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1. Introduction

Let M0 be a compact, strictly convex hypersurface of dimension n ≥ 2, without
boundary, smoothly embedded in R

n+1 and represented locally by some diffeo-
morphism ϕ0 : R

n ⊃ U → ϕ0 (U) ⊂ M0 ⊂ R
n+1. We consider the family of

maps ϕt = ϕ (·, t) evolving according to

∂

∂t
ϕ (x, t) = {h (t) − F (W (x, t))}ν (x, t) x ∈ U, 0 < t ≤ T ≤ ∞

ϕ (·, 0) = ϕ0,
(1)

where W (x, t) is the matrix of the Weingarten map of Mt = ϕt (U) at the point
ϕt (x), ν (x, t) is the outer unit normal to Mt at ϕt (x) and h (t) is a global term to
be specified. The function F should have the following properties:

Conditions 1.1

i) F (W) = f (κ (W)) where κ (W) gives the eigenvalues of W and f is a
smooth, symmetric function defined on the positive cone

Γ = {κ = (κ1, . . . , κn) ∈ R
n : κi > 0 for all i = 1, 2, . . . , n} .

ii) f is strictly increasing in each argument: ∂f
∂κi

> 0 for each i = 1, . . . , n at
every point of Γ .

iii) f is homogeneous of degree one: f (kκ) = kf (κ) for any k > 0.
iv) f is strictly positive on Γ and f (1, . . . , 1) = 1.
v) Either:

• n = 2,
• f is convex, or
• f is concave and one of the following hold

a) f approaches zero on the boundary of Γ ,
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b) supM0

(
H
F

)
< lim infκ→∂Γ

(∑
i κi

f(κ)

)
, where H denotes mean curva-

ture,
c) f is inverse concave, that is, the function f̃ (x1, . . . , xn) =

−f (x−1
1 , . . . , x−1

n

)
is concave.

For n = 1, in [Ga], Gage considered the flow of curves in the plane subject to
the constraint that the enclosed area remains fixed, while in [P], Pihan considered
the length preserving evolution of curves. In each case it was shown that a unique
solution to the flow problem exists for all time and the solution exponentially
approaches a circle enclosing the same area or of the same length as the initial
curve.

For n ≥ 2, flows with similar F , but with h ≡ 0 were considered by Ger-
hardt ([Ge1]), Urbas ([U1,U2]) and Andrews ([A1,A2,A4,A6]). Various flows with
nonzero h (t) have been considered, particularly for practical applications, and
short-time existence of solutions is well known ([GG]). However, there are few re-
sults to date whereh (t) involves curvature integrals over the evolving hypersurface.
The main such results have

nF (W) = trace (W) = H ,

that is, globally constrained mean curvature flows. In 1987, Huisken studied in
[Hu2] the volume preserving mean curvature flow, taking

h (t) =

∫
Mt

Hdµ∫
Mt

dµ
,

where dµ = µ (x, t) dx denotes the surface area element of Mt. He showed that
under the flow, the evolving hypersurface converges exponentially to a sphere en-
closing the same volume asM0. Later, in [M1], the author obtained a similar result
for the surface area preserving mean curvature flow, while in [M2] he generalised
these results, taking

hk (t) =

∫
Mt

HEk+1dµ∫
Mt

Ek+1dµ
,

for each k = −1, 0, 1, . . . , n − 1, obtaining globally constrained mean curvature
flows which preserve each of the n+ 1 mixed volumes of Mt. The mixed volumes
of a convex hypersurface M can be written as

Vn−k (Φ) =




Vol (Φ) k = −1{
(n+ 1)

(
n
k

)}−1 ∫
M
Ekdµ k = 0, 1, . . . , n− 1,

where Φ is the (n+ 1)-dimensional region contained inside M , ∂Φ = M . Here,
for any l = 0, . . . , n, El is the lth elementary symmetric function of κ1, . . . , κn,
the principal curvatures of M ,

El =




1 l = 0∑
1≤i1<...<il≤n κi1κi2 · · ·κil

l = 1, . . . , n.
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The cases k = −1 and k = 0 correspond respectively to the volume preserving
mean curvature flow and the surface area preserving mean curvature flow. For
notational convenience we generally omit the argument Φ of the mixed volumes.

In this paper we investigate more general mixed volume preserving curvature
flows, proving the following theorem:

Theorem 1.2 Let M0 be as stated earlier and suppose F satisfies Conditions 1.1.
Then the evolution equation (1), with

h (t) = hk (t) :=

∫
Mt

F (W)Ek+1dµ∫
Mt

Ek+1dµ
, (2)

has a smooth solution Mt for all times 0 ≤ t < ∞, and the Mt’s converge, as
t → ∞, in the C∞-topology, to a sphere with the same value of Vn−k as M0.

We remark that in practical applications it would be interesting to consider sim-
ilar flows with different global functions h. Curvature evolutions are often used to
model moving interfaces where the termh represents the bulk free energy difference
between two materials. This quantity is temperate dependent, so in a controlled en-
vironment it could be written as a function of time. The interested reader is referred
to the works of Giga and Goto ([GG]) and Gurtin and Jabbour ([GJ]) for practical
applications.

Our analysis follows the framework of [M2]; we make modifications to allow
for the more general F . In particular, we need to use more sophisticated results
for fully nonlinear elliptic and parabolic partial differential equations to establish
long-time existence of solutions to the flow equation. We also give an application
of our new flows: using specific choices of F and h we give a new proof of the
Minkowski inequalities of convex geometry. We hope that in the future other useful
results can be obtained using flows which fit our conditions.

The author would like to thank BenAndrews for his interest and advice regarding
this work, particularly his suggestions regarding existence. He would also like to
thank the referee for valuable comments and suggestions and John Buckland for
useful discussions. Finally, the author is grateful to the Centre for Mathematics and
its Applications at the Australian National University for its support.

