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Abstract Consider the class of closed connected sets ¥ C R” satisfying length
constraint 7! () < I with given! > 0. The paper is concerned with the properties
of minimizers of the uniform distance Fj; of ¥ to a given compact set M C R”,

Fy(2) := maxdist (y, X),
yeM
where dist (y, ¥) stands for the distance between y and 2. The paper deals with
the planar case n = 2. In this case it is proven that the minimizers (apart trivial

cases) cannot contain closed loops. Further, some mild regularity properties as
well as structure of minimizers is studied.

1 Introduction

Let M C R" be a given compact set and consider the functional Fj; defined over
subsets of R” by the formula

Fy(2) := maxdist (y, X),
yeM
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where dist (y, ) := inf,cx|x — y| and |-| stands for the standard Euclidean norm
in R”. In this paper we focus our attention mainly on the following problem.

Problem 1 Minimize F); over all compact connected sets ¥ C R” with pre-
scribed bound on the total length HY(Z) <.

One of the possible motivations for this problem is as follows. Suppose that
M represent a populated area. One has to construct a highway X (or, generally
speaking, a transportation network) of length not exceeding / (which is usually
determined by the budget for construction), so that it be equally accessible to all
the people living in M. This means that ¥ has to be as near as possible to M in
the uniform sense, i.e. it has to minimize Fj;.

A similar problem on minimizing Fj; over sets having prescribed cardinality,
rather than having prescribed length, is somewhat better known. It can be inter-
preted as the problem of finding an optimal location of a prescribed number of
production sites for the populated area M. In particular, when M consists of a
finite number of points, #M = m, then the problem of minimizing Fj; over sets
Y. C M consisting of k < m points is a well-known combinatorial problem called
k-center problem (see e.g. [11, 12]).

Another related problem has also to be mentioned. Assume the density of the
population is given by a finite Borel measure compactly supported in R”. The
problem of constructing an optimal highway X of prescribed length can be then
formulated with the help of another reasonable criterium, namely, that of mini-
mizing the average distance (or some given function of the distance) to X. This
problem would then read as follows: minimize over all compact connected X sat-
isfying H'(X) < [ the functional

Fya(X) = /Rn A(dist (y, X)) do(y),

where A: R™ — R is some given nonnegative nondecreasing function and ¢
is some compactly supported finite Borel measure. Such minimization problems
have been recently studied in [2, 3, 4] (see also [10] for the closely related so
called lazy traveling salesman problem). Usually one takes A(¢) := tP for p > 1
(with p = 1 or p = 2 most important cases in applications). In this case we will
write Fy, , instead of F, 4. The analogue of this problem for the minimization of
Fy 4 in the class of sets consisting of a prescribed number of points (standing for
production sites to be located) is called optimal location problem (for a survey
see [6] as well as [9]). The “combinatorial analogue” of the latter (#supp ¢ = m,
while ¥ C supp ¢ consisting of k < m points) is well-known under the name of
k-median problem.

We find it useful to consider another problem which is in a certain sense dual
to Problem 1, and reads as follows.

Problem 2 Minimize H' (%) over all compact connected sets ¥ C R” with pre-
scribed bound on Fyy, Fy(2) <r.

This problem also admits an easy interpretation. Namely, suppose that we have
to provide a gas supply pipeline to every house located in some area M under the
condition that the gas supply should reach each house at distance not greater than a
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givenr > 0. The company constructing the pipeline will naturally try to minimize
its length under the above restriction, which reduces to solving problem 2.

It is rather easy to show that both problems studied in this paper admit solu-
tions, and, further, that Problem 1 can be considered in a certain sense a limiting
problem for F, , as p — oo, with M = supp ¢. We will further study that Prob-
lems 1 and 2 in the planar case n = 2 and show that they are naturally equivalent
in the sense they have the same set of minimizers. This will immediately follow
once we prove that apart trivial cases, every minimizer X,,, of problem 1 must
have the maximum possible length /. We further study the minimizers to the prob-
lems introduced and show that (again, trivial cases apart), they never not contain
closed loops and possess some mild regularity properties.

2 Existence of minimizers and preliminaries

The first easy result regarding Problem 1 is the existence of minimizers.
Theorem 2.1 Problem I admits a solution X,p, for any givenl > 0.

The proof of the above theorem is elementary, but we will omit it since this
result can be also viewed as an immediate consequence of Proposition 2.3 below.

We introduce now the following notation: let OPT, (M) stand for the set of
compact connected ¥ C R" with H'(Z) < 400 such that ¥ » M (note that
this is always true, e.g., when H!(M) = +o00) and for every compact connected
> ¢ R" with H(Z') < H'(Z) one has Fy (¥') > Fy (). In other words,
the set OPT o, (M) consists of all the minimizers to Problem 1 for all the possible
values of / > 0 except trivial ones (namely ¥ 2 M which are the only minimizers
providing Fj;(X) = 0). Theorem 2.1 shows therefore that OPT o (M) # @.

Analogously, we introduce the set OPT%, (M) consisting of all compact con-
nected ¥ C R” with H!(Z) < 400 such that ¥ % M and for every compact
connected ' C R”" with Fy(X') < Fy () one has HI(Z) > HI(Z). This
class is related to Problem 2 similarly to how OPT, (M) is related to Problem 1.
Namely, OPT} (M) consists of all the minimizers to Problem 2 for all the possible
values of > 0 (the minimizers to Problem 2 with » = 0 are all closed connected
Y D M).

