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Abstract We establish the existence of infinitely many weak solutions for the
the one-dimensional version of the well-known and widely used Perona-Malik
anisotropic diffusion equation model in image processing. We establish the ex-
istence result under the homogeneous Neumann condition with smooth non-
constant initial values. Our method is to convert the problem into a partial dif-
ferential inclusion problem.
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Differential inclusion - Relaxation property

1 Introduction

In this paper we establish the existence of infinitely many weak solutions for the
one-dimensional Perona-Malik anisotropic diffusion equation under the homoge-
neous Neumann boundary condition:

Ur = U(”X))h (tv-x) € (07 T) X (Oa l) = QT7
u(0, x) = up(x), 0<x<I, (1.1
uy(t,0) =u,(t,1) =0, 0<t<T,

where o (s) = s/(1 + 52).

This work can be viewed as an unexpected application of the variational tech-
niques originated by Ball and James [6, 7] for the study of material microstructure
to forward-backward diffusion equations. The main idea is to rephrase (1.1) into a
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Fig. 1 1-d Peronal-Malik model o (s) = s /(1 + s2) for k = 1 with scaling

first order partial differential inclusion problem and apply the variational methods
for such problems developed in the last decade [9, 10, 18, 23-27].

The Perona-Malik anisotropic diffusion equation [28] was introduced in 1990
as an edge enhancement model in image processing. The model has a great im-
pact in the study of image enhancement and edge detection by using evolutionary
partial differential equations. It has motivated many new models and methods (see
e.g. [3, 8,29, 32] and references therein).

The original Perona-Malik equation is a two dimensional forward-backward
diffusion equation in the form

u,(t, x) = div(p(|Du(t, x))Du(t, x)), in (0, T) x

under the homogeneous Neumann boundary condition g—"j = 0 on 02, where

Q C R? is a square. Perona and Malik proposed two models for p(s), that is
. 1 s\ 2
either p(s) = —Q, or p(s) =exp|— (—) , (k>0).
1+ () g

In both cases, the Perona-Malik equations are diffusion equations of non-coercive
and of forward-backward type. Let k = 1 for simplicity and let o (s) = s/(1+s2),
we see that o (s) reaches its maximum at s = 1.

The main mathematical results on Perona-Malik model is mostly for the one-
dimensional version (1.1). So far, there were no existence results when the initial
datum uq has large derivative |(u¢).|. In [19] it was proved that for small |(uq),|,
(1.1) has a global smooth solution, as one only needs to use the increasing part of
o () and the maximum principle. Also in [19], it was reported that an attempt to
use the vanishing viscosity argument did not seem to produce a solution. It was
shown in [17] that for large initial data, there are no C ! solutions. In [5], a one-
dimensional steady-state model of Perona-Malik equation was studied by using
regularization and I"-convergence, showing the formation of staircase function as
a possible limit. A connection between Perona-Malik model and the Mumford-
Shah functional was established via I"'-convergence in [22]. In a famous work on
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Fig. 2 Illustration of a ‘one-dimensional image’

evolutionary partial differential equation models for image processing [4], it was
suggested that the solutions of Perona-Malik model might not be stable.

The one-dimensional Perona-Malik model (1.1) can be viewed as a reduced
two-dimensional problem when the initial value depends only on one variable
(see Fig. 2 for an illustration).

A one-dimensional equation deduced from Perona-Malik model is also used in
the continuum modelling for movements of biological organisms by Horstmann,
Painter and Othmer [16], where the equation is

Uy =0 (V)xy.

Obviously, if « is a weak solution of the Perona-Malik equation (1.1), v = u, is
a solution of the biological model above. For large initial data, numerical compu-
tations in [16] indicate that the approximate solutions may oscillate very fast in
certain regions.

There are many numerical schemes [8, 12, 16, 29, 32] to simulate the solution.
The schemes intuitively work well except that the staircase phenomenon may oc-
cur [8, 29, 32]. However, there is no proof that any numerical schemes devised so
far converge to a solution of the original Peronal-Malik equation except when the
initial value has small gradient.

As for the existence problem of general coercive forward-backward diffusion
equations, it was shown in the pioneering work of K. Hoéllig [15] that for a special
piecewise affine flux function o (-) as illustrated in Fig. 3, infinitely many weak
solutions for (1.1) can be constructed.

The construction of solutions by Hollig depends heavily on the fact that o (-)
is piecewise affine and satisfies the coercivity condition o (s)s > c|s|? for some
constant ¢ > 0. We observe that neither requirements hold for the one-dimensional
Perona-Malik model o (s) = s/(1 + s2).

In this paper, we rephrase the one dimensional Perona-Malik model (1.1) as a
partial differential inclusion problem and establish the existence of infinitely many
weak solutions in W1°(Q7) for smooth (say C 3.1y initial values uq satisfying
the boundary condition (ug),(0) = (ugp),(/) = 0, whose derivative (ug), is not
identically zero. In other words, u( is not identically a constant.

As a by product, our main result also implies that the following one-
dimensional model for movements of biological organisms [16] has infinitely
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Fig. 3 Hollig’s o (s) in Eq. (1.1)

many weak solutions in L (Q7) if the initial value vy satisfies vy(0) = vo(/) = 0
and is not identically zero.

vy = 0 (V)xx, in Or,
v(0, x) = vo(x), 0=<x=l, (1.2)
v(t,0) =v(,[)=0, 0<t<T,

where o (s) = s/(1 +s2). It is clear that a W > solution for (1.1) gives rise to an
L° solution for (1.2) if we let v = u,.

When s* := max[o,;j |(u0)x(x)| < 1, we denote by ux (¢, x) the smooth solu-
tion of (1.1) obtained in [19]. This solution was obtained by modifying o (s) for
|s| > s* by straight lines so that the resulting flux function is strictly increasing
and agrees with o (s) when |s]| < s*. As the maximum principle applies to (ug ).,
we have |(ug).(t, x)| < s*.

The following are our main results.

Theorem 1.1 Suppose o (s) = s/(1 + s2) for s € R. Let ug € C>%([0,[]) (0 <
o < 1), with

(10)x(0) = (uo)x (/) =0, and max |(uo)x (x)] # 0.

Then the Neumann problem

Uz _G(MX)X = 07 ([,X) € QTv
u(0, x) = up(x), x €10, 1], (1.3)
uy(t,0) =u,(t,)=0, 0<t<T

has infinitely many weak solutions u € W1*°(Qr) satisfying that

(a) forevery ¥ € C{(O7),

[uy + o (u)Yldxdt =0; (1.4)
or
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(b) for some § > 0,

ueCL2(0,T) x {(0,8) Ul —8,D)), u;—ouy)y =0,
(t,x) € (0,T) x {(0,8) U —8,D} (1.5)

(c) the initial condition holds:
u(0, x) =up(x), xe€l0,1I; (1.6)
(d) and the boundary condition is satisfied.:

uc(t,0) =uy(t,1)=0, 0=<tr<T. (1.7)

In case maxjo, ) |(o)x (x)| < 1, the solutions u above are different from the
smooth solution ug obtained in [19] in the sense that u,(t, x) # (ug)(t,x) ona
set of positive measure in Q.

Items (a)—(d) in Theorem 1.1 simply say that our solutions are classical so-
lutions of the original problem (1.3) near the boundary, satisfying the Neumann
boundary condition in the classical sense.

Remark 1.1 1 will not speculate the importance of Theorem 1.1 in anisotropic dif-
fusion modelling of image enhancement. However, Theorem 1.1 is the first non-
trivial existence result for the Perona-Malik equation. It simply says that for any
non-constant initial value, the one-dimensional Perona-Malik model will generate
infinitely many non-smooth weak solutions no matter whether the derivative of
the initial value is large or small. This is in contrast with the result in [19] that
for initial value with small derivative, the smooth solution exists and is unique.
Theorem 1.1 gives a new multiplicity result even under the assumptions of [19].

