dy)ken are constant,
ie. & = &1 and Dy = Djy. However, we do not assume that £; and D; are lower semi-
continuous. Hence, (IP); may not be solvable and we replace it by an approximate incremental
problem (AIP); where we only need to reach the infimum up to an accuracy & (t}c — t}t . Of
course, (AIP) is solvable and we study the sequence gy : [0, T] — Q of piecewise constant
interpolants. Using a slightly strengthened version of the upper semi-continuity of the stable
sets we show that the sequence (gx)xeN again contains a convergent subsequence the limit of
which solves (S),&(E). The construction of subsequences relies on an abstract version
of Helly’s selection principle that is due to [27] and that we prove in a slightly more general
form in Appendix A.

In the final Sect. 5 we illustrate the two main results by three relatively simple examples.
In Sect. 5.1 we deal with a quadratic energy functional £, on a Hilbert space H = Q
and a weakly continuous and translationally invariant dissipation distance Dy,. Defining a
sequence Hy of finite-dimensional subspaces of H with UZ2 | Hy dense in H, we define &
equal to &, on Hy and +o0 else. Letting Dy = D, it is easy to check the abstract conditions
and, thus, a convergence result for space-time discretizations is established. The idea of
using I"-convergence for treating numerical approximations was first investigated in [19]; see
also [15,16] for independent work in the context of fracture. As a particular application, this
provides the convergence result in elastoplasticity derived first in [17]. Further applications
that use the full strength of the theory developed here, are found in [30]. Stronger convergence
results of numerical methods, also giving specific convergence rates are discussed in [2,18].

In Sect. 5.2 we address the question of the continuity of the play and the stop operator with
respect to the yield or characteristic set Ci. This question was studied in [20, Theorem 3.12]
and [40, Corollary 4.6] and we show that our abstract result recovers the known results.

The example in Sect. 5.3 deals with Q = H'((0, 1)) equipped with the weak topology,
with the dissipation Dx(q, §) = [|g—q||1 and with the energy functional

1
£t q) = / W(g () + g0 — f(t, 0)g(x)dx,
0

where W : R — Ris a coercive, nonconvex double-well potential. The I"-limits in the weak
topology of H'((0, 1)) of the constant sequences Dy = Dy and & = &1 are D, = Dj and
Eso = conv€&y, which has the same form as & but W is replaced by its convexification W**,
Using the results of Sect. 4 we show that the solutions of (AIP), which develop microstruc-
ture, converge weakly to an energetic solution associated with the relaxed functionals £, and
Dso- The question of relaxations of this type was already addressed in [24,28,34]. However,
rigorous results were only obtained in [9,43]. The analogous is obtained by regularizing &;
in the form & (1, 2) = £1(1, 2) + + [} (" (x))2dx.

Another application of the theory presented here is given in [15], where the I"-convergence
of families of crack problems is studied. There the notion of “stability of the unilateral
minimality property” is used for what we call upper semi-continuity of the stable sets.

2 Assumptions and preliminary results

Throughout this work we assume that the state space Q is a product Q@ = Fx Z, where
each of the factors is a Hausdorff topological space. All our notions concerning (lower

@ Springer



I'-limits and relaxations for rate-independent evolutionary problems 391

semi—) continuity, closedness and compactness are in fact meant “sequentially”. (The typical
applications we have in mind are the weak topologies in separable, reflexive Banach spaces,
possibly restricted to a weakly closed subset.) We will denote the convergence in these spaces
by —Q>, f>, and =3 respectively. For sequences (, gx)ren We write (tx, k) 0112 (t,q) if
tx — tin R and g 5 q.

On the state space Q a sequence of time-dependent energy functionals & : [0, T]xQ —
R as well as a limit £ : [0, T]xQ — Ry are given. Moreover, we have a sequence
of dissipation distances Dy : ZxZ — [0, 00] and a limit Dy, : Z2x2Z — [0, co]. Note
that our dissipation distances are not assumed to be symmetric, i.e. D (21, 22) # Dk (22, 21)
is possible. Moreover, we allow for the value +oco, which is often needed in continuum
mechanical models. We use the notation Ny, := N U {oo} which enables us to address the
sequence as well as the limits together.

Throughout we will switch between the two equivalent notationsg € Qand (¢, z) € FxZ
as it is most appropriate in the given context. In particular, we also consider Dy, k € Ny,
as functions on Q x Q and write Dy (q1, g2) instead of Dy (z1, z2), where q; = (¢;,z;) €
FxZ = Qis taken for granted.

To formulate our assumptions we recall the definition of the stable sets S (¢) from (1.3)
and call a sequence (#/, gk, )1en a stable sequence (abbreviated as “stab.seq.” further on), if

Qi € S (ty) foralll e N and  sup &, (#, qr,) < oo. 2.1)
leN

Note that (gx, )ien denotes a subsequence to indicate the index k; for which we have stability.
We now state our assumptions in one list and comment on it afterwards.

Pseudo-distance : Vk € Noo VZz1,22,23 € Z -

2.2
Di(z1,z1) = 0 and Di(z1, 23) < Di(z1, 22) + Di (22, 23). 22)
Lower semi-continuity of Dy : 2.3)
Vk €Ny : Dp: ZxZ — [0, o] is lower semi-continuous. ’
Positivity of D, :  For all compact K C Z : (2.4)

If z; € K and min {D (2%, 2), Do (2, 2k)} — 0, then zi Z zZ.

Lower U-limit for Dy, :

~ o~ . [0,T1xQ ~ o~ [0,T1xQ ~ ~
V stab.seq. (4, qx,), (4, qr) wWith (1, q) =~ (t, @), (1, q) — (. q):  (2.5)
Doo(q’ Zi) =< lillgiogfpk[(qk]’ le)-

Compactness of energy sublevels :

Foralltr € [0, T] and all E € R we have

(i) YkeNy: {qeQ; &t q) < E}is compact;
(i) U,fil{ q € Q; &(t,q) < E }is relatively compact.

(2.6)

Here (with our agreement about “sequential” notions) relative compactness of A C O means
that every sequence in A has a convergent subsequence.

Uniform control of the power ;& -

cf eRIcF >0VkeN V1 €[0,T]Vg e Q:
If & (t, q) < oo, then &(-, q) € C'([0, T]) and
10:E (s, @) < cE(cE+Ex(s, @) forall s € [0, T1.

2.7)
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Uniform time-continuity of the power 0;E :
Ve>0VEeR3I§>0: (2.8)
£x(0,9) < Eand|tj—t| <8 = [0:Ex0(t1,q)—0:E0(t2,q)| < €.

Conditioned continuous convergence of the power :

[0.T1xQ 2.9)
Vstab.seq. (77, q,,)  —  (t,q) @ 0:E (1, Q) — 0:E0(t, q)
Lower T'-limit for & :
. [0.71xQ L 2.10
V stab.seq. (77, qx,) with (77, qr,) "=~ (t,q) : Exo(t, q) < hlrgggf Ex (11, qk,).( )
Conditioned upper semi-continuity of stable sets : @.11)

[0.71xQ
Vstab.seq. (1, q,,) —  (t,q) 1 q € Soo(t).

Assumptions (2.2)—(2.5) mainly concern the dissipation distances, whereas assumptions
(2.6)—~(2.10) are mainly on the stored-energy functionals. Conditions (2.5), (2.9)—(2.11) are
based on the stable sets, which involve the interplay of & and Dy.

For a given function z : [0, T] — Z (defined everywhere!) we define the dissipation
associated with Dy, k € Ny, on the subinterval [r, s], via

N
Diss (z; [r, s]) = sup{ Di(z(tj-1),z(tj)); NeN, r<fpp <ty <--- <ty < s}.
j=1

The lower I'-limit condition (2.5) for Dy implies that, if z; : [0, T] — Z converges pointwise
toz:[0,T] — Z andif (¢, gr(¢)) is stable for all € [0, T'], then

Disseo(z; [, s1) < liminf Dissg (zi; [r, s1). (2.12)
k—o00

The positivity condition (2.4) for D, implies that a function z with Disse(z; [0, T]) < 00
is continuous on [0, 7'] except for at most countably many points, namely the jump points of
t > Dissqo(z; [0, £]).

The major compactness result is a generalization of Helly’s selection principle, which
is proved in Appendix A. Using (2.2), (2.4) and (2.5) it is shown that every sequence of
functions z : [0, T] — Z for which Dissk (zx; [0, T]) is bounded has a pointwise convergent
subsequence.

The compactness condition (2.6) on the energy functionals implies lower semi-continuity
of each & (t,) : Q@ — Ry and is essential for constructing solutions for incremental
minimization problems.

For a given ¢ € Q the mapping t — & (¢, g) maps [0, T] into R,. Hence the partial
derivative 9;£(¢, ¢) makes sense even though Q does not have a manifold structure. Mo-
reover, it has the physical dimension of a power, namely energy divided by time. In [29]
f(f 9;E(s, q(s)) ds is called the reduced work of the external forces, since it relates to
the “work of the external forces”, as used in the mechanics literature. In the simple case
E(t,p,z2) =U(p, 7) — (£(t), p) the former has the form — f(; (Z(s), ¢(s))ds while the latter
one reads fot (€(s), ds¢(s))ds. From our energy balance (E) in (1.1) itis clear that 9, £ (¢, ¢ (¢))
is the power associated with the changing external forces. For simplicity, we continue to call
this term simply power.

Condition (2.7) gives a uniform energetic control on the power 0, (¢, ¢). Using a simple
Gronwall argument yields the estimate

E(t1, q) + cE < ectin—nl (5k(12, q)+c§) , (2.13)
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I'-limits and relaxations for rate-independent evolutionary problems 393

which provides simple a priori estimates for the energy and the dissipation along solutions,
see Step 1 in the proof of Theorem 3.4.

