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Abstract We consider the Monge—Ampere equation det D?u = b(x)f(u) > 0in Q,
subject to the singular boundary condition # = oo on dQ. We assume that b € C®(Q) is
positive in 2 and non-negative on d€2. Under suitable conditions on f, we establish the exis-
tence of positive strictly convex solutions if 2 is a smooth strictly convex, bounded domain
in RN with N > 2. We give asymptotic estimates of the behaviour of such solutions near
0£2 and a uniqueness result when the variation of f at oo is regular of index ¢ greater than
N (thatis, lim,,_,  f(Au)/f (u) = A9, for every A > 0). Using regular variation theory, we
treat both cases: b > 0 on 92 and b = 0 on 9€2.

Mathematics Subject Classification (2000) Primary: 35J60; Secondary: 35B40 - 35J67 -
35B65

1 Introduction and main results

Let 2 be a smooth, strictly convex, bounded domain in RN with N > 2.
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168 F. C. Cirstea, C. Trombetti

The Dirichlet problem for the Monge—Ampére equation (that is, find u € C* () such
that

det D’u = G(x,u,Du) >0 inQ, u=¢ onds, (1.1)

where G and ¢ are smooth) has been studied extensively, see [5,8,18,24,25,31,37-42]. Using
barrier techniques and maximum principles, it is shown in [5] that the solvability reduces to
the existence of smooth convex subsolutions. In the case of a non-smooth data, P.-L.. Lions
[24] proved, via a penalization method, that the solvability of the Dirichlet problem can be
reduced to the existence of a generalized subsolution in the sense of A. D. Aleksandrov. A
condition under which such a subsolution exists was also provided. Necessary and sufficient
conditions for the existence of solutions are studied in [40].

Boundary value problems for Hessian equations (involving the k-Hessian operator Sy (D>
u) where k € {1, ..., N}and S is the kth elementary symmetric function of the eigenvalues
of the Hessian matrix D?u of u) received increasing attention in recent years. We refer
the reader to [8,17,18,37-42]. The Laplace operator and the Monge—Ampere operator are
well-known examples of Hessian operators corresponding to k = 1 and k = N, respectively.

Our purpose here is to investigate the Monge—Ampere equation

det D*u = b(x) f(u) > 0 in L, (1.2)
subject to an infinite Dirichlet boundary condition
u(x) - oo asd(x) :=dist(x, 92) — 0, (1.3)

where we assume, throughout, that f € C[0, oo) N C*(0, 0o) is positive increasing such
that £(0) = 0 and b € C*°(Q) is positive in Q.

Problems of this type have first been considered by Cheng and Yau [6,7] (with f (1) = eX*
in bounded convex domains and with b(x) f (1) = €2 in unbounded domains). The Monge—
Ampere equation with boundary blow-up has been treated in [23,29] and [19], while the
more general case of Hessian equations has been studied in [34] and [14]. We refer to [36]
for recent new results on boundary blow-up problems for k-curvature equations.

The study of boundary blow-up solutions has been initiated by Bieberbach [3] and
Rademacher [32] for the equation Au = ¢* in a smooth bounded domain in R? and R3,
respectively. Since then many papers have been dedicated to resolving existence, unique-
ness and asymptotic behaviour issues for blow-up solutions of semilinear/quasilinear elliptic
equations; see e.g., [1,2,10-13,16,22,26-28,30] and their references.

If © is a smooth bounded domain in RY (N > 2) and f1 satisfies

/1 is locally Lipschitz continuous on [0, 00),
(Hop)

positive and non-decreasing on (0, co) with f1(0) = 0,

then, Au = fi(u) in ©, subject to (1.3), possesses positive C>(£2)-solutions if and only if
f1 satisfies the Keller—Osserman condition (see [22,30]):

[ele) t
dt
s h F =S ds. H
/m<oo where F (1) O/fl(s) s (Hy)

We first establish the existence of smooth blow-up solutions of (1.2). By a blow-up solution
of (1.2) we mean any positive C2(2)-solution of (1.2)+(1.3).
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On the Monge—Ampere equation with boundary blow-up 169

Theorem 1.1 (Existence) Let 2 be a smooth, strictly convex, bounded domain in RN with
N > 2. Suppose that there exists a function fo on [0, 00) such that:

(A1) fow) < f(u), for every u > 0;
(A2)  fy!" satisfies (Ho) and (Hy), that is they hold with f,’" instead of f1;
(A3) fO_I/N is convex on (0, 00).

Then, (1.2) admits strictly convex blow-up solutions in C*°(S2).

In particular, the assumptions (A») and (A3) are met by the following functions:

1)  fow) = (" — )P, forevery p > 0;
() fo(u) = u? withg > N;
(i) fo) = uN[In(u + 1)1? with 8 > 2N.

When f (1) = u? withg > N, Theorem 1.1 was established in [23]. More general existence
results are obtained in Theorems 1.1 and 1.2 of [19], whose assumption (1.3) is of the type
(A1) with fy in the special case (ii). However, this kind of growth restriction on f is not
optimal as proved by taking in our Theorem 1.1 the particular case f = fo and fp as in (iii)
above.

Our proof rests upon the solvability of the Dirichlet problem for the Monge—Ampere
equation and the convexity of the minimal positive solution umi, of Au = fol /N (u) in €,
subject to (1.3). The existence of upj, is ensured by (A;), while its convexity follows from
Theorem 3.1 in [14], which requires (A3). A comparison principle (Proposition 2.4) and
the arithmetic-geometric inequality (3.3) for convex functions will be used to conclude the
existence of a blow-up solution of (1.2).