As for the initial condition and the solution, I have claimed in Theorem 1.1 that
for smooth initial values, there are solutions « in W **°(Q7) hence are continuous.
Some people might argue that both initial value u#p and the solutions must be
full of jump discontinuities. My answer to that is that before this work the only
known existence result Perona-Malik model (1.1) is for initial values with small
derivative [19]. Also it is necessary to show that there are solutions in the first
place under reasonable mathematical assumptions before an attempt to generalize
the existence theory to ‘bad’ initial data and to ‘bad’ solutions.

Similarly, for the homogeneous Dirichlet problem (1.2), we have

Corollary 1.2 Suppose o(s) = s/(1 + s2), s € R. Let vg € C*%([0, I]) with
v0(0) = vo(/) = 0, and max|o, 1] |vo(x)| # 0. Then the Dirichlet problem

v+ 0o () =0, (t,x) € Or,
v(0, x) = vo(x), x e [0, ], (1.8)
v(t,0)=v(,1)=0, >0,

has infinitely many solutions in L°°(Qr) in the sense that

vy — o (W) Yyldxdt =0,
Or
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for every ¥ € C é’Z(QT) (see notation below). Furthermore, every weak solution
v is smooth (C?) near the boundary {0, 1} x [0, T), satisfying Eq. (1.8) and the
corresponding boundary conditions.

Our approach to problem (1.3) (or (1.4)—(1.7)) is based on a completely
different idea from that of [15]. Instead, we rephrase the weak form (1.4) of
equation (1.3) into a partial differential inclusion problem as we did earlier in
[31] for Young measure solutions. We write D = (9d;, dy) as the gradient in
R? = {(¢, x), t, x € R}. Our question can be stated alternatively as:

Find W € Wh°(Q7, R?) with W(r, x) = (¥ (¢, x), u(t, x)) such that

DWV(t,x) € K(u(t,x)), ae.(t,x)eQrT, (1.9)

with K (u(z, x)) an appropriate subset of

T(u(t, x)) = {(a(YX) ”%’(”) eM¥™?, X, Ye R}.

We can easily see this. Suppose W = (i, u) is a W1 solution of the differ-
ential inclusion problem (1.9) above, we obtain ¥, = o (uy), ¥ = u. Since
curl Dy = 0 in the sense of distributions, we have o (i, ), — u; = 0 in the sense
of distributions. Thus « is a W 1% weak solution for (1.3).

Let MN*" be the space of N x n real matrices. The study of systems of ho-
mogeneous partial differential inclusion problem under affine Dirichlet boundary
condition

Df(x) e K c MM ae.x e QCR" u(x)=Ax x €

and its inhomogeneous counterpart Df (x) € K(x, f(x)) has been a very ac-
tive area of research [9-11, 18, 23-27, 30]. The original problem was motivated
from the variational approach to material microstructure using nonlinear elastic-
ity models [6, 7]. A particular problem that is directly connected to homogeneous
partial differential inclusions is the so-called attainment problem for the double-
well model in two dimension [23]. For classical ordinary differential inclusions
(n = 1), we refer to [2]. For systems of partial differential inclusions (n, N > 1),
there are two main approaches. One approach [23-27, 30] uses the idea of convex
integrals introduced by Gromov [14]. The other applies the Baire category theory
[9-11]. B. Kirchheim [18] attempted to unify the two approaches. As shown in
[18] (also see [27] for the in-approximation approaches), both approaches require
the so-called Relaxation Property or Reduction Property. We use the homogeneous
case as an example to explain what is required.

Let K, E ¢ MN*" be two bounded subsets with K compact. We say that
E has the relaxation property with respect to K (or E can be reduced to K) if
for every bounded open set 2 C R”, any affine function u4(x) = Ax + b with
A € E, and any € > 0, there is a piecewise affine function u, € W@, RN)
(or piecewise C ! function in the inhomogeneous case [9-11]) such that u, = uy
on 32, Du. € K UFE a.e.in Q2 and fQ dist(Due(x), K)dx < €.

Note that in the above definition, piecewise affine (piecewise C'! respectively)
in © means that the function u, is allowed to be affine (C') on countably many
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‘pieces’ with complement of their union in €2 to be of measure zero. For the inho-
mogeneous problems, so far for the issue of general existence, it is assumed that
the corresponding set £ above must be either open in the Baire-category approach
[10, 11], or in the convex-integral approach, certain continuity with respect to the
parameters is required for E [27] and the piecewise affine boundary values are
assumed.

In our case, we cannot apply any of the general theorems [10, 11, 18, 27]
directly. However, we may view the problem as a differential inclusion problem
with constraints which is somehow related to that in [25] where the constraint is
on the Jacobian: det Df (x) = 1. If we let V. C M?>*? be the subspace of lower
triangular matrices and Py the orthogonal projection to V, then, we may rewrite
our differential inclusion problem as

Py (DW¥(t,x)) € K(0), a.e.in Ot subjectto ¥, =uin Qr.

We will take the in-approximation like approach [23-27] streamlined by B.
Kirchheim [18]. In order to apply the method, we need to establish the relax-
ation property (Lemma 3.2 below). In Sect. 2, we give some preliminary results
which are needed for establishing Theorem 1.1. We prove Theorem 1.1 in Sect. 3
accepting the technical result Lemma 3.1 and Lemma 3.2 first. We then establish
Lemma 3.2 - the relaxation property, followed by some comments on the long time
behaviour of the solutions. The last section is devoted to the proof of Lemma 3.1.

2 Notation and preliminaries

For a measurable set 2 C R", we denote by |2| its Lebesgue measure. The norm
|X| of a matrix X € MN*" - the space of N x n matrices is identified with its
standard Euclidean norm in RN, Let Q7 = (0, T) x (0,1) with T > 0,/ > 0.
We denote by C kta/2.2kte () the parabolic Holder space on Or - the closure
of Or, where k > 0 is an integer and 0 < o < 1 [13, 20, 21]. We write, for a
function u defined on Qr, the partial derivatives as u;, u,, etc. However, for an
interval or a finite union of intervals / C R, we write C*1(I) as C* functions on
I whose k-th order derivatives are Lipschitz functions on /. The Sobolev space
W12 (Qr) is defined as usual [1].

Let K C R” be bounded and let dist(X, K) be the Euclidean distance function
from a point X € R” to K, given by dist(X, K) = min{|X — Q|, Q € K}.

The following one-dimensional version of the theorem concerning the exis-
tence, uniqueness and regularity result for one-dimensional parabolic equations is
well known [13, 20, 21].

Lemma 2.1 Suppose o* € C>'(R) satisfies 0 < L < (%) (s) < A for some
constants 0 < A < A. Let ug € C3’°‘[0, [, (0 < a < 1) be such that (ug),(0) =
(ug)x (1) = 0. Then the problem

U _U*(”x)x = 07 ([,X) € QTa
u(0, x) = up(x), x € [0, 1], 2.1)
U (6.0) = uy(t,1) =0, 1> 0.
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has a unique solution u* € C'*/22(Qr) satisfying
DU o, < Cltolicogsys  Mulleog,, <Cre (2.2)
In particular, by the maximum principle,

max |uy(t, x)| = max |(uo)(x)].
(t,x)e0r 0=<x<l

The following construction of two simple piecewise affine functions is crucial
for the proof of our main result.
Givena > 0, b > 0,§ > 0, we define in the triangular domain

A={t,x)eR? 0<x<8t+1), —1<1<0)

two piecewise affine functions.

