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Abstract We study the asymptotic behavior of a family of functional describing
the formation of topologically induced boundary vortices in thin magnetic films.
We obtain convergence results for sequences of minimizers and some classes of
stationary points, and relate the limiting behavior to a finite dimensional problem,
the renormalized energy associated to the vortices.
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1 Introduction

In this article we analyze the behavior as ¢ — 0 of the functionals
1 1
Eq(u) = -/ [Vu|*> + —f sin?(u — g)d. A", (1.1)
2 Q 2¢e a0

where Q is a simply connected domain in R?, and g : 92 — R a function such
that ¢’¢ : 9Q — S' is a map of degree D # 0. We show convergence results
for sequences of minimizers and stationary points of not too high energy. The
limit functions are harmonic functions with boundary singularities. For certain
cases, in particular for minimizers, we give an asymptotic expansion for the en-
ergy, showing that the singular part of the energy depends only on the number of
such singularities, while their interaction energy is described by a renormalized
energy occurring as the first nonsingular term in the expansion, similar to results
obtained by Bethuel-Brezis-Hélein for the Ginzburg-Landau energy.
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The motivation to study the functionals (1.1) comes from micromagnetism.
Kohn and Slastikov [6] were able to show that it arises as a thin-film limit of the
micromagnetic energy functional given by

E(m) :“’2/9 |Vm|2+/Rg VU %, (1.2)
) :

where Q25 = Q x (0, k) is a Lipschitz domain in R m:Q, — S% and U
is related to m via the static Maxwell equation AU = div(m xg,). The number
w is a material parameter, called the exchange length. We have neglected crystal
anisotropy here, which amounts to considering so-called soft magnetic films, and
have not included the interaction with an external magnetic field.

Depending on the relation between the length scales w, & and £ = diam €,
many scaling limits of (1.2) can be considered, see [4] for an overview. We will
set £ = 1 by choice of units (so % really denotes the aspect ratio), and concentrate
on thin films, i.e. & — 0. One of the first results in this direction is due to Gioia
and James [5], who studied the case where 7 — 0 while w stays constant. The
resulting limiting theory predicts the limit magnetization to be constant. However,
w is usually also small, and so it is useful to have theories that treat w as another
small parameter.

Kohn and Slastikov [6] studied the regimes hl+fghl — oo and hl+;h| — o €
(0, o0) and could show I'-convergence of appropriate rescalings of the micromag-

netic energy to limiting reduced energy functionals. In the first case, the limit
energy is finite only on constant in-plane magnetizations m = m € S!, and given

by
1
—/ @1 - v)2d A,
27‘[ A0

where v denotes the outer normal to d€2. In the second case, the magnetization is
still forced to be in-plane and unit length, but need not be constant. The energy is
given by

@@“(m)=a/ |Vm|2+i/ (m - v)>. (1.3)
Q 2 Joq

In the borderline case where “;—12 is constant, Moser [10, 11] was able to show
a convergence result for minimizers of (1.2) and could show the formation of
boundary vortices.

We investigate the behavior as « — 0 (i.e. M*Zh\ — 0) of éé"" which can
be seen as connecting the results of Kohn and Slastikov to that of Moser. The
functionals (1.1) correspond to those of (1.3) after the substitutions m = e and
v=ie's.

Let us explain a bit how these functionals are similar to the Ginzburg-Landau
functional of [1]. With m¢ = 7 being a continuous unit tangent field to 92, we
are (after recaling and renaming variables) considering the variational problem for
m : Q@ — R?: Minimize

1 1
—/ |Vm|2+—/ (1 — (m - mg)*)d "
2 Q 28 IQ
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Fig. 1 A boundary vortex

subject to |[m| = 1 in 2 as ¢ — 0. This problem has an interior constraint and a
boundary penalty.
Bethuel, Brezis and Hélein [1] studied the behavior as ¢ — 0 of

1 1 2
— [ vmP*+— | (1=|m)?
2/52' m| + 2 Q( Im|”)

subject to m = mg on 0€2, so this problem has a boundary constraint and an
interior penalty.

Common to both problems is that, as long as m( has nonzero topological de-
gree, there is no map in H 1(©, R?) that satisfies the constraint and makes the
penalty term zero. This is due to the fact that a continuous map v : 3 — S! can
be extended to a continuous map v : 2 — S! if and only if deg(v) = 0. Although
H' maps need not be continuous, the argument still carries through to show
that there is not even an extension of finite H' energy. Both problems are thus
forced to develop singularities as ¢ — 0, and the minimum energy will become
unbounded.

We call the singularities of both problems vortices, since minimizers con-
verge as ¢ — 0 to maps that have the form li:z::‘ near the singularities a;. In
the Ginzburg-Landau case, these vortices are interior and each carries a topo-
logical degree of 1; in our case, the singularities lie on the boundary, and we
only see one half of the vortex. Each “boundary vortex™ corresponds to a transi-
tion from mq to —my or vice versa, and can be viewed as carrying % topological
charge. More detailed analysis (see Proposition 6.2) actually shows that the min-
imizers for small ¢ look like a standard vortex |le placed at distance ¢ outside
the domain, see Fig. 1, where the domain is above the line and my is its tangent.
Since both our functional and the simplified Ginzburg-Landau functional exhibit
formation of singularities due to the same topological reason, it is perhaps not
too surprising that there are similarities in both the methods used and the results
obtained.

Our main results in this paper are Theorem 4.2, where we prove subconver-
gence of minimizers and isolation of vortices, Theorem 5.4 where we obtain sub-
convergence for stationary points satisfying a natural logarithmic energy bound,
and finally Theorem 8.6 where we give an asymptotic expansion of the energy
along a converging sequence with isolated vortices. The energy is given by a sin-
gular part depending only on the number of the vortices, and an O (1) part that
depends on the position of the vortices and can be calculated via the solution of a
linear boundary value problem.

Our approach to convergence theorems for minimizers follows the ideas of
Bethuel-Brezis-Hélein [1] and Struwe [13]. There are also similarities to the ap-
proach of Moser [11] who combined interior and boundary vortices, but without
calculating a renormalized energy. A different view of (1.1) was pursued in [7],
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where the functional was reduced to a nonlocal one on the boundary, and a I"-
convergence theorem for the natural scaling was proved. In [7], we could treat
an arbitrary continuous periodic potential ® with ®~!(0) = 7Z. In the present
paper, we rely on ®(¢) = sin’ ¢ because we use the uniqueness result of Toland
[15]. However, after submission of this article, we learnt that X. Cabré and J. Sola-
Morales [3] have recently studied the half-space solutions corresponding to a large
class of potentials and proved a quite general uniqueness theorem. Independently
from our work, X. Cabré and N. Cénsul have also derived a renormalized energy
for a class of related problems, see [2].

2 Conventions and basic results

We will use the expression “a sequence ¢ — 0 meaning any sequence &; — 0
that will then be regarded as fixed, and subsequences will be taken from this fixed
sequence.