The continuity condition (2.9) for the power 0, is weaker than the so-called continuous
convergence of 9;& to 9;Exo, Viz., (11, qk,) OIxe (t,q) = &M, qr) = 0:€x(t, q). In
fact, we only need to know the convergence of the power along converging stable sequences.
We will see that, under some additional assumptions, the convergence of stable sequences
leads to improved convergence, e.g., to convergence of the energies &, (17, qr,) — Exo(t, @),
see Proposition 2.2(A) below. In the Banach space context this may be used to convert a
weak convergence into a strong one. Moreover, the abstract Proposition 3.3 in [14] shows
that this energy convergence together with the lower semi-continuity (2.10) of (& )ren,, and
(2.8) implies the conditioned continuous convergence (2.9) of the power.

The two conditions (2.5) and (2.10) on the lower I'-limits of Dy and &, respectively, are
formulated in a general setting involving the stable sequences. However, in all the applications
in this paper we will use the major results under the stronger assumption that Dy, and Ex
are the I'-limits in the usual sense:

) o .
() gxk = ¢ = Zoo(q) < liminfy_ o Zr(qr),

.. . o~ O
(i) Vg € Q 3 (gr)ren With qp = ¢ -
Ioo(q) = lim Supk%oozk(,q\k)-

To = lim7, & (2.14)
k— 00

Here the sequence (i )ren is called a recovery sequence for the limit g. Clearly (i) and (ii)
gives Zr (k) — Zoo(g). Our weaker assumptions (2.5) and (2.10) can be useful in certain
more involved applications since the additional stability and energy boundedness for the
converging sequences might be helpful in establishing the desired lower bound. However,
our main results in Sections 3 and 4 imply that along our solution sequences g, we will have
convergence of the energies, see the statements (i) in the Theorems 3.1, 3.4, and 4.1.

The major condition that makes the whole theory working is (2.11). This condition couples
the potentials £ and Dy and provides a kind of upper I'-limit estimate for £ and Dy simul-
taneously. In [15] a similar condition is derived to study the I'-convergence of the solutions
in families of crack problems. There our notion of stability is called “unilateral minimality
property” and our notion of upper semi-continuity of the stable sets is called “stability of the
unilateral minimality property”. In that paper the Theorems 7.2 and 8.3 provide what we call
condition (2.11).

Lemma 2.1 The upper semi-continuity condition (2.11) is equivalent to

0,T1xQ ~ ~
V stab.seq. (1, q~k,) 0.1 (t, q~) Vg e Q3(qr)en : B B
lim sup (&, (11, @) +Dry Gk » Gi) —Exy (T2 Q1)) < Eoo(t, D+ Doo(q, ) —Exo (1, q)-

[—o00

(2.15)

Proof For abbreviation we set Hy (¢, q, q) = (¢, @) +Di(q, q) — Ek(t, ¢). Then, g € Si(t)
is equivalent to Hy (¢, g, q) > O forall g € Q.

The implication (2.11) = (2.15) follows immediately by taking the sequence gx, = gy, .
Then, (2.15) holds, since Hy, (17, gk;, gr,) = 0 and (2.11) implies Hoo(?, ¢, g) > O.

The opposite implication (2.15) = (2.11) is seen as follows. For arbitrary g we choose
a sequence (g, )ieN according to (2.15). Using gk, € Sk, (f;) we have Hy, (1, qx;, gx;) > 0.
Taking the lim sup,_, ., and employing (2.15) we conclude Huo (¢, g, ¢) > 0. Since g € Q
was arbitrary, this gives ¢ € Sxo (). O
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Note that condition (2.15) does not ask for g, i g, hence (g,)ien is not a recovery
sequence in the sense of (2.14). In fact, the inequality in (2.15) has the property that the
right-hand side depends on ¢ but not on (g, );en, While the left-hand side is independent
of g. Nevertheless, the condition is useful when choosing a suitable sequence (g, );en With

-~ Q- ~ ~ ~ ~
gk, — g suchthat &, (11, qi,)+Di, (qx;» Gr)—E1 (115 qiy) = Eoo(t, 4)+Doo(q, §) —=Eoo(t, q)-
For later use we display this slight strengthening of (2.15) for finding a joint recovery sequence

(Gr))1en:

V stabsseq. (11, q) "X (1, q) VG € QG 3 G
lim sup (Ex, (11, @i,)+ D Gky» Ti) —Exy (W12 Gk)) < Eoo(t, D +Doo(q, ) —Eoo(t. ).

[—00

(2.16)

We provide two more conditions which are stronger than (2.16) and, hence, can be used
to establish the crucial upper semi-continuity (2.11) of the stable sets. The weaker of these
two conditions is based on the existence of a joint recovery sequence and reads

v stab.seq. (. i) "5 (1) ¥G € Q3G 27
lim sup (Ex, (11, @)+ Dy @iy Ti)) < Eoo(t, D +Doo(q, G)-

[— 00

2.17)

The stronger of these two conditions consists on two separate convergence results for the
energy functionals and for the dissipation distances: £ is the I'-limit of &, i.e.,

(2.10)holds and ¥t € [0, T]VG € Q

—~ O N ) R
F(@ken Withgr = G 1 Exo(t,q) = limsup E(t, qi), (2.18)
k— 00
and Dy continuously converges to Dy, conditioned by bounded energy, i.e.,
g S qand G 3 q
sup (E(t, qi)+E(t, @) < oo] = Dk(qk, qx) = Do(q. ). (2.19)
keN

Proposition 2.2 Assume that (2.10) holds.

(A) If for each stable sequence (17, qx,) that converges to (t, q) there exists a sequence (q;)1eN
such that lim sup;_, o, &, (t1, ) +Dx, (qi;, 1) < Eo(t, q), then the energy converges along
the stable sequences, i.e.,

[0,7]1xQ
V stab.seq. (t;, qr,) —  (t,q) 1 &, qr) = Exo(t, q). (2.20)

In particular, we have (2.17) = (2.20).
(B) We have the following implications:

(2.18) and (2.19)) = (2.17) = (2.16) = (2.15) <= (2.11).

Proof ad (A). By (2.10) we have Exo (2, ¢) < liminf;_, &, (t1, gx,)- Using Dy, (qx,, 1) = 0
we immediately obtain lim sup;_, o, &, (11, gx;) < Eso(t, g). This proves (2.20). Since (2.17)
includes the assumption by specifying ¢ = ¢, the final implication holds.

ad (B). For the first implication we start from a converging stable sequence (t;, qx,) —
(¢, q) and from a general g. We choose g; via the recovery sequence g from (2.18), na-
mely §; = ¢k, Employing (2.19) we then obtain lim sup;_, , &, (17, g)+Dr, (qr, q1) <
Eoo(t, @) +Dxo(q, q), which is the desired result (2.17).
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I'-limits and relaxations for rate-independent evolutionary problems 395

For “(2.17) = (2.16)” note that (2.10) implies lim sup;_, o, (—Ek, (1, qk,)) < —&x(t,q),

whenever (1, gx,) 011xQ (t, ¢). Adding this to (2.17) we easily find the desired result (2.16).

The next implication follows directly from the definition as the requirement g, s q is
dropped. The final equivalence is the content of Lemma 2.1. O

The following examples show that the above implications cannot be reversed. It is easy to
provide such examples taking £, and Dy strictly lower than the corresponding I'-limits. Our
examples below are chosen such that equality between £, and Do, and the corresponding
I"-limits hold. In particular, this means that (2.10) and (2.18) hold. For simplicity, we drop
the dependence on the time ¢ € [0, T'], as the main emphasis of condition (2.11) is on the
convergence of gx. Using the assumptions (2.7)—(2.9) itis then easy to obtain the more general
version including 7 — 7.

Example 2.3

(D) “(2.16) & (2.17)". Consider Q = L2(2) equipped with its weak topology. The sequences
& and Dy, are assumed to be constant, namely & (¢, q) = fQ %q(x)z—f(t, x)q(x)dx with
f € CY([0, T1,L*(Q)) and Di(q0, q1) = llg1—qoll.1. Obviously, we have Sy (1) = { ¢ €
L3(Q): llg—f(, )|lLo <1} and itis easy to see that (2.11) holds. However, even without
this knowledge, we may establish (2.16) directly. We choose the recovery sequence gy, =
7 — q + qu» hence G, — . Moreover, Dy, (qi,» dk,) = [17—4llL1 = Doo(q, §) and

&t ) — St ar) = (53G@—a) + au — f1.). G—q);»
= (3@+q) — f(t1.).G—q)12 = Exo(t. §) — Ex(t. q).

which proves (2.16) with equality.

To show that (2.17) does not hold we consider # = 0 and the stable sequence g; with
lgi—f(0,)] = 1 butg — g = f(0,-). Moreover, let § = ¢, such that the right-hand
side in (2.17) takes the value —% llg ||iz. Writing the joint recovery sequence g; in the form
q1 = q; + w; we must have w; — 0 and the left-hand side in (2.17) gives

~ ~ 1 > 1 5
£0,3) +D(q, §1) = 5(611+w1—61) = 5lal” + lwildx
Q

1 1 2 1 2
2/5 - 5|q| dx > —§||q||L2 = £(0,9)+D(q, q),
Q

where we used |g;—¢q| = 1 and minimized with respect to w;. Thus, we have shown that
(2.17) cannot hold.