2. Notation

We will use similar notation as in [Hu2,U2,A4] and [M1]. In particular, g = {gij},
A = {hij} and W =

{
hi

j

}
denote respectively the metric, second fundamental

form and Weingarten map of Mt. The mean curvature of Mt is

H = gijhij = hi
i

and the norm of the second fundamental form is

|A|2 = gijglmhilhjm = hj
lh

l
j

where gij is the (i, j)-entry of the inverse of the matrix (gij). Throughout this
paper we sum over repeated indices from 1 to n unless otherwise indicated. Raised
indices indicate contraction with the metric.
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We will denote by
(
Ḟ kl
)

the matrix of first partial derivatives ofF with respect

to the components of its argument:

∂

∂s
F (A+ sB)

∣∣∣∣
s=0

= Ḟ kl (A)Bkl.

Similarly for the second partial derivatives of F we write

∂2

∂s2
F (A+ sB)

∣∣∣∣
s=0

= F̈ kl,rs (A)BklBrs.

We will also use the notation

ḟi (κ) =
∂f

∂κi
(κ) and f̈ij (κ) =

∂2f

∂κiκj
(κ) .

Unless otherwise indicated, throughout this paper we will always evaluate partial
derivatives of F at W and partial derivatives of f at κ (W).

Several function spaces and associated norms on S
n and on S

n × [0, T ) will
be needed. These are as used, for example, by Urbas in [U1] and [U2]. For k ∈ N,
Ck (Sn) is the Banach space of real valued functions on S

n which are k-times
continuously differentiable, equipped with the norm

‖u‖Ck(Sn) =
∑

|β|≤k

sup
Sn

∣∣∇βu
∣∣ .

Here β is a standard multi-index for partial derivatives and ∇ is the derivative on
S

n. We further define, forα ∈ (0, 1],Ck,α to be the space of functions u ∈ Ck (Sn)
such that the norm

‖u‖Ck,α(Sn) = ‖u‖Ck(Sn) + sup
|β|=k

sup
x, y ∈ S

n

x �= y

∣∣∇βu (x) − ∇βu (y)
∣∣

|x− y|α

is finite. Here |x− y| is the distance between x and y in S
n.

On the space-time S
n × I , I = [a, b] ⊂ R, we denote by Ck (Sn × I) the

space of real valued functions uwhich are k-times continuously differentiable with
respect to x and

[
k
2

]
-times continuously differentiable with respect to t such that

the norm
‖u‖Ck(Sn×I) =

∑
|β|+2r≤k

sup
Sn×I

∣∣∇βDr
tu
∣∣

is finite. Here
[

k
2

]
is the largest integer not greater than k

2 . We also denote by
Ck,α (Sn × I) the space of functions in Ck (Sn × I) such that the norm

‖u‖Ck,α(Sn×I) = ‖u‖Ck(Sn×I)

+ sup
|β|+2r=k

sup
(x, s) , (y, t) ∈ S

n × I
(x, s) �= (y, t)

∣∣∇βDr
tu (x, s) − ∇βDr

tu (y, t)
∣∣(

|x− y|2 + |s− t|
)α

2

is finite.
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3. Some time independent facts

We first state some results for symmetric functions of the eigenvalues of matrices.
The first theorem, proofs of which appear in [A4] and in [Ge2], allows us to seam-
lessly swap between derivatives of F and derivatives of f . We denote by Sym (n)
the set of all n× n real symmetric matrices.

Theorem 3.1 ([Ge2,A3]) Let f be aC2 symmetric function defined on a symmetric
region Ω in R

n. Let Ω̃ = {A ∈ Sym (n) : κ (A) ∈ Ω} and define F : Ω̃ → R by
F (A) = f (κ (A)). Then at any diagonal A ∈ Ω̃ with distinct eigenvalues, the
second derivative of F in direction B ∈ Sym (n) is given by

F̈ kl,rsBklBrs =
∑
k,l

f̈klBkkBll + 2
∑
k<l

ḟk − ḟl

κk − κl
B2

kl.

We immediately have the following Corollary.

Corollary 3.2 Suppose W has distinct eigenvalues κi. ThenF is convex (concave)
at W if and only if f is convex (concave) at κ (W) and

ḟi − ḟj

κi − κj
≥ (≤) 0 for all i �= j.

Corollary 3.3

i) If F satisfies Conditions 1.1 and F is convex (concave) at W , then at this W ,

F |A|2 −HḞ klhkmh
m
l ≤ (≥) 0.

ii) If F satisfies Conditions 1.1 and F is concave at W , then at this W ,

FC − |A|2 Ḟ klhkmh
m
l ≥ 0.

Remarks

1. Above we are using the notation H =
∑

i κi, |A|2 =
∑

i κ
2
i and C =

∑
i κ

3
i

because of course later we wish to apply this inequality where W is the Wein-
garten map of our evolving hypersurface.

2. The inequality of part ii) above plays the same role asHC−
(
|A|2

)2
≥ 0 in the

analyses of mean curvature flows in [Hu1,Hu2,M1] and [M2]. The inequality
of part i) does not say anything for mean curvature flow.

Proof of Corollary 3.3.

i) We compute using the Euler relation

F |A|2 −HḞ klhkmh
m
l =
∑
i,j

(
ḟiκiκ

2
j−κj ḟiκ

2
i

)

=
1
2

∑
i,j

κiκj

(
ḟi−ḟj

)
(κj−κi) = −1

2

∑
i �=j

κiκj

(
ḟi−ḟj

κi−κj

)
(κi−κj)

2 ,

where we have symmetrised in i and j. The inequality now follows using Corol-
lary 3.2.
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ii) We compute similarly

FC − |A|2 Ḟ klhkmh
m
l =

1
2

∑
i �=j

(
ḟiκiκ

3
j + ḟjκjκ

3
i − ḟiκ

2
iκ

2
j − ḟjκ

2
jκ

2
i

)

=
1
2

∑
i �=j

κiκj

(
ḟiκj − ḟjκi

)
(κj − κi) ≥ 0,

again using Corollary 3.2. �

The inequalities of the following Lemma are derived in [U2] for concave F .
For convex F we get the opposite signs.