We will use Bj (z9) with zg = (xo, yo) to denote the half-ball {z € R? :
|z — zol < R,y > yo}, and abbreviate B}f = B} (0). The symbol I'g will usually
denote the flat part of 88;.

We usually omit to explicitly mention the measure when writing integrals,
unless there is possibility of confusion. Integrals over 2-dimensional sets like Bi{,
Q etc. are thus implicitly meant to be w.r.t. 2-dimensional Lebesgue measure,
while integrals over 1-dimensional sets such as I'g, Q2 or dBr N Q are w.r.t.
1-dimensional Hausdorff measure ..

For the convenience of the reader, we collect some results on existence and
regularity results for minimizers and stationary point of (1.1) whose proofs are
relatively straightforward.

Proposition 2.1 For all € > 0, the functional E. attains its minimum.

Proposition 2.2 Stationary points of E. satisfy the equation

f Vu- Vo + i/ sin2@u — g))g = 0 .1
Q 2e Jaq

for all ¢ € H' (). Any solution u of (2.1) is of class H*(Q), and is a strong
solution of the equations

Au =0 inQ 2.2)
0 1
ou = ——sin2(u —g) ondf. (2.3)
ov 2e

If in addition 092 € k1 and g € Cc* (ie. eii € Ck), then u € HY(Q). In
particular, if Q2 and g are C*°, then u € C*™°(2). If 32 and g are real analytic,
then also u is real analytic up to the boundary.

Proof The H* regularity can be proved by a difference quotient argument. The
claim about the analyticity follows from [9]. O
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3 Localization of vortices

In this section we show that for sequences (u) of stationary points of E, that
satisfy an energy bound

1
Ec(ug) < Mlog —, 3.1
&

the approximate vortex set S = {z € 09 : sinz(u(x) —gx)) > %} can be
covered by a bounded number of e-balls.

In order to see that the assumption (3.1) is reasonable, we show that it holds
true for minimizers:

Proposition 3.1 There is a constant C; = C{(K2, g) such that any sequence of
minimizers (ug) of E. satisfies

1
Ee(ue) <wDlog —+C1. (3.2)

Proof 1t suffices to construct one sequence of functions (v, ) satisfying this bound.
To this end, choose 2D distinct points ay,...,ap € dQ and let 0 < R <
%mini# la; — a;|. We construct the comparison function v, separately inside
Br(a;) N Q and in the rest of the domain. Setting a; = 0 without loss of gen-
erality, we can assume R to be so small that Q N Bg = {rem () < U <
Hh(r),0 < r < R} with |19}| < c and so |9 (r) — %1 (r) — | < cr. With
hi(r) = g(@™ ) 4k and ha(r) = g(e!”20)) + (k — )7, k € Z, we define v,
in Q2N (Bg\ B;) as

iy — ha(r) — hi(r)
D2 (r) — 91(r)

Note that this function satisfies sin’(v; — g) = 0 on Bg N 3. Expressing the
Dirichlet integral in polar coordinates, it is then easy to see that the part corre-
sponding to the radial derivative is bounded independently of ¢. The tangential
derivative yields the term

20 (hy—h 1 (R (hy—hy)? 2
// 2—h drdz?:—/ (h2 l)d ! / (7T+Ci)
9 2\, — 0 2. r(m—1%) 2 T —cr

and this can be estimated by 7 logé + C. Inside B, N 2, we will have to vio-

ve(re (0 = 1) + h1(r).

late the condition sinz(vg — g) = 0 in order to obtain a function with bounded
Dirichlet energy. By scaling, it is easy to see that a continuation of v, with uni-
formly bounded Dirichlet integral exists, and since 7 1@Q N By) < ce, this
shows E.(ve; B N R2) < % log§ + ¢. Choosing the constants k = k; near each
a; appropriately and using a harmonic continuation of v¢|yp,(4,) and g + k;m to
Q \ UBg(a;), we finally can combine everything to a comparison function satis-
fying (3.2). O

As in the proofs for corresponding results in Ginzburg-Landau vortices [1],
[13], a central point in obtaining estimates is a Rellich-PohoZaev identity. We state
it in the following form:
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Lemma 3.2 zissume that Q C R%isa Lipschitz domain,u € H 2(SZ) is harmonic,
andw € CH(Q, C) is holomorphic inside Q2. Then

/ M w- V) = /(w-v)|Vu|2, (3.3)
Q2

Q av
where v denotes the outer normal to 9S2.

Proof For any u € H?(), it is easy to prove by direct calculation and using the
Cauchy-Riemann equations for w that

1
Vu-V(w- Vu) = 5 div(w|Vul?).

Integrating by parts fQ Au(w - Vi) = 0 and using the last identity, (3.3) now
follows easily from the GauB3-Green theorem. O

We note the following important consequence of (3.3):

Lemma 3.3 Let Q2 be a strongly star-shaped Lipschitz domain, i.e. assume there
existsa p € Qandk > 0 such that (z — p) -v > k|z — p| forall z € Q. Assume
u € H*(Q) is harmonic. Then there exist constants 0 < ¢ < C depending only on

k such that
¢ /

where a” denotes the tangential derivative.

ou |?

2
o |2
aQ

u

_25/

ot

u
ov

37| (3.4)

Proof With p being a star point as above that we assume to be 0 without loss of
generality, we use the Rellich-PohoZaev identity (3.3) with w(z) = z. This shows

/ B_Z Vu = —- f (z- v)|Vu|
aQ ov

From the decomposition Vi = 5-v + 7T we obtain

au |

+8u8u 1/
—_— T = — J—
dv ot 2 IQ

0T

au |’

Jol

ov

ou

2
-— Z-V

av

from which it follows that

/ du | / du? / du du
— V= —| z-v=2 ——|z-T,
aQ av A0 T BIe) av ot
and now we can use the lower bound z - v > k|z|, |t| = 1 and the inequality
2AB < aA? + a1 B2 to finish the proof. O

In the following we will derive estimates relating the penalty term and the
following radial derivative of the energy:
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Definition 3.4 For zo € 92, ¢ > 0 and u € H2(Q) define forall p > 0

AD) = Auezo(0) = p f Vuldse! +2 f sin (u — )d A,
9B, (z0)N2 € J3B,(zp)Nd%2
3.5

Proposition 3.5 There exist g > 0 and C, > 0 depending only on Q and g such
that for all ¢ < €y, p < /4, any stationary point u of E., and any zo € 3, the
following inequality holds:

1
28 Jry(z0)
where I, (zg) = 022 N B, (20).

sin?(u — g) < Ayeso(p) + Cav/e, (3.6)