This example is relevant to the classical linearized elastoplasticity with hardening. An

application of (2.16) in the framework of two-scale homogenization is given in [33].
D) “(2.16) #& (2.17) & (2.19)”. We consider Q = R, & (g) = %(k“q)z, and Dx(q, q) =
kP|G—q|. Here, a, B > 0 are parameters. The corresponding stable sets are S = [—kF~,
kf~2]. The I'-limits are easily obtained, namely £, = &) if @ = 0 and £ = I{) else and
Doo(q.q) = |g—q|if B = 0 and Deo(q, ) = l10y(§—q) else.

The different conditions can be checked easily. In particular, (2.19) holds if and only if
o> >0orifa =B = 0. Condition (2.17) holds if and only if « > 8 > O orif « = O,
which is a strictly bigger set. Note that for 0 < o < B the property (2.20) does not hold and
hence, by Proposition 2.2(A), condition (2.17) must be violated. Finally, condition (2.16)
holds in all cases by choosing gy, = gx,+9—¢.
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D) “2.11) <= (2.15) & (2.16)”. We let E(q) = E(q) = %qz for k € Noo and choose Dy,
viaDi(q,q) = } f; mr(p) dp| with my(p) = 1 for p > 0 and k otherwise. The I'-limit Dy,
reads Doo(q,q) = |g—q| for g, ¢ > 0, Doo(q,q) = 0 for g = g < 0, and +o00 otherwise.
Some computations give Sy = [—k, 1] and Soo = (—00, 1], and thus (2.11) holds. The
sequence gr = —1/k is a stable sequence converging to ¢ = 0. For ¢ = 1, any sequence
(@x)ken With g — g = 1 satisfies Dy (qk, gk) — 2 < Doo(q, ) = Doo(0, 1) = 1. Hence,
since £ is continuous, (2.16) cannot hold.

The next result states that the stability condition (S) in (1.1) implies a lower energy
estimate. This observation was first done in [34] and is proved more generally in [25, Pro-
position5.7].

Proposition 2.4 Let the condition (2.7) for k = oo and (2.8) hold. If ¢ : [0, T] — Q
satisfies (S)oo, if Ec0(-, q(+)) € BV([0, T]) and if 9;E50(-, q(*)) € L'([0, T1), then for all
r,s € [0, T] withr < s we have the lower energy estimate

N

Eoo(5,q(s)) + Dissoo (g [, 1) = Eco(r, q(r)) + / 0 € (t, q(1))dt.

r

Proof Take an arbitrary partition r = 19 < 71 < -+ < Ty = s of [r, s]. Testing stability of
q(zj—1) with g(z;) we find

Eo(Tj—1,q(Tj—1)) < Eo(Tj—1,q(7j)) + Doo(q(tj-1), q(7}))
= Exo(Tj, q (7)) — / 05E00 (5, q(1;))ds + Doo(q(tj—1), q(1})).

Tj—1

Rearranging this inequality and summation over j = 1, ..., N gives
N
Eoo(s, q(s)) + Dissoo(q; [r, 1) = Exo(s, q(s)) + ZDOO(L](fjfl)a q(zj))
j=1
N Y
> Enelrq() + D / 8yEno(t, q(t)))dt
j:lr./-,l
N
= Eoolr,q(r)) + / 0 Eoo(t, q(1))dr (2.21a)
N )
+ zasgoo(fja q@))(Ti—tj-1) — /315000, q(t))dt (2.21b)
Jj=1 .
N Y
+> / (3 Eso(t, 4(1)) — BExo(tj. q(T;)) dt (2.21¢)
j=1'[

j—1

Here (2.21a) contains the desired estimate, the term in (2.21b) tends to 0, if we choose a
suitable sequence of partitions such that the Riemann sums converge to the L! integral, see
[13, Lemma4.12]. The term in (2.21c¢) tends to O because of (2.8). ]
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Remark 2.5 1In fact, the notion of stable sequences could be strengthened slightly by asking
also that the dissipation distance remains bounded as well. For this one has to fix a sequence
of initial conditions (qf )keN such that the initial conditions q(])C to be imposed later for the
solutions satisfy D* = sup;cy Dk (qff, qé) < 00. By the uniform control of power it is shown
that all solutions (incremental or continuous) satisfy the a priori bound

Di (45,45 0)) + &t 4" ) = D* +2eHT (e + sup €00, b))
see (3.10) and (3.11). Hence, we could use the additional condition

sup D (gX, i) < o0 (2.22)
leN

in the definition (2.1) of stable sequences, which will weaken the crucial condition (2.11)
as well as some of the other. Since this does not lead to any substantial improvement in the
present analysis, we refrained from using the weakening condition (2.22) in the definition of
stable sequences and, thus, keep our text easier readable.

3 I'-convergence

Our first result concerns the convergence of the solutions g : [0, T] — Q of the energetic
formulations (S); &(E); associated with the functionals & and Dy:

S Yrel0,T]: gr(t) € S (),
B YVt el[0,T]: &, qi(r)) + Dissi(gr;: [0, 2])

t

— £4(0, g (0) + / 8,E(s. qi(s)) ds. 3.1
0

Theorem 3.1 Let assumptions (2.5), (2.7)—~(2.11) hold and let g : [0, T] — Q be solutions

of 3.1). If for all t € [0, T] we have qi(t) —Q> q(t) for k — oo and if & (0, gk (0)) —
Ex0(0, q(0)), then g : [0, T] — Q is a solution of (S)so&(E)se, i-e., forallt € [0, T] we
have

(S)oo q(1) € Seo(1)
(3.2)

t
(Bl Eoo(t, (1)) + Dissoo(g; [0, 1]) = Ex0(0, ¢(0)) + / 95€00 (s, q(s))ds.
0

Moreover; for all t € [0, T] we have

@ &1, qi(1)) — Exolt, q (1)),
(i) Dissy(gx; [0, 1]) — Dissco(q; [0, 1]), (3.3)
(i) 9 Ex (1, qr (1)) = 9 Eo0 (1, q(1)).

Proof First we use & (0, gx(0)) — £ (0, ¢(0)) and condition (2.7) to show that & (¢, gx (1))

is bounded uniformly in # € [0, T] and k € N, see also (2.13). Now, condition (2.11) gives
(S)» and condition (2.9) implies the convergence (iii) in (3.3).
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Passing to the limit k — oo in (E); and using (2.12) and (2.10) we find the upper energy
estimate

t

Eoo(t,q(1)) + Dissoo(q; [0, 1]) < ex(r) 4 8x(1) = (0, ¢(0)) + / 95€00 (s, q(5))ds,
0

where e,(t) = liminfy_ o E(,qx(t)) and 8,.(t) = liminfg_, o Dissg(gx; [0, t]).
Proposition 2.4 shows the opposite estimate and we obtain e, (1) = Ex(f, g (1)) and 8, (1) =
Dissxo(g; [0, t]). Since the limits inferior e, (¢) and §.(¢) are identified a priori and do not
depend on choosing a subsequence, we conclude that they are true limits such that (i) and
(ii) in (3.3) are shown. ]

The following counterexample shows that a joint condition on the sequences (£ )ren and
(Dr)ken is necessary to obtain the above convergence result. In particular, the above result
as well as the conclusion of Theorem 3.4 below may be false if we have merely the following
two independent I"-convergences

Eoo = I'-lim & and Dy = I'-lim Dy. 3.4
k— 00 k— o0

Example 3.2 Take Q = R? and, for & > 0 and B >0let
o

| k 1 \2 ~ B N
Sk(l,q)=5q12+7(qz—zq1) —tq1 and Di(q,q) = lg1—q1| + kPlg2—aal.

Under the initial condition ¢ (0) = 0, the explicit solution can be obtained from the subdif-
ferential equation

0 € 0RL(G) + Arg — (1,007, ¢(0) =0,
cf. [31,32] for the equivalence to (S);&(E), in the convex case. Here

a—2 _pa—1
Ay = (H—k k

_pe-l e ) IRk (v) = Sign(v) x (kP Sign(v2)) C R?,

where Sign is the multi-valued signum function. With 7' (k) = 1 + k#~! 4 k#T1¢ we have
the solutions gy : [0, c0) — R? with
0,07 for ¢ € [0, 1],
_ T
(1) = (50 0) for 1 € [1, T(k)],
(1—1—kP=1 =RON T for 1> T (k).

For all choices of @ and B, the limit ¢ (t) = limg_, oo gx(?) exists. For ¢t € [0, 1] we always
have ¢(¢) = 0, and for t > 1 we find

(max{0, 7—1},0)T for B € [0, 1) ora € (0,2),
(max{0, (t—1)/2,1-2},0)"  for (a, B) = (2, 1),
lim g(0) =1 (max{0,(=1)/21.0)7"  for @ =2and f > 1,
o (max{0, r—2},0) " for > 2and § = 1,
0,07 for @ > 2 and 8 > 1.

It is easy to see that we have

%q% —tq1 for gp =0,

r
&t ) = Exlt, )iq = ( 00 otherwise.
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For B = 0 we have Do, = Dy and conclude the continuous convergence (2.19). Hence,
(2.11) holds. For 8 > 0 we have

r ~ lg1—q1] forgz =¢q2 =0,
Pr = Dot (g, = [ ! ooq othgrwisg
The unique energetic solution associated with Es and Dy 1is given by
g(t) = (max{0, r—1}, 0)T. Thus, we conclude that convergence of gj to the limit solution
holds if and only if @ € (0,2) or 8 € [0, 1).

It is interesting to see that the crucial conditional upper semi-continuity of (2.11) of the
stable sets holds if and only if 8 € [0, 1). To see this, note Soo (1) = [t—1, t+1]x{0} and that
Sk (1) is the parallelogram defined by the corners A,(_1 (t+01,00kP)T withoy, 09 € {—1,1}.
Note that the restriction sup & (¢, gx) < oo for stable sequences implies g (0, DT - 0.In
fact, the stronger condition of unconditioned upper semi-continuity of the stable sets (i.e.,
(2.11) without the boundedness of the energy in the definition of “stab.seq.”) holds if and
only if 0 < 8 < min{e, 1}.