If b is a positive smooth function on  and f(u) = u9 with ¢ > N, then it is shown in
[23] that (1.2) admits a unique blow-up solution u € C*°(£2). Moreover, there exist positive
constants ¢| and c; such that for x € Q

cld)]™ < u(x) < eofd(x)]™*, wherea = (N + 1)/(g — N). (1.4)

Our next aim is to establish the asymptotic behaviour near 92 of the blow-up solutions
of (1.2) in a general setting when b is allowed to vanish on the whole boundary d2. This
corresponds to a critical case, O - co on €2, which arises in the right-hand side of (1.2).

To remove the positivity restriction of » on 92, which appears in previous papers on
the topic (such as [14,23,29,34]), we will proceed in a substantially different manner. As
a special feature, we will present our main results (Theorems 1.2 and 1.6) in connection
with regular variation theory arising in probability theory (see Sect. 4). Let us recall here the
definition of a regularly varying function, while more details on the regular variation theory
can be found in Sect. 4.

A positive measurable function R defined on [A, 00), for some A > 0, is called regularly
varying (at infinity) with index q € R, written R € RV, provided that

R(Au)
1m =
U— 00 R(u)

A, forall A > 0. (1.5)

When the index g is zero, we say that the function is slowly varying.

Note that R € RV, if and only if L(u) := R(u)/uf is slowly varying.

Notation. If H is a non-decreasing function on R, then we denote by H < the (left con-
tinuous) inverse of H (see [33]), that is

H* (y) =inf{s : H(s) > y}.
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170 F. C. Cirstea, C. Trombetti

By fi(u) ~ f>(u) as u — ug € R we mean that fi(u)/f>(u) — 1 asu — u.
If o > 0 is sufficiently large, we define

P(u):sup[L]z):afyfu], foru > «a. (1.6)
y
For an open bounded subset Q of RN with boundary of class C? and every x € 32, we
denote by p;(x), ..., py—1(x) the principal curvatures of 92 at x. Form € {1,..., N — 1},
we define the mth curvature o, (x) of 92 at x by
o) = Sp(P1(X), .. v ) = D (), ().

1<ij<-<ip<N-—1

Recall that €2 (as above) is said to be m-convex if o (x) > 0, for every x € 92 and every
Jj ef{l,...,m}, and it is called strictly m-convex if it is m-convex and o, (x) > 0 for every
x € 0R2. In particular, the (strict) (N — 1)-convexity for domains is equivalent to the usual
(strict) convexity.

Let IC; denote the set of all positive non-decreasing C !_functions k defined on (0, v), for
some v > 0, for which there exists

li (K(I))I—Z h K(t)—/’k()d 1.7)
lim o) = ° where =/ s)ds. .

Note that £ € [0, 1] and lim;—,o K(¢)/k(t) = O, for every k € ;. A complete character-
ization of Ky (according to £ # 0 or £ = 0) is provided by [13] (see [9] for a more general
result and a different approach).

It is easy to check that the following functions belong to K, with the specified £:

(@) k()= (—1/Int)? with ¢ =1,
(b) k() =tPwithe=1/(p+ 1),
() k@) = e~ 1/1" with ¢ = 0, where p > 0 is arbitrary in (a)—(c).

The class K, will be used to model the behaviour of b near <2 (see (1.8)).
The next result establishes lower and upper estimates for the growth of the blow-up solu-
tions of (1.2) near 92 when f € RV, withg > N and (1.8) holds.

Theorem 1.2 (Asymptotic behaviour) Let N > 2 and Q2 be a smooth, strictly convex,
bounded domain in RN. Assume that f € RV, with g > N and there exists k € K
such that

b(x) b(x)

0 < B~ =liminf ————— and limsup

-7 gt
d0)—0 kN+1(d(x)) o N @) T BT <oo.  (1.8)

Then, every strictly convex blow-up solution u~, of (1.2) satisfies

_ L. Uoo(X) . Uoo(X) +
I L YT TR e P Te {49
where ¢ is defined by
o) =P (UKOINY, fort > 0small, (1.10)

and £ are positive constants given by

(EHN gDV
maxoy_i| = mmoy—g

B~ 90 Bt 99

g = N)/(N+ DM
T 14+4g—-N)/(N+1D’

(1.11)
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On the Monge—Ampere equation with boundary blow-up 171

Remark 1.3 In the setting of Theorem 1.2, the limit limg(y)—0 too(x) /¢ (d(x)) exists pro-
vided that  is a ball and (1.8) holds with B~ = B+ € (0, c0). The latter condition is
equivalent to saying that

b(x) ~ kN“(d(x)) asd(x) — 0, forsomek € KCy. (1.12)
More exactly, when €2 is a ball of radius R > 0, Theorem 1.2 reads as follows.

Corollary 1.4 Let Q@ C RY be a ball of radius R > 0 and f € RV, withq > N. If (1.12)
holds, then every strictly convex blow-up solution u~, of (1.2) satisfies

Uoo(X) ~E@P(d(x)) asd(x) — O, (1.13)
where ¢ is defined by (1.10) and & is given by

B N+l pN—11 /(N=q)
g=[[<q N)/(N + DIVFIR ] , (1.14)

1+4(qg—N)/(N+1)

Remark 1.5 1If f € RV, (¢ > N) and k € Iy, then the explosion rate of ¢ (1) at ¢ = 0 (¢
defined by (1.10)) is significantly faster when £ = 0. A precise description of the variation
of ¢ (1/u) at u = oo is given by Proposition 5.7 according to £ = 0 (when ¢ (1/u) ¢ RV,,,
for every m € R) or £ # 0 (when ¢ (1/u) € RV(n11)/10(g—N)D)-

We now assert that, under slightly more restrictive conditions than those in Theorem 1.2,
there is at most one strictly convex blow-up solution of (1.2).

