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Abstract. Let ) be a smooth 1-connected compact oriented manifold without boundary,
such that its 2-homology group has no torsion. We characterize in any dimension n the weak
Wh2(B™,)) lower semicontinuous envelope of the Dirichlet integral of Sobolev maps in
W1,2 ( Bn7 y)

Let )V be a smooth compact, connected, oriented Riemannian manifold of di-
mension M > 2, without boundary, and isometrically embedded in RY for some
N > 3. We shall assume that Y is 1-connected, i.e., 71())) = 0 and, moreover,
that its integral 2-homology group Hy()) := H2();Z) has no torsion, so that
Hy(V;X) = Hy(Y)® X for X =R, Q.

Let 2 be a smooth bounded domain in R"™. Define

Wh2(02,Y) = {u e WY2(2,RY) |u(z) € Y forae. z € 2}
and for every u € W172(Q, V), and every Borel set A C (2, denote by

1
=3 /A |Du|? dx , D(u) := D(u, £2)

the Dirichlet integral of u on A. Also, let B™ be the unit ball in R", let B"
denote a bounded domain in R” such that B” cC B",e.g. B™ := B"(0,2), and
let ¢ : B — Y be a given smooth W2 function. Finally, for X = C' or W12
we define

X, (B",Y) :={ue X(B",Y)|u=¢ on B"\B"}.

In this paper we consider the relaxed Dirichlet energy w.r.t. the weak W12
convergence, defined for every u € W12(£2,))) by

D(u) := inf{lgmlnfD(uk) | {ur} C CH(02,)),
—+o0
ur — u  weakly in WH2(02,RN)}
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and for every u € Wé’%é",)ﬂ) by

D, (u) := inf{liminf D(uz) | {ur} € CL(B™, V),
k—+o00 _
up, — u  weakly in Wh2(B" RM)}.

By Schoen-Uhlenbeck density theorem [13], if n = 2 we have D(u) = D(u) and
ﬁ@(u) = D, (u). Moreover, by the sequential weak density theorem of Pakzad-
Riviere [12], D(u) < 400 and f)¢(u) < 400 if n>3.

In this paper we characterize the relaxed Dirichlet energy of any W12 map u
in terms of the mass of the minimal connections between the singularities of u, see
Theorems 1 and 2, extending this way the results of [3], for n =3 and V) = S 2,
and [14] for n > 3 and Y = S2. Before stating our results, we recall some facts
from [9], see also [8].

Singularities of Sobolev maps. Since Hs()) is torsion-free, there are generators
[11]s- .-, [ys], i-e., integral cycles in Z5()), such that

Hy(Y) = {Zns ] | ms € Z} : (1

By the de Rham theorem the second real homology group is in duality with the
second cohomology group H 3 (), the duality being given by the natural pairing

<hhll>=1w = [0, Dl HOR), < HRO).
vy
We will then denote by [w!],... , [w®] adual basisin H3,()) so that, Js. being
the Kronecker symbols, vs(w”) = d5,. Also, we may and do assume that w? is the
harmonic form in its cohomology class.
For every u € W)?(B",)) itis well defined the current G, carried by the
graph of u, see [9]. Also, following [9], Vol. II, Sect. 5.4.2, forevery s =1,...,§

we define the (n — 3)-current P,(u) € D,,_3(B™) by
P, (u) := Omy (G LTH W), (2)

where 7 : R” x RV — R™ and 7 : R® x RV — RY denote the orthogo-
nal projection onto the first and second factor, respectively. More explicitly, since
dw® =0,

Py (u)(¢) = OG, (17 ¢ N THw®) = /~ do NuFw® Ve DV 3(BY).