Remark 3.3 The convergence result of Theorem 3.1 is also recovered in [39, Lemma 8.2]
in case Q is a reflexive Banach space and & are uniformly convex with respect to ¢g. In
particular, by assuming Di(z,z) = Rk(Z — z) for some non-negative, convex, positively
1-homogeneous, lower semicontinuous, and uniformly linearly bounded functions Ry and
some extra time-regularity for &, the convergence of the approximating solutions g to an
energetic solution ¢ of (3.3) is there obtained by means of a variational approach.

The major result of this section is the construction of solutions of (S),,&(E), without
first deriving solutions g of (S),&(E),. Instead it is sufficient to have solutions of the time-
incremental minimization problems (IP);. For this we choose a sequence of partitions

— _ .k k k ko _
Hk_[0_10<r1 <~~~<tNk_1<rNk_T]

such that the fineness ¢ (IT) = max i, n, (rj]?—tjl.‘fl) satisfies ¢ (IT;) — 0. The time-
incremental problem reads as follows:

(P); Givengl € Q, for j=1,.... N find g% € Arg Min (gk (r.j.‘ , q) D (qj?,l,q)) :
ge

This incremental problem is fully implicit and thus can be called a backward Euler or Rothe
scheme. We then define the (backward) piecewise constant interpolants g; : [0, T] — Q via
— _ Kk k k — _ k
q;(t) =qj_y fort €[r;_;, 77) and q;(T) = qy,. (3.5)

Theorem 3.4 Let the conditions (2.2)—(2.11) hold. Let the sequence of partitions Iy, k € N,
satisfy ¢ (Iy) — 0. Let qg, k € N, be a sequence of initial conditions satisfying

Q
6 € Sk0), g5 — qo and (0, q5) — Exo(0, qo) € R. (3.6)

Then, each (IP); has at least one solution q;, = (¢y.zk) : [0,T] - Q = FxZ and
there exist a subsequence @kj)jeN and a solution ¢ = (¢,z) : [0,T] - Q = FxZ of
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(S) 0o & (E) oo such that ()—(v) hold :
(@) Vi el[0,T]: &t qy,; (1) = Ex(t, q(1)),
(i) Vz € [0, T]: Dissg; (qy;; [0, 7]) — Dissoo(g; [0, 7]),
(iif) V1 € [0, T1: %, (1) = 2(0), (3.7)
(i) 8 &k; (5 qy; () = 3 €e0(-, q (1)) in L' ([0, TD,
_ F
(v) VYt €[0, T 3 subsequence (K!)nen of (kj)jen : Pk ) = o(1).
Moreover, any q : [0, T] — Q obtained as such a limit is a solution of (S) 5o &(E) .
Finally, if the topology on F restricted to compact subsets is separable and metrizable,

then the mapping ¢ : [0, T]1 — F can be chosen measurable, i.e., for any open subset A C F
the pre-image ¢~ (A) C [0, T is Lebesgue measurable.

An alternative way of formulating the convergence in (v) is based on convergence of nets,
see Remark 3.5 below.

Proof We follow the six steps of the existence proof for rate-independent problems given
in [14,25], which rely on techniques introduced in [13]. We add Step 7 to prove the measu-
rability following ideas of [21,22].

Step 1: A priori estimates

Using assumptions (2.3) and (2.6) we immediately see that the solution (qf )je(l,..., Ny exist
by induction on j. Thus, the interpolants g; : [0, T] — Q are well defined. Moreover, we
have qj? e Sk(rj].‘), since for all g € Q we have

& (rf‘ qu) <aey, & (7} q) + i (451 q~) — Dy (q";_l,qf)
<2 & ff, q)+ Dk q',‘ 67) .
Letting e’j? = 5'1{(r]1.c , q? ) and 8]]? = D (‘1?71’ q;? ) and using the minimization property in (IP)
once again, we derive the upper energy estimate
Tj
ekt 8% <apy, & (v qly) =k + / 0,8k (s.q%_,) ds. (3.8)
‘L’j,1
Inserting first (2.7) and then (2.13) into (3.8) we obtain

E (g -k
ks <eh |+ / cf (e’j‘»_l +C6E) el ( If*')ds

k
7,']-71

= (e ef) (U ), (39)

. k . . . k E k E cEr’,‘ .
Neglecting 8 = 0 we obtain by induction e; +cy = (eg+cyet and using (2.13) and
the definition of g we find, with E, = ¢ + sup; oy & (0, gf),

Vie[0, TIVk e N: &t G (1) + cE < Epect. (3.10)
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A k
For this use (2.13) to find & (¢, ﬁk(z))—l—cg < ecf(tfr.if')(eJ 1+C0 )fort € [‘Cj 1> k) Note
that £, < oo by assumption (3.6). Summing (3.9) over j € {1, ..., M} we find

d g E (k)
>tz b+ 3 (vt (T )
j=l1 j=1

(o) - () + () 2

E_k
< (e](; +cOE) el v,

Choosing M = Nj and using the definition of g, this provides

IA

IA

c1 ‘[/ _ec1 r/ n

||M§

N,
Dissi(@: [0.7) = 3 " 8 < EectT. 3.11)

Finally we want to show that the functions e : [0, T] — R with ex(¢) = & (t, g, (1))
satisfy a BV bound independent of k. For this we test the stability of qk | € Sk(r]k 1) by

q_qj andobtalne} lfé'k(r _1 qj)—i-Dk(q] > qk) =e; +8k+C(t —r _1)- Together
with (3.9) we obtain

drst—e_ | <o (k). (.12)
where C; is independent of k and j. Moreover, for ¢ € [rjl?il, 1:]].‘) we have ék(t) =

k
3, Ext, qf_l) and conclude, using (2.7), that f:g lex (1) dr < Cz(rj]?—r]].‘_l).
ji—1
Finally, using (3.12) we estimate the jumps ’

k
T

Aelj‘. = }ILI{‘I}) (Ek (‘L'jk) —er (rf—h)) = e’J‘- — el;_l + / ék(t) dr

k
'L’,~7I

< e —eb |+ Co (chth ) = 8+ (e (-1l ).

Combining everything we arrive at

¥
Ny /
Va@i10.7) =3 | [ iaoiar+ ad
=1\ i
X

j—1
Ni

<> (5(; +(C142C5) (r_jf—;jf_l)) < BT +(C1420)T.  (3.13)
j=1

Step 2: Selection of subsequences

Estimates (3.10) and (3.11) provides bounds, which are independent of k. The dissipation
estimate (3.11) together with the assumptions (2.2),(2.5) and (2.4) allow us to extract a
subsequence (not renumbered) and limit functions z : [0, T] — Z, ex : [0, T] — R, and
d0o : [0, T] — R such that for all s, r € [0, T] with s < r we have

Dissy(qy: [0, 1]) = 800(t), e (r) = eoo(?),
Z(0) 5 2(1),  Dissoo(z: [5. 1) < 8o (t) — 8o0(s).
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Moreover, the energy boundedness (3.10) together with assumption (2.7) shows that the
sequence pr : [0,T] — R,t +— 08,&(t,q;(¢)) is bounded in L*°([0, T']). Choosing a
further subsequence (not renumbered) we may assume

Pk — poo in L¥([0, T]).
We also define p* € L*°([0, T]) via

p*(t) = lim sup py (1).
k—o00
By Fatou’s lemma we know po, < p* a.e.on [0, T].
The construction of the limit function ¢ : [0, T] — F is more involved and follows [13].
For each t € [0, T'] we define

At ={@ € F; 3Ec(t, @, 2(1)) = p* (1), F(k)ien: @y, (1) %)

First, we show that A(¢) is nonempty. We are now careful about subsequences, since they
now depend on ¢ € [0, T]. First, choose a subsequence (K;)leN such that Pk! ) = p*(t)
for [ — oo. Next, we use the energy bound (3.10) and the uniform compactness of sublevels
postulated in (2.6), which allows us to extract a subsequence (m,),en from (K Z’ )ieN such

that g, (¢) —Q> q(t) = (p(),z(t)) forn - oo. Lett, = max{t € Oyt 5 T < t }, then
Gt (1) € St (ta). Hence, (tn, g,,,: (1)) forms a converging, stable sequence and assumption
(2.6) provides !

3 Emt (tn, Gt (1)) — %1€ (t, q (1)) = p*(1). (3.14)

Thus, ¢ = ¢(¢) from ¢ (¢t) = (¢(¢), z(¢)) lies in A(¢). This defines the mapping ¢ : [0, T] —
F with ¢(t) € A(t). (Note that this construction uses the axiom of choice.)

Step 3: Stability of the limit process

The limit process ¢ = (¢, z) : [0, T] - FxZ = Q was defined for each ¢ € [0, T] such
that g, (t) — ¢q(¢t) and q,,, € St (tn) with 7, — t. As in Step 2 we have a converging,
stable s'équence and assumpgion (2.11) provides g (t) € Soo(2).