§(t+1
bx, Osxs%, —-1<tr<0,
_ a
g+(t,x) = as(t + 1)
as(t+1)—ax, s¢t+1)>x>—-— —1<t=<0.
a+b
bé(t +1
—ax, Ofxf%, -1 <t<0,
_ a
§-t,x) = bS (1 + 1)
bx—aS(t—i—l), 8(t+1)2xZT, —1§t§0
a

We denote by @}r and ©; respectively the union of the finitely many line seg-
ments contained in 7 (0, 1, §) on which g, and g_ are not differentiable. We ex-
tend g+ and g_ respectively in the x-direction as odd functions: g+ (—x,t) =
—g+(x, t) then extend the resulting function along the z-direction as even func-
tions in ¢ respectively. Let the diamond-shaped domain thus obtain for g4 as
T (0; 1, §) representing the centre at the origin 0, the horizontal length 1 from the
centre to the right and the left vertices, and vertical length to the top and bottom
vertices. We define g+ = 0 outside 7'(0; 1, §). We also call the length between
the top and bottom vertices as the hight of 7(0; 1, §) and we denote it by h. We
see that 7 = 2§. We parameterize the bottom part of the boundary 97 (0, 1, §) by
(t,xr(),—1 <t <1, where

) = —§(1+1), —-1=<1r=<0,
M= 150 -1, 0<r<1.
We call T (0; 1, §) the standard tile. When we need to be more precise about the
parameters, we write g = g+(—a, b, 8, t, x). Fig. 3 below shows the tile 7 (0; 1, §)
and the domains on which Dg4 (¢, x) equal a constant. The following are some
properties of g (¢, x) whose proofs are easy as g is odd in x and the integrals of
(g+): and (g—); against x cancel each other.

Lemma 2.2 The piecewise affine functions g+ (t, x) defined above satisfy
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(i) Along any vertical line across T (0, 1,6), the integral of g+ against x are
both zero:

8(1-e)
f g, x)dx =0, |r| <1,
=8(1=lr])

and for (x,1) € T(0,1,8) \ ©F,

X X

gﬂ: (ta S)ds = / (gﬂ:)l(tv S)dsa

ot Jr ) xr (1)

due to the fact that g+ (t, x7 (t)) = 0for —1 <t < 1.
(ii) The partial derivatives (g+); and (g_); satisfy

/au—t)( o 2ab(1 — |t])82
§+)ill, X)X = —— "~
sy atb
5(1—1t]) 2ab(1 — )82
(8-)it, x)dx = ———————,
~58(1el+1) ath
when —1 <t < 0 and
5(1—lt)) 2ab(1 — |1])8?
[ ot =2
—s(1—1el) a+b
s(1—1t]) 2ab(1 — |1])82
/ (g)(t, x)dox = “2 20
—5(lr]+1) a+b

when(0 <t < 1.
(iii) The gradient Dg4 (t, x) = ((g+):(t, x), (g+)x(t, X)) take values

Dg+(t1x) € {(—618, —(1), (Cl8, —(1), (09 b)}
Dg_(t,x) € {(—bd, b), (bs, b), (0, —a)}.

(iv) Furthermore,
(a+Db)

g+ (2, x)| < 8. (2.3)

Remark 2.3 Later we need to scale and translate the construction of the above
standard tile 7' (0, 1, §) to be centred at a general point p = (#y, xo) with horizonal
width 24 and height 248. We denote such a tile by 7 (p, u, nd). Similarly by
translation and scaling we may define functions by translating and scaling g4 (¢, x)
on 7 (p, u, Su). In fact we may define

t—1 Xx—Xxp
gf(t,x)=gi(—a,b,u,u8,p,t,X)=Mgi( PR )

We see that similar properties as Lemma 2.2 hold for gg on 7(p, u,8u). Let
(t, x7(t)) be the parameterization of the bottom part of 7 (p, u, u8) obtained
from that of T(0, 1, §) and @? be the union of finitely many line segments con-

tained in 7 (p, i, u8) on which gI (z, x) are respectively not differentiable. We
have
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(a) The diamond shaped tile 7 (p, i, d) is centred at p with width 24 and height
2u8.

(b) The functions gI is supported on 7 (p, w, ud) and along almost every vertical
sections of 7 (p, j, 48), the integrals of gi— and gz+gz across 7 (p, wu, ud)
against x equal to zero.

(©) Dgz(t, x) € {(—as, —a), (a8, —a), (0, b)}, DgZ (¢, x)) € {(—b8, b), (b8, ),
(0, —a)} ae.in T (p, u, ué) and

(a+b)
—u

g2, 0)| < 8.

(d) For (1,x) € T(p, u, ud) \ OF,

X X

é@nmzf @D)i(t, 5)ds.

ot Jyra x7 (1)

Remark 2.4 The advantages of the constructions of the piecewise affine functions
g+(t, x) over simpler functions with four affine pieces is that the integral across
the tile 7(0, 1, §) against x-variable is zero, so that in our later proofs, we may
localize the approximate solutions to a single tile (see the proof of Lemma 3.2)
and ‘semi-localize’ the partial derivative against ¢ of these approximate solutions.

The following result was established by B. Kirchheim [18, Lemma 3.27].

Lemma 2.4 Let Q C R™ be bounded and open. For a Lipschitz mapping f :
Q — R"and k € N, let r (f, k) be the supremum of all r > 0 such that there is a
compact set K C Qwith |Q\ K| <27 % and

1
lf(x+y) = f(x) = (Df(x), y)| = ;Iyl ifxeKand|y| <kr.

By Rademacher’s Theorem, r (f, k) > 0. Consider a sequence fy : Q@ — R" of
uniformly Lipschitz mappings and suppose 0 < ri < min{1/k2, r(fi, k)} for all
k. If f € g Boo(fi, k), then limg_, oo Dfy(x) — Df(x) for a.e. x € Q.

We need the following well-known covering result for a bounded open set
of R” which is called the Vitali covering principle [27] or simply the exhaustion
argument [18].

Lemma 2.5 Let U C R” be a bounded open set satisfying the regularity condition
|0U| = 0 and let V C R" be another bounded open set. Then there is a sequence
(xj, ri) e R* x (0,00),1 = 1,2, ..., such that

(a) Ui = x; +r;iU is contained in 'V, where x; +r;U = {x; +rix, x e U};
(b)) UinUj =0ifi # j;
(¢) [V\U;= Uil = 0.
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Kll

Fig. 4 Tile T (0; 1, §) and values of Dgy (¢, x) and Dg_(t, x) in each affine pieces

3 Proof of Theorem 1.1

In this section we establish our main result Theorem 1.1 and the crucial relax-
ation lemma (Lemma 3.2). We will leave the proof of the elementary technical
Lemma 3.1 to next section.
Proof of Theorem 1.1 As we will convert our original problem (1.3)—(1.7) to an
inhomogeneous differential inclusion problem similar to (1.9), we need to define
two subsets K (u(¢, x)) and E (u(t, x)) in M**2 and establish an relaxation prop-
erty [10] or reduction property [18]. Then we apply Lemma 2.4 to find a solution.
We define bounded subsets K (1) and E (1) C M?*? as follows. First note that
we may identify diagonal matrices by vectors in R? through a simple isometry
(x, y) — diag(x, y). So we define certain sets in R2 first, then identify them with
2 x 2 diagonal matrices. This means that for K C R?, we define

K:{(g (y))’ (x,y)elf}.