Theorem 1.6 (Uniqueness) Let 2 be a smooth, strictly convex, bounded domain in RV (N >
2). Suppose f € RV, withq > N and fu)/u" is increasing on (0, 00).
Then, (1.2) has at most one strictly convex blow-up solution provided that either

(i) b is positive on Q or
(1) b is zero on 0%2, Q2 is a ball of radius R > 0 and (1.12) holds.

Remark 1.7 Inview of Corollary 1.4, the case (ii) of Theorem 1.6 yields a precise asymptotic
behaviour of any strictly convex blow-up solution of (1.2) at 2. This fact is essentially used
to prove the claim of Theorem 1.6. In contrast to this appears case (i), when we conclude that
any two strictly convex blow-up solutions of (1.2) must coincide without using any a priori
blow-up estimates near the boundary. Our argument modifies an idea in [23], which treats
the case (i) for f(u) = u? for every u > 0 (with g > N).

We see that f € RV, if and only if it can be written as

u

fw) =T w)ul exp /? , u>D, (1.15)

D

for some D > 0, where ¢ € C[D, 00) satisfies lim,_, o £(#) = 0 and T () is measurable on
[D, 00) such that lim,— oo T (1) = Te (0, 00) (use Proposition 4.7 with L(u) = f(u)/u?).
If f is of the form (1.15) with T'(u) = Const. > 0, then we say that f is normalised regularly
varying of index g (and write f € NRV,).

Remark 1.8 1If f € NRV, withqg > N, then f(u)/u is increasing for u > 0 large. Hence,
P(u) defined by (1.6) coincides with f(u)/u™.
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172 F. C. Cirstea, C. Trombetti

In Sect. 5 we promote the use of regular variation theory (initiated by Karamata [20,21])
and its extensions (due de Haan [15]) to gain insight into the blow-up rate of the solutions of
(1.2) at 92. Our results treat the case f € RV, (g > N) for various decay rates of b at 92,
as illustrated below:

() bx) ~[—1/Indx)PNTD ag d(x) — 0;
(i) b(x) ~ [dx)]PNYtD asd(x) — 0;
(i) b(x) ~ e~ VD@ a5 d(x) — 0;

where p is a positive constant (see Example 5.9 in Sect. 5).

The use of regular variation theory in the study of the blow-up solutions to semilinear
elliptic equations originates with [11,12] (see also [10] or [13]). These papers are concerned
with the uniqueness and asymptotics of the blow-up solutions to (1.2) with the Laplacian
instead of the Monge—Ampere operator. We point out a significant difference which arises
between these two cases: the first term in the asymptotic expansion near <2 of the blow-
up solution in the former case (Laplacian) is independent of the geometry of the boundary,
whereas in the latter case (Monge—Ampere operator) we prove here the involvement of the
boundary through its Gauss curvature.

The plan of this paper is as follows. In Sect. 2 we prove a general formula for det D>k (g
(x)) (where g € C2(Q) and h € C%(R)), which is pertaining to our local argument near 92
in the proof of Theorem 1.2. In Sect. 3 we deduce the existence assertion of Theorem 1.1.
In Sect. 4 we provide the necessary definitions and properties from regular variation theory.
In Sect. 5 we discuss the asymptotic properties of the function ¢ involved in the asymptotic
formulas of Theorem 1.2 and Corollary 1.4. Sections 6 and 7 are dedicated respectively to
the proofs of Theorems 1.2 and 1.6.

2 Basics

Proposition 2.1 Let Q be an open subset of RN with N > 2. If g € C*(Q) and h € C*(R),
then the following holds

det D*h(g(x)) =[1'(g(x)NI¥'h"(g(x)) < Co(D?g(x)) Dg(x), Dg(x) >

2 2.1)
+ 11 (g))INdet D?g(x), Vx € Q,
where Dg(x) = 001( ax)f), ce afx(,f,)) and Co(D?g(x)) denotes the cofactor matrix of

D2g(x).
Proof Let x € Q be fixed. For every integers i, j between 1 and N, we have

S h(g(x) _ ( 3g( ) ag(X) 3g(X) azg(X)

n .
0x;0x; 8x, 0x; gl )) i0x;j

) =h"(g(x))

This shows that

D*h(g(x)) = h"(g(x))Dg(x) ® Dg(x) + h'(g(x))D*g(x).

Since the determinant is linear in each of its columns, we can write the determinant of
Dzh(g (x)) as the sum of 2V determinants, where each summand has the jth column either

3g() (3g(X) dg(x) 3g(X))

ax1  oxy T dxn

h" (g(x)) 2.2)

Xj

@ Springer



On the Monge—Ampere equation with boundary blow-up 173

or

2 2 2
3%g(x) 92g(x) g (x) ) 2.3)

3X13xj" 0x20x; B 0xnOx;

R’ (g(x))col (

We denote by M ; the matrix whose jth column is of the form (2.2) and the rest of its columns
are of the type (2.3). By expanding the determinant of M along the jth column, we find

N
dg(x) > ag(x)

det Mj = W (G A" (g =722 D =

Cij(x),
i=1
where C;;(x) stands for the cofactor of the (i, j)th entry of the symmetric matrix D2g(x).
Thus, we have

N
> det M = [1'(g(x)I1V~"h" (g(x)) (Co(D?g(x)) Dg(x), Dg(x)). (2.4)
j=1

If My denotes the matrix with all its columns of the type (2.3), then
det My = [ (g(x))]V det (D?g(x)). 2.5)
Since the determinant of any matrix with two different columns of the type (2.2) is zero, we
infer that
N
det D*h(g(x)) = det Mo + »_ det M.
j=1
From (2.4) and (2.5), we conclude the proof of (2.1). O
Forpu > 0, wesetI'y, = {x € Q: d(x) < pu}.