Proof We choose ¢g so small that for all p < 83/ * and all 70 € 082, wy(z0) =

QN B, (z¢) is strongly star-shaped in the sense of Lemma 3.3 with respect to some
Dp € wp(20), with a k > 0 that can be chosen uniformly in p and z¢. In addition,

we assume by using 32 € C? and choosing & sufficiently small that there exists
a vector field Z € C'(Q, R?) with the property that for |z — zo| < 8(3)/ 4, there hold
Z-v = 0 on dQ and the inequalities | Z—z| < C|z—zo|? and |VZ—id | < C|z—zo|.
Setting zop = 0 for convenience, we multiply Au = 0 with z - Vu and obtain by
integration by parts over w, the relation

ou
Vu-V(z-Vu) = —z - Vu.
) Ao, v
We use (3.3) and split z = Z + (z — Z) on I',. This yields

1 5 2 du du
- (z-v)|Vul"=p + —Z7Z - Vu+ —(z—2Z)-Vu.
T, av T, av

2 Jyw, 9B ,NQ
Noting that Z - Vu = (Z - r)g—’;, where 1 is a tangent field to 9€2, we can integrate
the term involving Z by parts and obtain using (2.3)

ou
av

ou 1 . ou
—Z~Vu:——/ sin2(u — g)—(Z - 1)
r av 2¢e r T
P P
1
=—— sin”(u — g)(Z - 1)d #°
2e Jyanos,

1 .9 0 1 . g
+— sin“(u —g)—(Z-17) — — sin2(u — g)—(Z - 7).
2¢e r, aT 2¢e r, T

Combining this with the results above shows

1 ad 1

—/ sinf(u — g)—(Z -1) = — sin’(u — ¢)Z - td#°
2¢ Jr, ot 2e Jyanas,

1 1
+—/ sin2(u—g)Z~rg/+—/ z-v|Vul?
2¢e r, 2 dwy

ou du |?
+ —((Z —-z)-Vu—p
dw, OV 9B,NQ

av
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Dropping the final term due to its sign, using the assumptions on Z, a C' bound
ong,and |z -v| < Cp?on ', we obtain that

1+C,0£
2 ¢

1 . 2
1 —Cp)—/ sin“(u — g) =
2e r

P

/ sin(u — g)d #°
9QNIB,

1 P
+—c(@)p*+ (CP* + %) / \Vu|? + sz/ IVul?.

€ 27 Jo,ne r,

By the star-shapedness of w, and Lemma 3.3 we have the estimate

2
/ IVul> <C / +/ 'k
r, r, 3B ,NQ

and by (2.3), we can estimate

? 1 -2 2 2(1 .2
== 4sin“(u — g)cos“(u—g) < - | — sin“(u — g) | -
Ty de Ty & 2¢e T,

Combining terms, we obtain

Cp*\ 1 14+C
1-—Cp— = —/ sinz(u —g2) < tep B/ sinz(u — g)d%ﬂo
2¢e r, dQNIB,

u

ov

u
ov

£ 2 ¢

C 2
+(eor+2) [ wup+ S
2/ Jy,ne €

and from this we can deduce the claim for ¢ < p < ¢34 and ¢ < g sufficiently
small. O

3

This leads to the following criterion for vortex-free parts of the boundary:

Proposition 3.6 There are constants y > 0 and C3 > 0 depending on 2 and g
such that for every zo € 02, € < gqg (with &y from Proposition 3.5), p < &3* and
every stationary point u of E¢ satisfying Ay ¢ -,(p) < v, there holds

1
sup sin(u —g) < - (3.7)
Ip/2(20) 4
and
1
— sin?(u — g) < Cs. (3.8)
28 Jr, o)

Proof By Lemma 3.3, we can estimate

2
d
/ sc/ WW+C/ !
r, 9B ,NQ r,

ou 2

2
cef
dw, 0

ou

o (3.9)

Vv

av
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From (3.6), the definition of A in (3.5) and A(p) < y, we thus can estimate, using
(2.3) as in the last proof and Sobolev embedding in one dimension

2 1 1
<C —A(P)+—2/
Y e~ Jr

(2)/ + CzJe_o).

u
aT

2
[M]CO-I/Z(F/,) = C/

r, o

sin’(u — g))

<

» | O

Assume now that sinz(u(z) —g(2) = }T for some z € I'y2. Then by the last
equation and the differentiability of g, there holds sin’(u(z') — g(z')) > % at least

| < —& is > £ i
for |z — Z/| < o+ where the latter term is > 5 if we choose ¢g and y

sufficiently small. We estimate frp sin? (u — g) from below:

On the other hand, we have by Proposition 3.5 the upper bound y + C2,/€o, and
now choosing y and g sufficiently small leads to a contradiction. O

Lemma 3.7 Let (u.) be a sequence of stationary points of E. satisfying the log-
arithmic energy bound E.(u;) < M log % Then for any zo € 0%2, the function
A(p) = Ay, 6,20 (p) defined as in (3.5) satisfies

4
A(p) < - E¢(ug; QN B,sje(20)) < 84M (3.10)
£6/7<p<g5/6 log :
and
inf  A(p) < 60M. 3.11
S50 51135534 s (p) = (3.11)

Proof The first claim follows from the calculation

o f— . f— — f— n 0 —_— T — o —_.
gg_ e Us; e5/6) =5 o p p=50 g56/7_ &4 gg
The inequality (3.11) follows in a similar manner. O

As in Ginzburg-Landau theory (see e.g. the lecture notes of Riviere [12]) sets
that carry a small amount of energy do not contain vortices:

Lemma 3.8 (n-compactness) There exist constants ng, &g > 0 such that for any

e < egand p < €/* and every stationary point u of E, satisfying for some
zo € 0K2 the inequality

0
E¢(u; Bp(z0) N Q) < nolog .

there holds sinz(u —g) < }1 on B, »(zo) N A2
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Proof By virtually the same argument as above, we obtain around any z €
B /2(z0) N 02 that

o 1 22 A 1
nolog — > — dr > —(mfA)]og—
& 2 g/2 r

hence
) log 2
inf A(c) <38 i < 81n9p.

g/2<o<e3/4)2 log s

We can now choose no sufficiently small so that Proposition 3.6 implies the
claim. O

Proposition 3.9 There is a constant N = N (g, 2, M) such that for any sequence
of stationary points u, satisfying the energy bound E.(uz) < M log % the approx-
imate vortex set Sg can be covered by at most N balls of radius ¢, such that the
€/5 balls around the same centers are disjoint.