Lemma 3.4 For any convex (concave) F satisfying Conditions 1.1, for all κ ∈ Γ ,

i) f (κ) ≥ (≤) 1
nH ,

ii)
∑

k ḟk = trace
(
Ḟ kl
)

≤ (≥) 1.

Next we state a result of Andrews, concerning compact, convex manifolds M
with suitably pinched curvatures.

Theorem 3.5 (Andrews, [A1]) If a smooth, compact, strictly convex manifold M
satisfies everywhere the pointwise curvature pinching estimate

κmax ≤ C1κmin

for some constant C1 < ∞, then the outer radius (circumradius) ρ+ ofM satisfies

ρ+ ≤ C2ρ−

where C2 =
(

n+2√
2

)
C1. Here ρ− denotes the inner radius (inradius) of M .

Using this theorem we can obtain a lower bound on the inradius of M in terms
of any of the mixed volumes of M .

Corollary 3.6 Let M be as in Theorem 3.5. Then for any l = 1, . . . , n + 1, the
inradius and circumradius of M satisfy

ρ− ≥ 1
C2

(
Vl

ωn+1

) 1
l

and ρ+ ≤ C2

(
Vl

ωn+1

) 1
l

,

where ωn+1 is the volume of the (n+ 1)-dimensional unit ball.

Proof. We prove the inradius case; the circumradius case is similar. A sphere with
the same value of Vl as M has radius ρ∞ given by

ρ∞ =
(

Vl

ωn+1

) 1
l

. (3)

(The notation ρ∞ is used to be consistent with Sect. 9.) By the monotonicity of
mixed volumes, the smallest sphere containing M must have radius ρ+ ≥ ρ∞, so
using Theorem 3.5,

ρ− ≥ 1
C2
ρ+ ≥ 1

C2
ρ∞ =

1
C2

(
Vl

ωn+1

) 1
l

. �
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4. Evolution equations

We compute the evolution equations for various geometric quantities associated
with Mt evolving under (1).

These equations are easily derived, similarly as in [Hu1] and [A1]. In Sects. 4
to 6 inclusive, unless otherwise indicated ∇ denotes the gradient on the evolving
hypersurface Mt.

Lemma 4.1 Under the flow (1),

i) ∂
∂tgij = 2 (h− F )hij , iv) ∂

∂tν = ∇F ,

ii) ∂
∂tg

ij = −2 (h− F )hij , v) ∂
∂thij = ∇i∇jF + (h− F )himh

m
j ,

iii) ∂
∂tµ = (h− F )Hµ, vi) ∂

∂th
i
j = ∇i∇jF − (h− F )hi

mh
m
j .

We will denote by L the operator given by Lψ = Ḟ kl∇k∇lψ. Condition 1.1,
ii) ensures L is an elliptic operator. In the case of mean curvature flow, L is just
the Laplace-Beltrami operator on Mt.

The following evolution equations are also easily computed, similarly as, for ex-
ample, in [A1]. We use the Codazzi equations, the Gauss equations and interchange
second covariant derivatives in parts ii) and iii).

Lemma 4.2 Under the flow (1),

i) ∂
∂tF = LF − (h− F ) Ḟ klhkmh

m
l,

ii) ∂
∂thij = Lhij + F̈ kl,rs∇ihkl∇jhrs + Ḟ klhkmh

m
lhij + (h− 2F )himh

m
j ,

iii) ∂
∂th

i
j = Lhi

j + F̈ kl,rs∇ihkl∇jhrs + Ḟ klhkmh
m
lh

i
j − hhi

mh
m
j ,

iv) ∂
∂tH = LH + F̈ kl,rs∇ihkl∇ihrs + Ḟ klhkmh

m
lH − h |A|2,

v) ∂
∂t

(
H
F

)
= L (H

F

)
+ 1

F F̈
kl,rs∇ihkl∇ihrs + 2

F Ḟ
kl∇kF∇l

(
H
F

)
− h

F 2

(
F |A|2 −HḞ klhkmh

m
l

)
.

The following lemma is a straightforward consequence of the definition of
mixed volumes, as, for example, in [A3], along with (1).

Lemma 4.3 For any flow of the form (1),

d

dt

∫
Mt

Eldµ =

{
(l + 1)

∫
Mt

(h− F )El+1dµ l = 0, 1, . . . , n− 1
0 l = n.

We then see immediately:

Corollary 4.4 If we set h = hk as given by (2), then the flow (1) preserves∫
Mt

Ekdµ.
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It is often beneficial to reduce (1) to a scalar parabolic equation on S
n (up to

tangential diffeomorphisms). One appropriate scalar quantity to consider is the
support function of Mt.

Definition The support function of Mt, u : S
n × [0, T ) → R, is defined by

u (x, t) = 〈ϕ (x, t) , ν (x, t)〉 .

The support function gives the perpendicular distance to the origin of the tan-
gent plane to Mt at ϕ (x, t). We complete this section by computing the evolution
equation for u.