Maps into the sphere. If ) = 52, the unit sphere in R3, setting

P(u)(¢)::$6Gu(w#¢ A %#w52)2$ . do NuFwg:, ¢ € D" 3(B"),
(3)
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wg2 being the volume 2-form on S 2, it turns out that
P(u) = 0D(u)

for some (n — 2)-dimensional current T)(u) with spt D(u) C B . More precisely,
we let D(u) denote the smooth (n — 2)-vector field dual to u#wgz, the so called
D-field of Brezis, Coron and Lieb [4], which is defined by

< D(u)(x),¢ >=u¥wg2 A ¢ Ve A"2(R™). 4)
Then we have
1 -
D) = 3 [ <Dl) > do,  y e DHEY.
47T Bn
In the particular case n = 3, we have

D(u) = (U Ugy X Uggy U+ Ugy X Ugyy U Uy, X Ugy)

so that _
P(u)=0 <= divD(u)=0 on B>.

In any dimension n, we have

P(u) =0 < OD(u) =0 < dufwg =0 < 0G, L B" x 5> =0.

Spherical cycles. We shall need the following

Definition 1. We say that an integral 2-cycle C' € Z5(Y) is of spherical type
if its homology class in Ho()) contains a Lipschitz image of the 2-sphere S2.
More precisely, if there exist Z € Z5()), R € R3(Y) and a Lipschitz function
¢ : 5% = Y such that

C—-Z7Z=0R, ¢#[[S2]]:Z.
Denoting then
H™ (V) :={[h] € Ha(¥) | 3¢ € Lip(5°,Y) : o[ S°] € 1]},

we also may and do choose the ;s in (1) in such a way that [y1], ... , [ys] generate
the spherical homology classes in H3”"()) for some 5 < 5.

Minimal connections. We will finally make use of the following

Definition 2. Forevery n > 3 and I' € Dn_3(§”) with spt I' C B", we denote
by

m(I') := inf{M(L) | L € R_o(B"), sptLcB", OL=R}

the integral mass of I'. Moreover, in case m;(I") < 400, we say that an i.m.

rectifiable current L. € R, _2(B") is an integral minimal connection of I" if
spt L ¢ B", OL = I and M(L) = m;(I).
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The previous definitions are motivated by the following proposition proved
below.

Proposition 1. Let u € Wi’z(én, V). Then the following facts hold:

(i) Ps(u) =0 forevery s=5s+1,...,5;
(i) m;(Ps(u)) < 400 foreverys=1,...,5.

In particular wy (G, 7% w®) is an integral flat chain.

Main result. In this paper we will prove the following

Theorem 1. Let n > 3 and u € W;Q(E",y). Then

Dy (u) = D(u, B") + Y M, -mi(Ps(u), 5)
s=1
see Definition 2, where for every s =1,... .5
M, :=min{M(C) | C € 2%()), C €[y} (6)

is the mass of the mass minimizing integral spherical 2-cycle in the homology
class [ys]-

Remark 1. If n = 3, from the proof below it readily follows that Theorem 1 is an
immediate consequence of the strong density results for the class carti’1 (B3xY)
in [10]. Moreover, in the particular case ) = § 2, equation (5) reads as

D, (u) = D(u, B") + 47 - m;(P(u))

where P(u) is given by (3).

No boundary data.
In a similar way, if {2 is a smooth bounded domain in R"”, we set

Definition 3. For every n >3 and I' € D,,_3(2) we denote by
mi. (L") :==inf{M(L) | L € R,,—2(£2), spt(0L —I') C 002}

the integral mass of I" in 2. Moreover, in case m; o(I") < 400, we say that ani.m.
rectifiable current L € R,,_o({2) is an integral minimal connection of I" allowing
connections to the boundary if spt(0L — R) C 012 and M(L) = m; o(I").

Theorem 2. Let (2 be a smooth bounded domain in R™, where n > 3, and
u € WH2(02,Y). Then

D(u) = D(u, 2) + Y M, - mi o(Ps(u)),

s=1

where M, is given by (6). In particular; if Y = S? and P(u) is given by (3), we
have

D(u) = D(u, 2) + 47 - m; o(P(u)) .
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The rest of the paper is dedicated to the proof of Theorem 1. Theorem 2 is
proved in a similar way. For the sake of brevity, we refer the reader to [9], [8] and
[10] for the notation and details on the quoted results, if not otherwise stated.
Proof of Theorem 1. We first recall that the class of Cartesian current cart?' (B"™ x
V) is given by the currents T' € D,n72(§" x ) which have no inner boundary,

oI =0 on Z""L2(B" x ),

and are of the type

T=Gur + Y Lo(T) X 7 (7

s=1
on Z”*Q(E" x )), compare [9] and [8]. Here ur € W;’Q(En,y) and Ls(T) is
an i.m. rectifiable current in R,,_o(B"™), with support spt Ls(T) C B, such that