It is rather easy to prove that OPT; (M) C OPTo (M) (see Proposition 3.1).
We will show that the reverse inclusion is still true, though its proof is much more
tricky and is based on showing that every solution of Problem 1 must have maxi-
mum possible length / (see Theorem 3.7). Though this fact might seem natural, its
proof is not quite obvious. To understand the difficulty, consider the following sit-
uation. Let y stand for the trace of an injective smooth curve in R? connecting two
given points @ and b, let 7 < H'(y), and let M stand for the r-neighborhood of y .
For each / > 0 let ¥; C R? stand for a solution to Problem 1. One is tempted to
conjecture that (at least for reasonable y) for / := H!(y) one has ¥; = y (so that
Fy(Z7) = r). Butif it is so, then how should %; look like for / just slightly greater
than ' (y)? It is clear that changing locally y (e.g. attaching to y somewhere a
piece of small length 8 := I — H'(y)) would not decrease the energy Fj;. The
reasonable way of decreasing the energy is that of attaching pieces of small length
(say, small segments) to y in many points, so that the those pieces be distributed
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Fig. 1 Possible nonlocal modification of y to decrease the energy

more or less everywhere along y (see Fig. 1). Reasoning in this way, one observes
however, that the attached segments should be denser where the curvature of y
is high, and that the length of the segments clearly decreases once their density
increases. It is thus not clear whether a similar procedure can be fulfilled even in
rather simple situations.

Another way of looking at similar difficulties is observing that in the absence
of the mentioned result, i.e. when some solutions to Problem 1 can have length
strictly less than that allowed by the problem statement, then there is no hope to
obtain any regularity result on solutions to this problem. In fact, if ¥,,, solves
Problem 1 but HI(E(,p,) < [, then any closed connected ¥ containing X,,, and
satisfying ! (X) < [ solves the same problem.

It is worth mentioning that OPT., (M) contains in fact minimizers for the
much larger class of functionals of the type

G(D) = (Fy (D) + HH (D)),

where @ and H are nondecreasing functions. Recalling our interpretation of X
as a highway or a general public transportation network, the cost G(X) is natu-
rally interpreted as a sum of the cost ® (F7 (X)) on getting to the network (which
therefore reveals the social benefit of the network) and the cost of construction of
¥ represented by H (H!(X)). We may claim the following easy result.

Proposition 2.2 The minimizers Xop; of G (if exist) among all compact connected
sets belong to OPToo (M), if ¥ 2 M and either of the functions ® or H is strictly
increasing.

Proof If @ is strictly increasing and H is non decreasing then the minimizers of G
among all compact connected sets belong to OPTs,(M). On the other hand, if H
is strictly increasing then the minimizers of G all belong to OPT} (M). It remains
to mention that OPT} (M) = OPTo (M) as it will be shown in the sequel. O

Finally, we mention the following remarkable result.

Proposition 2.3 Consider a sequence {¥,}77 |, where each X is a minimizer
to Fy , among compact connected sets & C R" satisfying the length constraint
HY() < I. Then, up to a subsequence (not relabeled), X, — XYoo in Hausdorff
distance as p — 00, where X minimizes Fy with M = supp ¢ over the same
set of admissible X.
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Proof Let Q2 stand for the convex hull of M and observe that all sets X, being
minimizers of F, ,, are contained in the convex hull of M as proven in [4]. There-
fore in view of the Blaschke theorem [1] there exists a subsequence of X, (not
relabeled) which converges to some compact set X. Since all X, are connected,
then so is also X, and besides we have

H (Zo0) < limpianl(Zp) <l

due to the Golab theorem. Thus X, is an admissible set and we have only to prove
that F1(Xo0) < Fpr () for all compact connected ¥ with HY(Z) <.
Define

1/p
Fp(2) = Fp (D)7 = [ /M d(y, E)”dw(y)] :

We denote with dy (X, ') the Hausdorff distance between compact sets ¥ and
¥/, so that dy (2p, Xo) — 0 as p — oo. Also we notice that given any two
compact sets X and ¥’ one has

1/p
|Fp(2)—Fp(2’>|s[/M|d(y, %) —d(y, 2’>|Pd¢(y)} <dy (s, 2)eM)'?.

Recall that for a fixed compact ¥ we have F,(X) — Fy (%) as p — o0o. Hence,
liminf|F, (X)) — Fy(Zc0)l
p—>00
<liminf|Fy(X,) — Fp(Boo)| + liminf|F(Es0) — Fy (Zoo)]
p—>00 p—>00
<liminfdy (X), Xoo)p(M) =0,
p—>00
ie. liminf, F,(2),) = Fy(Xe0).

We now argue by contradiction supposing the existence of an admissible ¥¢
with Fy;(29) < Fy(Xs) — € for some € > 0. Then we would have

liminf F, () = Fi(Zeo) > Fir(Zo) = lim F,, (o).
4 P

Thus there would exist some large p such that F,(X,) > F,(Xo) or, equiva-
lently, Fy ,(X,) > Fy p(Zo). The latter contradiction with the minimality of X,
concludes the proof. |

3 Fundamental properties of minimizers

We start with the following easy result stating that OPT; (M) C OPToo(M).
The idea of the proof is to show that every minimizer ¥ of Problem 2 must have
maximum possible energy Fy (X) =r.

Proposition 3.1 (maximal energy) Let ¥ € OPT% (M). Then ¥ € OPTo(M).
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Proof Let ¥’ be a compact connected set such that HY(Z) < H'(Z) and suppose
by contradiction that Fy;(X") < Fp(2). Let R > 0 be such that ¥’ € Bg(0). If
AX' is the A-rescaling of £’ we notice that

Fy(AZ) < Fyu(Z) +dist (2, A%") < Fy(Z)) + R|1 — A
and
H!OWE) = vHY (D) = H (Z) — (1 = HHI(T).

Hence, if we choose A < 1 such that R(1—X) < Fy(2) — Fy (X)) we have found
that Fiy (LX) < Fy(2) and H!(AZ") < H!(Z). So we have a contradiction with
the assumption £ € OPT% (M). o

Given an x € X, a straight line IT C R” such that x € I, and a number p > 0,

we define )
dist (y, IT)

yEXNB, (x) P

Bs.n(x, p) ==

Define then the flatness By of a set X by the formula
Pz (x, p) = inf Bz n(x, p)

where IT varies among all straight lines of R” passing through x. We are able to
announce now the following auxiliary technical result.