Given initial value uq, without loss of generality, we may assume that

max |(uo)x(¥)| = max (ug)y(x) :=s* >0
xel0,/] x€l0,7]

and set m* = ming<,<;(u0)x(x) < 0, then obviously, —s* < —m™*. Let0 < y_ <

@ @

v+ <o(s™andlet <x ' <x” <s* <x1(2) < xil) be such

o) =y (@) =y
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Y,

12
strictly increasing function o*(s) a(g*)

Fig. 5 K, U° and the strictly increasing function o*(s) in Lemma 3.3

Now for some ¢y > O sufficiently small, we define (see Fig. 5 above) K° =
K)UK® UKY, with

kY ={©@).5). Isl =x? + e},
K9 ={(0(s),9), P <s<x + €0}, (3.1

K = {(6(9),9), —x(f) >5 > —xfrl) — €0}
Next we define Eg = U_ U U+ with

0+ = {(t,s), <5< xf), y— <t < min{o(s), y+}},
; 2
U_ +

—U+ = {(t,s), —xD > 5> —x —y_ >t > max{o(s), —y+}}.

(3.2)

Note on Fig. 5. In Fig. 5 above, K 8 is the thicker curve in the middle of the picture
while K° and K 2 are the thicker curves on the left and right respectively. U 2 and

U the two shaded open domains respectively. If s* < 1, we denote it by s* = s*.
If s* > 1, we denote it by s* = s* in the sketch.

Let KO, Kg, K?r, K%, U_, U, and Eg = U_ U U be the corresponding sets
of 2 x 2 diagonal matrices. We also define intervals

I(t)={s €R, (t,5) € Eg} := (a(t), B(1))
and for § > 0, we set
I_5(t) = (a(t) + 8, () —9).

It is easy to see that both «(-) and B(-) are Lipschitz functions with |a’(r)| < M,
|B(t)] < M a.e. for some absolute constant M > 0. Let ¢;; € M?*? be the matrix
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with (i, j)-entry 1 and other entries zero. Now we define, for fixed # € R and
m >0

(kY),,(0) = (j f>,—2m <r<2m, (5,0 € 158},

(K)m(0) = (f, ;‘) ,=2m <1 <2m, (s,0) € 162},

(K2 (0) = (;‘ ;‘) L=2m <1 <2m, (s,0) € 169}, (33)
Kn(0) = (K7), (0) U (KD () U(K2)(0),  Kp(u) = Kn(0) + uen,
En(u) = (;‘ ?)—m <r<m, (s.1) er}.

We see that

Kn(u) = (KJ), @) U (K@) U (K)y ) = Kn(0) + e

with K, (0) C V compact and E,, (1) = E;,(0) + ueyr with E,,(0) C V open in
V. From now on we take m = ||u;“||co(QT) + 1 where u* is given by Lemma 2.1
and restrict u to the interval [—a, a] with a = ”M*”CO(QT) + 1.

Later, we need to consider two pairs of points y_ < yi and y < yi/, we

denote by (x_(:))’ , (K%', (K etc. for the corresponding parameters and sets for

the pair y/ < y4/.

Now we define a strictly increasing function o* : R — R by the following
(see Fig. 5 above)
Lemma 3.1 Given xﬁ), xﬁ), i =1,2,y_, y+ as above, there is a strictly increas-
ing function o* : R — R satisfying

(i) a*(s) = o (s) for |s| < x and

y- <0o*(sT) <yp,  —y- > 0" (=) > —yy.
(ii) there exists ¢ > 0 depending on xg), x_(i), i=1,2,y_, yy,and o'(-), such
that (c*)' (s) > cfors € R;
(iii) o € C*(R).

We prove Lemma 3.1 in Sect. 4.

Proof of Theorem 1.1 (continued). By using the above o*(-) and Lemma 3.1,
we see that the corresponding solution u* of (2.1) satisfies |[u}llco Or) =
(@0)x | cofo,7- From now on we take m = |[[(uo)«xllcopo ; + 1 drop the subscript
m. We restrict u to the interval [—a, a] with a = Ct + 1, where Cr is the bound
of the solution u* given by Lemma 2.1.

We observe that for each fixed u € R, K () = K(0) + ejpu with K(0) C V
compact in the subspace of lower-triangular matrices

V:{(i ?), s,r,teR}Cszz.
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and E(u) = E(0) + ejpu with E(0) open in V. We denote by Py the orthogonal
projection from M>*?to V.

Remark 3.2 Let X € M?*2. We denote by diag(X) the 2 x 2 diagonal matrix
consists of the diagonal entries of X. Given X € E(0) U K(0) C V, we have

dist(X, K (0)) = min (| diag(X) — Y|? + |xp1 — z|H1/?

YekQUK?, —2m=<z<2m

= min |diag(X) — Y| = dist(diag(X), K} UK?).
YekJUk?®

Now since u} is uniformly continuous in Or and wit,0) = ul(t,l) =0
(0 <t < T), there is some § > 0, such that |uf(r, x)| < x(_l)/z whenever
(1,x) € Q3 := ([0, T] x [0, 8]) U ([0, T] x [/ — 8, ]), where x'" < x® < 1 are
given by Lemma 3.1 (see Fig. 5). Let 0* = Q1 \ Q‘sT.

Since u* is smooth, and curl(c*(u¥), u*) = 0 in Qr, there is some ¥* €
C1(O7) such that (0" Wy), u™) = (Y, ¥i)in Q7. If we let ®* = (Y™, u™*), we
see that

DO*(t,x) € Kw*)UEw"), (t,x)€ Q"
DO*(t,x) € K(u*), (t,x) € Q5.

Now we try to solve the following inhomogeneous differential inclusion prob-
lem:

DWY(t,x) € K(u), (t,x)€ Q*a.e.

Find ¥ = (v, wheQ* R?),
ind W = (Y, 1) € WH(Q*, B?) {%Q*:q)*'

(3.4)

Suppose W is a solution of (3.4), then we extend ¥ to Q7 by ®*. Thus
U e W!'®(Qr, R?) remains a solution of the differential inclusion problem
DV (t,x) € K(u(t,x)), (t,x) € Qr a.e. hence DYy = (o(uy),u). This im-
plies that u is a solution of the equation u; — (o (uy)), = 0 in the weak sense.
As on Q‘}, u = u*, we see that u satisfies the homogeneous Neumann boundary
condition u, (¢, 0) = u,(t,/) = 0 as well.

We will show that even in the case 0 < s* < 1, solutions we obtained are
different from those u g obtained in [19] in the last paragraph of the proof.

We define a piecewise C! function f on an bounded open set @ C R? to be
such that there are at most countably many disjoint open triangular-shaped open
domains G; C @, f € C1(G;) is continuous and |2\ U2, G;| = 0. Obviously, in
the definition, if G; is not a triangular shaped domain, we can further divide it into
at most countably many triangular-shaped sub-domains Gf? satisfying Gf C Gy,
|G \ U2 ,,G¥| =0and f € C1(GY).

We denote the set of all piecewise C'! function on Q as C },w (2).

Let

P={w=. ueC,, (0" R,
DV(t,x) € K(u)UE(u), ae Wyo: = d*}.



Existence of infinitely many solutions for the one-dimensional Perona-Malik model 185

Clearly P # ¥ as ®* = (¥*, u*) € P. Let P> be the closure of P under L>®
norm. Firstly, we have

Lemma 3.2 For any € > 0,

Pe = {\IJ eP, dist(DW¥ (¢, x), K (u))dtdx < 6|Q*|}

Q*
is dense in P under the L°° norm.

We will establish Lemma 3.2 after the proof of Theorem 1.1. Accepting the
conclusion of Lemma 3.2 for the moment, we can prove Theorem 1.1 following
roughly the general approach of B. Kirchheim [18, Theorem 3.28].

