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Abstract Motivated by a question of Brezis and Marcus, we show that the L”—
Hardy inequality involving the distance to the boundary of a convex domain, can
be improved by adding an LY norm ¢ > p, with a constant depending on the
interior diameter of 2.
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1 Introduction

Recently a lot of attention has been paid to the so called improved Hardy inequal-
ities; see e.g. [1, 2, 3, 5,9, 11, 12, 17, 16], and references therein. By “improved”
it is meant that one considers a classical Hardy inequality with best constant and
adds a positive term in the right hand side, as for instance in (1.1) or (1.2) be-
low. These inequalities play an essential role in the theory of partial differential
equations and nonlinear analysis. They are used, for instance, in the study of the
stability of solutions of elliptic and parabolic equations (cf [3, 14]), as well as in
the study of existence and asymptotic behavior of solutions of heat equations with
singular potentials; see e.g. [4, 5, 10, 17].

Multidimensional inequalities of this kind first appeared in [[12], Sect. 2.1.6]
where functions defined in the whole space IR" were considered. More recently,
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Brezis and Marcus [2] showed that if €2 is a bounded convex domain in /R” and
d(x) = dist(x, 92) then for u € CF° (),

1
/|Vu|2dx—— —2d #/uzdx, (1.1
d 4diam~(Q2) Ja

and they asked whether the constant in the right hand side can be replaced by one
depending only on the volume of €2. This question was answered in affirmative in
[11] for p = 2 and later in [16] for any p > 1. The constant obtained in these
two papers has the form C = c(p, n) (vol ())~P/", where c(p, n) is an explicitly
given constant independent of the domain €.

The main goal of the present work is to study the dependence of the best
constant C (£2) in the inequality

_ 4
/qu|pdx—<pTl> /wd >c</ |u|qd°‘dx> , (1.2)
Q

u e Cgo (£2), on the domain 2. We establish that C (£2) depends on €2 through its
interior diameter D;,; = 2sup,.q d(x).
In case @« = 0, we have

Theorem 1.1 Suppose Q@ C IR" is a convex domain with D;,; finite. For 1 < p <
nandp <q < 'Z’ let C(K2) be the best constant in the inequality

n

|VulPdx — | —— —d > C(R2) |u|?dx ,u e Wyh().
Q P Q dr Q

(1.3)

Then, there exist positive constants ¢; = ci(p, q,n), i = 1,2 independent of 2,
such that

np np

P
c1(p.q, H)D,m " =C@ = ap.g.nD, " (1.4)

int
This kind of dependence of the best constant appears for example when estimat-
ing the first eigenvalue A (€2) of the p—Laplacian under the Dirichlet boundary
conditions,

f|W|de > 21(RQ) / lu|Pdx . (1.5)
Q Q

In particular if Q2 is convex with D;,, finite, then (see [13] Sect. 5.11 for p = 2
and in [12] Theorem 11.4.1 on page 434 for the general case) there are positive
constants ¢; (p, n), i = 1, 2 independent of €2, such that

ci(p, MDD} = 11(Q) = ca(p, D). (1.6)

For p = ¢ = 2 our lower bound for C(£2) in (1.4) is 3sz Needless to say,
it is better than the bound 4~ !(diam(£2))~2 in (1.1) of Brezis and Marcus [2].
Moreover, since 3D, nf > 3/4(v,/vol (22))%/", where v, is the volume of the unit
ball, our lower bound on C (£2) implies a bound in terms of of vol(£2) asin [11]. In
particular our estimate is stronger than that in [11] in the two or three dimensional

case. However these estimates do not imply each other for n > 3.
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The Sobolev exponent ¢ = —£- — is not allowed in (1.3) since our proof fails.

For some results in this case we refer to [7, 8].

We actually establish lower bounds of the best constant in inequality (1.2) for a
suitable range of the parameters p, ¢, «. These results are formulated in Theorems
3.1 and 3.2 of Sect. 3. Theorem 3.1 deals with the special case p = g = 2, which
is particularly simple and allows for the calculation of an explicit lower bound
of the best constant in (1.2). We then consider the general case in Theorem 3.2.
Section 3 also contains Theorem 1.1. An auxiliary estimate is presented in Sect. 2.

2 Preliminaries

Here we will present an auxiliary estimate. Let X (r) = (1—log 0~ forr € [0, 1].
X (¢) is an increasing function with X (0) = 0 and X (1) = 1. In the sequel we will

write X instead of X(%), where R;,; = sup,.q d(x) is the interior radius of 2.