Lemma 3.2 Let Ip C R be a compact neighborhood of ty and lety : I — R",
Iy C I, be a continuous curve such that there is a y'(ty) # 0 and #y_1 (xo) =1,
where xg := y(tg). Let v = y'(tp), I1 := {xg + vs : s € R} and Ty := y(lp).
Then

p£f8+ Bz, m(x0, p) = 0.

Proof Step 1. We first claim that
d, = diamy ~'(B,(x0)) — Oas p — 0T.

In fact, otherwise there is an ¢ > 0 and a sequence {#,} C Io such that y(t,) —

y(tp) as v — oo and |t, — fy| > €. Then, up to a subsequence (not relabeled), we

have t, — t € I and in view of continuity of y one has y (¢,) — y(¢) asv — 0.

Then ¢ # t but y (1) = y (tp) which contradicts the assumption #y ~!(xo) = 1.
Step 2. One has

dist (y (¢), IT) < [y (1) — (xo + vt — t0))]
for all t € I. Therefore,

dist (y (¢), IT) - ly (t) — (xo + v(t — 1))
t—to - t—1 ’

and hence, minding the definition of a derivative of y in fy, one gets

. dist(y (1), IT)
lim ——— =
t—ty  t—tp

0. ey



On one-dimensional continua uniformly approximating planar sets 293

Observe now that

dist (y (1), TT)

y(t)€B, (x0) P
dist (y (¢), IT) |t — 19|

y(eB,(xg) 1T — 10l P

Bxy,11 (X0, P)

Now, if p — 0T, then forr € y (B p(X0)) one has t — fy. But, for ¢ sufficiently
close to 7y one has

y (@) —xo = v(t — 19) + o(t — 19),
and hence
Y@ — 0l = 3ol 1 ~ ol
Minding that v # 0 according to our assumption, we get

Ll —xl _p

[t — o] < < .
] ]

Therefore, for all sufficiently small p > 0 one has

dist (y (), IT)

Bs.n(xo, p) =
Y (1)€B(x0) P
2 dist (y (¢), IT
<2 ist (y (¢), IT) 50
Wl r—tg|<d, It — 10l
when p — 07 in view of (1). O

We need also the following lemma from [5].

Lemma 3.3 Let ¥ C R” be a closed connected set satisfying H'(X) < +o0.
Then there is a surjective (but not necessarily injective) Lipschitz arc-length pa-
rameterizationy : [0, L] — X with |y’| = 1 a.e. over [0, L], where L < ZHI(Z).

In the sequel we will extensively use the result below which in a certain sense
provides the existence of “classical” (rather than approximate) tangent lines to a
one-dimensional continuum X.

Proposition 3.4 (existence of tangent lines) Ler X C R” be a closed connected
set such that H' (L) < 400. Then in H'-a.e x € ¥ there exists a “tangent” line
I to X at x in the sense that x € Tl and

lim By n(x, p) =0.
p—07t



294 M. Miranda Jr. et al.

Proof In view of Lemma 3.3 there is a surjective Lipschitz parameterization y:
[0, L] — X with |y’| = 1 a.e. over [0, L], where L < +o00. Let

So={xeX :te(,L),y () exists and |y’ (t)| = 1 whenever y (¢) = x},
Yi={xeX: yfl(x) is finite},
So={x e ify@) =y()=xtheny (r) = +y'(s)}.

Clearly H!(Z \ Z¢) = 0 by the definition of y. Also H!(Zo \ 1) = 0 since
otherwise we would have

L
/|ﬂmm=/mﬂumw@m/1 #y = (0) dH' (x) = o0.
0 )

Zo\Xg

Finally, we claim that H!' (2 \ X;) = 0. In fact, given x € X1 \ > we note that
in a sufficiently small neighborhood of x there are two different arcs I'; and I"»
such that I'y N ', = {x} and x is an internal point both of I'| and of I'>. Thus one
has for the upper density

1
O* (%, x) := limsup M > 2.
p—0F 2p

On the other hand, ®*(X, x) = 1 for H'-ae. x € ¥ in view of Besicovitch-
Marstrand-Mattila Theorem [1, Theorem 2.63].
Let now x € ¥ be given and let {¢{, ..., ty} = y_l(x). We define

M:={x+Ar//) : L eR}

which, by the definition of ¥, doesnotdependoni € {1,..., N}.Letly,..., Iy
be compact neighborhoods of the points #1, ..., fy, such that {1 U.. .Uly = [0, L]
and such that #; € /;, if and only if i = j. Set X' := y ({;) and define

,,,,,

and hence, applying Lemma 3.2, we find that By r1(x, p) — 0 as p — 0T, This
is true for all x € ¥, and hence for H!-a.e. x € X. O

The following technical lemma will be crucial for our constructions in the
sequel.

Lemma3.5 Let R = [—a,a] x [-b,b], x = (0,0) and suppose r >
max{8a, 32b}. Then there exist two compact connected sets X *+, X~ such that
X* > {+a} x [—b, b] (see Fig.2), and denoting X := X U X~ one has that

HU(X) < Ci(b+d®/r)

(one can take C1 = 48), while given an arbitrary y € R? such that |y — X| > r/2
one has
dist (v, X) < dist(y, R) — b.
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2a
Fig. 2 The rectangle R and the corresponding set X = X~ U X in strong lines

Proof Let
L:=4b+a*/r).

We remark that
L <r/4. 2)

In fact, minding that » > 8a and r > 32b, we have L = 4b + 4a2/r <r/8+
r/16 < r/4. Define now

¥ = (+a, 0), X* = {+a} x [-L, L1U 3By (zF).