Proof of Theorem 1.1 (continued) Suppose we are given any ball
Boo(Wor_1,1%—1) C P with k > 1. Since the ball intersects the set P
itself, we may use Lemma 3.2 to find

Wop € Boo(Wor—1, r2k—1/2) NP with Wy = (Yo, ung) satisfying

1
/ dist(DWor (2, x), K(uy(t,x))dtdx < ok
By Lemma 2.4, we take Roy = r(Way, k). We then take our new radius as

. 1
2k = min {Rzk, rok—-1/3, k_z} .

Now we consider Boo (War, 1) which is included in the ball we were given. Since
rop — 04 as k — oo, we see that (Wy;) is a Cauchy sequence in P, Let
W = limg_ o0 Wor. Write ¥ = (Y, u). By Lemma 2.4,

lim DWWy (t,x) = DW(t,x), a.e.
k— 00

Next we show that DW (¢, x) € K (u(t, x)) a.e. in Q*. We have, by our choice
of Wy that Wy, € P,

/ dist(DWqr (¢, x), K (uxi(t, x))))dtdx < zik

We also have

dist(DWor (2, x), K (ua(t, x))) = dist <((()1/’2k)’ (()uzk%), K UKE)

= dist[((Y2n)r, (u2n)x), K.

Since K9 ¢ R? is compact, the distance function X — dist(X, K 0) is Lipschitz,
hence continuous, we have, by passing to the limit £ — oo that

lim dist(DWor(t, x), K(u(t,x)))dtdx

k— 00 0*

= fQ distl((Y20)s, (u2e)x), KOdt dx

= / dist[(¥y, uy), K°)dt dx = 0.
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Since (Y2r)y = uyr a.e., we also see that, as k — oo, we obtain ¥, = u a.e.
Consequently,

0=/ dist[ (Y, ux),leo]dtdx:/ dist(DW (¢, x), K (u(t, x)))dtdx.
0* 0*

Thus Psi € Py satisfies
DV € K(u), a..in Q% 3.5)

and W is a solution of (3.4).

Clearly, if we extend the solution ¥ = (¥, u) of (3.4) to Q1 by ®* = (y*, u™)
outside Q*, then the extended mapping W is still Lipschitz and satisfies (3.5) a.e.
in Q7. Hence the extended u is a weak solution of the Neumann problem (1.4)—
(1.7) in Wh°(Q7).

Now we give a geometric proof that the Neumann problem (1.4)—(1.7) has
infinitely many solutions in W1-°°(Q7). An alternative proof is easily obtained
following the proof of Lemma 3.2 and Remark 3.4

Let0 <y < y; <y. <y, < o(s). Let K(0) and K'(0) be the com-
pact set K (0) defined early corresponding to the pairs (y—, y1) and (y_, y/)
respectively (see (3.1), (3.2), (3.3) for notation). We let K (u) = K (0) + uei2,
K'(u) = K'(0) + ueyp and require the corresponding € and €, in the definition
of K'(0) and K’ (0) to be sufficiently small so that

- - ~ 0 ~ 0 - ~ 0
(KUK N (KN, UK =9, K c (K",
Now we have two solutions ¥ and ¥, such that

DV (t,x) € K(ui(t, x)), (t,x) € OF,
DUy (t, x) € K'(ua(t, x)), (¢t,x) e (QH*.

By extending W and W; to be defined in Q1 as we did earlier we obtain two
solutions of (1.4)—(1.7). Now we show that these two solutions cannot be the same.
Otherwise, V| = W, := W in Q7 so that u; = u := u. From our construction of
K (1) and K’ (u) we see that

DW(r,x) € K(u(t,x)) N K'(u(t,x)), (t,x)eQ,
hence
50 510 _ 20

(o (ux(t,x)), ux(t,x)) € K"N(K') =K.

This implies that
(1, 0)] < x4 e, (3.6)
a.e.in Or.
We consider two different cases.

Case (i) s* > 1.

In this case we see that (3.6) implies that

|1 (2, x)| SX(,Z) +e <1 <s™,
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a.e. in Q7. By Lemma 3.1, we may construct yet another strictly monotone
function (still denoted by o*(-)) such that o* € C>'(R), o(s) = o*(s) if
Is] < @y €0, (0%)'(s) > ¢op > O fors € R and o*(s) is affine when |s| is
large. B

Thus u is a weak solution of (2.1) given by Lemma 2.1, hence u € cl'(or).
Now since u satisfies the initial condition u(0, x) = wug(x) so that u,(0, x) =
(u0)x(x) in (0, /). By our assumption for Case (i),

max | (1) (X)| = max(ug)y(x) =s* > 1,
[0, 1] [0, ]

and we may find some xo € (0, 1), u, (0, xo) = (ug)x(x0) = s* > 1. Now we see
that for small ¢ > 0, u, (¢, xo) > 1. This contradicts to (3.6). Thus W # W5.

Case (ii) s* < 1.
In this case we see that (3.6) implies that

(@)

lux(t, )] <x7 +€ <s* <1,
a.e. in Q7. Again by Lemma 3.1, we may construct yet another strictly monotone
function (still denoted by o*(-)) such that o* € C>1(R), o(s) = o*(s) if |s| <
x(_z) + €0, (6%)(s) > co > O0fors € R and o*(s) is affine when |s| is large. Again
u is a weak solution of (2.1) given by Lemma 2.1, satisfying the initial condition,
hence u € C1(Q7).

As 0*(x(_2) + €9) < o*(s*) and at the maximal point (0, xg), ux (0, xg) = s*,
for small ¢+ > 0, we see that

o (uy(t, x0)) > 0*()(@ + €0) = o (ux(t, x))

for all (¢, x) € Qr. This is a contradiction.

Now we show that in the interval [0, o (s*)] we can easily find infinitely many
pairs of disjoint intervals {[y_ (i), y+ ()] U [y (@), —y—()]}2, with y, (i) <
y—(i + 1), hence the Neumann problem (1.4)—(1.7) has infinitely many solutions
in W' (Qr).

Finally we show that in case that 0 < s* < 1, our solutions above are different
from the solution ux obtained in [19]. For any solution u# obtained above, we
always have DW (¢, x) € K(u(t, x)). Let y+ and xi) (i = 1, 2) are the points
in the definition of K (0), we see that our solution satisfies either u,(t, x)) <
x(_z) + e < s* < 1oruc(t,x)) > xf) — € > 1> s*ae. in Q7 (see Fig. 5,
where our s* in the present case is represented by s*).

In [19] the monotone function o**(-) modified from o (-) agrees with o (-) in
the interval [—s*, s*]. Let ug be the unique smooth solution obtained in [19]. By
the maximum principle, (ug ), (¢, x) reaches its maximum value s* > 0 at some
point (0, xg), so that (ux ) (0, xo) = (ug)x(x0) = s*, by continuity, we see that
for small 7 > 0, on Q; := (0, 8] x [xg — 8, x0 + 8] C Or, we may have

@

@ e < gt x) < xf

— €Q.

Thus (ug).(t, x) # u,(t, x) for (t, x) € Q. Geometrically, in Fig. 5, we have
that the value (o (uy), u,)) of our solution u stays in the set K 0 which consists of
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three pieces of thick curves. The value of u, is given by the projection of the thick
curves to the s-axis. The image of this projection has a positive distance to our s*
which is s* in Fig. 5. As s* = s* isreached by (ug ), at some initial point (0, x¢),
by continuity of (u#g),, we see that in a neighbourhood of (0, xg), the values of
(ug)y is close to s* hence in this small neighbourhood, (ug)y # u,. The last
claim in Theorem 1.1 is proved. m|

Proof of Lemma 3.2 Before we proceed, let us notice that for any W € P, we have,
as W = (v, u) satisfies ¢, = u a.e. in Q*,

dist(DW (z, x), K (u(t, x))) = dist(Py (D¥(z, x)), K (0)).