Remark 2.2 If © is bounded and 92 € C* for k > 2, then there exists a positive constant i
depending on 2 such thatd € Ck(FM) (cf. Lemma 14.16 in [17]).

Corollary 2.3 Let Q be bounded with Q2 € ck fork > 2. Assume that > 0 is small such
that d € Cz(FM) and h is a Cz—function on (0, ). Let xo € I'y, \ 92 and yo € 092 be such
that |xo — yo| = d(xo). Then, we have

det D*h(d(x0)) = [~ @GNV W @yl — 200 (o)
1 — pi (Yo) d(xo0)
where p1(y0), ..., pn—1(Y0) are the principal curvatures of 02 at yy.

Proof Lemma 14.17 in [17] gives the expression of the Hessian matrix of d at x¢ in terms
of a principal coordinate system at yp, namely

Jy i [ —p1(30) —pN—1(30) ,0]' 27

Wbl =die | T G dGo " T o1 00) dGxo) @7
Since

Dd(xg) = col(0,...,0, 1),
we obtain
2 o \N—1pN-1 0i (o)

(Co(D*d(x0))Dd(x9), Dd(x)) = (=D ~'T1;; T o0 40" (2.8)

Applying Proposition 2.1 with g(x) = d(x) and using (2.7), (2.8) we derive (2.6). ]
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174 F. C. Cirstea, C. Trombetti

Proposition 2.4 (Comparison principle) Let 2 be a bounded domain in RN with N > 2
andletu,u € C2(Q) N C(Q). Suppose g(x, u) is defined for x € Q and u in some interval
containing the ranges of u and u.
If the following holds:
(1) g(x,u) isincreasing in u for all x € €,
9%u

(ii) the matrix [W] is positive definite in Q,

(iii) det D%u(x) > g(x, u(x)) and det D*u(x) < g(x, w(x)), for every x € S,
(v) u(x) <u(x), forevery x € 9%2,

then we have

u(x) <u(x), Vx e Q.

For the proof of Proposition 2.4 we refer to Lemma 2.1 in [23].

3 Proof of Theorem 1.1

By Theorem 7.1 in [5] we see that the following problem

. .
(detD u= b +1/n)f) inQ, 3.1)

u=n>1 on 092,

possesses a unique strictly convex solution u,, € C*°(Q).
Since u, < up4+1 on 2 and

det D2uy sy = [b(x) + 1/(n + D1f (uny1) < (b(x) + 1/n) f(s1) in 2,

by Proposition 2.4 it follows that u;,, < u,4 in Q.
We next show that the sequence (u,),>1 is uniformly bounded from above on every
compact set D included in 2. We distinguish two cases:

Case I b > 0on 9. Then by := ming b is positive. From (A) it follows that the boundary
blow-up problem

(3.2)

Au=Nb/M 1MW) inQ,
u =00 01139,

admits a minimal positive C2(Q)-solution, say u,. Since (A3) holds, by Theorem 3.1 in [14]
we infer that u, is convex.

Recall now the arithmetic—geometric inequality for C2-convex functions v in §:

2 av\" .
det D°v < | — in Q. 3.3)
N
Applying (3.3) for u, and using (A1), we deduce
5 Au, N
det Du, < ( N ) = bo fo(us) < (b(x) +1/n) f(u,) in Q. (3.4)

By (3.1) and (3.2), we have n = u, < u, = oo on 9<2. Thus, using (3.4) and Proposition
2.4, we deduce that u,, < u, in Q, for everyn > 1.
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On the Monge—Ampere equation with boundary blow-up 175

Case2 b > 0 on 0<2. Let D be an arbitrary compact set included in €2 and let T > 0 be
small such that D C QF, where Q7 = {x € Q: d(x) > 7}. Setb; := min{b(x) : x € Q7}.
Let v, denote the minimal positive solution of (3.2) where €2 and b are replaced by Q7 and
b+, respectively. From Case I above we obtain that v, is convex in Q7 and u,, < v, in QF,
forevery n > 1.

Consequently, in both cases we have proved that the pointwise limit U (x) := lim,,_, o 4,
(x) exists, for every x € 2. Using now an argument as in [23] (proof of Theorem 2.1) or
[29] (proof of Theorem 2.4), we deduce that U € C*°(R2) and det DU = b(x)f(U) in Q.
This finishes the proof of Theorem 1.1. O

4 Regular variation theory

We give a brief account of the definitions and properties of regularly varying functions
involved in this article (see [4,33] or [35]).

Definition 4.1 A positive measurable function R defined on [A, c0), for some A > 0, is
called regularly varying (at infinity) with index q € R, written R € RV,, provided that

. RQGw)
lim =

A, forall A > 0. 4.1)
U—> 00 R(u)

When the index ¢ is zero, we say that the function is slowly varying.

We make the convention not to mention “at infinity” from now on.
Note that if R € RV, then L(u) := R(u)/uf is a slowly varying function.

Example 4.1 The following functions are slowly varying:

(1) Any measurable function on [A, co) which has a positive limit at infinity.
(2) The logarithm log u, its iterates log,, u and powers of log,, u.
3) exp{dogu)*} witha € (0, 1).