Clearly, H! (X) = 4L + 87b < 48(b + a?/r) = C1(b + a*/r). Let y = (a, B)
be a point such that |y — x| > r/2. We consider two cases.

Case 1 |a| > a. Suppose first that @ > a. Since |y — x| > r/2, then
ly—zt|>|y—x|—|zF =x|>r/2—a=r/4+r/4—a>a+2b—a=2b.
Hence we have y & By, (z ") and therefore

dist (v, 3By (z 1)) < dist (y, R) — b.
The analogous claim holds for « < —a, namely, in this case

dist (y, dBap(z7)) < dist(y, R) — b.
Therefore, we have

dist (y, X) < dist(y, R) — b.

Case 2 |a| < a. Minding that o> 4+ g2 > r2/4 and «® < a® < r?/64, we clearly
have 8 > r/4 and hence 8 > 2b. Also we have L = 4b +4a’/r <r/8 +r/8 <
r /4. We claim that

(B—L)*>+d> < (B —2b)> 3)
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In fact,

(B—L)>+a>— (B—2b)>=B%>—2BL + L*+a> — B> — 4b> + 4bB

< —2B(L —2b) + L? + a?

< —S(L—-20)+ L +a  (because p = r/4)
r 2

:_(§_L>L+br+a

<—ZL+br+a’=0  (ducto ).

By (3) we conclude that

dist (. X) < /(B = L) + @—a)? = (B - L)? + 2
<B—2b=(B—b)—b <dist(y, R) —b.

We will also use the following easy covering result.

Lemma 3.6 (covering) Let ¥ C R” be a bounded set. Then, given p > 0, there
is a finite set of points (called further p-lattice of ¥) {x1, ..., xn} C X such that

N
B, o=,
j=1

while B, (xj), j =1, ..., N, are pairwise disjoint.
Proof Take an R > 0 such that ¥ C Bg(0). Consider the family § of all sets

X C X such that for all different x{, x € X one has B,/2(x1) N B, 2(x2) = 0.
Clearly for each set X € § one has

> 1By < [Brypp2(0)],

xeX

which implies that #X < (2R + p)"/p", i.e. the number of elements in each X is
estimated from above by a unique constant independent of X. Therefore there is
an Xo € § which has the maximum cardinality among all elements of §. Then for
some N € None has Xg = {x1,...,xy}, and

N
B, D=,
j=1

since otherwise there is a x’ € ¥ such that lx; — x'| > pforall j =1,...,N,
and hence X U {x'} € § while having cardinality strictly greater than #X. O

Now we are able to prove that every minimizer X,,; to Problem 1 must have
maximum available length 7{! (Zopr) = 1.
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Theorem 3.7 (maximal length) Ler = C R? be a compact connected set with
HU(Z) < oo and with Fy;(2) > 0. Then for each » > 0 there exists a com-
pact connected ¥’ such that H'(2') < HY(Z) + A and Fy(2') < Fy(2). In
particular, if Xop, solves Problem 1, then Hl(Eopt) =1

Proof In view of Proposition 3.4 one has limy_ o Bx (x, 1/k) = 0 for H'-a.e.
x € ¥.Choose ¢ = L/4m and let r = F);(¥). By Egorov Theorem there exists a
set ¥, C ¥ such that H!(Z,) < ¢ and

lim sup Bx(x,1/k)=0.
k=00 yex\ 3,

Choose
o= min{k/(SClHl(Z)), 1/8} “4)

where C is the constant introduced in Lemma 3.5. Choose also p = 1/k > 0
such that

p<ar, p<diamX/2 and sup Bx(x, p) < o/2. (®))
YET\Z,
Consider now a p-lattice {xq, ..., xy} of X\ X, as provided by Lemma 3.6 so

that the balls of radius p/2 centered in these points are all disjoint while the balls
of radius p cover the whole set X \ X,.
Note that since ¥ is connected, we have H! (X N B p/2(xi)) = p/2 and hence

N
Np
— =2 M (ENByp() = H(D) (6)
i=1
i.e.
p <2H'(Z)/N. ()
Let now i € {1,..., N} be fixed and consider the line IT through x; such

that dist (x, IT) < pBx(x;, p) < ap/2 forall x € ¥ N B,(x;). Consider now an
orthonormal system of coordinates such that x; = (0, 0) and such that the line IT
is horizontal. We have ¥ N B, (x;) C [—p, p] X [—ap, ap] (see Fig. 3).

Fig. 3 The construction of Theorem 3.7. We know that ¥ N B/, (x;) is contained in the shaded
region
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Then define R; := [—s;,t] X [—ap, ap] where 0 < s;,1; < p are such
that ¥ N B,(x;) C R; but also such that both the sides {—s;} x [~ap, ap] and
{t;} x [—ap, ap] intersect 2. Then let X; be the set constructed in Lemma 3.5
with respect to R; (by (5) botha := (¢; +s5;)/2 < p <r/8and b :=ap <r/32
verify the conditions of the lemma). Since the two components of X; contain the
left and right sides of R; we know that ¥ U X; is connected. Moreover, X; has
been constructed so that (by means of (4), (5) and (7))

. . 2 2
H' (X)) < C (ap + M) <C <ap + pT)

7

<2Ciap by (5) ®
AC aHY (D)

< — N by (7)

<2 by @)

< m Yy

We denote by X; the center of the rectangle R;. We know from Lemma 3.5 that
if [y — Xi| > r/2 then dist (y, X;) < dist (y, R;) — ap.
Let now
R} :={x e R? : dist(x, R;) < ap/2}

stand for the open ap/2-neighborhood of R;. Since
N
JBo(xi) D =\ S and N B,(x;) C Ri C R},

i=1
then one has
N N
R > JENB,(xi) > 2\ ..
i=1 i=1
Further, if [y — X;| > r/2 we conclude that dist (y, X;) < dist (y, R)) — ap/2.
Consider the set
N
zZ:=3\JR c =
i=1
Since all R/ are open sets and X is compact, then Z is a compact set.