Py(ur) = —OLs(T) Vs=1,...,5. ®)

Since f)@ (u) < 400, by the closure-compactness of the class cartZ! (B™,)),
forevery e > 0 we find a smooth sequence {u;} C C(B™,Y) suchthat ux — u
weakly in W2, with energies D(uy, B") < Dy (u) + ¢, such that the graphs
G, converge weakly in the sense of the currents in D,, o(B™ x })) to a current

T € cart};?' (B™ x Y) for which (7) holds with uz = u, see [8]. This clearly yields
Proposition 1. Also, the Dirichlet energy of 1T’

D(T) := D(ur, B +ZMLS M(7s)

is defined in such a way that it is lower semicontinuous, i.e.

D(T) < liminf D(G,,), D(Gy,) := D(uy, B").
k—+oo
Taking into account Definition 2 and (8), we readily infer that inequality “>" holds
true in (5).

To prove the opposite inequality, we first define a family {7.} of minimizing
currents in cart?! which converge weakly and in energy to a current T of the
type in (7), where ur, = u and —Ls(7p) is an integral minimal connection of
P, (u). Secondly, since 7. is a minimizer, by regularity theory and by arguments
related to the ones of [14] [12] and [8], we infer that it can be approximated weakly
by a sequence of smooth graphs with energies converging to the energy of 7.
Finally, a diagonal argument yields the assertion.

Step 1: Definition of {T.}. Given u € W;’Q(E", Y) and € > 0 we consider the
minimum problem

inf { D.(T) : T € cart>" (B" x y)} )
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where )
D.(T) :=D(T) + g/ |u — urp|? dz

and wur is the function in W;’Q (E", V) for which the structure property (7) holds
true. Clearly (9) has a solution 7, € carti’l (E” x V) of the type

T =Gu. + Y Lo(T2) X 7s. (10)

s=1

Possibly taking a sequence g ™\, 0, we find that 7. weakly converges to a
current Ty € cart’'(B™ x Y) which satisfies (7) with ug, = u, since u. — u

in L2(B™,RN). Moreover, since
D(Te) < DE(TE) < DE(TO) = D(TO)a
by the lower semicontinuity of the Dirichlet energy we have

D(Tp) < lim(i)IJ}fD(TE) < limsup D(T:) < D(Tp),
E—

e—0t

so that D(T.) — D(T}). On the other side, if 7' is any Cartesian current in
cartZ'(B™ x ) of the type in (7) and such that ug = u, we clearly have

D(Ts) < DE(TE) < DE(T) = D(T) :

Letting € — 0" we obtain that D(7p) < D(T'), which yields

S

STM(L(Ty)) - M(7) < 3" M(L,(T) - M(3,)

s=1 s=1

and hence
M(Ls(To) < M(Ly(T)) ~ ¥s=1,...,5.

Finally, since by (8)
_OLS(TO) = PS(U) = _OLS(T) )

by the arbitrariness of 7' we infer that — IL;(7p) is an integral minimal connection
of Ps(u) forevery s.

Step 2: Regularity of {T.}. Arguing similarly to when proving partial regularity
results in [9, Vol. II, Sect. 4.2.9] or [8] to the minimum problem (9), since f o U~

up|? dx is alower order term, it follows that the Sobolev maps u. € W12 (B™,))
in (10) satisfy the condition

L"(singu.) =0,

where sing v denotes the closure of the complement of the discontinuity points of
a W12 map v. We are therefore reduced to prove the following density result.
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Proposition 2. Let T € cart’’ (B™xY) be such that (7) holds on D"2(B™ x Y).
Suppose that

L (singur) =0. (11)

Then, there exists a smooth sequence {uy} C Cé(é",y) such that G, —
T weakly in Dy, 5(B" X V), up — ugp weakly in WL2(B" RN and finally
D(ux, B") = D(T) as k — +oc.