Proof For z € §;, we choose by virtue of Proposition 3.6 and Lemma 3.7 a radius
pE [86/7, 55/6] such that

84
log :

Choose by Vitali’s 5 covering lemma z; = z% € S, j € Jg, such that S, C
UjeJ, Bsgass (2 j), and such that the B,4/5(z ;) are disjoint. Then (3.12) shows that

84M
| Je| < - (3.13)

TEe(ue; QN Byays(2)) = Ay, e,2(0) Z v (3.12)

We now choose radii p; € [585/6, 584/5] such that Aus,g,zj (pj) < 60M. Using
Proposition 3.6 we obtain

1

— sin*(ue — g) < C,
2e Joons, )

and now by the same argument as in the proof of Proposition 3.6, we see

C
[Ma]C0.1/2(3Qmej(zj)) = %, (3.14)
and this again implies
1
sin® (1, — g)>c>0. 3.15)

2 9QNB,5(z))

Using once more the 5r lemma, we can choose z; = zy, k € K such that B 5(zx)
are disjoint and B (zy) cover S,. By (3.13) and (3.15) we now have

k=Y 1 [ st - = Y [ < e

kek, & JOQNBes()) jor € Joansy e Y

which implies the claim. O
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For comparison arguments we shall need the following lower bound for the
energy on half-annuli:

Proposition 3.10 Let 0 < p < R < Ry, Ry sufficiently small, zo € 92, w.l.o.g.
zo = 0. Assume Dg , = (BR \ Bp) N Q = (ret? 1 91(r) <9 < @), p<r <
R} with |92(r) — 91(r) — | < Cr. Assume also that for j = 1,2 there holds
(u — g)(remi(’)) € (kjmw — 8, kjm + 8) for some k; € Z and § € (0, %). Then
there is a constant depending on Ry (which in turn depends on Q) and g so that
for any such function u, its energy is bounded below as

T R £
Ec(u; Dgp) > E(IQ — k1)* log e C(ky — k1)? <R + ;) . (3.16)

Proof We will use the abbreviations u (1) = u(re'?iy and gj = g(re'?i )y for
the functions on the two boundary components. We also assume w.l.o.g. k| = k
and k» = 0. Using polar coordinates, disregarding the radial derivative and by use
of Holder’s inequality, we calculate

Rl %)
/ |Vu|2z/ —/
Dg.p o T'Jw
R D 2 R Y
Z/ 1 </ ) Z/ (U1 —us) r
0 ¥y — kS 0 r(mw +cr)

We rewrite u; — up = km — (u; — g1 — kmw) — (ua — g2) — (g1 — g2). Using the
lower bound sin®(t — k;7w) > o2 valid for |f| < § with some o = o (8), we can
thus estimate

2
dddr

u
0

ou
00

R

1 1
E (u; Dg ) > E/p m(kﬂ'_(gl —g2)—((u1—g1 — km)—(uz — g2)))*

o
+ ;((Ul — g1 —km)* + (uz — gz)z)zd".

On the last term, we use the inequality a’l+b? > %(a +b)? witha = u; — g1—km
and b = up — g». Then we use the inequality o(A — B)2 + /332 > ﬁAz
that can be obtained by optimizing over B on A = (kmr — (g1 — g2) and B =
(u1 — g1 — k) + (uz — g2). This yields using also a C! bound on g

o Do) > 1/R (kmr — cr)?
u; > — —— _dr
¢ Rop 2Jp r(w4cr)+ %5

. 2 . . .
After subtraction of %, the integral of the difference can then be estimated by

5 (1 1
—Clk|(R—p)—Ck7e| —— —
p R

which implies the claim. O
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4 Convergence results by comparison arguments

In this section, we assume u, to be stationary points of E, satsfying an upper
bound

1
E.(us) < D log -+ Co 4.1)
&

for some constant C, where D is the degree of ¢/2. This bound holds true for
minimizers by Proposition 3.1. We will use the following notation. By Proposition
3.9, there exist af € 02,1 < j < Ny < N such that the approximate vortex set
S satisfies S, C UlgjsNng(a‘?)' Passing to a subsequence of ¢ — 0, we can

assume that N, = N is constant and ¢ — a% as ¢ — 0. Note that the a? need

not be distinct. We define for 0 < o < %min a0, dist(a?, a(},) the sets Q% =
Q\U;B, (a? ) and Qg =Q\U;B, (a?). With thisjsetup (and this subsequence)
we have the following bounds:

Proposition 4.1 There is a constant C = C(g, 2, Co) such that E¢(ug; Q) <
7 D log (% +C.

PIOOf We follow closely the proof of Proposition 3.3 in [13]. We write x; for
a and set N' = {1, ..., No}. Let R? denote the set of radii in [e, o] such that
BBR(xj)ﬂB (xp) = (ZJ for J # € and such that there exists for R € R aNg C N
with the properties that (Bg(x;)) jenr, is disjoint, Ng C Ny for R/ < R and
Ujen Be(xj) C Ujeny, Br(x;). It is possible to show that RY = UZI:] [, Bml,
where for R = a,;, there exists £ ¢ N with B, (xg) \ Ujeny Br(xj) # ¥, and for
R = B, there exist j # £ € Ng with dBr(x;) N Br(xg) # @. Then Ng = N
is constant for R € [a,, B] and N T1 C N so M < Ny. In addition, there
exists a constant K = K (No) such that &y < Ke, By > % and a1 < KB,
since never more than N balls can touch.

On the half-annuli Dg,, 4, (x;) for j € N, we apply Proposition 3.10 with a
jump height s, ; that satisfies 2, X jeprm %2 iz |E X e Nm S ]| = 2D. This

leads to the estimate

M

Ec(ue: Q) S Ecu: Q)= Y Y Eo(u; Dp,, .0, (x))

m=1 jeN™

<nDlog— +C0—ZZZ m1<l g@—C>

m
1
<mDlog—+C —nD Z(log Bm — loga,,)
€ m
1
<mDlog—+C. O
o

Theorem 4.2 Let (u;) be a sequence of critical points satisfying the energy bound
E;(us) < mDlog % + Co. Then there is a subsequence and N = 2D points
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ai,...,any € 02 such that
/ |Vue > < M(Q) < oo 4.2)
S’Z/
for all open ' with Q' C Q\ {ai, ..., an}. Additionally, there hold the bounds

fqusl"’SC(P) (4.3)
Q

uniformly in € for all 1 < p < 2. In particular, after adding a suitable z, € 2nZ,
a subsequence of (ug) converges weakly in HILC and WP p < 2, to a harmonic
Sfunction uy. The limit has the properties that (u, — g) is piecewise constant on
0Q\ {ai1, ...,an}, with values in w7, and jumps by —m at the points a;.

Proof We use the setup described at the beginning of this section. In particular, we
use the points a? as defined there. Note that for ¢ < g¢(0), there holds 92 - Qi P
and so by Proposition 4.1,

2
/QO Vue|? < 2E, (ue: ) < 27D log ~+C. (4.4)

o

which proves (4.2). To obtain the L? bounds (4.3), fixao > O0and 1 < p < 2.
Then by Hélder’s inequality and Proposition 4.1

o0
[rvwrr < [ wur+y [ Vel
Q o = e

&
27Z6\92_€+10

o
=C+ Z }QE*’ZU \ Q;*‘f*la‘l_p/z </S;£
=1

2o

p/2
|ws|2>

= 1—p/2)t 1 r/
<C+cd 27U=P2t (27 Dlog— +C <C,
= —I—c; (n 0g2‘50+ ) =

since the sum converges by the root test. From this L? gradient bound, we obtain
the weak compactness up to translation by Poincaré’s inequality. The weak limit
Uy is harmonic since [, Vi, - Vo = limg_0 [o Ve - Vo = 0 forall ¢ € C2°(R).
That the boundary values satisfy u, — g € w7 with possible jumps at the a;
follows from fasz sin®(up — g) — 0 and (u, — g) being close to wZ outside the
approximate vortex set Se.