Lemma 4.5 Under the flow (1), the support function of Mt evolves according to

∂

∂t
u = Lu+ Ḟ klhkmh

m
lu+ (h− 2F ) . (4)

Proof. Using (1) and Lemma 4.1, iv),

∂

∂t
u =

〈
∂

∂t
ϕ, ν

〉
+
〈
ϕ,

∂

∂t
ν

〉
= (h− F ) + 〈ϕ,∇F 〉 . (5)

We compute similarly as in [Hu3],

Lu = Ḟ kl∇k (〈∇lϕ, ν〉 + 〈ϕ,∇lν〉)
= Ḟ kl∇k 〈ϕ, hm

l∇mϕ〉
= Ḟ kl {〈∇kϕ, h

m
l∇mϕ〉 + 〈ϕ, (∇kh

m
l) ∇mϕ〉 + 〈ϕ, hm

l∇k∇mϕ〉}
= Ḟ klhkl +

〈
ϕ, Ḟ kl∇mhkl∇mϕ

〉
− Ḟ kl 〈ϕ, hkmh

m
lν〉

= F + 〈ϕ,∇F 〉 − Ḟ klhkmh
m
lu.

Substituting into (5) for 〈ϕ,∇F 〉 gives the result. �

5. Preservation of convexity

To show long-time existence and investigate the long time behaviour of the evolving
Mt we will require the a priori estimates of the following two sections.

We require the following generalisation by Andrews of Hamilton’s maximum
principle for tensors from [Ha1].

Theorem 5.1 (Andrews, [A4]) LetSij be a smooth time-varying symmetric tensor
field on a compact manifold M (possibly with boundary), satisfying

∂

∂t
Sij = akl∇k∇lSij + uk∇kSij +Nij

where akl and u are smooth, ∇ is a (possibly time-dependent) smooth symmetric
connection, and akl is positive definite everywhere. Suppose that

Nijv
ivj + sup

w
2akl

(
2wp

k∇lSipv
i − wp

kw
q
l Spq

) ≥ 0
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whenever Sij ≥ 0 and Sijv
j = 0. (Here the supremum is over all matrices w.) If

Sij is positive definite everywhere on M at time t = 0 and on ∂M for 0 ≤ t ≤ T ,
then Sij is positive definite on M × [0, T ).

Theorem 5.2 If initially hi
j ≥ ε̃F gi

j for some ε̃ > 0, then hi
j ≥ εFgi

j , on [0, T ),
where ε = ε (n, ε̃, F ) > 0.

Proof. First consider the case of n = 2. As in [A6], we can obtain the pinching
result without requiring F to be convex or concave. Consider the quantity

Q (W) =
2 |A|2 −H2

H2 ,

a function of the eigenvalues of W with corresponding

q (κ1, κ2) =
(κ1 − κ2)

2

(κ1 + κ2)
2 .

Q is symmetric, homogeneous of degree zero and evolves according to

∂

∂t
Q = LQ+

(
Q̇ijF̈ kl,rs − Ḟ ijQ̈kl,rs

)
∇ihrs∇jhkl − hQ̇ijhimh

m
j . (6)

Since Q̇ijhimh
m
j ≥ 0, the same maximum principle argument as in [A6] gives

that the supremum of Q is nonincreasing in time, so the pinching ratio

κ2

κ1
=

2
1 − √

q
− 1

is also nonincreasing. The result follows.
Now suppose n ≥ 3. If F is convex, set Si

j = hi
j − ε̃F gi

j . Using Lemma 4.2
we compute

∂

∂t
Si

j = LSi
j +N i

j ,

where

N i
j = F̈ kl,rs∇ihkl∇jhrs + Ḟ klhkmh

m
lS

i
j + h

(
ε̃Ḟ klhkmh

m
lg

i
j − hi

mh
m
j

)
.

In this case we don’t need the full force of Theorem 5.1; we just make the obvious
generalisation to Hamilton’s maximum principle from [Ha1] to accommodate the
elliptic operator L. Now suppose v is a null eigenvector of Si

j at (x0, t0) for some
first time t0 > 0. Then, choosing coordinates such that

(
hi

j

)
= diag (κ1, . . . , κn)

at this point, using the convexity of F and the Euler relation we see that

N i
jviv

j ≥ ε̃h |v|2
{(∑

i

ḟiκ
2
i

)
− ε̃F 2

}
= ε̃h |v|2

∑
i

ḟiκi (κi − ε̃F ) ≥ 0,

since at (x0, t0), ε̃F is the smallest eigenvalue of
(
hi

j

)
, with corresponding eigen-

vector v. The result follows by Hamilton’s maximum principle and so in the case
of convex F we can actually take ε = ε̃.



140 J.A. McCoy

Ifn ≥ 3,F is concave andF satisfies Condition 1.1 v), c), then we proceed sim-
ilarly as above, except that we need to use Theorem 5.1. To fit Andrews’ framework
in [A4] it is more convenient to set Sij = hij − ε̃Hgij . We compute

∂

∂t
Sij = LSij +Nij ,

where this time

Nij = F̈ kl,rs∇ihkl∇jhrs − ε̃gijF̈
kl,rs∇phkl∇phrs + Ḟ klhkmh

m
lSij

+ (h− 2F )h m
i Smj + ε̃h

(
gij |A|2 −Hhij

)
. (7)

This is exactly the same as in [A4], except of course for the h terms. At a null
eigenvector ofSij the first of these terms vanishes, while for the second we estimate

|A|2 = κ2
1 + . . .+ κ2

n ≥ κmin (κ1 + . . .+ κn) = ε̃H2,

so the last term of (7) in the brackets is nonnegative. Since F is inverse concave,
Theorem 4.1 from [A4] gives that at the null eigenvector,(

F̈ kl,rs∇ihkl∇jhrs − ε̃gijF̈
kl,rs∇phkl∇phrs

)
vivj

+ 2 sup
w
Ḟ kl
(
2wp

k∇lSipv
i − wp

kw
q
l Spq

) ≥ 0.

Hence Theorem 5.1 gives that hij ≥ ε̃Hgij on [0, T ). Finally Lemma 3.4, i) shows
that we may take ε = nε̃ to give the required result.