Choose
8 := min {(diam X)/2, r/4}. )

Since the spherical Hausdorff measure of the rectifiable set is equal to the usual
Hausdorff measure, then there exists an at most countable number of balls Bg;, (z;)
with z; € Z and §; < § such that

1 1 A
\UBs(zi) D Zand Y28 <2H'(2) < 2H'(Z,) < 26 < oL

The compactness of Z permits us to assume that there is only a finite number M
of such balls.
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Consider now the circles Y; := 9By, (z;). It is clear that each ¥ U Y; is con-
nected: in fact, z; € X and diam (X) > 2§;, hence . NY; # @.
We finally define

By the properties of X; and ¥; we know that ¥’ is compact and connected.

Let us prove that Fjy (Z') < r = Fy(Z). Let y € M be given. If dist (y, X) <
3r/4, we obviously have dist (y, ') < dist (y, ) < r —r /4. So suppose instead
that dist (y, X) > 3r/4. Clearly we also know dist (y, X) < r (sincer = Fy(X)).
Consider a point x € X such that [x — y| = dist(y, ¥£). Only two cases may
happen: either x € Rf for some i € {1,...,N}orx € Bg(z;) for some i €

{1,..., M}.
In the first case (x € R/ 1) we have (recall (4) and (5))

ly = Xil > |y —x|—|x — %i| = 3r/4 —\/(ap)> + p> —ap/2 > /2.

Therefore
dist (y, X;) < dist(y, R)) —ap/2 < |y —x| —ap/2 <r —ap/2.
In the second case (x € Bs; (z;)) we know that y & By, (z;) since, by (9)
ly —xil = |y —x|—I|x —zi| = 3r/4 =& = 26.
Thus
dist(y,Y;) < |y —x| =8 =1 —vy,
where y is the minimum of §; fori =1,..., M.
So in either case dist (y, ) <r — mln{r /4, ap/2,y} and hence Fy (X)) <

Fu(%).
Finally, by (8) and (10) we have

H'(2) - H(E)<ZH(X)+ZH(Y)<—+Z47:8 <2,
i=l i=l

concluding the proof. m|

An immediate consequence of the above proven Theorem 3.7 is the equiva-
lence of problems 1 and 2.

Corollary 3.8 One has OPToo (M) = OPT} (M).
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Fig. 4 The construction of Theorem 4.1: the set X in strong lines

4 Topological properties

In this section we show that the optimal sets contain no loop (homeomorphic
image of S1).

Theorem 4.1 Let ¥ € OPT} (M). Then ¥ contains no simple closed curve
(homeomorphic image of S'). Therefore, R* \ X is connected.

Proof Suppose by contradiction that there is a continuous curve y : [0, 1] — X
such that y(0) = y(1) and y : [0, 1) — X is injective. We set z := y(0). Take a
point 7 € (0, 1) such that there exists a “tangent” line IT to X at X = y () (in the
sense of Proposition 3.4), IT := {x + Ay/(¢) : A € R}, so that

lim Bx n(x, p) =0.
p—07t

The existence of such a point is guaranteed by Proposition 3.4. Consider a system
of orthonormal coordinates such that x = (0,0), ¥’ () = (|y’'(©)],0) (i.e. ¥'(r)
is directed along the first coordinate axis and consequently IT = R x {0}). Let
y(t) = (y1(t), y2(t)) be the two components of y with respect to our system
of coordinates. Since yl’ (f) > 0, then there exists an 7 > 0 such that for all
t € (t,t + h] we have y;(¢t) > O and for all ¢ € [t — h, t) we have y;(t) < 0. Let

o =y ([0, —hD) Uy (7 + h, 1])
and define pg := dist (x, Xo). Observe that pg > 0 since X & Xg.
Choose a p > 0 such that

_ 1
p<po/2, p<r/Ci, p<r/9% and /32=/32,n(x,2,0)<ﬁ, (1)

where C1 is the constant defined in Lemma 3.5 and » := Fjy;(X). Consider the
rectangle R, := [—p, p] x [-3Bp,3BplandletY :=Y T UY~, ¥+ = {£p} x
[—3Bp, 3Bp] be the two short edges of R,.
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By definition of § we know that dist (y, [1) < 28p < 3Bp forally € ¥ N
B3, (x) and hence X N9R, C Y. Define

to=min{r € [t —h,t] : y(t) € Ry}, t1=max{r e[t,1+h]: y() € Ry}

Clearly tg > t—h (because y (f—h) € X, while £oNR, = ) by construction) and
analogously #; < 7+ h. We thus conclude that both y (1) € R, and ¥ (t;) € R,
and hence, minding that y;(#p) < 0 and y;(¢1) > 0, we get

y(to) €Y~ and yp(t)eY™.

Let X := X U X~ be the set constructed in Lemma 3.5 with respect to the

rectangle R, and define
= (T \ Ry UX.

Clearly X’ is compact (recall that X is compact and that X N dR, C Y C X).

We claim that ¥’ is also connected. Observe to this end that the curves
v ([0, to]) and y ([t1, 1]) connect respectively ¥ ~ (hence X ~) and Y+ (hence X )
to the point z and that both curves stay in X', In fact, y ([0, 7 —A4]) and y ([f + A, 1])
do not intersect B, (X) by the definition of pg, while y ([t—h, t9]) and y ([¢1, 1+h])
do not intersect the interior of R, by the definition of ¢y and t;. Therefore, every
x € X C ¥ is connected to z by a curve contained in ¥’. To conclude the proof of
the claim, it remains to consider the case of anx € £ \ R, C X’. We know in this
case that, in view of arcwise connectedness of X, there exists a continuous curve
¢ : [0, 1] — X such that ¢(0) = x and ¢(1) = z. If this curve is not completely
contained in X', consider the s € [0, 1] such that

s :=minfr € [0,1] : ¢(t) € IR,}.