Proposition 4.2 (Uniform Convergence Theorem) If L is slowly varying then
L(hu)/L(u) — 1 as u — oo holds uniformly on each compact \-set in (0, 00).

Proposition 4.3 (Elementary properties of slowly varying functions) Assume
that L is slowly varying. The following hold:

(1) logL(u)/logu — 0asu — oo;

(i) Forany o >0, u*L(u) — oo, u"*L(u) — 0 asu — oo;
@ii1) (L(u))“ varies slowly for every a € R;
(iv) If Ly varies slowly, so do L(u)L1(u) and L(u) + Li(u).

Remark 4.4 Assume that R € RV,.1f g > 0 (resp., g < 0), thenlim,, c R(u) = oo (resp.,
0). However, if ¢ = 0 then the behavior of R at infinity cannot be completely described. For
instance, L(u) = exp {(logu)'/ cos((logu)!/3)} is slowly varying with

liminf L(u) = 0, limsup L(u) = oo.
u—>00

u—>00

Proposition 4.5 (Karamata’s Theorem; direct half) Let R € RV, be locally
bounded in [A, 00). Then
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176 F. C. Cirstea, C. Trombetti

(i) forany j = —(q+1),
w TR (u)

im ———=j+4+qg+1. 4.2
uﬁoof:xJR(x)dx ST “4-2)

(ii) forany j < —(q+ 1) (and for j = —(q + 1) iffoox_(q'H)R(x) dx < 00)

fim R G+a+1D 43)
m —ww———=— . .
u—00 fuoo xJR(x)dx ST

Proposition 4.6 (Karamata’s Theorem; converse half) Let R be positive and locally inte-
grable in [A, 00).

(1) If (4.2) holds for some j > —(q + 1), then R € RVj.

(ii) If (4.3) is satisfied for some j < —(q + 1), then R € RV,.

Proposition 4.7 (Representation Theorem) A function L(u) is slowly varying if and only if
it can be written in the form

L(u) = M(u) exp ﬂ att W= p @.4)
B

for some B > 0, where ¢ € C[B, 00) satisfies lim,_,~, e(u) = 0 and M(u) is measurable
on [B, 00) such that limy,_, oo M (1) := M € (0, 00).

By (4.4), we see that L(u) ~ Z(u) as u — 00, where

L(u) = Mexp (—) dt} (u> B). (4.5)

B

Of course, Z(u) is a slowly varying function, whose benefit is a C'-regularity such that
e(u) = uL'(u)/L(u), for each u > B.

A function L (u) of the form (4.5) will be called a normalised slowly varying function.
Moreover, any function Lec! [B, co) which is positive and satisfies

Tim ul'()/L(u) = 0 (4.6)

is a normalised slowly varying function.

In general, if R (u)/u? (¢ € R)is anormalised slowly varying function, then we call R (u)
a normalised regularly varying function of index ¢ and denote ReN RV,.

Notice that NRV, C RV, since the function f(u) = u? + sin(u? *1y (defined for large
u) is an example that belongs to RV, but not to NRVj,.

A function R € RV, belongs to NRVj, if and only if

R e C'[B, o), forsome B >0, and lim uR (u)/R(u) = q.
U—> 00
Remark 4.8 For any R € RV,, there exists R € NRV, such that R(u)/R(u) — 1 as

u — oo. Indeed let L(u) := R(u)/uf and use Proposition 4.7 to find L(u) as above. Set
R(u) = u‘fL(u). Then, we have

~ R R r
ReCl, lim (@) =1, lim w:q lim w:
u—oo R(u) u—00  R(u) u—o00 [,(u)
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Proposition 4.9 (Proposition 0.8 in [33]) We have

(i) IfR € RVy, thenlimy_, oo log R(u)/logu = gq.
(it) IfRy € RV, and Ry € RV, withlim,_, o Ry(u) = 00, then

Rio Ry € RVyy,.
(iii) Suppose R is non-decreasing and R € RVy, 0 < g < oo. Then
R eR V1.
(iv) Suppose Ry, Ry are non-decreasing and q-varying with q € (0, 00). Then, for ¢ €
(0, 00), we have

R R
lim 1) =c ifandonlyif lim li(u) =

=V,
u—o00 Ry (u) u—00 Rz(_(u)

The next result shows that any function R varying regularly with non-zero index is asymp-
totic to a monotone function.

Proposition 4.10 (see Theorem 1.5.3 in [4]) Let R € RV, and choose B > 0 so that R is
locally bounded on [B, 00). If ¢ > 0, then

(@ R@) :=sup{R(y): B<y<u}~ R(u)asu — oo,
(b) R(u):=inf{R(y): y >u}~ R(u) asu — oo.

Ifq < O, then

(¢) sup{R(y): y>u}~ R(u)asu — oo,
(d) inf{fR(y): B<y<u}~ Ru)asu — oo.

5 Asymptotic properties of ¢

The aim of this section is to give an insight into the asymptotic properties of ¢ (¢) (in (1.10))
at the origin. An important role in this pursuit is played by Karamata’s theory of regular
variation and its extensions.

Lemma 5.1 Let k € Ky and f € RV, with q > N. If ¢ is defined by (1.10), then there
exists a function W € C%(0, t) with t > 0 which satisfies lim;_o ¥ (t)/p(t) = 1 and the
following:
DY (t — N)¢
@ Hnl“)‘/’():“(q ),
=0 [y (t)]? N+1
Lo oIV o (N (q—N)e
(i1) lim = 14+ —1,
=0 kNTL) F(pr(2)) q—N N+1

where £ appears in (1.7).