Step 4: Upper energy estimate

Recall ex (1) = &E(t, g (1)), 6k (t) = Dissg(gy; [0, t]) and the fineness ¢y = ¢(I1x) — O.
Using the energy bound (3.10) and (2.7) we have |Ek(t)—e]j‘._1| < C¢y fort € ['L']].‘_l, rjk)
Moreover, summing (3.8) over j € {1, ..., m} gives

T"’I

G (TE) +8u(th) < @ (0) + [ 8,Ek(s. G (9)) ds. Since pr = 0, (. g, ()) is uniformly
0

bounded in L*°([0, T']) by C,, we find

1

ep(t) + 6 (t) < & (O, qlé) +/pk(s)ds +(C +Cp)ék. (3.15)
0

By (2.10) and (2.5) we have Ex (7, (1)) < exo(t) = limg_,  €x(¢) and Diss(z; [0, t]) <
800 (1) = limg_, o0 6k (1). Hence, passing to the limit k — oo in (3.15) and using the assump-
tion (3.6), we conclude

Eoo(t, q(1)) + Dissoo(q: [0, 7]) = eoo(t) + 800 (1)
t t

A

< E00(0. g0) + / Poo(s)ds < €00, go) + / p*(s)ds. (3.16)

0 0
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Step 5: Lower energy estimate

Since in Step 3 we have found ¢ () € Seo(¢) and since (3.14) provides ;€0 (2, ¢ (t)) = p*(¢)
with p* € L*°([0, T]), we can employ Proposition 2.4, which gives the lower energy estimate
giving Ex (1, ¢(1)) + Dissos (q: [0, 1) = Ex0(0, g0) + [y p*(s)ds.

Step 6: Improved convergence

Combining (3.16) and Step 5 we obtain Exo (¢, (1)) + Disseo(q; [0, 1]) = eco(t) + 800 (t) for
allr € [0, T]and ps = p*a.e.in[0, T]. Using Ex (1, ¢(t)) < exo(t) and Diss(g; [0, t]) <
800 () yields Ex(t, g(1)) = eoo(t) and Dissso(g; [0, 1]) = Soo(t) for all ¢ € [0, T], which
establishes the assertions (i) and (ii) in (3.7). Finally, employing Proposition A.2 from [14,
Proposition A.2] together with p, = p™* gives (iv) in (3.7).

Step 7: Measurability of the limit process

We follow the ideas in [21, Sect. 1.6], see also [22, Sect. 6]. Denote by Fa compact subset
of F, which contains all the images of the functions ¢,. By our additional assumption,
Fis separable and metrizable. Using the L! convergence (3.7.iv) we can choose a further
subsequence (E)ZQN of (k;) jen such that for# € B we have 3,8;1 (t, qr, (1)) = 0:€0(t, q(t))
for I — oo, where [0, T']\ B has measure 0. We now define

. ~ F o o~
A%(1) = Limsup{¢z} = { @ € F ; 3 subseq. (I(n))nen : Gy > @) CF.
[—o0

By construction we have A°(t) C A(t) forall¢ € B. Since all the functions o;, 10, T F
are piecewise constant, they are measurable. Hence, the set-valued mapping ¢ — A%(r) C
F is measurable with nonempty and closed images, see [1, Theorem8.2.5]. According to
[1, Theorem 8.1.3]) there exits a measurable selection ¢ : [0, T] — F with () € .AO(t).
Without destroying measurability we can modify ¢ outside the null set [0, 7]\ B such that
we have ¢(t) € A(¢) forall t € [0, T]. ]

Remark 3.5 As in [29,30], the pointwise convergence in (3.7.v) can be formulated
alternatively via convergence on nets, which is a standard tool of general topology. Ho-
wever, it is not clear whether this net convergence can be combined with the measurable
selection constructed above.

To define net convergence, we recall that an index set E is called directed by an ordering
“<”,if for any &1, & € E there exists £&3 € E such that both, & < &3 and & < &3. Having
a directed set (8, <) and another set B, we say that {bg¢}scz iS a net in B, if there is a
mapping & — B : & — bg. If B is a topological space, we write b = limgeg be if, for any
neighborhood N of b there is & € & such that be € N whenever &) < &, and then we say
that the net {b¢ }sc= converges to b (in the so-called Moore-Smith sense).

The notion “net” generalizes that of a “sequence”, where E equals N with the standard
ordering. The term “subsequence” is generalized via the notion “finer net”. A net {xE s feE in
X is calledﬁner than the net {x¢}¢cz, if there is a mappmg j: Z — Esuch that ¥ XE=XE
for allE € E and that for any & € E there exists 50 € E such that ](E ) = & for allS with
5 > é(). Obviously, a finer net may have an index set E of strictly greater cardinality than the
index set E of the original net.

To reformulate (3.7.v) we use E C N (ordered standardly) to denote the subsequence
(kj)jen and ZC {finite subsets of [0, T']} to denote pointwise convergence. Here Z is
ordered via the usual set inclusion. Then, Theorem 3.4 can be reformulated in such a way
that, instead of the mentioned subsequence {gx; } jen, there exists a net {g, }¢z finer than
the subsequence {gx }xen and such that 11m kg 00, and a process g : [0, T] — Q such
that, instead of (3.7.v), we have hmge.: Pre (t) = ¢(t) forany r € [0, T'].
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4 Relaxation

In this section we treat a question that is closely linked to the I"-convergence considered above.
However, this time we consider only one pair of functionals £; and D; such that the incremen-
tal problem (IP) need not have any solution due to missing lower semi-continuity. We provide
joint conditions on £ and D; and suitable relaxations £ and Dy, such that approximate
solutions of the incremental problem for £ and D converge to energetic solutions associated
with £ and Dyo. Our assumptions on the stored-energy functionals &£; : [0, T]xQ — R
and dissipation distances D; : ZxZ — R, need the new notion of the set of a-stable points
S;?‘(t). For o > 0 we let

Si) ={qeQ; &(t,q) <00, VgeQ: &(t,q) =a+&j(t,q) +Djlg.q) }-
Note that now j only takes the two values 1 or co. Our conditions are the following:

Vje{l,oo} Vz1,22,23 € Z:

4.1
Dj(z1,z21) =0, Dj(z1,23) < Dj(z1,22)+Dj(z2, 23)- “-1)
Vi € S0, Gk € ST [) with g N0 and g 3 q. G 37 : “2)
Deo(q. q) < liminf Dy (gx, gi). ‘
k— 00

V compact £ C Zand zx € K :

. Z 4.3)
min {Doo(2k, 2); Do (2, 26)} > 0 = 7z — 2.
Vtel0,TIVEeR: {qeQ; &t q) < E }isrelatively compact. “4.4)
Ak eRIE>0Vre[0,TIV)e{l,o00}:
If€;(t,q) < oo, then&; (-, q) € cl(o, T7) and 4.5)
[0;E; (s, q)| < clE(Sj(s, q) + C())E) forall s € [0, T].
VE€eRVe>035§>0: (4.6)
x0(0,9) < Eand |- <8 = [0/€x(l1,q)—0E0(t2,q)| < &. '

Q .

(tk, qr) = (t,q), supgey E1(tk, qi) < 00, gx € Sy* (1) with g N\ 0 4.7)

= &1k, qr) = % Ex0(l, ).
G2 q = Ewlt.q) < liminf &1, go). (4.8)

—00
ak . [0.71xQ

qr € S;" () with o (0, (t, qr) =~ (t, q), supen €1k, gr) < 0 (4.9)

= q € Solt).

Like in Sect. 2 the last condition can be established via a hierarchy of several stronger
conditions. We only state the simplest one, namely

(i) D1 = Do and Dy : ZxZ — [0, 00) is continuous,
(i) Eoo(t, ") = l;—lim &i(t, ). (4.10)
— 00

Here (i) in (4.10) corresponds to the continuous convergence condition (2.19). The I'-limit
Eso(t, -) of the constant sequence (€ (¢, -))ren is exactly the lower semi-continuous envelope
of £1(t, -), see [6,10]. Like in Proposition 2.2 we easily obtain that (4.10) implies (4.9).
The essential difference to the previous section is that the incremental problem (IP) for &;
and D may not be solvable. We replace it by an approximate incremental problem (AIP). As
before we choose an arbitrary sequence (I1j)xen of partitions with fineness ¢ := ¢ (IT;) — 0.
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I'-limits and relaxations for rate-independent evolutionary problems 405

Moreover, the sequence (&x)xeny With 0 < e — 0 will be used to control the accuracy in the
energy minimization.

Given q(’)‘, for j =1,..., Ni find iteratively qf € Q such that
AIP . ~ -
A &1k g+ Digl 0 = (=rf_ e+ inf (8105 D4D16L . D).
Clearly, (AIP); has always at least one solution (qj?) j=1,....N¢» Which leads to piecewise

constant interpolants g, : [0, T] — Q defined as in (3.5). Our main result is that suitably
chosen subsequences converge to a limit process g : [0, T] — Q, which is an energetic
solution associated with £y and Dyo.

Theorem 4.1 Let (I )ren be a sequence of partitions of [0, T'| with ¢ = ¢ (I1x) — 0 and
let (ex)ken satisfy 0 < g — 0. Let (qé)keN be a sequence of initial conditions satisfying

Q
gk € SF%0), gk S qo, and £(0,qt) — (0, q0) € R. (4.11)

Then, for every sequence (q;)keN Of piecewise constant interpolants of solutions of (AIP)
with initial value q(])‘, there exist a subsequence (k;)jen and a solution g = (¢, z) : [0, T] —
Q = FXZ 0of (S)oo&(E) o such that (i)—(v) hold:

() Vi e[0,T]: &, qy (1) = Exolt, q(1)),

(i) V1 € [0, T] : Dissi(qy,; [0, 1]) — Dissec(q; [0, £1),

(i) V1 € [0, T1: 2 (1) = 2(0),

(iv) €1, g, ()) = 9€oo (-, q () in L1([0, TY),

(v) VYt € [0, T] 3 subsequence (K,t,)neN of (ki)neN : QK}I (1) f) ().
Moreover, any q : [0, T] — Q obtained as such a limit is a solution of (S) o &(E) s

Finally, if the topology on [F restricted to compact sets is separable and metrizable, then
the mapping ¢ : [0, T] — F can be chosen measurable.