We still have to prove that N = 2D and that there is a jump by —m at each
of the points a;. To see this, we note that we can localize parts of the proof of
Proposition 4.1 around aj to obtain

1
E¢(ug; @0 By(af)) = % > s log— —C(n)
m
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The jump of u, at a? is —md;, where dj = ), sy js0 ) %,znyj > |d;|. The
upper bound on the energy now implies

C@
log %

> ldjl <2D +
j

Letting ¢ — 0 we obtain X;|d;| < 2D = X ;d;, which proves d; > 0. Since by
the lower bound argument, the energy around those a? with d; > 0 already suf-
fices to make up for the singular part of the energy, we can use the n-compactness
lemma 3.8 to see that d; = 0 is impossible.

To finish the proof, we need to show d; = 1. To this end, we compare the
energy of u, to that of u,. Letting ¢ — 0 in (4.4) and using the weak lower
semicontinuity of the Dirichlet integral, we have

1
/ |Vuy|> < 27Dlog — +C.
Q0 o

o

On the other hand, Proposition 7.1 shows that for o sufficiently small,

1
2 2
/Qg IVu,? > 7 §/ djlog — ~C.

Combining these estimates shows X j(djz. —d;) < 0. Since d; # 0, it follows that
dj =1forall j. O

5 Convergence results by PDE arguments

The W17 convergence results of the previous section also hold for general sta-
tionary points where upper and lower energy bounds do not match as those for
minimizers do. Away from the vortices, there also holds convergence in higher
norms.

Proposition 5.1 There is a constant C > 0 such that for every sequence of sta-
tionary points u. satisfying the energy bound E¢(ug) < M log é there holds

limsuposcu, <C
e—0 Q

In particular, by adding a suitable sequence z, € 27, the u, themselves can be
assumed to be uniformly bounded in L.

Proof From Proposition 3.9 we know that there exist a bounded number of points
a? € 9 such that |sin(u; — g)| < % outside U; B¢ (a?), so the oscillation there
is bounded. Inside B¢ (a;) N 9<2, the oscillation is bounded since there we have

[uglcorp < % as follows from the proof of Proposition 3.9. By the maximum

principle, the bounds extend to . O
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Proposition 5.2 Let u = u, be a stationary point of E. and let zy € 92, w.l.o.g.
zo = 0. Let R > 0 be such that BgR N S, = @, where S is the approximate vortex
set. Let G € HY(BR) be a function with GlyqnBg(z) = &, and let k € 7 such that

lu — g — k| < arcsin % Then for any ¥ < 1 there holds

1
/ |Vu|2+—/ (u—g—kn)><C (5.1)
ByrN & 0QNBy R

Proof We test the equation (2.1) with n*(u — G — k). This yields

1
0:/ n2|Vu|2+—/ nzsin2(u—g—k7r)(u—g—k7t)
Q 2e Jya

+2/ n(u—G—kn)Vu~V77+/ n’Vu - VG.
Q Q

By the monotonicity sin2(u — g —kn)(u —g —km) > c(u — g — k7)? that holds
true by choice of & since S N Bg = @ and by aid of Young’s inequality, we obtain

C
/;72|Vu|2+—/ |u—g—k7‘r|2§C/ IVil>(u — G — k)> + n*|VG|>.
Q € Jaq Q

Choosing a standard cut-off function 7 satisfying = 1 on By and n = 0 outside
B with |[Vn| < ﬁ, we obtain the result. O

Proposition 5.3 Let u, be stationary points of E. satisfying E.(ug) < M log %
Assume (by aid of Proposition 3.9) that the approximate vortex set Sg is covered
by Uyzl Bg(af). Then for any o > 0, the energy of u; on Q5 = Q \ Uj B, (aj)
can be estimated as

R 1
Eg(ue; Q) < Clog ot (5.2)

Proof This follows from Proposition 5.2 since the part of Q¢ near the bound-
ary can always be covered by a logarithmical number of balls, see Fig. 2. In the
remaining sector, classical interior gradient bounds for harmonic functions also
show logarithmic bounds. If many vortices are close together, we can combine the
bounds obtained near each vortex similar to the argument in the proof of Proposi-
tion 4.1. O

Theorem 5.4 There is for 1 < p < 2 a constant C = C(g, p, M, Q) such that

for every sequence ug of stationary points of E. satisfying E¢(u;) < M log %
there holds

/Q|w€|l’ <C. (5.3)

Proof This follows exactly as in the proof of Theorem 4.2 from the estimate
(5.2). O
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S5

@1

go g € D1
Fig. 2 Construction for the proof of Proposition 5.3: The set B;T] \ B is covered by the cir-
cular sector S,‘,’0 and some squares Q; in geometrical progression that can thus be covered by
C () log 2 half-balls not touching B;'.

Remark 5.5 Theorem 5.4 can fail without the assumption E,(u#;) < M log % that
provides an a priori bound on the number of vortices. Counterexamples (with Q =
B1(0) and g = 0) can be constructed by conformally mapping the periodic half-
space solutions given by Toland [15] to the unit disk, see [8, Sect. 5.5] for some
more explicit calculations. This is in contrast to Ginzburg-Landau theory, where
the logarithmic a priori bound always holds in the case of a starshaped domain [1,
Theorem X.1].

To obtain bounds in higher norms, we will flatten the boundary and use a harmonic
extension of the forcing function g. By changing variables we obtain

Proposition 5.6 Ler zg € 902, w.l.o.g zog = 0 and 02 has horizontal tangent at 0.
Then for p > O sufficiently small, the part of §2 near zo can be written as a graph of

a C! function y over its tangent plane, so W : B;f - Q W, y) =, y+y©X)

is a diffeomorphism of B;," onto a (closed) relative neighborhood of zq in Q2.