The Proposition that follows has been proved in [1], but we include its proof
here for completeness. The proof we present is slightly simpler than in [1].
Proposition 2.1 Let 2 C IR" be a convex domain. For u € Cg°(S2) we set u(x) =

—1
v(x)d [
()If1 < p <2, then

—1\? r
/ \VulPdx — (p—) bl”
Q P dr
> c(p,n) U d”_le_”|Vv|”dx+/(—Ad)|v|”dx]. 2.1
Q Q

(ii) If p = 2, then

fowaras=(557) [ e
> c(p, n) |:/ d”_l|Vv|pdx/(—Ad)|v|pdx:| . (2.2)
Q Q

Proof: We first consider the case p > 2 which is easier. For p > 2 we will use the
following pointwise inequality valid for any a, b € IR",

la +bIP — |alP > c(p, n)|b|P + plalP™%a - b. (2.3)
We have that

p—1lul _p—1

1
7 lold ™7 = la|.

(2.4)

Vu = —d de—i—d g Vv =:a+b,
p

Using (2.3) we obtain

p—1 |u|P
Py — [ E——
f [Vu|Pdx ( ) / 77 —dx

> c(p,n) |:/ d”_1|Vv|pdx+/ Vd'V|v|pdx}. (2.5)
Q Q
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For any domain €2, the distance function is a Lipschitz continuous function
and therefore differentiable a.e.. Moreover, if 2 is convex, then —d(x), x € Q is
a convex function. It then follows that —Ad(x) is a nonnegative Radon measure,
see e.g., [[6], Sect. 6.3]. That is

de-V¢dx=/¢d,u, ¢ € CHR), (2.6)
Q Q

with du > 0. For convenience we will write (—Ad (x)) dx in the place of du, and
in this sense, integration by parts is permissible in the left hand side of (2.6).
Integrating by parts the last term in (2.5) we obtain (2.2).
We next consider the case 1 < p < 2. In this case, the following pointwise
inequality is true for a, b € IR",

|b|?

= p=2,.
(al+ )2r + plal’“a - b. 2.7)

la + b|? — |a|? > c(p, n)

In view of (2.4) we have that

_ p p
/ [Vu|Pdx — (p_l) ﬂdx
Q P o dr

> ¢(p.n) /C”V—"'deJr/(—Ad)wwdx (2.8)
=P L (ol + 1dvepzr o e

To simplify the subsequent calculations we set

d|Vv|?
A :=/ %d% Ar ::/ d*1X2|v|pdx,
Q (|v] + [dVv])=P Q

As :=fdp_lX2_p|Vv|pdx, Ag ;:/(—Ad)|v|pdx.
Q Q

Taking into account (2.8) we need to show that for some constant ¢ depending
only on p, n there holds

(A3 + Ag) = c(A1 + Ag). 2.9)

To this end, using elementary inequalities we have

4

dz|Vu|? |

- :/ ~ s (vl + 1dVo|)PCP/2 4" X 2P x
a ([v] + [dVv|)PE=p)/

, @-p)/2
< Al (f d1X2(|v|+|dVv|)”dx)
Q

5 (2-p)/2
<cAl (/ d*1X2|v|de+f dP1X2P|Vv|de)
Q Q

< CAf/zAéz—P)/z +CA{)/2A§)2_F)/2
<Al +eAr + €Az +c Al
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where ¢ is small and the constant ¢, depends only on ¢ and p. Hence,
(1 —e)A3 <2c., A1 +¢cA. (2.10)
We will also use the estimate
Az < co(p, n)(Asz + Ayg). (2.11)
If we accept this we get from (2.10) that
(1 —& —eco)Az < 2c: A1 + ecoAyg,

from which (2.9) follows.
It remains to prove (2.11). Using the fact that Vd - Vd = 1 a.e. and noticing
that Vd - VX = d~'X?Vd - Vd = d—'X? we integrate by parts to get

Ay = —/ Xdiv(Vd|v|P)dx
Q

< p/ X|v|p71|Vv|dx+/(—Ad)X|v|p
Q Q
—1

L

p=1 1

“1y2yp P —1y 29, P i P

<p( | a'x2|Pdx a7 X2 voPdx ) + | (—Ad)X vl
Q Q Q

=11
< PAQF A; + A4
< peAs + pCc Az + Ay,

from which (2.11) follows. The proof of the Proposition is now complete. a

3 Main Theorems and proofs

We first consider the special case p = ¢ = 2. We have

Theorem 3.1 If @ C IR" is a convex domain, then for any a« > —2 and all
u€ HH(Q),

1 2 -
/ |Vu|?dx — Z/ %dx > Cy D,.n§°‘+2)/ u*d®dx, (.1)
Q Q Q

with Cy = 2% (a0 +2)2if—2 <a<—-landCy =2QRu+3) ifa > —1.