If n ≥ 3, F is concave and satisfies one of the other conditions, then, as in [A1],
we consider the evolution of the quantity H

F . From Lemma 4.2, v) we have

∂

∂t

(
H

F

)
≤ L

(
H

F

)
+

2
F
Ḟ kl∇kF∇l

(
H

F

)
,

where we have used concavity of F and Corollary 3.3, i). It follows by the same
maximum principle argument as in [A1] that there is a c = c (F,M0) such that for
all i and j,

κi

κj
≤ c (8)

at every point of Mt. In particular, this means that for all j,

κj ≥ 1
c
κmax,

from which we infer using Conditions 1.1, i) and ii) that at every point of Mt,

κj ≥ 1
c
f (κ) ,

hence the result. �
We now list several important corollaries. Applying Corollary 3.6 to Mt and

recalling Corollary 4.4, we see that



Mixed volume preserving curvature flows 141

Corollary 5.3 For t ∈ [0, T ), the inradius ρ− of Mt satisfies

ρ− ≥ ri (n, F,M0) > 0.

Remarks

1. In our earlier paper, [M2], we used pinching together with the Minkowski in-
equalities to obtain a lower bound on ρ−. Here we use Theorem 3.5 instead
so that later we may use specific cases of our flow to prove the Minkowski
inequalities.

2. Of course we can also get an upper bound on the circumradius of Mt using
the other result of Corollary 3.6, however we will not need this in view of
Corollary 5.6.

Later we will need the following estimate, as used in [A1].

Corollary 5.4 There is a constant c = c (n, F,M0) such that, for t ∈ [0, T ), we
have the estimate

Ḟ klhkmh
m
l ≥ cF 2.

Proof. Using Theorem 5.2 and the Euler relation, we compute at any point of Mt

Ḟ klhkmh
m
l = ḟiκ

2
i ≥ cF ḟiκi = cF 2. �

Remark For convex F satisfying Conditions 1.1, Theorem 5.2 is not needed to
establish such an inequality with c = 1. We will use this later in the proof of
Corollary 9.3.

Also as in [A1], curvature pinching implies control on the first derivatives of F :

Corollary 5.5 There are constants 0 < C ≤ C, depending only on n, F and M0,
such that, for t ∈ [0, T ),

C Id ≤ Ḟ (W (x, t)) ≤ C Id.

Our final corollary of this section concerns the support function of the evolving
hypersurface Mt. A result of Chow and Gulliver from [CG] concerning parabolic
equations on S

n, applied to (4) in a very similar way as in [M1] and [M2], gives

Corollary 5.6 For t ∈ [0, T ),

i) there is a c = c (M0, F ) such that
∣∣∇S

n

u
∣∣ ≤ c,

ii) there is a d = d (M0, F ) such that Mt ⊂ Bd (O).
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6. Upper bound on F

By Corollary 5.3, for any t ∈ [0, T ), there is a ball of radius ri (n, F,M0) contained
inside Φt. However, for an upper bound on F we need to show that a ball with fixed
centre remains inside the evolving Φt for a short time.

Lemma 6.1 If B4δ (p0) ⊂ Φt0 for some t0 ∈ [0, T ), then B2δ (p0) ⊂ Φt for

t ∈
[
t0,min

(
t0 + 6δ2

nC
, T
))

, where C = C (n, F,M0) is the constant of Corol-

lary 5.5.

Proof. We proceed similarly as in [M2] for the mean curvature bound, comparing
Mt evolving by (1) with a sphere shrinking under mean curvature flow. As we
are now working with the fully nonlinear operator L, we scale the speed of the
shrinking sphere appropriately so we may use Corollary 5.5.

For convenience, let p0 = O, the origin in R
n+1 and assume Mt0 encloses O.

The radius of the evolving sphere ∂BrB(t) (O) satisfies

drB
dt

= − v

rB
,

with the constant scaling factor v > 0 to be chosen. With initial condition rB (t0) =
4δ, this ODE has solution

rB (t) =
√

16δ2 − 2v (t− t0).

The sphere shrinks to B2δ (O) by time t = t0 + 6δ2

v . Set g (x, t) = |ϕ (x, t)|2 −
r2B (t). We compute

Lg = 2Ḟ kl 〈∇k∇lϕ,ϕ〉 + 2Ḟ kl 〈∇kϕ,∇lϕ〉 = 2 〈Lϕ,ϕ〉 + 2Ḟ k
k.

Now
Lϕ = Ḟ kl∇k∇lϕ = Ḟ klhklν = −Fν

by the Euler relation, so therefore

Lg = −2Fu+ 2Ḟ k
k

and we compute

∂g

∂t
= 2 〈(h− F ) ν, ϕ〉 + 2v = 2 (h− F )u+ 2v

= Lg − 2Ḟ k
k + 2hu+ 2v.

Using now Corollary 5.5, we observe that at any point of Mt,

Ḟ k
k = trace

(
Ḟkl

)
≤ nC

and so if we take v = nC, then

∂g

∂t
≥ Lg,
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where we have also used that h, u ≥ 0. Since g(x, t0) ≥ 0, it follows by the
maximum principle that g(x, t) ≥ 0, and hence B2δ ⊂ Φt, for t ∈ [t0,min(t0 +
6δ2

nC
, T )) as required. �

Remark Although it may at first appear in the above proof that we are comparing a
fully nonlinear flow with a quasilinear flow, Conditions 1.1, iii) and iv) show that,
for a sphere,

F =
1
n
H ,

that is, for a sphere, our fully nonlinear F degenerates to a multiple of the mean
curvature.

Now as in [T,A1,A3] and [M2], we consider the function Z = F
u−δ , for a

constant δ to be chosen later. Its evolution equation is straightforward to compute
using Lemma 4.2, i) and Lemma 4.5.