Let u; be a stationary point of E. and G a harmonic extension of g to \IJ(B;)
with bounded Dirichlet integral. Then the function w, = (ug — G) o W solves the
PDE

1
/+aij8iw£8j<p+/ (2— sinng—i-h) bp =0 5.4)
B r,

4 e
for all 9 € H'(B}) that vanish near B, where (a;j) = (', ~7.), b =

-y’ 1+y
VI+y2andh =9 0wl

Proposition 5.7 Let w = w, be a solution of (5.4) and R > 0 such that sin? w <
% onT'g. Then for 9 <1

1 ow
Jy 1wt
BT & JIyr

at
9R

2
=C@, R). (5.5)

Proof For ease of presentation, assume 9<2 is already flat, and g = 0. Then a;; =
8ij, b = 1, h = 0. We differentiate (5.4) and test with n281w, where 1 denotes
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the usual cut-off function that is O outside B;{, 1 inside B; »»and satisfies |Vy| <
C .
RA=9)" This shows

1
/ VoiwV(n2diw) + —/ 91 (sin2w)n?djw = 0 (5.6)
B 2e Jr

R R

We now use 91 (sin2w) = 2 cos(2w)odjw and 2 cosQw) = 2(1 — 2 sin? w) > 1to
obtain by Young’s inequality for any «

1
f %meﬁ+—/ ¥MwP5a/
BT € Jry B

R

1
#wwﬁ+—/ Vil [Vw|?
+ o +

R BR
5.7)
Using the result of Proposition 5.2 and choosing o« < 1, we obtain the claimed
bound for 9; Vw. We can extend this to the full second gradient since drpw =
—0di1w and hence |01 Vw| = |0, Vw]. O

Proposition 5.8 Let u, be stationary points of E. satisfying E.(us) < M log é

Assume the approximate vortex set Sy is covered by B, (ajf), with aj. — aY as

J
g —> 0.Thenon Q, = Q\ | Bs (a?) there holds the estimate

lim sup/ IV2us|> < C(o) (5.8)
e—0 Qo
as well as |
lim sup — / sin(uy — g) = 0. (5.9)
e—0 € JaQnaQ,

Proof The first claim follows from (5.5) and a covering argument. For the second,
we observe that the H2 bound implies weak H? convergence u, — i and thus

also aa"lj — Baiv* in L2. Now we have (with ' = 9Q N 3$2,)

1 C
—/ sin® (g — g) < —/ sin® (g — g) cos®(ug — g) = Ce/
eJr e Jr r

oug 2

ov

’

which tends to 0 by the convergence of %‘ O

6 The half-space solutions

Blow-up of the solutions of (2.2)—(2.3) at scale ¢ will lead to a half-space problem.
The resulting equation is the Peierls-Nabarro equation known from the theory of
crystal dislocations, and its solutions have been classified by Toland [15]. We will
use the following essential uniqueness result:

Theorem 6.1 (Toland [15]) Let u be a bounded solution of

Au=0 in Rf_ 6.1)
ou 1.

— = ——sin2u onR. (6.2)
av 2
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Then either u is periodic or constant, or there exist n € Z,a € R, and a sign such
that

u(x,y) =:l:arctan);i(11 +7rn+% (6.3)

Proposition 6.2 Assume u. are stationary points of E. satisfying E.(us) <
M log % let zg € 092 and define w, := (uy — G) o ¥V as above. Then the func-

tions V¢ (z) = we(ez) converge weakly in HILC(Ri) to a nonperiodic solution of
(6.1)—(6.2).

Proof As in the proof of Proposition 5.3, the energy of w, satisfies a logarithmic
energy bound < C log §, giving a local bound for the Dirichlet energy of V, in
+
Bpy.
It follows that V. — V in H! (Bg) for every R. Since V satisfies the PDE

1
/ a9 Vedjp + f (— sin 2V, + hg) b'¢ =0 (6.4)
B+ Fp/s 2

ple

for all ¢ € Hl(B;'/E) vanishing near 9B /., where af]. (2) = ajj(ez), b°(2) =
bé(ez) and h.(z) = g(%—f o W)(ez). Letting ¢ — 0, we have afj — 8ij, b®* = 1,

and #; — 0 uniformly in every B,J{. Passing to the limit in (6.4) we thus obtain
that V' satisfies the weak form of (6.1)— (6.2). The limit cannot be periodic since
this and the strong convergence V, — V in leoc (R) would otherwise contradict
Proposition 3.9 for ¢ sufficiently small. O

Corollary 6.3 If (u.) are stationary points of E. with Ec(ug) < M log é then
the approximate vortex set S; can be covered (for a subsequence) by disjoint balls
Bse (ajf)for some ai € 02 and some o > 0. If (uy) have been minimizers or local

minimizers (i.e. with respect to variations of small support) then a‘? converge to
distinct points a? ase — 0. ‘

Proof 1t follows via (3.15) from (3.14) and the fact that the only possible leOC (R)
limits of the blowup of Proposition 6.2 around a point are constant or the Toland
solution that for & small enough, around every interval in S; C 92 we need to
have a jump of 4. Two such intervals need to be an asymptotic distance bigger
than K¢ apart since otherwise the e-scale blowup would converge to a solution
that shifts twice by m, at a distance K. Such a solution does not exist by Theorem
6.1. Hence, o ¢-balls will be eventually disjoint. They have to cover for some o by
Proposition 3.9.

The second part follows as in the proof of Theorem 4.2. O
7 The renormalized energy
In this section we calculate the energy of the possible limit functions, and obtain

a singular term plus a renormalized energy W that depends on the position of the
singularities. Furthermore, we calculate the gradient of this energy.
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Proposition 7.1 (Energy expansion for limit functions) Let a = (a;) withi =
1,..., N be a collection of distinct points in 0<2, d; € Z with X;d; = 2D, and let
uy be a harmonic function such that u, — g € w7 on 92 and u, jumps by —d; at
the points a;. Then the Dirichlet energy of us in the domain Q, = Q\ U1N=1 B,(a;)
has the following asymptotic expansion as p — 0:

N
1/‘ , T 2 1
- Vi = — dilog—+ W 4+ O(plogp), (7.1)
2 Je, ) ZE I p

where W is the renormalized energy corresponding to (a;, d;) that can be calcu-
lated by the expression

N
1 T
W=—m Z d,-djloglai—ajl—l—z/aQVg/—E;de(aj). (7.2)

1<i<j<N

Here V denotes a solution of the inhomogeneous Neumann problem

AV =0 inQ (7.3)
N

vV

o= ’—nz;djaaj on 3%, (7.4)
j=

and R is a harmonic function, continuous on 2 and given by

N
R(z) =V (z) — Zd‘, log |z — ajl. (7.5)
j=1

Proof Similar to the corresponding proof for interior vortices (where the lifting of
e'" to u can be done only locally) in [1, Chapter I], this follows by observing that
V and u, are harmonic conjugates, hence have the same energy. The energy of V
is then calculated using (7.5). O

Proposition 7.2 The gradient of W at a point a = (a;) (with fixed d= (d)) is
given by

VaW (@) = (fi(a:), (7.6)
where f;(2) = 2 (uy(z) — d; arg(z — a)).
Proof We follow the calculations in [1, pp. 87-89]. Fix all but one of the points

(@), say a;. Now let ®;(z) denote for b € 9S2 the solution (normalized to have
mean 0 on 9Q2) of

AD,=0 inQ 7.7
a0,
=g > diby, — 7d;8, ondQ. (7.8)

=y
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We also set L(z) = Zk# dilog|z — ai| and ¥, = &, — L. Both W}, and L are
harmonic in €2, and the normal derivatives are given by

for some bounded function /4, and

0 v "—h dié
— W, =9 —h—md;8p.
90 b=8 job

We also set Rj(z) = Wy,(z) —d; log |z — b|. Rp, is C' on . Finally, for b # b' we
define another harmonic function ¢ by

|z = V]

$(z) = Ry (2) — Rp(z) +djlog

= Wy (2) = Wp(2) = Py (2) — Pp(2).

|z — bl
The normal derivative of ¢ is then
IS
P = —md;(8p — &p).