In fact, by applying Proposition 2 to T = T¢, and by means of a diagonal
argument, we readily find a sequence {vz} C CL(B",Y) such that v, — u
weakly in W12(B",RY) and D(vj, B") — D(Tp), which yields inequality
"<"1in (5), taking into account the properties of Tj from Step 1.

Step 3: Approximation of {T.}. It therefore remains to prove Proposition 2. We
recall that this density result was already proved in [10] in the case of dimension
n = 3 without assuming condition (11), and it is open in this generality, even in
the case ) = S2, if n > 4. For our purposes, we recall the main steps of the proof
from [10]. _ _

Let R3°,(B™,Y) and RS ,(B",)) denote the subsets of the Sobolev space

W;’Q (E", V) given by all the maps u which are smooth, respectively continuous,
except on a singular set X'(u) of the type

Sw) =], reN, (12)

where X; is a smooth (n — 3)-dimensional subset of B™ with smooth boundary,
if n > 4, and X; is a point if n = 3. The starting point is the following density
result of Bethuel [2].

Theorem 3. RS?W(E”, Y) is strongly dense in Wé’Q(én, V).

If {ux} C jo;,(én,y) is such that uj, — up in WH2(B", RY), where ur
is given by (7), it then follows that

lim m,(Ps(ur) — Ps(ug)) =0,

k—+oo

where m,. denotes the real mass
my () := inf{M(D) | D € D,,_5(B"), sptDc B", 8D =R}.
By Federer’s theorem [6], if I" has dimension zero we have m,.(I") = m;(I") and
hence, in case n = 3, see [9], Vol. II, Sect. 4.2.5 and Sect. 5.4.2, it follows that
lim m;(Ps(ur) — Ps(ug)) =0 Vs=1,...,5. (13)
k—4o0c0

S

As a consequence, if L7, . denotes a 1-dimensional i.m. rectifiable current of

. . =3
least mass with support in B~ such that

aLikﬂtT =Ps (uT) —Ps (Uk) y
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then limg_, oo M(L? = 0 and hence, setting

uk,uT)

Ti:= Guy, + > (L3 iy + La(T)) X 7s,
s=1

by (8) we infer that {7} } C cartf;l(é?’ x V), with T}, — T weakly in D372(§3 X
V) and D(Ty) — D(T') as k — +o0. Since M(9(L3,, 4, + Ls(T))) < +o0
for every s and k, by applying Federer’s strong polyhedral approximation theorem
[5], we approximate 1" by a sequence of currents as in (7), where this time up €

gf(p(B3, Y) and the Ls(7T') are polyhedral chains. At the final step one reduces
to approximate the dipoles L X =4, where L is the current integration over a line
segment, see [10].

To extend the density result to any dimension n > 4, the crucial point is to
find an approximating sequence {uj} C RS%,(B™,Y) for which property (13)
holds true. In fact, once we have proved that the minimal connection between the
singularities of u; and wp is small as k — +o0o, the rest of the proof follows
similarly to the case n = 3. We refer to [11] for the details about the approximation
of the dipoles A X ~, in the case n > 4 and A equal to the current integration
over an (n — 2)-simplex.

To obtain (13), we have to estimate the mass of the minimal connection be-
tween the singularities. To this aim, we recall the following result of Pakzad and
Riviere [12].

Proposition 3. Let u € RS, (En,y). Then for every s = 1,... S there exists
an integral current L, € Rn_g(én), with spt Ly C B", such that

OLs; =Ps(u) and  M(Ls) <C | Du|? da
Bn

for some absolute constant C > 0 independent of u.