Proof: We will prove the result for u € C§°(£2), the general case following by a
density argument.

Using the change of variables u(x) = d 3 (x)v(x) we have

/ u?d%dx = / v2d*tldx, (3.2)
Q Q

and

1 2 1
/ |Vu|2dx——/ il ¥ =/d|Vv|2dx+—/(—Ad)|v|2dx. (3.3)
Q 4 Jq d? Q 2 Jq
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Using the fact that |[Vd(x)| = 1 a.e and integrating by parts we get

1
o+2

1
/ d“t2dx = / Vad*t? . vd vidx = —
Q Q

/ d*t2div(Vd v*)dx
oa+2 Q

2 1
- — f d*“t2|v|Vd - Vvdx + —/ d“t2 (= Ad)v*dx.
o+2 Q oa+2 Q

Using elementary inequalities we have

1 1
2 2
(oe+2)/ d*T12%dx 52(/ d“+1v2dx> (/ d“+3|W|2)
Q Q Q

+R%H? / (—Ad)v?dx

int

55f d“+‘v2dx+5—1/d“+3|w|2
Q

int

R“+2/( Ad)v*dx

nt

x (218/d|w| + = /( Ad)vzdx)

/da+1 2dx+2ROl+2
Q

Hence, we have
1 1
(a+2—8)f d“vrdx <2R;>§;2(25/ dIVv|2+5/(—Ad)v2dx>. (3.4)
Q

We next choose § = mm{1 0‘+2} and recall that D;,,; = 2R;;;. The result then
follows taking into account (3 2) and (3.3). O
We next consider the general case.

Theorem 3.2 Let Q C IR" be a convex domain. Then for any u € W(} P (Q) we
have
P

_1 P p _ p(rx+n)_n+p 7
/|W|de—(p—) /ﬂdxzcn( ’ )(/ d°‘|u|qu)’,
nt
Q p Q dr Q

(3.5)

withc = c¢(p, q, n,a) > 0 a constant independent of Q2 and

n

n—p

l<p=<g=

n>p, o > Z(n — p) —n. 3.6)
p

If p = q then n = p is allowed.

Proof: By standard density arguments it is enough to prove (3.5) for u € C§°(2).
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We first consider the case | < p < 2. Using the change of variables u(x) =

n—1
v(x)d a we have by Proposition 2.1 that

—1\7? 14
/ \Vu|Pdx — (p—) / ll” (3.7)
Q P Q dr
> ¢(p, n) (/ dp_le_p|Vv|pdx+/(—Ad)|v|1’dx).
Q Q

On the other hand

f d[u|dx = / a7 | dx. (3.8)
Q Q
For simplicity we set

A:oH—q—%. 3.9)

Let {QOn}, m = 1,2,..., be a covering of 2 by Whitney cubes (see [[15],
chapter VI, sec. 1]). In particular each side of the cube Q,, has length d,, such
that cod,, < d(x) < c1d,, and

in () x(82) 200 ()

forany x € O, andanym = 1, 2.. ., where cp, c1, C, ¢, are universal constants.
0> ¢1
Then, for a universal constant ¢ we have

)4

P
L 7 A 2
(/ dA|v|qu>q fC(Z/ d;::|v|‘idx> Schm‘I (/ |U|fidx>q .
Y m m m m

(3.10)

From now on we denote by ¢ a positive constant, not necessarily the same in

each occurrence, that may depend only on n, p, g or «. Using Sobolev’s inequality
in Q,, for functions defined in wlr (QOm), we have

P
q @_4_ np_
c</ |v|qu>q <d7 " ”/ IVolPdx + d,) "f v|Pdx.
m Q in

m

It then follows

P
q 2 —p+1 d
c(/ |v|‘1dx>q <a, " X”_2<R—m>/ AP X3P |V Pdx
m lnt m

w_ d
+d,¢ "xr? (—’“)/ X2P|v|Pdx.

int

Combining this with (3.10) we get

5 Atmp 4 d,
(/ dA|v|"dx> §cZ|:dm a xP2 (—)/ AP X2 P|Vu|Pdx
Q m Rint m

(A+n)p7n d
+d, ¢ xP? <—'”)/ XZ—P|U|de} ) (3.11)

int
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For the first term in the bracket in (3.11), noting that

A+mp . _letnp

+1 —n+p>0, 3.12)
q
we use the estimate
(A+nm)p +1 d (A+m)p (A+n)p +1
dp * "xr2 (—m) < max {r ¢ "+1X”_2(t)} R, "
Rins 0=r=1
(A+n)p —n+1
=c Rim" . (3.13)