Proof (i) Denote g(u) = f(u)/u”. Since g € RV,_n and ¢ > N, by Proposition 4.10

we have lim,_ o g(u)/P(u) = 1. By Remark 4.8 we infer that there exists a function
2 € C%(0, 7) such that lim,—, o0 2(u)/g(u) = 1 and
-~ -~
fim Y N him W N (5.1)
u—oco g(u) u—oo g'(u)
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We define v as follows
(@) = [K(z‘)]_N_l for t > 0 small. 5.2)

From (1.10) and Proposition 4.9, we see that lim;_.o ¥ (¢) /¢ (¢) = 1.
By differentiating (5.2) we obtain

W)Y (1) = =(N + DIK@O1V%k(r), fort > 0 small. (5.3)
This, jointly with (5.1) and (5.2), shows that

V') N+ D k@
(40) g—N K@)
We differentiate (5.3), then use (1.7) and (5.1) to deduce thatas t — 0

ast — 0. 5.4

—~ VAGIE ( Iﬁ(t)w”(t))
N —-14+ =27 7
§WOI=rG T wor
~ (N + 1)(N + 14+ 0k>(0)[K ()] V3. (5.5)

The assertion of (i) follows now from (5.3)—(5.5).
(i1) From (5.2) and (5.4), we find

) |: W/(t):|N+l 1 (N+1)N+1
lim | — = = :
=0l ¥@) NFL g (v (1)) qg—N

This, combined with (i), proves the claim of (ii). ]

The next result has been proved in [13] (see [9] for a different proof).

Proposition 5.2 The following hold:

(i) k € K¢ with £ # 0 if and only if k is non-decreasing on some interval (0, v) with
v > 0 and u —> k(1/u) belongs to NRV\_1,.
(i) k € K¢ with € = 0 if and only if K is of the form

d
ds

So(s)
t

K(t) =doexp | — , O0<t<d, (5.6)

for some positive constants dy, d| and a positive function ¢y in C L0, d)) such that
lim, o+ £5(1) = 0.

To describe the variation of ¢ at zero, we need some concepts that are naturally extending
regular variation theory. For the reader’s convenience, we recall below some definitions and
results to be found elsewhere.

Definition 5.1 A positive measurable function R defined on a neighborhood of oo is called
rapidly varying at infinity of index oo (notation R € RV) if
0 ifre(0,1),
lim R(Au)/Rw)=4{1 ifr=1, (5.7
u—00
oo if A = o0,
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and is called rapidly varying at infinity of index —oo (notation R € RV_) if

oo ifa e (0,1),
lim ROuw)/Rw)=11 ifr=1, (5.8)
u—00

0 ifx=o00.

Example 5.3 The function g(u) = " is rapidly varying at oo of index oo, while g(u) = e¢™*

is rapidly varying at oo of index —oo.

An important subclass of functions rapidly varying at infinity is represented by that of
I'-varying functions introduced by de Haan ([15]) (see also [33,4]).

Definition 5.2 ([33]) A non-decreasing function U defined on an interval (A, co) is
I'-varying at oo if limy_, o U(x) = oo and there exists a positive function x defined on
(A, 00) such that

Ux 4+ Ax(x)) o

lim =e", VieR (5.9)

X—>00 Ux)
The function y is called an auxiliary function and is unique up to asymptotic equivalence.
If (5.9) is satisfied for x; and x> then xj(x) ~ x2(x) as x — oo. Conversely, if (5.9) is
fulfilled for x and yx;(x) ~ x(x) as x — oo, then (5.9) also holds with x;.

Example 5.4 ([15]) The following functions U satisfy (5.9) with the specified auxiliary func-
tions x:

1 forx <0,
(1) U(x) =expx?) for p > 0 with x(x) = L
p~x 7 forx >0.
forx <1,

1
(2) U(x) = exp(xlog, x) with x (x) = {
(logx)™" forx > 1.
(3) U(x) =exp(e*) with x(x) = e *.
More examples of I'-varying functions can be constructed using the next result.

Proposition 5.5 (Theorem 1.5.6 in [15]) If U} is monotone and regularly varying of index
p > 0and U, € T with auxiliary function x, then U defined by

U(x) = Uy (Uy(x)) forlargex >0
belongs to T with auxiliary function (1/p)x.

Remark 5.6 1If U belongs to I, then U is rapidly varying at infinity of index oo (see Propo-
sition 3.10.3 in [4]).

We are now ready to analyze the variation of ¢ (1/u) at u = oo, where ¢ is defined by
(1.10). Assuming that f € RV, withg > N, we will see that ¢ (1/u) is I'-varying at u = oo
if k € Ko, in contrast to the case k € Ky with £ # 0 when ¢ (1/u) is regularly varying at
u = oo of index (N + 1)/[£(g — N)I.

Proposition 5.7 (Variation speed of ¢) Assume that f € RV, withq > N and k € Ky. The
following hold:

(i) Ift #0, thenu — ¢(1/u) € RV(n+1)/1e(q—N)T5
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) If€ =0, thenu — ¢(1/u) & RV, for every m € R. In this case, ¢p(1/u) is
I-varying at u = oo with the auxiliary function

(g — N)u?K(1/u)
(N + Dk(1/u)

(iii) Let f(u) ~ f(u) as u — oo be such that J(u) := f(u)/u is non-decreasing
for largeu > 0. If r(t) ~ CK—N~ 1(z) ast — 0, for some constant C > 0, then
(1) ~ CY AN @ (1) ast — 0, where ¢(t) is defined by

(1) = J(r(t)) forsmallt > 0. (5.10)

Proof By Propositions 4.9 and 4.10, we have
Pw) ~ fw)/u” asu — oo and P € RVi/y-n)- (5.11)

() If € # 0, then u — k(1/u) € NRV(,_1y;¢ (cf. Proposition 5.2 (i)). Hence, we have
ur— K(1/u) € RV_yy.Since ¢ (1/u) = P ([K (1/u)]~N~1), the assertion of (i) follows
now from (5.11) and Proposition 4.9 (ii).