We have then ¢(s) € Y C X C ¥/, and hence the curve ¢([0, s]) connects x to X

staying in ¥’. But since as shown above both X+ and X~ are connected to z in &,

then x is connected to z in ¥’ and thus we finally conclude that X’ is connected.
By Lemma 3.5 we know that

HY(E) < HY(Z) - HY(ENR,) +H(X)
<HNZ) =20+ C1BBp + p*/r) < H'(D),

the latter estimate being valid in view of (11).

We claim that Fy (X)) < r = Fy(Z). In fact, consider an arbitrary
y € M. Let x € X be such that dist(y, £) = |y — x|. Then, if x € X/, we
have automatically

dist (y, &) < |y — x| = dist (y, X).

Otherwise, x € R,. Consider first the case |y — x| > r/2. Then |x — x| > r/2
since x € X. By Lemma 3.5 we get therefore that dist (y, X) < dist(y, Rp).
We observe now that dist (y, R,) < |y — x| = dist(y, ¥), which still implies
dist (y, ') < dist (y, X). At last, it remains to consider the case |y — x| < r/2.
Observe that dist (y, £') < |y — x| +2p <r/2+4+2p <rsince X\ £’ C R, C
B, (x0).

Finally, we conclude that H' (2') < H!(Z), while Fy;(Z') < Fj (), which
contradicts the assumption ¥ € OPT}, (M). This contradiction proves the ab-
sence of simple closed curves in X. This also implies that R? \ ¥ is connected
(see [4)). O
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5 Ahlfors regularity

We show now that minimizers of Problem 2 (hence also of Problem 1 in view of
Corollary 3.8) possess some mild regularity properties. In particular, we show that
every X € OPT} (M) is Ahlfors regular in the sense that there exist two constants
¢ > 0 and C > 0 such that for every positive p < diam X and for every x € ¥
one has

cp <H'(ENB,(x)) <Cp

(while a singleton is considered to be Ahlfors regular by definition). It is worth
mentioning that Ahlfors regularity of a closed connected set ¥ implies the so-
called uniform rectifiability on X, which, as it has been shown in [5], provides
several nice analytical properties of X. This condition can be considered a kind of
“quantitative rectifiability”” which is somewhat stronger than the classical rectifia-
bility used in geometric measure theory.

Theorem 5.1 Given ¥ € OPT} (M), there exists such a po > 0 that for all
x € X andall p < po one has

p <H' (TN B,(x)) < 27p.
In particular, ¥ is Ahlfors regular.

Proof Let pp := min{diam X /2, Fj;(¥)}. Given p < diamX/2 and x € ¥ we
have ¥ N dB,(x) # ¥. Thus there exists a curve I' C X N B, (x) which joins x to
0B, (x) and hence

H'(ENB,(x)) = H' (TN B,(x) = p.
On the other hand, setting
2 =%\ B,(x) UdB,(x)

for p < diam ¥, we observe that the compact set £’ is connected. If also p <
Fy(2), we have Fy (2) < Fy(2), while

HY(Z) < HY(D) — H' (N B,y (x)) + 27p

But since ¥ € OPT} (M), we have HI(Z) < HY(Z'), and hence H' (T N
B,(x)) < 2mp. u

6 Structure of minimizers

Let us consider a minimizer £ € OPT} (M) with energy r = Fp(X). In this
section we show that the set X can be split in three parts which turn out to have
very different properties. We need for this purpose the following notions.
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Definition 6.1 A point x € X is called energetic, if for all p > 0 one has
Fy(2\ By(x)) > Fy ().

Let G x stand for the set of energetic points of X. Given a point x € Gy we say
that x is an isolated energetic point, if there exists sucha p > Othat B,(x)NGx =
{x}. Further, we define X5 C Gy to be the set of isolated energetic points of
Y and let Ex := Gy \ Xy to be the set of non isolated energetic points. The
remaining set Sy := X \ Gy is the set of non energetic points of .

In this way a set X can be split into three disjoint sets:
Y=ExyUX5USy, Gy = ExyUXsy.

In the theorem below we collect the results which will be proved later in Propo-
sitions 6.3, 6.6 and 6.7.

Theorem 6.2 (structure of minimizers) Let ¥ € OPT. (M), r := Fy(X) and
E :=FEy, X = Xy and S := Sy, be defined as above. Then the sets E, X and S
have the following properties.

1. X is a discrete set (i.e. all the points of X are isolated, or, in other words, the
topological dimension dim X = 0). For any point x € X there exists y € M
such that |x — y| =r and B-(y) N X = @. If X is not finite, the limit points of
X are always points of E.

2. E is a compact set with distance r from M in the following sense: for each
x € E thereexistsany € M with |x —y| =r, B-(y) N X = @ and there exists
a sequence yy — y, Y £ ¥, Yk € M such that

(y—x, 3 —y)
m —,)—— =
k=00 [ye — yl

3. For all x € S there exists € > 0 such that S N B¢(x) is either a segment or a
triple point i.e. the union of three segments with an endpoint in x and relative
angles of 120 degrees.

In the next section we will give some comments on the above structure theo-
rem. The rest of the section is devoted to its proof. We start from the following
easy statement.

Proposition 6.3 Let Gx, Ex, X and Sy, be defined as before. Then G is com-
pact, Ex is compact, Xy is discrete and relatively open in Gy with Xy \ Xy C
Es, and Sy, is relatively open in X.

Proof Let {x;} C Gyx be a sequence of points x; # x which converges to a
point x € X. Given ¢ > 0 we choose a k such that |x; — x| < &/2. Minding
Beja(xp) C Be(x), we get

Fy(2\ Be(x)) = Fru (X \ Bepa(xk) > Fu (%)

which means that x € Gy. Thus Gy is a closed set and, since X is compact, then
sois Gs.