To estimate the second term in the brackets in (3.11) we notice that, by (3.12)
there exists an ¢ = ¢(p, g, n,®) > 0 such that W —n—¢& > —1. We then

have

(A+n)p_n dm
dy © XPT? (—)/ X*"P|Pdx <

Rin
o [ dm Admp o5
<cdy X? — d 4 X "Pv|Pdx
Rint m
(A+n)
SCRf”’/ d 4 pin*st_p|v|pdx. (3.14)
Om

Combining (3.11), (3.13) and (3.14) we get

p

q (At+n)p 41
(/ dA|v|"dx> <cR, " /d”’le”’WvV’dx
Q Q

(A+n)p
/d ¢ CTTEX2 PPy, (3.15)
Q

+cR?

nt

To continue we will estimate the last term in (3.15). For simplicity we set
_A+np
q
Using the fact that Vd - Vd = 1 a.e. and integrating by parts we have

0 : n—e+1>0. (3.16)

/d9*1X2*P|v|de=9*‘f Vd? - vd X*P|v|Pdx
Q Q
= —9—1/ d® div(Vd X>7P |v|P)dx
Q
= 9—1/ df}(—Ad)xz—f’wwdx—(2—p)9—1/ AP X3Py Pdx
Q Q

—pe_]/d9X2_p|v|p_1Vd-V|v|dx
Q

IA

9*1/ de(—Ad)XZ*P|v|de+p9*1/ d° X7 PP~ | Vuldx.
Q Q
(3.17)
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Using Holder’s inequality for the last term in (3.17) we have

p—1

/deXz_”|v|”_1|Vv|dx 5(/ d9_1X2_”|v|”dx> !
Q Q

1
x (/ d9_1+1’X2_”|Vv|”dx)p
Q

55/ d‘g—]Xz_p|v|pdx+c(;/ AP~ 1P X 2P|y Pdx.
Q Q

Combining this with (3.17) we easily arrive at
cf d?71X27Py|Pdx < / PP X2 vy Pdx +f d? (= Ad)X?7P|v|Pdx
Q Q Q
<RY, [/ dPIX2P|\Vu|Pdx + / (—Ad)|v|pdx} :
Q Q

This is the sought for estimate for the last term in (3.15); see (3.16) for the value
of 0. Using this estimate in (3.15) we conclude

2 Atmp 1y
</ dA|v|"dx> <cR, / U d”_IXz‘p|Vv|pdx+/(—Ad)|v|”dx}
Q Q Q

(3.18)

From this and (3.7)—(3.9) the result follows. The case | < p < 2 has been proved.

The case p > 2 is similar but simpler since no logarithmic corrections are
involved in this case. We will therefore sketch it.

For u(x) = v(x)d » we have by Proposition 2.1 that

oo (P "/ Jul?
[wurar- (E22) [ Bl (3.19)
> c(p, n) (/ dl’—‘|vU|de+f(—Ad)|v|l’dx>.
Q Q

The L9-integral is again given by (3.8)—(3.9).
By the same covering argument as before and the fact that d(x) < R;, we
obtain the analogue of (3.15) which is

P
= (A+n)p
q —n+1 (Atnm)p
(/ dA|v|"dx> <cR;,’ /df’—1|w|f’dx+c/dT "lv|Pdx.
Q Q Q

(3.20)

We note that (3.20) is trivially true in the case p = g = n.
As before, we will estimate the last term in (3.20). For simplicity we now set

_ (A+n)p
q

—n+1>0. (3.21)
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Using the identity d°~! = #=1Vd? . Vd and integration by parts we have

/d9*1|v|l’dx= —e*If d? div(Vd |v|P)dx
Q Q

IA

9—1/ d’ (—Ad)|v|Pdx + p9_1/ d’ )P~ Vuldx.
Q Q
(3.22)
The last term above is estimated using Holder’s inequality to get
/d9|v|”_l|Vv|dx < 3/ d0_1|v|1’dx+c5/ AP~ 1P|V Pdx.
Q Q Q
Combining this with (3.22) we obtain

(A+nm)p (Atnm)p +1
/d . "lv|Pdx < cR,,* ! (/ d”1|Vv|pdx+/(—Ad)|v|pdx>.
Q Q Q

(3.23)
O

The result follows by (3.8)—(3.9) and (3.19).

Proof of Theorem 1.1: The lower bound of C(£2) comes from Theorems 3.1,
3.2. The upper bound is a consequence of the corresponding upper bound for the
best constant ¢, 4(£2) in

P
/Q|Vu|pdx > 0pq(S) ([Q|u|4dx>q, (3.24)

for u € Wé’p(Q) and1 < p < gq < % In particular, if B;,; is the ball of
maximum interior diameter, we have that ¢, 4 (£2) < ¢ 4(Bin,) and then the result
follows.
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