Lemma 6.2 For t ∈ [0, T ),

∂

∂t
Z = LZ +

2
(u− δ)

Ḟ kl∇ku∇lZ − h

(u− δ)
Ḟ klhkmh

m
l

− h

(u− δ)
Z + 2Z2 − δ

(u− δ)
Ḟ klhkmh

m
lZ.

Corollary 6.3 As long as t ∈ [0, T ) and u > 2δ,

∂

∂t
Z ≤ LZ +

2
(u− δ)

Ḟ kl∇ku∇lZ +
(
2 − cδ2Z

)
Z2.

where c = c (n, F,M0) is the constant of Corollary 5.4.

Proof. We neglect the h terms in Corollary 6.2 and on the last term we use Corol-
lary 5.4 and our assumption on u. �

By a very similar maximum principle argument as in [M2], using Corollary 5.3,
Lemma 6.1 and Theorem 5.2, applying Lemma 3.5 from [Ha2] to Corollary 6.3
yields

Theorem 6.4 For t ∈ [0, T ),

F (W (x, t)) ≤ max
(

1
3δ

max
M0

F,
3
cδ2

d

)
,

where c = c (n, F,M0) and d (n, F,M0) are the constants of Corollaries 5.4
and 5.6 respectively and δ = ri

4 , where ri = ri (n, F,M0) is the constant of
Corollary 5.3.

Inserting this estimate into (2), we immediately obtain

Corollary 6.5 h (t) ≤ c (n, F,M0) for t ∈ [0, T ).
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Hence the speed of the evolving hypersurfaces is bounded.

Corollary 6.6 For t ∈ [0, T ), ∣∣∣∣∂ϕ∂t
∣∣∣∣ ≤ c (n, F,M0)

We also see that the curvature of Mt remains bounded.

Corollary 6.7 For t ∈ [0, T ),

|A|2 ≤ c (n, F,M0) .

Proof. In the case of convex F , this follows immediately from Lemma 3.4, i).
For concave F , we instead use the curvature pinching result. Indeed, choosing
κj = κmin in (8), we have for any i,

κi ≤ cκmin ≤ cF

by Conditions 1.1, i) and ii). Hence the result. �

7. Short-time existence of a solution to the flow equation

We may parametrise M0 in terms of its support function u0 by ϕ0 : S
n → R

n+1,
where

ϕ0 (x) = u0 (x)x+ ∇u0 (x) .

In this section ∇ denotes the gradient on S
n. By adding a tangential diffeomorphism

to the flow (1), we can ensure that the parametrisation of Mt,

ϕ (x, t) = u (x, t)x+ ∇u (x, t) ,

is preserved under the flow and x is the normal vector toMt at ϕ (x, t) at all times.
The corresponding initial value problem for u is then

∂u

∂t
= h (t) − F (W)

u (·, 0) = u0,
(9)

where W =
(∇2u+ Iu

)−1
. This expression for the Weingarten map in terms of

the support function is easily derived, as, for example, in [U2]. Replacing h, given
by (2), by any C1, α

2 function g : [0, T ) → R satisfying g (0) = h (0) > 0, we
consider the family of modified initial value problems

∂

∂t
ug = g (t) − F (Wg) =: F (t,∇ug,∇2ug

)
ug (·, 0) = u0,

(10)

where Wg denotes the Weingarten map of the associated hypersurface. In view of
Condition 1.1, ii), (10) is a parabolic equation, for which short-time existence via
the implicit function theorem is well known. In particular, if u0 ∈ C4,α (Sn) then
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we have a unique solution ug ∈ C2,α (Sn × [0, T )) (see, for example [GG]). Note
that uniform parabolicity of the modified problem follows by the same arguments
as in Sect. 5; in particular, we get an analogue of Corollary 5.5.

A routine fixed point argument then yields a solution u ∈ C4,α (Sn × [0, T ))
to (9), with h ∈ C1, α

2 ([0, T )) given by (2). We remark that the smoothness of the
solution ug to the modified problem is just sufficient for the second derivative of hg

to be bounded for a short time. This in turn is sufficient in the fixed point argument
to show that the operator P given by

P (g) = hg :=
∫
F (W)Ek+1dµ∫

Ek+1dµ

maps a suitable closed convex set in C1, α
2 ([0, T )) into a precompact subset of

itself. Again note that all the quantities in the definition of P are associated with
the modified problem.

Uniqueness of the solution u follows by a small modification of the standard
argument for nonlinear PDEs to incorporate the global term as a ratio of integrals.

8. Long-time existence

Since we have F in place ofH , we cannot use the induction argument of Hamilton
as in [Ha1,Hu1,Hu2,M1,M2], etc, to obtain uniform estimates on all orders of
curvature derivatives and hence smoothness and long-time existence of the solution
to (1). Instead we use a more PDE theoretic approach. Some similar ideas were used
by Urbas ([U1,U2]) but, to avoid differentiating h(t) until late in the argument, we
use a perturbation result of Caffarelli for a class of fully nonlinear elliptic PDEs
([Ca]) and some recent results of Andrews on time continuity for the parabolic
problem ([A5]). The results of this section are first obtained locally in space and
easily extended to the whole S

n.
For concreteness and ease of computation, in this section we will adopt a local

graph representation of the solution hypersurface. Locally, let ϕ : U ⊂ R
n ×

[0, T ) → R
n+1 be given by

ϕ (x, t) = (x, z (x, t)) .

Incorporating a tangential diffeomorphism into the flow (1) to ensure that this
parametrisation is preserved, we find

∂z

∂t
=
√

1 + |Dz|2 {h (t) − F (W )} , (11)

where D denotes the derivative on R
n.