Also if we let 9|y E(u(t,x)) = u(t,x)ern + 9|y E(0), where d|y E(0) is the
boundary of E(0) in V, we have
dist[DW (7, x), K (u(r,x)) Udly E(u(r, x))]
= dist[Py (DY (¢, x)), K(0) U ady E(0)].
These simple observations help us to simplify K (#) and E(u). So under the
constraint ¥, = u, we only need to consider a ‘homogeneous’ problem
Py (DW(t, x)) € K(0). However, the difficulty remains that in any modification
of W, the constraint ¥/, = u must be kept.
Given W € P and let 0 < n < 1, we need to find some ¥, € P, such that
Wy = Wlleo <.
As DW(t,x) € K(u(t,x)) U E(u(t, x)) a.e. in Q*, for each open set G; on
which W € C1(G;) we may find §; > 0 such that the closed set

K; = {(t,x) € G;, dist{DW(t, x), K(u)Ud|yEu(t,x)] <8} (& <1)

satisfies

. € .
/.dlst(D\I/(t,x), K (u(t, x)didx < 77510").

i

This is due to the fact that near K (u(¢, x), the distance itself is small while near
oy Eu(t, x)) \ K (u(t,x)) = u(t,x)ei2 + 3y E(0) \ K(0),

the integral is small because D/ (¢, x) € K (u(t, x) U E(u(t, x) a.e. in Q*,
Furthermore we may require that the boundary of G; := G; \ K; has measure
zero. This can be easily achieved as the function

dist(DW (¢, x), K(u(t,x)) =dist(Py (DY (t, x)), K(0))

is continuous on G i the set on which the function equal to a constant ¢ > 0 must
be of measure zero except on possibly countably many c’s.

Since K; is closed, G \ K; C G is open and on each G,
dist(DW (¢, x), K(u) Uy E(u(t, x)) > 6.
As we need to defined piecewise C'! functions, we consider

Ki ={(t,x) € G;, disttDW(z, x), K(u)Ud|yEu(, x)] < 8}
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which is an open set. Notice that
3K; UdG; C 0G; U{(r,x) € G;, dist[Py (D¥(z, x)), K(0) Ud|yE(0)] = &,

so we define ¥,, = W on UiK; as implicitly we have decomposed U; K; into
countably many trlangular shaped domains.

Now we cover each G, by at most countably many squares {Dk 122, whose
sides parallel to the coordinate axes with disjoint interiors. Let pl € le be the
centre of Dllf. By continuity of DW on G, there is n; > 0, such that |[DW (¢, x) —
DU (¢, x| < pé;,if (t,x), (', x") € Gj, |(t, x) — (t', x")| < ni, where p > 0 is
to be determined (see (3.10) below). We further divide each Df‘ if the side length
Ig kz| g;y'l(“iluj)w_e gfg(;sks)jmle /t)l;:';lt all Df‘ satisfy lf‘ < n;. Consequently, on each

l ,Note th;lt l :

dist[ Dy (pf), K (u(p¥)) U dyv E(u(pF))] > &,

so that D (p¥) € E (uy(pf) which implies (w,(plk) ux(ph)) e U2 U TY. With-
out loss of generality, we may assume that u (pl ) > 0 so that (Y, (pl ), Uy (pk)) €
U 2 Therefore

Vi (Pf) € I-s; (ux (pf) = (s (pf) + 81 Blux(pf) — &)

Now we define af‘ > 0, bf-‘ > 0 be such that

(D 0 o) _ 8
dm(( : ux@)_ak) KO)_Z

o[V PH 0 o) _ 9

dist : KD )=~

* (( 0w (ph+of) 2
Consequently,

Vi (Pf) € s p(ux (PF) = af), - Wi(PF) € I-s (e (PF) + ). (3.7

If (Iﬁ[(plk) ux(pl ) € U°, by symmetry, we may define a —bk using Uo, K0
and K©.

Next we construct ¢ on each D{‘. We we decompose D{‘ into countably may
symmetric tiles ’Z:ks centred at pl’." ; as described in Remark 2.3 immediately after
Lemma 2.2 and define functions g{" 5.4 (1, x) supported on ’Z;ks b

k . k k k
gi,s,-{-(t’ X) = g+( - al ’ bl ’ ‘i:l s él val*’ pi,s’ t’x)

with 77‘ T(pl 5 Sl 5 él.lfsp&) as its support, where Silfs > 0 is the scaling factor

for g4 as Remark 2.3 with p > 0 to be defined. Note that maxi,k{a bk} < x(l)

we have

|(gfs 1), 60| < p8ixl),  (.0) e TN\ OF,.
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Now we define ¢f (1, x) = }02, gt . (,x). Letp = Y ; ¢, and define

Yolt, x) = f b, 1) dr, x €[S, [ -8, te€l0,T]
)

Next we show that ¥,, = (Y, uy) with ¥, = ¥ + v, u,; = u + ¢ satisfies
b, € Pcand |V — W, |l ~ < 75 if we further require that the largest vertical
dimension of Tl.]fs to be small enough.

We need to prove that

(i) ¥, =d*ondQ*;
(i) W, € C},,(0%);
(iii) (Yp)x = uy a.e.in Q, thatis, ¥ (¢, x) + (Yo)x (¢, x) = u(t, x) + ¢ (¢, x) for
a.e.(t,x) € 0%
Av) Y (@, x) + (Y0)e (2, x) € I (ux(t, x) + ¢x (2, X)).
(V) lu; + ¢¢| < m so that together with (iv), one has DV, € K (u;) U E (u);
(vi) fQ* dist(DW,), K (up))dtdx < €|Q*|.

Assertion (i) is easy to prove. Obviously ¢ = 0 on 3 Q* by construction. Since
X

Yo(t, x) =/8 ¢, s)ds, (3-8)
0

we have vo(t,80) = 0. For each fixed t € (0,T), the set {x € [§p,] —
8o], @ (¢, x) # 0} is a countable union of open intervals. Each of such intervals
is the intersection of the vertical line I, := {(f,x), g < x < [ — 8y} and
some 7:"3 The integral of ¢(, -) over such an interval against x is zero, hence
Yo(t,l — 8g) = falofao ¢(t,s)ds = 0. By our construction of ¢ we see that
Y0, x) = Yo(T, x) = 0 for x € [§9, T — 8g]. Thus ¥y = ®* on dQ*.

Remark 3.3 We observe that the values of the approximation vy defined by (3.8)
is localized by ¢ as it depends only on the values of ¢ in each individual ’Z:ks

Next we prove (ii). Obviously ¢ is piecewise affine on U; j g Tiks. To show that
¢, Yo € Cll,w(Q*), we only need to prove that ¥y € Cll,w(Q*) as it is simpler to
establish the same property for ¢. Due to the cancellation property of the integral
of ¢(z,-) across each ’Z;{‘S, we see that ¥ ;é_ 0 only in U’Z;{‘S) and Y9 = 0 on

0*\ [U?}{‘S)]. The boundary 8(UST1.{‘S’) C D{‘ is of measure zero. Also on the
open set UI%,‘, Yo =0, ¢ =0 with

10\ [(UiK) U Uiy T ]| = 0.