Proof We follow the proof of Theorem 3.4 and point out the differences only.
Step 1: A priori estimates

With &% = € (], ¢}) we obtain as in (3.9) the estimate

E( k__k
e]; + 5];' = 61;'71 + &k (t;k - TJ]‘C—l) + (el;*l +c§) (eC‘ (Tf TH) - 1) .

Introducing the auxiliary variable Ef = e’;. + cg + ek /cfz and E(’§ = e{‘) + cg we find

k_ik

E _
£ty ot <o () gt .12)
. E k k _ ncftf .
With E, = sup (CO +£1(0, qo)) < oowefind E j <e'!'J E, and, hence, the k-independent
keN

a priory energy bound e]]‘. < —cg—f—Ef < —cg—i-ecffTE*.Adding 4.12)overj =1,..., Ni
we find

Ni Nk E  k k
IR S YO A
j=1 j=1

A

Nk
Ef+ D (1T E, —€eTU1E,) < eTTE,.
J=1
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Like in Sect. 3 we define, for the piecewise constant interpolant g, the real-valued functions

k(1) = Dissi(qy, [0, 1]),  ex(t) = E1(1, g, (1), pr(t) = 9:E1(1, g (1)).

Like in Step 1 of the proof of Theorem 3.4 we have |6 (¢) +ex (1) —8x(s) —ex ()| < Cylt —s|
and thus

Var(8;: [0, T]) < eI TE, and Var(e;: [0, T]) < eI T E, + C,T.

Step 2: Selection of subsequences
This part is identical to that in Sect. 3. We find one subsequence (k;) such that

— zZ *
81y (1) = 800(1), €k (1) = eoo(t), zi,(t) = z(1), pr, = Poo < P*.

Moreover, for 7-dependent subsequences we have ¢ ki (1) f) ().
Step 3: Stability of the limit process
With 7 = min{ 7 € Tl ; v <7} and o = ey = ex () — 7)) we find g, (1) € §7* (1)

Clearly, (i, (1) "5 (¢, (1) and &1 (1, G (1)) < eI T E,—cE. Hence, (4.9) implies
the desired result g (f) € Seo(?).

Step 4: Upper energy estimate

Using the approximate minimization property of q;? = Ek(rj’?) for j = 1,..., m we have,

k
after summation, Ek(r,/,i) + Sk(r,’,‘l) <ex(0) + ekr,ﬁ + fot" pr(s)ds. As before we obtain the
estimate ey (1) + 5 (1) < ey (0)+8kl+f(; pr(s)ds+Caoy forallt € [0, T]. Using ¢, ex — O,

Pk = Poos €k(t) = eoo(t) and i (1) — S0 (t) we find

Eoo(t, q(1))+Dissoo (g [0, 1]) < eco (1) +800 (1)
t t

= & (0, 610)+/Poods = & (0, 610)+/P*d5~
0 0

Step 5: Lower energy estimate

Applying Proposition 2.4 to the stable limit process g : [0, 7] — Q for the limit functionals
Eoo and Dy results in Exo (2, (1)) + Dissxo(q; [0, ]) > E5(0, o) + fot p*(s)ds.

Step 6: Improved convergence

Exactly as in Step 6 of the proof of Theorem 3.4 we conclude Dissx(q; [0, -]) = 800,
Eoo (-, q(+)) = exo, and poo = p*.

Step 7: Measurability works exactly as above. O

Remark 4.2 A closely related result concerning relaxations of rate-independent processes is
discussed in [28]. There, the case is studied that Q is a reflexive Banach space and that Dj is
giveninthe formDj(z,7) = R1(Z—z). Besides of the usual technical assumptions, the crucial
convergence conditions of the functionals are (4.10), namely (continuous) convergence of
R1 to R and I'-convergence of £; to £x. The relaxation of the non-relaxed, in most cases
unsolvable rate-independent system (S);&(E); is obtained by considering the functional

T

Tn(q) = / e (R1(2) + mé (1, q(0) ) dr.
0
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Choosing the minimizers (or suitable approximate minimizers) ¢, : [0, T] — Q for Z,,
under the initial condition g,, (0) = go we ask the question how possible accumulation points
g : [0, T] — Q can be characterized.

The following three features of Z,, strongly depend on the fact that we are dealing with
rate-independent systems, i.e., R is 1-homogeneous. First it is shown that for fixed m € N
the relaxation of Z,, : L1([0, T], Q) — Ry is given by the same expression but with R
and &1 replaced by R and E. A second result states that every minimizer of Z,, (or of its
relaxation) satisfies the energy balance (E); for j € {1, oo}, i.e., £;(7, ¢(#)) + fot Rj(dz) =
£;(0,q0)+ fé 05E; (s, q(s))ds. This is surprising since the functional depends on m whereas
the energy balance does not. Finally, it is shown that accumulation points ¢ of minimizers
gm of I, are solutions of the energetic formulation (S) ., &(E) -

5 Some applications

In this section we provide three examples to illustrate the theory developed above. In the
first example we treat the numerical approximation of a standard evolutionary variational
inequality with quadratic energy as an application of our I'-limit theory in Sect. 3. The
second example concerns the continuity of the so-called stop and play operators. The third
example considers a nonconvex functional £ that has a nontrivial lower semi-continuous
envelope £ and thus provides an example of relaxation. For more realistic applications we
refer to [19,30], where we also take full advantage of the abstract theory using the weaker
conditions (2.15) or (2.17). For similar I'-convergence results in the context of fracture we
refer to [15,16]. In the latter works the “jump transfer” plays the same rdle as (2.15). In the
present applications we will rely on the more restrictive assumptions (2.18) and (2.19) for
the first application, whereas we exploit directly (2.11) for the second and (4.10) for the third
one.

5.1 Approximation via finite-dimensional subspaces

We consider the case that F and Z are separable Hilbert spaces Hr and H z, respectively,
and set H = Hrx Hz. For the topology we choose the weak topology such that bounded
sets are relatively compact. For the energy we assume a quadratic form

1
Eoolt, q) = 5(Aq, q) — (L), q),

where A = A* € L(H, H*) is a bounded symmetric operator, which is additionally positive
definite, i.e., there exists ¢ > 0 such that (Aq, g) > c||q||2 for all ¢ € H, where | - || stands
for the norm in H. The loading satisfies £ € clqo, 71, H").

The dissipation distance is given via a convex, 1-homogeneous functional R : Hz —
[0, 00), i.e. R(yz) = yR(z) forall y > 0 and z € Hz, which satisfies

(i) zx =~z = R(z) — R(2),
(i) z #0 = R(z) > 0.

Now we set Do (20, 21) = R(z1—20).
The sequence of functionals & and Dy is now obtained by a choosing a nested sequence
of finite-dimensional subspaces H j‘f and H g, k € N such that

(5.1

Hff C Hf;rl and | J2, Hff is dense in Hr,

. . 5.2
HY c HETY and (U2, HE is densein Hz. ©2)
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We now let H¥ = HJ"fog and define

R(z1—20) for z0. 21 € HE,
00 otherwise.

Esolt, q) for g € H¥,
o) otherwise,

Er(t,q) = [ and Dk (20, 21) = [
We claim that the conditions (2.2)—(2.10) hold and that (2.11) can be deduced via Proposition
2.2 from (2.18) and (2.19).

The triangle inequality (2.2) follows from R being 1-homogeneous and convex, which
gives R(zo+z1) < R(zo) + R(z1). By assumption (5.1)(i) the function R and hence Dy :
Hzx Hz — [0, 0o) are weakly continuous. The definition of Dy keeps convexity and strong
lower semi-continuity. Thus, all Dy are weakly lower semi-continuous and (2.3) is establi-
shed. Using this and Doy < Diy1 < D; we immediately obtain the lower
['-limit condition (2.4). Finally, for sequences (zx)ren on bounded sets in Hz the condi-
tion Do (2, 2) = R(z — zx) — 0 implies zx — z, since z; has a convergent subsequence,
namely zz, — z, for some z, € Hz. By (5.1)(i) we have R(z — z,) = ll_lglo R(z—2zx,) =0

and (5.1)(ii) yields z, = z. Hence, the full sequence must converge weakly to z. Thus, all
conditions on Dy, k € N, are satisfied.
For the conditions on &, we first consider £4,, Which satisfies

Exclt.q) = 591> = Aollqll with Ao = sup €01
t€[0,T]
Hence, the sublevels are bounded. By strong continuity and convexity of £, the sublevels are
weakly compact. Since the E-sublevel of £ (¢, -) is the intersection of H k with the E-sublevel
of €4, the condition (2.6) fpllows. )
With Ay = sup;co 77 1€(0) [l g+ and ;€ (F, g) = —(£(2), g) we obtain |9,Ex0(t, q)| <

2
Atllgll < 2—[‘)(2% + Exo(t,q)). Since & and Ex coincide if & takes finite values, the

functionals & satisfy the same estimate. Thus, (2.7) is established. Moreover, by uniform
continuity of ¢ [0, T] — H* we similarly obtain (2.8). Like for D, the lower I'-limit
condition follows from £, < & and the weak lower semi-continuity of £,. The convergence
of the power is trivial, since 9,& (¢, ¢) = —(é(t), q) is linear in ¢ and independent of k.