Now we use Green’s identity on ¥, and W, for b # b’, from which we obtain
Joa(Wy 2w, — W, -2 0,) = 0. Hence

/ (W), —Wp)(g' —h) = 7d (W (b) — Wp(b") = wd;(Ryy (b) — Rp(b")). (7.9)
aQ
From using Green’s identity on the harmonic functions L and ¢ we obtain

—md;(L(b') — L(b)) = f (W — Wp)h — 7 > di(Ry () — Rp(ar))
e k#j
lag — |
—7d; Y dylog ——.
/ ; ® lac — bl
J
Expanding out L, the logarithmic terms cancel, and so

f (Wy — Wp)h =7 Y di(Ryy (ax) — Rp(@r).
oo k]

By (7.9) and the definition of W, this shows

7Y di(Ry (ar) — Ry(a)) +d(Ry (b) — Ry(b)) = f (P —Dp)g’. (7.10)
k7] e
Differentiating (7.10) with respect to b € 9 and setting b’ = b, we see (with

dpRp, 0;Rp denoting tangential differentiation with respect to the subscript and
the argument, respectively)

—T death(ak) + mwdj(0;Rp(b) — OpRp(D)) +/ Bpdpg’ =0. (7.11)
k] 0@
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Now W is given by

T
W = —JTdedjlog|b—ak| - EZ Z didy log |ay — ag|

k#j ket bk

1 , T b4
= | g’ = =Y dkRp(ar) — —d;Ry(b).
2 Joo 2 & 2

Differentiating tangentially with respect to b, we obtain

b 1
WW = -1y did, %-F—/ pPsg’
Q2

b 2 2
Py | |
b3 T
=5 2 ddsRy(ar) = —d;(0-Ry(b) + 0 Ry (b).
k#j

Using (7.11), we can simplify this to

b—a) -
abW=—nded»( ag) - T

jﬁ - Tl.'djasz(b)
=]

On the other hand, the tangential derivative of the function

Sj(z) = ®p(z) —djlog|z — b] = Ry(z) + Y _ dilog|z — ax|

k]
at b is given by
—s i(b) = Zd L L a.Ry (D).
so pW = —m4- S i(b). Since the u, corresponding to a and ®;, are conjugate

harmonic (and so are arg and log),

d d
a(u* —djarg(z — b)) = _a_rSj’

so summing up, the derivative of W with respect to changing b = a; is given by

iW(a) = n—(u*(z) djarg(z —ay)). (7.12)
daj ‘
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8 Energy expansion for isolated vortices

In this section we consider stationary points of E such that S, can be covered by
balls ng(aj) with aj — a? that are distinct, such that the jump d; near these
points is 1 (this is true for minimizers by Corollary 6.3), and obtain that there is
an asymptotic expansion of the energy in terms of the renormalized energy of the
last section.

To this end, let us assume w, to be a solution of (5.4) around some point zg
that satisfies | sin 2w, | < % onI'g,\I's¢ and Supg+ |we| < C. Assume in addition

that |w(xx, 0) — kx| < ‘—1‘ forx € (oe, Rp), with ky € Z and |k — k_| = 1.
These assumptions are valid for minimizers by Corollary 6.3.
Let w, be the solution of

AW, =0 inR%

oW, 1 . 2
= ——sin2w, onR = 9JR:
av 2¢e
that satisfies w,(x, 0) — k4 as x — Fo0 and w.(0,0) = k‘;h . Without loss of

generality, we assume k4 = k_ + 1. By Toland’s uniqueness result Theorem 6.1,
we is given by

We(2) = k_ + Wo (g) 8.1)

where Wy is the base solution

Wo(z) = = + arctan — 8.2)
z) = — 4+ arctan . .
0 2 y+1
Proposition 8.1 For R < %, there holds
— 1 — 2
[Vw, — Vw, | + — lwe —we|” < C. (8.3)
B € Jrg
Proof The function w; is a solution of
1
/ 8ij0iwe0jp + — sin2w,9 =0 forallp € C° (By). (8.4)
BIJ?r X 2¢e 'z

With the notation used already in Proposition 5.6 and setting g; = (a;; — §;;)0; W,
and H =bh + (b — 1)% sin 2w,, we can rewrite (8.4) as

1
/ ajj0iWwed;Q + — sin2wy by = / gjojp +/ Ho, (8.5)
B;{ 2 I'r B}r I'r
where H and g; satisfy by the definition of @;; and the explicit form of w, the
estimates |g;| < Crvé2 <Cand |H| <C+ C%(l A f) < C. Subtracting

rite
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(8.5) from (5.4) and testing with 772(w‘,3 — w;) leads using ellipticity and Young’s
inequality for any § > 0 to the estimate

1
c/ nZIVwE - nglz + —/ nz(sinng — sin 2w, ) (w, — We)
B} 2e Jr

R € R

— Ce
SC/+Ianz(we—we)2+Cf+’72(g12+g§)+7/ i H

Bg Bp Cr

) _
+ —/ n*(we — W)
£ 'z

OnT'g \ ['s¢, we have by assumption that (sin 2w, — sin 2w, ) (we —w,) > c|wgs —
Wy |2 and so we can choose § > 0 small enough and use n < 1 and the bounds on
gj and H to obtain

_ c _ _
c/ n2|Vwe—Vwe|2+—/ n2|w8—w8|zsc/ V12 (we — We)?
BT & Jrp +

R BR
1
+CR>+CRs + % |(sin 2w, — sin 2W,) (W, — We)| + |we — We|%.
€ JTge
(8.6)

Choosing for n a smooth function that is equal to 1 on B; /20 equal to O outside B;{

and satisfying |Vn| < %, the right hand side is seen to be bounded by a constant
depending on R. O

Proposition 8.2 For all ¢ > 0 there exists a. € R such that for all C1 > 0 there
holds

1
— [we (x,0) — We(x —age, 0)]> > 0 ase — 0. (8.7)
28 FCls

The shifts a. are uniformly bounded: |as| < Cy.