Thus both 1o and ¢ are piecewise C! in Q*.
Item (iii) is easy to prove as ¥, (¢, x) = u(t, x) and o (f, x) = f‘;; ¢(t, t)dr.
Now we prove (iv).
For each t € (0, T) the line [, := {(t,x), o < x < [ — &) intersects
at most countably many le‘ ’s. Outside these le‘ ’s, ¢(t,x) = 0. The value of

¢ (1,x) = (gf, )i, x) in TX \ ®;k‘ will be in the set {—p8;al, ps;al, 0} and
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integrating ¢ across each ’Z:]‘S against x is zero due to Remark 2.3 (b). We also
have, for (¢, x) € 7;{‘3,

X
Yo(t, x) =/ gl (t.5)ds, so that
Xk (t

~T'_sz()

X
(W) (2, x) = / (&), 9)ds, (1) € TH \ 7.
ka,(t) i,s

Therefore we have the bound

- .
(o) (6, )] < nipsix? ae.in T

Since max{a,i, bi} < x forall i , k, where 77}; is the side-length of D,i. By further
dividing D,i if necessary, we may assume that 17}'{ < n/2 < 1/2 so that

|(Wo): (1, X)] < gpa,-xi“ < psixV ae.inDi. (3.9)
Thus, if (¢, x) € T, and ¢ (1, x) = —af,
Vi, ) + Wode (1, %) = Y (pf) + [V (0, 0) = ¥ (pf) ] + W) (2, %)
€ L2 (ue(pl) = @) = [Wi(p) = 16, O] + W0l (1, ).
Here we have assumed as before that (v, (p¥), u,(p¥)) € UY (see Fig. 5). As the

symmetrical case (1, ( pll-‘), Uy ( p,/-‘ )) € U can be treated similarly. Therefore

S
Y (2, )+ (Wo) (1, %) > o (ux (pf — a{‘)+3 — [V (PF) = v (2, )]+ (o) (2, x)

= a0 — ) + % [olurte, )~ af) — e (pf) — )]
+ [V (pf) = Wi (8. )] + (o) (£, %)

> oy (1, X) + ¢ (2, X)) + % = Mluy(t,x) = ux(pf)| = [¥:(pf)
— Y (t, )| — |(Yo)s (2, x)|

8.
(s (.3) + G (1.3)) + 5 — Mpsi — pdi — psix)
5.
> a(uy (t, X) + ¢ (£, X)) + Zl’

if we require

(3.10)
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Similarly, we have

Ye(t, x) + (o) (1, x) < Bux(t, x) + ¢x(t,x)) — %
so that
Vie(t, x) + (Yol (1, x) € I—g,4(ux (1, x) + ¢px (7, X)).
If ¢ (t, x) = b¥, we can prove the same assertion. Thus (iv) is proved. i

Remark 3.4 A different pair (¢, o) can be constructed by using gff 5. instead of

gf‘ 5.4 on ’Z;ks where gl{‘ s 1s defined by using the functiong_. Thus on each ’Z;ks
we have two choices of defining ¢ and 1. Therefore we may construct infinitely
many weak solutions of (1.3) satisfying (1.4)—(1.7).

Item (v) is easy to prove as on each Tik |us| < m — §; so that

,8?
84
|ut+¢,|sm—8i+|¢t|sm—5i+p8,-x<_”sm—3’<m

as (3.10) implies that p < 1/(2x).
Now we prove (vi). We have

/ dist(DW, (¢, x), K (u(t, x) + ¢(t, x)))drdx
Q*

= Zf dist(DW, (¢, x), K (u(t, x) + ¢(t, x)))dtdx
i=1 7Ki
—I—Z/G‘dist(D\Iln(t,x), K (u(t, x) + ¢(t, x)))dtdx
i=1 ¢

- %IQ*| +3 % /Tk dist(DW, (¢, x), K (u(t, x) + ¢ (1, x)))drdx.

i=1 k,s
Given any T’;S, we assume as before that (wt(pf), ux(pf)) € 02). Let (¢,x) €
T} ; such that ¢, (¢, x) = —al', then by (3.9) and (3.10),
dist(DW, (t, x), K(u(t, x) + ¢(t, x)))

. Vi (t, x) + (Yo): (2, x) 0 050
5d1st|:( 0 ux(t,x)+¢x(t,x))’K0UK+]

. 1ﬂt(P,k) 0 0 0
SdlSt|:( 0 ux(pf)—af‘)’KOUKJr
+ e e, %) = e (PF)| + 10 (1, )] + [un (pF) = ur(r, x)|

di 1 1
< 5 + 208 + hi p8is3 < (5 +2p +x(_1)p) b <8 < ge,
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if we require that §; < €/4 for alli > 0. The proof for the case when (¢, x) € Tki, s

with ¢y (7, x) = b¥ is similar.
Consequently,

ZZ/k dist(DW, (t, x), K (u(t, x) + ¢ (t, x)))dt dx
7;,,\‘

i=1 k,s

o 1 k 1 k
= Z Z€|7;,s| = Z€| Uik,s Z,s|

Il
<
L)

Thus (vi) is proved.
Finally, by adjusting hf‘ , in the definition of Tilfs, we may have

||ly,7 — \IJ”LOO(Q*) <. O

Remark 3.5 In Theorem 1.1 we see that for any 7 > 0, problem (1.3) has in-
finitely many solutions satisfying (1.4)—(1.7). To construct solutions for all # > 0,
a plausible approach is to take a sequence of T; — oo and see whether a cor-
responding sequence of solutions u; converges, in some sense to a solution on
Oco = (0,+00) x (0, I). However, this is potentially very difficult as the se-
quence, if not carefully selected might converge in some weak sense to a Young
measure-valued solution.
Alternative constructions are the following:

(A) We take a fixed increasing function o* : R — R obtained by Lemma 3.1
and let T; = j > 0 j = 1,2,.... Let u* be the smooth solution of
(2.1) obtained by Lemma 2.1 using this particular o*(-). We may consider in
Q; = (Tj, Tj4 problem (1.3) for initial value u(T;, x) = u*(T}, x). We de-
note by u; € WI’OO(Q_,-) the corresponding solution of (1.4)—(1.7) on Q; and_let
Uoo € W (04) the function defined by ueo(t,x) = u;(t,x) if (t,x) € Qj,
j = 1,2,.... Then from our construction of weak solutions in Theorem 1.1, we
see that us is Lipschitz continuous in Q and satisfies (1.4)—(1.7) for T = oo
because Voo = (oo, Uso) satisfies

DV (t,x) € I'(u(t,x)), ae.(t,x)€ Qco,

where

T(u(t, x)) = {(U(X) ”(t’x)> eM¥™?, X, Ye R},
Y X
and u, satisfies the boundary condition (#0)x(¢,0) = (xo)x(t,/) = 0 in the
classical sense.
Another interesting observation is that when the smooth solution u* given by
Lemma 2.1 satisfies

lim max |u}(t,x)| =0,
1= +00 xe[0, /]
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by our construction of o*(-) in Lemma 3.1, we have that for large ¢ > 0 then
o*(ui(t,x)) = o(ul(t, x)) hence for large t > 0 u* is a smooth solution of the
Perona-Malik equation, satisfying the homogeneous Neumann condition hence
Uoo(t, x) = u*(t, x). This solution will eventually become smooth and decay to
Zero.

(B) If in Q; we solve (1.3) by using a modified a]’."(-) as we did in the

proof of Theorem for initial values with small derivative, we may let s;.‘

max,e[o,/] |(uj_1)x(Tj, x)| where u;‘._l is the solution obtained in Q ;_;. When
the maximum s;? is small, we may define JJ’.‘(~) in Lemma 3.1 to have very ‘flat’

slope, that is, to have very small derivative (a}*)/ (s) for when |s| is, say greater
that s;‘ /2. If we write our solution in Q; as u; satisfying the initial condition

uj(Tj,x) = (uj—1)(T;,x) and let uso(t,x) = u;(t, x) when (¢, x) € Qj, we

see that us, € W,lo’fo(Qoo). As the value —yi < o((uj)(t,x) < yi and yﬁr
can be very small if s;-‘ is small (see Fig. 5), we see that (), (¢, x) oscillates be-

tween points very close to zero and points close to infinity. We may then view
this as the so-called ‘stair-case’ phenomenon described in the image processing
literature [29, 32].