(ii) If ¢ = 0, then by Proposition 5.2 and [33, p. 106] we obtain [K (1/u)] ™~ ~!is '-varying
at u = oo with the auxiliary function ¢ («) given by

u?K (1/u)
(N 4+ Dk(1/u)’

In particular, u — k(1/u) is rapidly varying at oo with index —oo. It follows that ¢ (1/u) ¢
RV,,, for every m € R. By (5.11) and Proposition 5.5 we conclude that ¢ (1/u) is I"-varying
at u = oo with the auxiliary function (¢ — N)¢ (u).

(iii) From (5.11) and Proposition 4.9, we have J < € RVy—n) and J < (u) ~ P (u)
as u — o0. Using r(t) ~ CK~V=1(¢) as t — 0 and Proposition 4.2, we conclude the proof
of Proposition 5.7. O

g(u) =

Remark 5.8 The function r(¢) defined, for small # > 0, as follows
[etk(t)]~ V! if k € ICp with € # 0,
rm=4 N-1
(k=) /K ()]~ ifk € Ko,
possesses the property that r(¢) ~ (K] M last — 0.

Keeping in mind that the asymptotic behaviour of ¢ is of interest, we can simplify the
calculation by using Remark 5.8 and Proposition 5.7 (iii).

Example 5.9 Let f(u) ~ u? as u — oo, for some g > N.If p > 0, then

1) k@)= (=1/Inn)? e Ky and ¢(1/u) ~ (ulnu)N+D/@=N) a5y — 0.
(2) k@) =t" € Kijp+1y and ¢(1/u) ~ [(p + DuPTNED/@=N) a5y — oo.
B3) k(t)=e"" ey and ¢(1/u) ~ [puPtlet” |\ NTD/@=N) a5y — oco.

Clearly, (1) and (2) in the above example illustrate Proposition 5.7 (i), whereas (3) agrees
with the findings of Proposition 5.7 (ii). Indeed, by Example 5.4 (1) and Proposition 5.5, we
remark that

(N+1)/(g—N)
I:pup+leuf’]
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is I'-varying at u = oo with the auxiliary function
(g — Nyu'"r
p(N +1)
On the other hand,
(g = Nu*K(1/u) (g —Nu'™?
(N + Dk(1/u) p(N +1)

since, by Remark 5.8, we have

as u — 0o,

K@ k@ o
k(ty — k(1)

ast — 0.

6 Proof of Theorem 1.2

Fix € € (0, 1/2). We choose § > 0 small enough such that

(a) k is non-decreasing on (0, 26).
b) g1 - €)kN ! d(x)) <bx)<prd+ e)kN'H (d(x)), for every x € 275, where for
A > 0 we set

Q ={xeQ:dx) <A}

(c) d(x)isa C2-functiononTps = {x € Q: d(x) < 28}.

(d) ' <O0on(0,28)and v, " > 0on (0, 28), where ¥ is as in Lemma 5.1.

(e) l'IlN:_l1 (1 — pi(y)dx)) > 1 — €, for every x € 5. Recall that p;(y)
(withi € {1,..., N — 1}) denote the principal curvatures of d<2 at y, where y € 9<2 is
such that [x — y| = d(x).

Fix 7 € (0, §). With £+ given by (1.11), we set
T =11 F )1 F2e)] /N D g™, 6.1)
Let us now define

vi) =ntydx) — 1), VxeQs\ Q.
vu(x) =n Ydx)+1), VYxe Q..

Step 1 We prove that, near the boundary, v (resp., v’) is an upper (resp., lower) solution
of (1.2), that is

det D*v (x) < b(x) f (v (x)), Vx € Q5 \ Q.
[det D?v> (x) > b(x) f(v] (x)), Vx € Qos_q. ©2)
By (a) and (b), it suffices to show that
det D*v} (x) < B~ (1 — k" (d(x) — 1) f (0] (), Vx € Qo5 \ o,
[det D?v7 (x) = B+ kN T d(x) + 1) f(u7 (x), Vx € Qos—s. ©3)
We denote by
mt = max on-1(y) and m~ = ;2(%?2 on-1(y).
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Using Corollary 2.3 and (e), we obtain

onN=1(y)
n ' - o (0)A(x) — 0)]

det D*vf (x) = MOV [~/ (@) — DIV (d(x) — 1)

(77+)N + ’ N—1_ 7 e}
=" [=¥(dx) — D))" ¥ dx) — 1), Vx e Qos\ Q.

Similarly, we have

_ _ A -1(y)
det D*v> (x) = MOV [—v/(@d(x) + DIV 'Y [dx) + 1) oV
V= ' PN S ()@@ + o)l

—\N
> (ln—i—)e m™ =y (dx) + DIV (dx) + 1), Vx € Qs_e.
Therefore, to deduce (6.3) it is enough to establish

i)ij ¢/ OIN 'y (@)
BF KNFL(@) f (i (1))
Since f € RV, (6.4) is valid thanks to Lemma 5.1 and our choice of ni in (6.1).