In graphical coordinates, the matrices of the inverse metric and Weingarten map
are given by

gij = δij − DizDjz

1 + |Dz|2
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and

hi
j = − 1√

1 + |Dz|2

(
δik − DizDkz

1 + |Dz|2
)
DkDjz

respectively. It is easy to see that under the flow (11), the corresponding evolution
equations for z and F can be written as

∂z

∂t
= gikḞij (W)DkDjz +

√
1 + |Dz|2h (t) (12)

and

∂F

∂t
= gikḞij (W)DkDjF − gikḞij (W)Γ l

kjDlF

− (h− F ) gikglmḞij (W)hilhjm, (13)

where Γ l
kj are the Christoffel symbols of the connection on Mt.

Noting as in [U1] that the matrix product g−1Ḟ = g̃Ḟ g̃, where

g̃ij = δij − DizDjz√
1 + |Dz|2

(
1 +
√

1 + |Dz|2
) ,

we see in view of Corollaries 5.5 and 5.6 and convexity, equations (12) and (13)
are uniformly parabolic. Furthermore, by the same results, together with Theo-
rem 6.4 and Corollaries 6.5 and 6.7, equations (12) and (13) have bounded, mea-
surable coefficients. A result of Krylov and Safonov from [KS] therefore gives
z ∈ C0,α (U × [δ, T )) and F ◦ W ∈ C0,α (U × [δ, T )), for any δ > 0, where
α = α (n,M0). Actually, α also depends on δ−1, but we take a small fixed δ here.
Importantly, the bounds on the corresponding Hölder norms are independent of T .

Now for any t0 ∈ [δ, T ) let vt0 : U → R be given by

vt0 (x) =
1√

1 + |Dz (x, t0)|2
∂

∂t
z (x, t0) .

Recalling (11), the Hölder estimate for F implies vt0 ∈ C0,α (U). We consider the
corresponding elliptic PDE

G
(
D2z (x, t0) , z (x, t0)

)
= vt0 (x)

where

G
(
D2z (x, t0) , z (x, t0)

)
= h (t0) − F (W (x, t0)) .

Set

G (N,x) = G (N, z (x, t0)) ,
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whereG incorporates the Bellman extension of F .1 This extension allows all sym-
metric matricesN in the argument ofG, not just positive definite matrices. Explic-
itly, for a given symmetric matrix N = (Nij), set

h̃i
j = −gikNkj .

Then in the case of concave F , the Bellman extension F̃ of F is given by

F̃
(
h̃i

j

)
:= inf

(hi
j)∈S+

[
F
(
hi

j

)
+ Ḟ kl

(
hi

j

) (
h̃kl − hkl

)]
,

while in the case of convex F , F̃ takes the form

F̃
(
h̃i

j

)
:= sup

(hi
j)∈S+

[
F
(
hi

j

)
+ Ḟ kl

(
hi

j

) (
h̃kl − hkl

)]
.

Here S+ is the set of all positive definite matrices. Notice that since F is homoge-
neous of degree one, these extensions simplify to

F̃ =




inf(hi
j)∈S+

Ḟ kl
(
hi

j

)
h̃kl for F concave,

sup(hi
j)∈S+

Ḟ kl
(
hi

j

)
h̃kl for F convex.

The Bellman extension preserves convexity or concavity and importantly, F̃ is
uniformly elliptic, in view of Corollary 5.5. It is now straightforward to check that,
using the smoothness of F and Corollary 5.6, i), the elliptic equation

G (D2z (x, t0) , x
)

= vt0 (x)

satisfies the conditions of Theorem 3 from [Ca]. This theorem gives that z (·, t0) ∈
C2,α (U).

Spatial regularity of z at each t0 ∈ [δ, T ) now implies time regularity of first
and second spatial derivatives of z, by the parabolic maximum principle argument
of Andrews in [A5]. Once again, bounds on the corresponding Hölder norms are
independent of T . Together with the Hölder continuity of z, we therefore have that
W , Ek+1, gij and µ are Hölder continuous in time. Using these results and again
the Hölder continuity of F ◦ W we see therefore that h ∈ C0, α

2 ([δ, T )). Thus
∂z
∂t ∈ C0,α (U × [δ, T )). Hence z ∈ C2,α (U × [δ, T )).

For higher regularity, first observe that the Krylov-Safonov Harnack inequality
([KS]) applied to (13) together with Theorem 6.4 yield

F ≥ C∗ (n,M0) > 0

on U × [δ, T ). Theorem 5.2 then gives

κi ≥ ε̃C∗,

so, together with Corollary 6.7 we see that under the flow, after time δ, the principle
curvatures remain within a compact subset of the positive coneΓ . Hence second and

1 I would like to thank Professor Neil Trudinger for suggesting the Bellman extension.
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higher order derivatives of F remain bounded under the flow, so standard Schauder
estimates (for example, Theorem 4.9 from [Li]), yield z ∈ Ck,α (U × [δ, T )).

Extending these local results to the whole of S
n and combining with our short-

time existence result we have therefore back in terms of the embedding ϕ of Mt,

ϕ ∈ Ck,α (Sn × [0, T )) .

The independence of these results onT implies that our solution can be extended
smoothly up to time T , then the short-time existence result gives existence on a
slightly longer time interval. Hence T = ∞. Uniqueness is clear via uniqueness of
the short-time solution.

9. Exponential convergence to the sphere

We first show that the solution of (1) is converging to a sphere, using a suitable
geometric quantity which is monotone under the flow. In view of Corollary 4.4, the
radius ρ∞ of the final sphere can be written in terms of Vn−k (Φ0) using (3).

In the case n = 2, again similarly as in [A6], we can apply the strong maximum
principle to (6) to see that the pinching ratio is strictly decreasing unless Mt is a
sphere.