4 Proof of Lemma 3.1

Now we prove the technical result Lemma 3.1 whose proof involves only elemen-
tary calculus. We prove the lemma in two steps. We first establish the following

Claim Let h > 0 and o € C*'[0, /] be such that

(1) 0/(s) > a > 0fors € [0, h] and for some fixed o > 0;
(i1) |0”(s)| < M fors € [0, h] and |6"(s) — o”(t)| < M|s —t| for s, t € [0, K],
where M > 0 is a fixed constant.

Then for € > O sufficiently small and every 0 < § < «/2, there is a function
Oc,s € C210, 0o) such that

(@) 0e5(0) =0(0), Ué,(;(o) = 0'(0) and Uéfa(o) =0"(0);
(b) o/ 5(s) > 8/2fors € [0,00),and o/ s(s) = & for s € [2€, hl;
(© oez,;(s) < o(s) fors € (0, h]. ’

Proof of Claim We define, for some m > 0 to be determined later,

o"(0) = £(a"(0) +m)s, s €0, el,

olss) = Z(s - 20), s € e, 2€l, @.1)

€

0, s € [2€, 00).
Clearly, 0/ s(-) thus defined is a Lipschitz function. Next by requiring o/ 5(0) =
o’(0) and 06/’8(5) = § when s > 2¢, we have

/ " € " 2
a’(0) +a"(0)s — E(G 0) 4+ m)s~, s €0, €],

ol5() =1 6/(0) + %o”(O) —em+ ;"—e(s —26)2, sele 2¢], 42
S, s € [2¢€, 00).
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In order to satisfy oé’ 5(2€) = &, we have to satisfy
o' (0) + %a”(O) —em =3,
hence we choose
1 1
m=—(c'(0)—8) + Ea”(O). 4.3)
€
Clearly, m > 0 if € > 0 is small enough.
Before we proceed, we notice that
o"(s) > 0/5(s), s€(0,€l
This is due to the fact that
1
a"(s) — ol 5(s) > 0"(0) — Ms — <U"(O) — —(a"(0) + m)s)
’ €
> 2 (670) =5 — Me — M) > 2 (3 - 2Me) -0,
€2 €2 \2
if e < min{l, «/(2M)}. This implies that
o'(s) > o/ 5(s), s €0, €l
By integrating o 6’ 5(s) with the initial condition o¢ 5(0) = 0 (0), we obtain
Ue,é(s)
" 0 1
7 0)+0' s + 052 (0" 0+ m)s’,
€
s € [0, €],
l € 4y 2 1 " 2 m 3
_J o) +o'(0)s+ EJ 0)s* —me(s —€) — 50 e + 6—(s —2¢)7,
= €
s € [e2¢€],
5¢6"(0
o (0) + 207 (0)e — ”6( D2 _ %62 +8(s — 2e),
s € [2€, 00). 4.4)

From our construction of o¢ s(s) it is clear that item (a) holds. Now we prove

(b). We have, by recalling (4.3), that for s € (0, €],

cré s(s) = o' (0) + " (0)s — i(0”(0) + m)s2
’ 2e

2 1 (0”08 o)
= ¢’ (0 70)s — S_ 700y — —
o'(0) +0"(0)s = 50" (0) 26( —+—
52 , 352\ , 52

o’ (0) o a 8
> —Me>—-—Me>— > —
2 2 4 2

)
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if e < a/(4M). Next, for s € (e, 2¢), we have

ol 5(s) =o' (0) + %0”(0) —em+ ;"—e(s —2¢)?

(s—20)?% . (s — 2¢)?

_T(a 0 +o (0)e)+(1—7)5
(s — 2¢)? )

ZT((X—(S—ME)+(S>(S>§,

as s € (e, 2¢). We also have

N >

06/,5(5) =06>

when s € [2¢, 00). Thus item (b) is proved.
Finally we prove item (c). As o¢ 5(0) = o (0) aé’g(s) < o/(s) in (0, €), we
see that
Oes(s) <o(s) 1in (0, €].
Now for s € (e, 2¢], we have
a(5) — e.5(5)

=o(s) — (a(O) + o' (0)s + %0”(0)s — me(s — ¢€)

1
— 80”(0)62 + én—e(s — 26)3>

3

> o (0) + o’ (0)s + Sa"(O)s2 _ Ms7
2 6
( / € 1 " 2 m 3)
— o0+ (0)s + =" (0)s —me(s —€) — =" (0)e” + — (s — 2¢€)
2 6 6¢

e -4+ P e—sP 1 T Q0 T D M
= me(s €)+6€(26 s)” + > s(s —e)+ 3 € 66

> <° ;O)(s +e) +0'(0) —s) (s —€)

a”(0) )(26—3)3 M, 2M ,
€ — —€ — —/¢€

/!
-6
+<0 0) + > 2 5 3

v
|
—~
Q
|
[98)
S
/\\_/
~
)
|
~
+
~~
[\
m
|
©
~
[
\—/

1 SM
S@=3M) S22 = (o~ 13Me) > 0,
2 6 6 12

v
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if we further require that € < «/(13M). Here we have used the fact that

e —s5) €
— —_ > =
(s —e)+ = Z
as s € [e, 2¢]. In particular, we have the bounds for o¢ 5(2¢):
1 , 11 , 11
o' (0)— —Me )e <0c52¢) < |0 (0)+ —Mce e,
2 3 ’ 6
hence
0c.5(2¢) = 0(e) as € — 0.
Now when s € (2¢, h], we notice that o, 5(s) = 0¢ 5(2¢) + §(s — 2¢), hence
0(s) —0es(s) =[o(s) —o(2€)] + [0(2€) — 0 5(2€)] — 3(s — 2¢)
> 0 (5) — ge.s(s) — 8(s — 2€) > (%—5) (s —2€) > 0. 0
Proof of Lemma 3.1 Let 0 < y_ < y; < 1 with y; — y_ small, we can easily
check that that for s, r € {t € (0, x(_z)), one has, for some ¢ > 0 and M > O that
o'(s) > a >0,
lo” ()] < M,
lo”(s) —a"(r)| < Mls —r|.
Now we define
07 5(s) = oe,s(s — x),

where o¢ 5(-) is defined in the above Claim. As € > 0 is sufficiently small, we
may claim that the extended function

@
o*(s) = {a(s), s € (0, x2],

ols(s), se€ [x(_l), 0],

is of C21((0, oo]), strictly increasing and cr*(x(_l) 4+ 2¢) < yy,for0 < § < /2.
Notice that the function
5 — J:S(xgz) —|—) = 06’5()(9 — xg))
is continuous for é € [0, «/2]. When § = 0,

@ _
+

2 1
aefo(x£)+) = 0c,0(x X(,)) = 0¢0(2€) < y4+.

Therefore, for sufficiently small § > 0, a: S(x(_z)—i—) < Y4, so that
o*(s) := o*:a(s), s €[0,00), €>0,8>0small

satisfies the requirement of Lemma 3.1.
Finally, by reflecting the graph of o*(-) with respect to the origin, we may
define o *(s) for s < 0. The proof is finished. O

Acknowledgements I wish to thank Ming Jiang and the referee for some helpful suggestions.
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