In case Y = S? this property goes back to [4] and is proved in [1] by means
of the coarea formula. In [12] the result is given in terms of polyhedral chains with
coefficients in the homotopy group 7o ()). However, since ) is 1-connected, by
the Hurewicz theorem 72()) = H2(Y;R) and hence it can be re-stated in terms
of currents in D,,_o(B™; Hy(Y;R)). Moreover, from the construction we obtain
the following local version, see [14] for the case )Y = S2,

Proposition 4. Let W be a relatively open subset of B"* such that LM(OW) = 0.
Let u,v € R3%,(B",Y) be such that u = v a.e. on B" \ W. Then, for every s =

1,...,3, thereexists ani.m. rectifiable current Ly € R,,_o(B") with spt Ly C W
such that

OL; =Ps(u) —Ps(v) and  M(Ls) < C (D(u, W)+ D(v,W)).
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We postpone the proof of Proposition 4 and we first conclude the proof of (13),
and hence of Proposition 2. Using the same argument as in [14], there exists a
sequence of relatively open sets Wj, C B such that £"(W}) = 0, L*(W},) <
1/k and

sing(ur) C ... C Wip1 C Wiy CWe C ... C Wy,

Setting Vj, := B" \ Wi, then Vo is a neighborhood of B" \ Wit1 = Vi
and w is continuous on Vj_o. Therefore, applying a refined version of Bethuel’s
density result, Theorem 3, compare [14, Thm. 4], we find the existence of sequences
{ur} C RY ,(B™,Y) and {uy} C R3°,(B™,)), both strongly converging to ur
in W12(B" RN), such that for every k

~ - - 1
U =up on Viip, / (|uk—uT|2+|Duk—DuT|2)dx< T
_ Fo ~ 1
sing(uy) = sing(ug) , (Jug — uk|2 + |Duy, — Duk|2) dr < z
BTL
and finally

Ps(uy) = Ps(ur) Vs=1,...,5.

By applying Proposition 4 with u = uy, v = ugy1 and W = Wy, for every
s we find L € R,,_o(B") with spt L) ¢ W41 such that

OL = Py (ug) — Ps(usn)
and M(Lgk)) < C (D (uk, Wis1) + D(ugg1, Wig1)) -

Since L™(W}) — 0, and both {wy} and {uy} strongly converge to wr, possibly

passing to a subsequence we may and will suppose M(Lgk)) < 27F for every k
and s. Setting then

+oo
Lik,uT = Zng) )
j=k
since P, (ur) — Ps(ur), we have

OL; = Ps(ur) — Ps(ug) and lim M(LS ., ) =0,

Uk, U Uk U
k,uT k—+00 k,uT

so that (13) holds true, as required.

Step 4: Proof of Proposition 4. We recall from [9], Vol. II, Sect. 5.4, see also [10],
that if w € W)?(B",)), then G, (w) depends only on the cohomology class of
w € Z"12(B™ x Y). As a consequence G, induces a functional (9G,), on
H=L2(B™ x ). Since HF2(B™ x V) ~ DF~2(B™) @ H2,(Y), the homology
map (0G, )« is uniquely represented as an element of Dn_3(§”;H2(y;]R)).
More explicitly, if ¢ € D"~3(B"), we have [(0G.).(¢)] € Ha(Y;R) and for
s=1,....,s
< (0GW)4(9), [w®] >= 0G, (7% NTF W),
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<,> denoting the de Rham duality between Hs();R) and H35()). We now set
P(u) := (9G.)s € Dy3(B"; H2(¥;R)) (14)

and, for each w € [w] € H2x(Y), we define the current P(u;w) € D,_3(B™) by
P(u;w) := Omy (G, L T#w), so that

P(u;w)(¢) = IGu(n#p A7Hw) Ve D" 3(B").
The following facts hold:

i fors=1,...,35

P(u;w%) () =< P(u)(9), [w’] >,

i.e., P(u;w?®) does not depend on the representative in the cohomology class
[w?] and hence we have P,(u) = P(u;w®), compare (2);

(i) OP(u) =0 and P(u) = ZIP(u; w®) ® [vs], hence it does not depend on the
s=1

choice of [y1],..., [ys];
(iii) if uw € R$°,(B",Y), then P(u) is an i.m. rectifiable (n — 3)-current with

values in H3P"();Z) and is a finite combination

@) = R, @[]

where R, is an i.m. rectifiable current in Rn,g(én), with spt Ry C B":in
particular, in case n = 3 we have

Rs = Zdi,séai 3

where d; s € 7Z are integer coefficients and the J,,’s are Dirac unit measures
. —3
at points a; € B _
(iv) since the boundary data ¢ has a smooth extension from B" into )/, then each
P, (@) is the boundary of an i.m. rectifiable current.