Proof Resgling by &, we obtain the functions W,(z) = we(ez) and W (z) =
we(ez) = W (z). If the assertion were false, then there exists a subsequence ¢ — 0
and a § > 0 such that

%/ We(x) =W —a)>>8>0 (8.8)
I,

for all a with |a] < Cy. Repeating up to rescaling the proof of Proposition 6.2,
we obtain that W, — W, in Hl(B;{) for all R > 0, for some W, € Hch(R%r)'
W, must be a solution of the half-space problem, and by Rellich-Kondrachov
embedding on the boundary, we obtain

e—0

/ Wy — W|* = lim |W8—W|2s/|W8—W|Zsc
I'r g R
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by (8.3), in particular the difference W, — W is in LZL]R). From Toland’_stheorem
6.1 we obtain that W, can only be a translation of W, i.e. W.(z) = W(z — a).
From

/|W*—W|25c
R

and the explicit form of the solution we deduce that |a| < Co for some Cy. The
convergence W, — W, also implies

/ [We — Wil* = 0
FCI

as ¢ — 0, contradicting (8.8). O

Proposition 8.3 [f we redefine we by choosing the shifts a. as in Proposition 8.2,
then the energies of we and w, are asymptotically close:

lim sup lim sup / [Vw, — V> =0 (8.9)
p—>0 -0 B;r
and |
lim sup lim sup —/ lwe —Wel> =0 (8.10)
p—0 e>0 €Jr,

Proof Let R < %. Then by a suitable Poincaré inequality

/ lwe — We|? < CRZ/ IVw, — V| +CR/ (we — W,)2.
B;\B;/z B;\B;/z Tr\TRr/2
8.11)

This and (8.6) show together with Proposition 8.2 that

/ |Vw, — Vi, |> < C/ IVwe — VI > +C = + CR? +w(e), (8.12)
B;/z B;\B;/z R
where w(e) — 0 as e — 0. Adding the integral over B;{/Z to both sides (“filling
the hole”) leads with ¢ = CL+1 <1to

I
/+ [Vw, — VI, |* < z?/+ [Vw, — vw8|2+CE +CR>+w(e), (8.13)
B

R/2 Bg

from which we conclude the first claim: By (8.3) the limit is finite, and if it is not
zero then letting ¢ — 0 and R — 0 in (8.13) leads to a contradiction. The second
follows from the first, (8.6) and Proposition 8.2. O

Proposition 8.4 There holds

lim sup lim sup =0 (8.14)

p—0 =0

— 2
f aijaiwsajwe_/ [Vwe|
B BF

P P
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Proof We have

/ ajj0iwedjwe :/ ajjOiWe0;we +2/ ajj0iwe0;(we — We)
B B B

p p »

[ agwn w090, - w0 (815
B

P

The last term tends to O by Proposition 8.3. For the other terms, we have

o — 2
/ aijaiwsajws_f [Vwe ||
B B

P

1
< f Cr—2 <Cp
Bf T

and

/+ ajj0iwedj(we — We)
B

o

1
5/ Cr—|Vw, — Vwg|,
By T

which goes to 0 by Holder’s inequality and (8.9). For the final term, we use the
harmonicity of w, and integrate by parts. This shows

0w,

_ _ ow _ _
f ng-V(ws—wa:f —S(wg—w8)+/ (We — W)
B} r, ov 9B,NRZ OV

The integral over 9B, N R%r can be estimated since the integrand is bounded by
%, which tends to 0 under the convergence considered. The other is via Holder’s

inequality bounded by (% fFR |we — we|*)!/2, which tends to 0 by (8.10). m|

Proposition 8.5 The energy of we on B;’ satisfies

1 1
lim -/ |vw€|2+—/ sin2w5—£<log£+l—log2) —0. (8.16)
e—0\ 2 B;’ 2¢e r, 2 &

Proof This follows from an explicit calculation. O

Theorem 8.6 Assume that u. are stationary points of E¢ with E¢(us) < M log é
and g — Uy in HILC nwlp (2), where uy is the harmonic function corresponding
to (a;, d;) as in Proposition 7.1. Assume furthermore that the vortices are isolated,
i.e. the centers of the balls covering the approximate vortex set S; converge to
distinct points. Then as ¢ — 0, there holds

1
E.(u;) =D log z +Wiai,d;) + tD(1 —log2) 4+ w(e), (8.17)

where D = % > dl.z, W is the renormalized energy of Proposition 7.1, and
w(e) > 0ase — 0.

The configuration (a;) is a stationary point for W with fixed d;, and (locally)
minimizing if us has been (locally, i.e. w.r.t. variations of small support) minimiz-
ing.
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Proof By Proposition 5.8, we have u, — u, in H'(Q o), and in particular for any
p=>0

1
lim E, (ue; Q,) = = \/THES
lim Ee (ue: 2p) 2/,,| Us]

Inside w, = By(a;) N §2, we use again a harmonic extension G of g. With v, =
ug — G there holds

G
/|Vue|2=/ |ng|2+2/ vg—+f |VG|2:/ [Vuel* + O (p).
wp , dwp dv wp wp

o

In the limit lim,_,¢lim¢ o, we can thus work with v, instead of u.. From
Proposition 8.4 we already know that the energy of v, on \IJ(B;) is close to that
of w, on B;f. The symmetric difference A, := \II(B;{)A(B » N €2) does not play
a role here since

lim sup lim supf |Vve|?
Ap

p—0 e—0

< Climsuplim sup/ Ve |
v=l(A))

p—0 e—0

= C limsup lim sup/ IV, |*> =0
p—0 e—>0 \I/*I(Ap)

by (8.14) and the explicit form of w,. Similarly, there also holds (using (8.10))
1
lim sup lim sup — / sin® (ug — g)=0.
p—0 =0 € J3A,NIQ
Since

lim sup lim sup — =0

1 . .o
sin’ web — sin’ We
r, r

p—0 e>0 € »

as can again be deduced form (8.10) and

lim sup b =1,
P=0r<p

the energy of u, in B, N2 is thus asymptotically that of w in B/‘f. We thus obtain
the claim from Proposition 7.1 and Proposition 8.5.

To show that (a;) is a stationary point of the renormalized energy, we use
Proposition 7.2 so we need to show that %(u* —d;¥) is zero at a;, where ¥ =

arg(z — a;). To this end, we calculate using harmonicity of u, and u, and setting
h = Uy — djl?

/ g _ / oy
aenB, OV 9B,nQ OV

£—0 / 314* / 31/!* / oh 00
aB,nQ OV aqnB, OV aqnp, v v
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Using the PDE, we have

3 1 1
e _ 2 sin 2@, — g) = — sin 2w, b.
g
aene, v 2¢ Jyans, 2e Jy-100nB,)

Using estimates from above, we can again replace ¥~ (3Q N B p) by ' up to an
error that is O (p?). Similarly, we can estimate

1
lim sup —/ sinZwa—/ Sin 2w,
es0 |26 r, r

P
1/2 1/2

< limsup f sin’ 2w, (b—1)>%
Tp

e—0 Tp

1
+ C lim sup — (sin 2w, — sin2wy,)
e—>0 <€ JT,

=0(*+0

by (8.10) and |b(s) — 1] < Cs. Since fasszp g—z = 0(p?) we obtain that, as

1 ah ah
o Jagne, v — 0, hence 57

To show that (a;) is (locally) minimizing if we started with (local) minimizers,
we can construct for any (a;) a test function v, similar to that of Proposition 3.1

p — 0, we also have =0ata;.

by interpolating linearly in the radial variable between G + w, o W~ inside B,
and u, in €5, It is not hard to show that resulting function v, then has an energy
whose O (1) part is given up to a constant by W(a}, d;), and by minimality we

obtain W (a;. d;) < W(d}. d;). O
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