To prove the crucial upper semi-continuity of the stable sets we use Proposition 2.2 after
establishing (2.17). Let (#;, qx,) be a stable sequence with limit (¢, ¢). For a given test function
g € H we choose any sequence g; such that ; € H¥ and §; — g. For instance, §; may be
the orthogonal projection of § onto H* . Hence,

&k (1, al)j- Dy (qny» q) = 5oo(tz,~?il) + R(q ~ k)
= Eolt,q) + R(G — q) = Exo(t,q) + Doo(q, q),

and (2.17) is established.

As a conclusion, we know that both theorems of Sect. 3 are applicable. In particular,
taking finite-dimensional subspaces H* and choosing time partitions IT; we are left with
a finite number of finite-dimensional minimization problems. If ¢ (ITy) — 0 and (H K en
exhausts H (i.e., (5.2) holds), then Theorem 3.4 guarantees that there exists subsequences
that converge to an energetic solution associated with £, and D. In fact, here the solution
of (S) oo &(E) for a given initial value gg € S (0) is unique (cf. [25]). This proves that the
whole sequence must converge.

We close this subsection by relating our functionals to continuum mechanics. Let @ C R?
be abounded domain with Lipschitz boundary. We let Hr = (H(l) (2))?, which is the space for
the displacements u(z, -) : Q — R4. For some m € Nwelet Hz = (H! ()" for the plastic
variables, which contain the plastic strain epja5c = Bz as well as possible hardening variables.
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For the dissipation we choose R(z) = fQ p(x, z(x)) dx with p € CO(2xR™) such that
rilv] < p(x,v) < ralv|forall (x, v) € QxR” with0 < r| < rpand p(x, -) : R™ — [0, 00)
is 1-homogeneous and convex. Hence, R is equivalent to the L! norm and (5.1) holds.

The energy functional £, is usually taken in the form

Soo(t,u,z)z/ %(s(u)—Bz):(C(x):(s(u)—Bz)+%A(x)z-z+ %|Vz|2dx—/ fext(t) - udx,
Q Q

where (i) = %(Vu—i—VuT),K > 0,and B € R¥*4*m Moreover, C € L®(XQ, Sym(RdXd))
and A € L*°(2, Sym(R™)) are assumed to be uniformly positive definite. Thus, all condi-
tions on &, are satisfied, if we impose fexe € C!([0, T], H(2)%).

Suitable finite-dimensional approximation spaces are, for instance, finite-element spaces
with continuous piecewise affine functions on a triangulation of the domain. The above
result provides a simplified and more straightforward convergence proof for elastoplasticity
as given in [17]; see also [41] for some related convergence results by variational methods.

Further applications, which use the full strength of the abstract theory developed in the
present paper, are found in [30]. Convergence results of numerical methods with explicit
convergence rates are discussed in [2,18].

5.2 Continuity of the vector-valued stop and play operator

In a Hilbert space H with the scalar product (-, -) the play operator and the stop operator
of rate-independent hysteresis are defined in terms of the characteristic or yield set C C H,
which is non-empty, convex, and closed. The stop operator maps a given input function
¢ e CLP([0, T, H) and an initial value o € C to the solution o € CHP([0, T], H) of the
following evolutionary variational inequality:

0(0) =00 and fora.a.r € [0, T]:0(t) € Cand (o (t)—0, 5 (1)—L(t)) <Oforallc € C.

The play operator is simply defined via the mapping from (oo, £) to z = P¢ (09, £) = £—0 €
CUHP([0, T, H). These operators can equivalently be defined by the energetic formulation
used in this paper. For this we define the quadratic energy functional £(¢, z) = %(z, z) —
(€(1), z). The dissipation distance is given as D(zg, z1) = R(z1—z0), where the dissipation
potential is the Legendre transform /;; of the indicator function I¢ of the yield set C:

R(v) = 1} (v) = sup ({0, v)—Ic(0)) = sup (o, v).
oeH oeC
An important question is now the dependence of the play operator P¢ on the yields set
C. Under the assumptions that all the sets Cy contain 0, are closed and convex, it is shown in
[20] that Hausdorff convergence of C; to Co implies that Pg, (0, £) converges to P, (0, £)
in CO([O, T], H). In [40, Corollary4.6] this result was generalized to the weaker Mosco
convergence:

() Coo D{z€H; 2ty = zwithzi, €Cp },

() Coo C{zeH; Azx €Cr 2t —> 2 }. (5.3)

oo & |
We may now apply our I'-convergence result from Sect. 3. Since & does not depend on

k and is a simple quadratic energy, the sublevels are balls, which are compact with respect
to the weak topology. Moreover, the stable sets can be given explicitly in the form

Sk(t) ={zeH; 0 0Rk(0) +z—£()} =L(t) — Ck.
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The conditioned upper semi-continuity of the stable sets (2.11) now simply means that
2 —L() € Cy, 1 — tand zx, — z imply z € Co. However, since £ is continuous,
we easily see that this condition is equivalent to (5.3.i). The remaining condition is the lower
I"-limit (see (2.5)), which now reads

wvinH = Reo(v) < liminf Re(vp). (5.4)
—00

It is easily seen that this condition is a consequence of condition (5.3.ii).

In fact, condition (5.3.ii) and (5.4) are actually equivalent in the present situation. Since
0 € Cy for all k, one can simply follow the first steps in the proof of [3, Theorem 3.11a, p. 282]
in order to check that (5.4) yields

Vo € H: inf{limsup /¢, (ox); ox — o} < Ic (0),
k— 00
which is clearly equivalent to condition (ii) in (5.3).

Since the limit problem has a unique solution, we additionally conclude that the whole
sequence converges and we have thus recovered the result in [39,40] that Mosco convergence
of Cx to C, implies convergence of the stop operator. In fact, the results in that paper address
the more general situation of approximating the data as well.

5.3 An example for relaxation and regularization

This example covers the theory of Sect. 4, where only two pairs of functionals are considered.
We choose Q = Z = H'((0, 1)) equipped with the weak topology and define the energy
functionals

1
E1(t,z) = / W(Z (x)) + z(x)2 — f(t,x)z(x) dx,
0

1

Exlt2) = [ WHE )+ 2002 = f 000200 d.
0
where f € C!([0,T],L?((0,1))), W(a) = min{(a—1)% (a+1)>} and W** is the
convexification of W, i.e., W**(a) = W(a) for |[a] > 1 and W**(a) = Ofor|a] < 1. It
is a well-known fact that & is not weakly lower semi-continuous on Z and that £ is its

relaxation on Z. Thus, all conditions on £ and £ are easily proved to hold.
For the dissipation we choose

1
Di(z0, 21) = Doo(20, 21) = / lz1(x) — zo(x)[dx = llz1 —zollLts
0
which makes it easy to check all the assumptions on D and Dy
The crucial assumption is the upper semi-continuity (4.9) of the stable sets.

Lemma5.1 LetO <a; — 0,4y > t,z7 —~zinZ,and z; € S* (1)) (i.e, VI eNVZ € Z:
Ei(t,z) < a+E1(t, 2)+D1(21.2) ). Then, z € Soo(1).

Proof Choose an arbitrary test function 7 € Z = H'((0, 1)). Since £y is the I-limit of
(€1)ien, there is a recovery sequence (Z7)en such that z; — Z and £1(1, 7)) — Exo(t, 2).
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Now, we have

Exo(t, 2) < liminf &1(1, ) < liminf(oy+E1 (1, ZD+Zi—2llL1) = Eoo(t, D+IZ — zllL1,
[—00 [—o00

where we have used the weak H' continuity of the L! norm. Since 7 was arbitrary, this proves
the assertion. O

Theorem 5.2 Assume 0 < e — 0 and ¢ (Ilx) — 0 for a sequence of partitions. Choose
z0 € S1(0) C Z and define the piecewise constant interpolants 7. : [0, T] — Z associated
to some solution of the approximate incremental problem (AIP)j with initial value z’é = 20.
Then, there exist a subsequence (k;) jen and a limit function z : [0, T] — Z such that for
allt € [0, T] we have

2k, (1) = () in H'((0, 1)), E1(1, 24, (1) = Exo(t, 2(0)),

t
Diss1 (21 10.11) = Dissas (i 0,11 = [ 10l
0

Moreover, 7 : [0, T] — Zisan energetic solution associated with E~, and D, and satisfies
z € L®([0, T1, H'((0, 1))) N CYP ([0, T1, L*((0, 1))).

The only new part in this result is the time regularity of z, namely z € L*°([0, T, L2(Q)).
This fact is a property of all solutions of (S),,&(E)«,, since £ is uniformly convex on
Lz((O, 1)). The proof of this result follows the ideas in [31].

Proposition 5.3 Every solution z : [0, T] — Z of (S)eo&(E)s lies in CHP([0, T, L2
(0, 1)) and satisfies, for a.e. t € [0, T], the estimate ||z(¢)|l;2 < 2| f(@)|l;2.

Proof Since z(s) minimizes the functional £ (s, -)+ |- —z(s)||}1, which is uniformly convex
in the L2 norm, we have the obvious estimate

VZIeZ: Exols, 2(9) + 1T —20)f2 < Eao(5, D) + 117 — 2(8) I

Here the left-hand side is a parabola supporting the graph of the functional, which is the
right-hand side, in the minimizer z(s). Let e(r) = Exo (7, z(r)) for r € [0, T] and test the
above inequality by 7 = z(¢), then

e(s) + llz(t) = 2(5)13 < Exo(s, 2(0)) + llz(1) = 2() L1
=e(t) = (f()=f (1), 2(D) + llz(t) — z()]IL1-

Assuming ¢ > s and using the energy balance (E),, we have
'
llz(r) — z(s)llL1 < Diss(z; [s,1]) = e(s) —e(r) — /(f(f), z(1))dr.
5
Combining these estimates we arrive at

1

1
lz(0) — z()13 S/(f(f),Z(t)—Z(f))df < sup I/ (D2 /IIZ(f)—Z(t)Ilzdf~

rels,t]
K

Now apply [31, Lemma 3.3] to obtain the desired result. O
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So far we are not able to prove that solutions associated with microstructure really occur
as limits of solutions of (AIP);. In (S)o&(E), this simply means that solutions satisfy
|Z(¢, x)| < 1. However, it is easy to see that (S) ., & (E), has solutions of this type. Consider
the case f (¢, x) = (1—¢)x and zo(x) = x. Then, the function z : [0, 3] — H'((0, 1)) with

() — x for x € [0, 1/(140)],
SEVZ L (A=nx 4+ 1) forx € [1/(140), 1],

is a solution. It would be sufficient to show that this solution is unique. Then, all accumulation
points of solutions of (AIP); would necessarily converge to this unique solution.