The set X 5. is relatively open in G 5 and is discrete by definition. Also, possible
accumulation points of Xy belong to Gx and hence to E'y, since Xy, is discrete.
As a consequence, Ey is closed and hence compact. Since Gy, closed, we also
deduce that Sy, is relatively open in . |
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The two technical lemmata below will be used in the proof of Proposition 6.6.

Lemma 6.4 Let M and ¥ be given compact subsets of R?, and ¥ is connected.
Let Gy, be defined as above. Then there exists amap t : Gy — M such that for
each x € Gy, one has

[x — t(x)| =dist(t(x), X) = Fy(2), (12)
and #t= (v (x)) <4.In particular, B, (t(x)) N X = B withr := Fy(X).

Proof Step 1. Let x € Gy and r := Fj;(X). Consider a sequence of positive
numbers & — 0 and g < diamX /2. Since X is connected, x € ¥ and diam¥ >
2¢i, then ¥ N 9B, # . Therefore we can choose a sequence x; € X N 3B, (x).

Since x € Gx, we know that F); (X \ Bg, (x)) > r for all k. In particular, there
exists an y; € M such that

dist (Y, 2\ Bg (%)) = Fy (2 \ B (x)) > r. (13)
But dist (yx, X \ Bg, (x)) < |yx — xk| since x; € X \ Bg, (x). Thus
[y — x| = |yk — x| =[xk — x| > r — & (14)

On the other hand, we know that dist (y;, £) < Fy(Z) = r. Hence there exists
an X € X such that |y, — x| = dist (yx, £) < r. Moreover we have X; € B, (x),
since otherwise we would have dist (yx, X \ Bg, (x)) < |y — Xk| < r which would
contradict the choice of y;. We conclude therefore that

|y — x| < |yk — Xl + 1%k — x| <7 + & (15)

Up to a subsequence, not relabeled, yy — y € M as k — oo and hence
passing to the limit as k — oo in Egs. (14) and (15), we get |y — x| = r. We then
set T(x) := y. Notice that

dist (ye, 2) = |yx — Xkl > [ye — x| — |x — Xp| > |yx — x| — &

which, after passing to the limit k& — oo, gives dist(y, £) > |y — x| = r. The
property (12) is therefore proven.
Step 2. We now prove that #r1(y) < 4. By (13), we have

By () N'T C Bey (x). (16)

If yr = y for infinitely many indices k£ we deduce that B.(y)N'E = {x} and hence
necessarily 7~!(y) = {x}. Therefore we will suppose without loss of generality
that y; # y for all k. Thus, up to a subsequence (not relabeled), there exists at
least one unit vector v, such that

Ye—y
[y — ¥l

— Uy

In the next step we will prove that for all x’ € 7~!(y), x’ # x one has

(v, x —y) >0,

(vr, X" —y) =0. {an
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Once (17) is proven we are able to prove the remaining claim. In fact, suppose
by contradiction that #'c_](y) > 5. Set in this case v; = vy, W; = X; — Y,
i=1,...,5 where x; € rfl(y). Then (17) provides

(i, wi) >0, (vj,w;) <0, i,j=1,...,6, i#].

We claim now that there exists a £ € R? and at least three indices {i1,i2,i3} C
{1,..., 5} suchthat (§, v;;) > 0.In fact, let & be any vector satisfying (§', v;) # 0
foralli = 1,...,5. If among the products (§’, v;) there are three positive ones,
then choose & := &', otherwise choose & := —&’.

Without loss of generality we may now suppose (up to renumbering) that i; =
1,i> = 2, i3 = 3 and the vector v, is between v; and v3 (this assumption makes
sense in view of the claim just proven). Then (w2, vi) < 0 and (wj, v3) < 0,
which means that both v| and v3 belong to a half-plane {v : (w»>, v) < 0}. Then v,
must belong to the same half-space, which contradicts the condition (w», va) > 0.

Step 3. It remains to prove (17). Since |xX; — y| > dist(y, £) = r and |xX; —
yi| <r, we have

2y — ¥, ¥k — yk) = 1% — yI* = Iye — yI* = 15 — wel?

>rt— |y —yP—rP=—ly—yP
and hence
Gk =y, x =y ==y % —y)+ =P+ e —y. x — i)
> —Mﬂyk—yﬁ—m—ﬂ = &l

= —lyk =yl |x — Xl
Dividing by |yx — y| and passing to the limit we obtain the first part of (17).
Similarly, given x’ # x, x’ € t!(y) we have |y — x’| = r in view of (12).
On the other hand, for all sufficiently large k£ € N one has x” ¢ By, (x) and hence
by (13) we get |yx — x’| > r. Therefore,

2y —y, X = yy=ly =P+l —y* = e — ¥
<4l —yP=rt =y -y

Again we divide by |y; — y| and pass to the limit k — oo to complete the proof
of (17). |

Lemma 6.5 Letr > & > 0 be given and let x, %, y, y € R? be such that
X—=yl=Ilx=yl=r |x=yl=zr |x=ylzr [x-x|<e |y—yl=e

Then
_ _ _ & _ _ _
[y —y, X =) S;Iy—yllx—yl.
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Fig. 5 The point y lies in the shaded region

Proof Let x| and x, be the two intersections of the circle d B,-(y) with the bound-
ary of the convex hull of B;(x) U B.(y) (so that x; and x, have distance & from
the segment [x, y], see Fig. 5).

We claim that

y € (Be(3) \ B-(¥)) N (B, (x1) UB,(x2)) (18)

(i.e. y belongs to the shaded region of Fig. 5). In fact, the hypotheses of the lemma
being proven mean y € B.(y) \ B,(x) and x € B.(x) \ B;(y). Also we know
that |[x — y| = r. Let x’ be the intersection of the segment [x, y] with the circle
9B, (¥). Suppose that x" is closer to x; than x, (the other case is symmetric),
which means that x” and x| belong to the same half-plane 7+ bounded by the line

(x¥y) (for definiteness, we consider it to be the half-plane “above” this line). It is
easy to observe that also y must belong to the same half-plane, because the set
0B, (x) N (Bs(y) \ B, (X)) containing y, is contained in this half-plane.