Step 2 Every strictly convex blow-up solution u. of (1.2) satisfies (1.9).
Let C = maxg(x)=5 Uoo (x). Notice that

Lim (s = (I Fe)dF2e). (6.4)

v (X) + C =00 > uoo(x), Vx € Qwithd(x) =1,
| v () + C > uo(x), Vx € Q withd(x) = $.
Using (6.2) we deduce that, for every x € Qs \ Q¢,
det D* (v (x) + C) = det D> (v} (x)) < b(x) f (VT (1)) < b(x) f(v] (x) + O).
Since U is a solution to (1.2), by Proposition 2.4 we find
vl (X) + C > uso(x), Vx e Q5\ Q. (6.5)

We set C' = £~ (8). Hence, we have C' > v (x) forevery x € Q withd(x) =8 — 7. It
follows that

Uoo(x) + C' > v7 (x), Vx € 09Q%_-.

We see that, for every x € Qs5_,
det D (oo (x) + C') = det D* (oo (x)) = b(x) f (oo (x)) < b(x) f (oo (x) + C),
while by (6.2) we have
det D?v- (x) = b(x) f(v] (x)), Vx € ;.

Using again Proposition 2.4, we infer that

Uoo(X) + C' > v (x), Vx € Q. (6.6)
By (6.5) and (6.6), letting T — 0 we obtain

( [(1+ )1 4201V De~y(d(x) — C' < uso(x), Vx € Qs, 67

Uoo(¥) < [(1 —e)(1 = 26)1YN DTy @d(x)) +C,  Vx € Q.
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Dividing by ¥ (d(x)) and letting d(x) — 0, we obtain

.. Uoso(X) 1/ (N—q)
lim inf Tde) > [(1+e)(1 +26)] £, o
lim sup oo (X) <[(1=e)l— 26)]1/(N—q)§+.

dx)—0 ¥(dx))

Since € > 0 is arbitrary, we let ¢ — 0 and conclude (1.9). This completes the proof of
Theorem 1.2. O

7 Proof of Theorem 1.6

We divide the proof into two steps:
Step 1 For every strictly convex blow-up solutions uy, us of (1.2), it holds

lim wuy(x)/uz(x) = 1.
d(x)—0

Our argument is different depending on whether (i) or (ii) is satisfied:
Case (i) b > O on Q.
Since u; and u; are arbitrary, it suffices to show that

lim inf > 1. 7.1
;(erl)gloul(X)/uz(X)_ (7.1

Without loss of generality, we can assume that 0 belongs to €2.
Lete € (0, 1) be fixed and let A > 1 be close to 1.
For a subset w of R, we denote by

A/ Mo ={1/M)x : x € w}.

We set

by 1V
Cr= |+ maxi( x) . (1.2)
xe(/nga \ b(x)

Notice that C;, — (14+€)1/@=M a5 — 1. Hence, by Proposition4.2 and limg(x)—o u1 (x) =
00, we deduce that there exists § = §(e) > 0, which is independent of A, such that

c* S ui(x))

Amfl—ke, Vx € Qs and A > 1closeto 1. (7.3)
We now define U, as follows
Up(x) = Chui(Ax), Vx e (1/1)s. (7.4)
We assert that U, satisfies
det D*U; (x) < b(x) f(Up(x)), Vx e (1/0)Ks. (7.5)

Indeed, by (7.2)—(7.4) we infer that, for every x € (1/1)<2s,
det DUy (x) = AN CNb(Oux) f (u1 (Ax))

< 2NN 4 b (hx) f(Crui (x))

< b(x) f(Crui(hx)) = b(x) f(Ur(x)).
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Since f is increasing on (0, 00), it follows that (7.5) holds when U, (x) is replaced by

U, (x) + M, for every constant M > 0. Notice also that U, (x) = oo > us(x), for every

x € (1/1)02. Moreover, x € (1/1)d€2 implies that d(x) < § (as A > 1 is close to 1). Thus,

if we choose M > 0 large enough (e.g., M = dl(n?xs u3(x)), then by Proposition 2.4 we
X )=

obtain
Up(x) + M > uz(x), Vx e QsN(1/3)s. (7.6)
Letting A — 1in (7.6), we find
1+ Nuy(x) + M = ur(x), V€ Q.

This implies that

fimint 1Y) S (1 4 o) l/V-0),
d(x)—0 uz(x)

Since € > 0 is arbitrary, letting ¢ — 0 we conclude (7.1).
Case (ii)) b = 0 on 0L2, Q is a ball of radius R > 0 and (1.12) holds.
By Corollary 1.4, every strictly convex blow-up solution u«, of (1.2) satisfies

B N+1 pN—1 ) I/(N=q)
oo () _[[(q N)/(N + DIVR ] : (1.7)

a0 3@y ~ | [+ g — N/N + 1]
where ¢ is defined by (1.10) and ¢ appears in (1.7).
Hence, the assertion of Step 1 is proved in both situations (i) and (ii).
Step 2 There is at most one strictly convex blow-up solution of (1.2).
If uy, uy are arbitrary strictly convex blow-up solutions of (1.2), it suffices to show that
up < upin .
Fix € > 0. By Step 1 we infer that

d&i)rgo[ul()C) — (I +€uz(x)] = —oo0. (7.8)

Since f(u)/uV is increasing on (0, 0o), we deduce that
det D*((1 4+ ©uz(x)) = (1 + )V det D*u(x)
= (1+Vb(x) fua(x)) (7.9)
<bx)f((1+e)ur(x)), VxeQ.
By (7.8), (7.9) and Proposition 2.4, we find u; < (1 4 €)uy in Q. Letting ¢ — 0 we obtain

u1 < up in Q. This completes the proof of Theorem 1.6. O
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