If ue Rgf¢(§",y), its singular set X'(u), see (12), is contained in B :=
(Ui, 0i, where the o; are non-overlapping (n — 3)-dimensional polyhedra such
that every (n — 4)-face of B belongs to at least two o; and two different faces of
B intersect only on their boundaries. The topological singularity of u is defined in
[12] as the 75())-polyhedral chain

Sy = z_;[u, oil[oi] € Pu_s(B";ma()).

The homotopic singularity [u, o;] of u at o; is given, independently of the choice
of a € g; and § > 0, by

[U,Uz‘] = [ulﬂa,s}ﬂz(y) ’
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i.e., by the homotopy class of the restriction of « to the (suitably oriented) 2-sphere
Y5 = 0(Bj(a) N Ng), where N, is the 3-dimensional affine space orthogonal
to 0; at a and Bj (a) is the n-ball of radius ¢ centered at a. Therefore, S, is a
polyhedral (n — 3)-dimensional chain in P,,_s(B™, 75 ()).

We now recall that the class of k-dimensional flat chains Fi,(B™;m2(Y)) is
given by the completion w.r.t. the flat norm of the class of polyhedral k-chains in
Pr(B™; m3())), compare [7], [15] and [12]. Now, since m2()) ~ Ha(Y;R), we
readily infer that F,,_3(B"™; m5())) coincides with the class of integral flat chains
in D,_5(B™; Hy(Y;R)). Moreover, the masses of elements in P,,_3(B™; w2()))
and R,_s(B"; Hy(Y)) are defined in an equivalent way. Also, for every u €
RS")@(E”,)}) we have

Py (u) = 7(Z(w), 05, = (u)),

where f(u) is the (n — 3)-vector orienting X'(u) and 0 := [ux[ Xy s5]] - w?,
see [9, Vol. 11, Sect. 5.4.2]. In particular, we infer that

Sy =~ P(u), (15)

compare (14).

Following [12], let )' be the [-skeleton of some triangulation of Y, for [ =
2,..., M := dim()). We have that J? is 1-connected and hence that 75()?) is
finitely generated. We let g1, ... , gg be its generators. Also, the homomorphisms
x> (V%) — m(Y') induced by the injection maps }? < ' are onto,
whence 72()') is finitely generated, too. Let p; : Y2 — S2, i =1,...,0, be
smooth maps such that

[Pi(C)] s (52) = @i([Clay(2))

for any 2-cycle C' € Z%()?), where, for every a € mo()?),

B
a= Z ai(a) gi
i=1

is its unique decomposition. Let now u € Rgf;,(én, V?). If the boundary datum
18 constant, since p; o u € jo;,(én,y), by [1] we find existence of T; €
Po_2(B™;Z) such that

OT; = Sy,0n and M(Ti)gci/~ |D(p; o w)|? da .

n

We now recall that if u € Rgf’cp('é”, S?), for any regular value y € S? and every
x € u~t(y) the D-field D(u)(x), see (4), is a tangent (n — 2)-vector to the level
surface u~*(y). Setting then
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we infer that T} € Ro_2(B™), with spt T, C B", and P(u) = Ty —TY).
As a consequence, if 1,7 € R;‘LJ(E”, )?) aresuchthat & = ¥ a.e.on B \W,
we infer that for a.e. y € S?

P(pi o &) — Pp; 0 B) = O(TF° — TP+°7) (16)

and thereNfore, by Ehe coarea formula, compare [14] for the case Y = 52, since
spt(TPi°% — TPi°”) C W, we find y € S? such that (16) holds and

i OU OV 1 ~ ~
M(T = T°") < o (D(pi 0@, W) +D(p; 07, W)).

Consequently, as in [12] we find the existence of a polyhedral chain T' €
Ppn_s(B™, m3(Y?)) such that

oT = Sa — Sg and M(T) g C (D(ﬂ, W) + D(E, W)) .

Finally, arguing as in [12] we prove Proposition 4, taking into account (15). O
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