Clearly |x" — y| < r so we know that y € B, (x"). Moreover, we observe that
|y — x1] < |y — x’|. In fact, both x; and x" belong to 3B, (y) by construction,
hence the triangle with vertices x1, x” and y is isosceles, which implies that the
axis of symmetry of the segment [x’, x1] passes through y (being both the median
and the height of the mentioned triangle). Hence y stays “above” this axis, since
otherwise, minding y € 7 we would have that necessarily y € B, (X) contrary to
our assumptions. _

We have therefore |y —x1| < |y —x’| < r which means that y € B, (x1). If we
also consider the symmetric case (namely, x and hence also y below the line (X, y)
we find that y € B, (x1) U B, (x2). This completes the proof of the claim (18).

_ To conclude the proof of the lemma, one can easily check that the region R =
B, (x1) N B:(y) \ B-(x) is contained in a cone with aperture angle 2¢/r centered
in y and perpendicular to [x, y]. Therefore, if « stays for the angle between x — y
and y — y, then |@ — /2| < ¢/r. Therefore,

|cosa| = |sin(a — w/2)| < ¢&/r,

which proves the lemma. O
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Proposition 6.6 Let r := Fy(X) > 0. Given x € Eyx there exists a sequence
Yk € M which convergestoy € M suchthat yp # y,|x —y|=r,B,(y)NE =0
and (yr =y, y = x)/Iyk = y| = 0.

Proof Let r = Fy(X). Since x is not isolated in Ey, there exists a sequence
{xx} C Ex, xy — x.In view of Lemma 6.4, setting y; := t(x;) € M, we get
|xx — yk| = r and B-(yr) N ¥ = @. By extracting a subsequence we may suppose
that y; converges to some y € M. Again according to Lemma 6.4 we have that
vk # y for all sufficiently large k (otherwise 7~ 1(y) would not be a finite set).
Hence, we have |y — x| =r, |yx — x¢| =7, |yk — x| = r, |y — x¢| > r. Letting
exr = max{|yr — y|, |xx — x|} we can apply Lemma 6.5 to deduce that

[k — y, X — ) <87k_)0 sk — 00

e = yllx —yl = 1

which concludes the proof. o

Proposition 6.7 Let ¥ € OPT} (M). Then given an arbitrary point x € S, there
exists an € > 0 such that B.(x) N S is either a diameter of B;(x) or the union of
three radii with relative angles of 120 degrees.

Proof Note that X is a continuous (even Lipschitz continuous) image of a unit in-
terval by lemma 3.3, hence is locally connected by Hahn-Mazurkiewicz-Sierpifiski
theorem II.2 from [8, Sect. 50]. Since S C X is an open set, then it contains a con-
nected open subset Sp containing x. We may choose therefore an ¢ > 0 small
enough so that B;(x) NS = Bg(x) N Sp.

Further, consider a p > 0 such that Fy (X \ B,(x)) = Fy(X). We may
consider € < p to be small enough so that ¥ N d B (x) has only a finite number of
points. Such an ¢ can be found, since otherwise, by the coarea formula, we would
find that H!' (X N B, (x)) = oo.

We claim that H' (Sg) is minimal with respect to all compact connected sets S
which contain SyN3d B, (x). In fact let S be such a set, and consider X’ = X\ SpUS.
Then £ D ¥ \ By(x) and hence Fi(E') < Fy(X \ B,(x)) = Fy(%). Being
¥ € OPT (M) we deduce that H'(Z) < H'(Z’) which means that H'(Sp) <
HL(S).

The above proven claim means that Sg is a locally minimal network in the
sense of [7], and hence theorem 2.1 from [7, Chapter III] immediately gives the
conclusion. O

7 Final considerations

We point out that Theorem 6.2 is useful mainly when M is a 1-dimensional set.
However we will show by means of the example below, that in some cases one
can reduce the problem with a given datum M to the problem with datum M.

Example 7.1 Let M := 0Bgr(0) and consider a minimizer ¥ € OPTyo(M) with
Fy(2) = r. Clearly, if r > 1, we have a trivial solution ¥ = {0}. Otherwise
we consider the partitioning ¥ = E U X U § defined in the previous section.
Theorem 6.2 then says that the set E is contained in the circle 0B, (0). Also &



308 M. Miranda Jr. et al.

Fig. 6 The conjectured minimizer ¥ when M is a circle

contains no closed loop, hence not all the circle B, is contained in X. It is easy
to see that to every connected component of 9B, (0) \ E at least two points of X
must correspond. We expect the minimizer to be the one represented in Fig. 6. In
this example the set E is an arc of circle with distance r from M, the discrete set
X is the union of the two endpoints and the minimal network S is the union of the
two line segments connecting X to E.

Notice also that if this is the solution when M = dBg(0), then forr > R /2 this
is also the solution when M = Bg(0). In fact, for this particular set ¥ we have
FER(O) (X) = max{r, R —r}, while in general one obviously has FER(O) > FyBr0)

being 3B (0) C Bg(0).

It seems also worth mentioning that when M is a regular 1-dimensional set,
Theorem 6.2 seems to be not so far from a regularity theorem for minimizers X.
In fact, we notice that the set Sy, is the union of segments and a negligible number
of triple points, while the regularity of E'y, is strongly related to that of M, and X 5
is a negligible set. However, there is a gap in proving the generic regularity result
for the whole X. The problem is to understand how the set Sy, touches the set E'y,
and what happens when the points of X5 accumulate near a point of Ey.
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