Instead of solving the approximate incremental problem we may also treat a regularized
problem by using the energies

1

E(t,2) = / %(z”(x))2 + W@ () +2(0)% = £, x)z(x)dx.

0

We show that for this situation the I"-convergence result of Sect. 3 is applicable. For this we
still keep the underlying space Q = Z = H'((0, 1)) equipped with the weak topology. Now
each & has compact sublevels as they are closed and bounded in H2((0, 1)), although not
uniformly with respect to k, cf. condition (i) in (2.6). In particular, choosing a smooth stable
initial value zq the standard existence theory for energetic solutions (cf. [14,25,27]) provides
for each k energetic solutions zx, which are solutions of the differential inclusion

0 € Sign(0;z) + %3?2 — Oy (DW(axz)) + 2z — f(t,x) forae. (t,x) € [0, T]x %2,
2(0, ) = zo € H>((0, 1)),

with zx € L*®([0, T'1, H2((0, 1))) N BV([0, T'], L' ((0, 1))). In L*°([0, T'], H2((0, 1))) the
norm will tend to co with k, whereas in L®([0, 7], H'((0, 1))) there is a k-independent
bound.

Hence, we may pass to the limit for k — oo, since it is well-known that £, is the I"-limit
of &, see [6,10]. Theorem 3.1 is applicable and we conclude that convergent subsequences
of (zx)ren exist and that their limit points are energetic solutions associated with the relaxed
functionals £ and D,. Moreover, Theorem 3.4 can be employed to show that the solutions
of suitable incremental problems converge to solutions of (S),,&(E), as well.

An alternative relaxation is based on so-called Young measures and a continuous extension
of W. To be more specific, let

Q:={g=(z,v) € H'((0, D)xY*((0, 1)) ; /a ve(da) = 7/ (x) fora.a. x € (0, 1) },
R
where

yz(o, 1) := {v = (Vx)xe(0,1) 5 Vx 1s a probability measure on R,
V¢ € Co(R): x — /t/f(a)vx (da) is measurable,
R

1

/ /azvx(da)dx < oo]

x=0aecR
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is the set of the L? Young measures. Then it is natural to define

1

St z.v) = / W (' () +z(x)> = f (1, x)z(x) dx if v, = 87y ae.in (0, 1),
0

00 else.

while
1

SYM(t,z,v):/ /W(a)vx(da)+Z(x)2—f(t,x)z(x) dx.

x=0 eR

The set Q can be considered as a convex subset of the linear space H! (0, 1) x (C([O, 1D ®
{a— 1//(61)—|—om2 ; v eCo(R),x € R })* under the natural embedding

1

V) |z (g® (Y+aa?)) = / g(x) / (¥ (@) +aa*)vy(da) dx
0 R

This space is standardly topologized by the weak* topology, which makes Eym(?, -) the
I'-limit of & (¢, -).

Again the theory of Sect. 4 is applicable. This shows that piecewise constant interpolants
of the solutions of the approximate incremental problem (AIP) associated with £ and D
have subsequences, which converge to energetic solutions associated with Eyy and Do

In the vectorial, multidimensional case a more sophisticated Young measure relaxation
in the rate-independent setting is given in [19]. Related evolutionary systems for Young
measures, also in the rate-dependent case, are discussed in [5,11,12,23,24,28,29,42].

A Generalization of Helly’s selection principle

The following result is an abstract version of Helly’s selection principle which is again a
generalization of [27, Theorem 3.2]. Since we are concerned with a sequence (Dy)ren of
dissipation distances rather than with a single one, we give a full independent proof and
repeat all assumptions. In particular, we explicitly state that compactness means ‘sequential
compactness’.

Vk €N Vz1,22,23 € 21 Dr(z1,21) =0, Di(z1, 23) < Di(21, 22) + Di(z2, 23)-

(A.1)
For all sequentially compact I C Z we have : (A2)
If zx € K and min {Dxo(2k, 2), Do (2, 2)} — 0, then zi —Z> Z. ’
(zx > zandZy > 7)) = Duol(z,2) < lim inf Dy (z¢, Z5)- (A3)
—00

Note that (A.1) and (A.2) are simply recalled from Sect. 2 while (A.3) is stronger than the
corresponding assumptions (2.5) and (4.2) (see below).

Additionally, we use that Z is a Hausdorff topological space, which implies that each
converging sequence has a unique limit. For a function z : [0,7] — Z and k € Ny we
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recall
Dissi (z; [s, t]) = sup [Z;V:] Di(z(tj—1),2(tj)); NeN, s <tgp <t <--- <ty < t} .
Of course, we have Dy (z(s), z(t)) < Dissg(z; [s, t]).

Theorem A.1 Assume that the sequence (Dy)ieN,, satisfies the conditions (A.1), (A.2) and
(A.3). Moreover, let K be a sequentially compact subset of Z and zx : [0, T] — Z, k € N,
a sequence satisfying
1)Vt e[0,T]Vk eN: zx(t) e K  (ii) supDissg(zx; [0, T]) < o0. (A4)
keN

Then there exist a subsequence (2i,)ien and limit functionsz : [0, T] — Zand § : [0, T] —
[0, oo] with the following properties:

(a) Yrel0,T]: 6(t) = llim Dissy, (zk,5 [0, t])

b) Viel0,T]: 2 (t) = z(t)
(c) Vs,t €0, T]withs <t : Dissao(z;[s,1]) <8(t) —5(s).

Proof We define the functions dy : [0, T] — [0, oo] with di () = Dissg(zx; [0, t]) whichare
nondecreasing by definition and uniformly bounded by (A.4.ii). Hence, the classical Helly’s
selection principle for real-valued functions provides a subsequence such that di (1) —
8(¢) forall ¢ € [0, T]. Hence, 6:[0, T] — [0, oo] is also nondecreasing and bounded. This
proves (a).

Denote by J C [0, T] the set of discontinuity points of 8, then 7 is countable. Hence,
we may choose a countable, dense subset 7 of [0, T] with 7 C 7. For each t € 7 any
subsequence of (zj, (#))nen lies in the sequentially compact set £ C Z and thus contains
a convergent subsequence. Hence, using Cantor’s diagonal scheme we find a subsequence
(2k,)1en of (2, JneN such that (a) remains true and additionally we have

VteT: zi) i z(t) for | — oo.
This defines the limit function z : 7 — Z.
To show convergence on [0, T]\7 we use the continuity of §. We fix 7, € [0, TI\7,
then the sequence (zx, (#:))ien has a convergent subsequence z; (%) =3 Zx. Moreover, there

exists a sequence t, € 7 with ¢, — t,. Below we will show z(#,) —Z> Z«. By the Hausdorff
property of Z we conclude that (zy, (#));cN has exactly one accumulation point and we define
Z7(ty) = Zx.

To show z(t;) i 74 we first assume #, < t,.. Then, using (A.3) we have

Doo(2(tn), ) <hminf Dp (i, (1), 27, (6)) <liminf Dissg (27 ; [, 1) =8 (1) —8 (1)
m— 00 m m m M— 00 m m

Similarly, for t, < 1, we obtain Dso (2, 2(t,)) < 8(t,) — 8(t). Using the continuity of §
in t, we conclude min {Dso (2(tn), 24), Doo (24, 2(tn))} < [8(tx)—8(t,)| — 0 for n — oo.

Employing (A.2) we find z(z,,) E) Z4 as claimed above. Thus, assertion (b) is proved.
The final estimate is obtained using (A.3) again. For any partition of [s, ] we have

N N
Z}Dw(z(r,»_l), 2(t)) < Z‘Tlilrggfm,(zk,(r,»_o, 2, (1)
J= Jj=
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N
< lim ianDkl (2, (tj-1), 2k, (¢j)) < liminf Dissy, (zg,; [s,t]) = 6()—5(s).
[—o00 4 1 [—o0
]=
(A.5)
Thus, Dissso(z; [, t]) < §(¢)—8(s) and (c) is proved. ]

As mentioned above, the latter compactness lemma holds under assumption (A.3), which is
stronger than (2.5) and (4.2). In particular, Theorem A.1 is not directly suited for the purposes
of checking the compactness of approximating sequences in the proof of Theorems 3.1, 3.4,
and 4.1. On the other hand, we actually need to prove compactness for stable sequences only.
In particular, by assuming (2.5) [analogously for (4.2)], the sequences zx : [0, T] — Z used
in the above proofs are such that the following holds:

Vs — sandt; — t withs; <1 :

Z Z . o A6
(20 2 zand 2, () 5 7) = Duoe. D < liminf Dy (et o), g ). A

It is easily seen that the proof of Theorem A.l goes through by removing the assumption
(A.3) and assuming (A.6) instead. This slight modification of the result is suited for proving
the compactness of the sequence of approximating solutions of Theorems 3.1 and 3.4, (and
4.1) under assumption (2.5) [assumption (4.2), resp.] only.
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