We need to use different monotone quantities for n ≥ 3. For the case of convex
F it is useful to consider the quantity K

F n , as in [Ch1], where K = det W is the
Gauss curvature of Mt. It is easy to compute the following evolution equations
using Lemma 4.2, where from now on ∇ denotes the gradient on Mt.

Lemma 9.1 Under the flow (1),

i) ∂
∂tK = LK − 1

K Ḟ
kl∇kK∇lK −KḞ kl∇kh

−1
im∇lh

im + nKḞ klhkmh
m
l

+KF̈ kl,rsh−1
ij ∇ihkl∇jhrs − hHK,

ii) ∂
∂tF

n = LFn − n (n− 1)Fn−2Ḟ kl∇kF∇lF

−n (h− F )Fn−1Ḟ klhkmh
m
l,

where h−1 denotes the inverse of the second fundamental form.

Corollary 9.2

∂

∂t

(
K

Fn

)
= L

(
K

Fn

)
+ wk∇k

(
K

Fn

)
+

K

Fn
h−1

ij F̈
kl,rs∇ihkl∇jhrs

+
K

Fn+2 Ḟ
klh−1

pq h
−1
rs (F∇kh

pr − hpr∇kF ) (F∇lh
qs − hqs∇lF )

(14)

+
hK

Fn+1

(
nḞ klhkmh

m
l −HF

)

where wk = Ḟ kl
{

n+2
F ∇lF − 1

K ∇lK
}

.
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Proof. The result follows from the previous lemma and the identities

1
F 2h

−1
pq h

−1
rs (F∇kh

pr − hpr∇kF ) (F∇lh
qs − hqs∇lF )

=
F 2n

nK2 ∇k

(
K

Fn

)
∇l

(
K

Fn

)
− 1
nK2 ∇kK∇lK − ∇kh

−1
im∇lh

im

and

1
Fn

Ḟ kl∇kK∇lK = 2Ḟ kl∇k

(
K

Fn

)
∇lK − FnḞ kl∇k

(
K

Fn

)
∇l

(
K

Fn

)

+
n2K2

Fn+2 Ḟ
kl∇kF∇lF . �

Remark The above identities are generalisations of those used by Chow in [Ch1].

Corollary 9.3 In the case of convex F , we have, with wk as above,

∂

∂t

(
K

Fn

)
≥ L

(
K

Fn

)
+ wk∇k

(
K

Fn

)
. (15)

Proof. By strict convexity of Mt, K > 0 and
(
h−1

ij

)
is positive definite. By

Condition 1.1, iv), F > 0 and so by Condition 1.1, ii), we may neglect the norm-
like term of (14). By convexity ofF we also neglect the F̈ term. Finally for the other
term we first compute using the Euler relation and the Cauchy-Schwarz inequality

f2 =

(
n∑

i=1

∂f

∂κi
κi

)2

≤
(

n∑
i=1

∂f

∂κi
κ2

i

) n∑
j=1

∂f

∂κj


 ,

so therefore by Lemma 3.4, ii),

F 2 ≤ Ḟ klhkmh
m
l.

Then in view of Lemma 3.4, i), we have

nḞ klhkmh
m
l −HF ≥ nF 2 − nF 2 = 0,

so the corresponding term from (14) can also be discarded. �
Corollary 9.4 In the case of convexF , the function K

F n is strictly increasing unless
Mt is a sphere.

Proof. Applying the weak maximum principle to (15),

min
Mt

(
K

Fn

)
≥ min

M0

(
K

Fn

)
.
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Furthermore, by the strong maximum principle, if the minimum is attained at some
(x0, t0), t0 > 0, then K

F n is identically constant. If this is the case, then substituting
into (14) yields

0 ≡ KḞ klh−1
pq h

−1
rs (F∇kh

pr − hpr∇kF ) (F∇lh
qs − hqs∇lF )

+KF 2h−1
ij F̈

kl,rs∇ihkl∇jhrs + hKF
(
nḞ klhkmh

m
l −HF

)
.

Since each of these three expressions is nonnegative, each must be identically equal
to zero. That the last expression in brackets is equal to zero means that at any point
of Mt,

0 =
∑
i,j

(
ḟiκ

2
i − κiḟjκj

)
=
∑
i �=j

(
ḟiκi − ḟjκj

)
(κi − κj) .

Now for any pair i �= j with κi �= κj , the corresponding term in the sum is strictly
positive, by Corollary 3.2. But a sum of such terms cannot be equal to zero, so we
conclude that we must have had κi = κj for all i and j. Hence the hypersurface
Mt is umbillic and therefore a sphere. �

Next we consider the case of concave F . A useful quantity to consider now is
|A|2
F 2 due to the convexity of the numerator in the principal curvatures. It is straight

forward to compute the following evolution equations using Lemma 4.2, i) and ii)
and Lemma 4.1, ii).

Lemma 9.5 Under the flow (1),

i) ∂
∂t |A|2 = L |A|2 − 2Ḟ kl∇kh

ij∇lhij + 2hijF̈ kl,rs∇ihkl∇jhrs

+2Ḟ klhkmh
m
l |A|2 − 2hC,

ii) ∂
∂tF

2 = LF 2 − 2Ḟ kl∇kF∇lF − 2F (h− F ) Ḟ klhkmh
m
l.

Corollary 9.6

∂

∂t

(
|A|2
F 2

)
= L

(
|A|2
F 2

)
+

2
F
Ḟ kl∇k

(
|A|2
F 2

)
∇lF+

2
F 2h

ijF̈ kl,rs∇ihkl∇jhrs

− 2
F 4 Ḟ

klgpqgrs (F∇khpr − hpr∇kF ) (F∇lhqs − hqs∇lF )

(16)

− 2h
F 3

(
FC − |A|2 Ḟ klhkmh

m
l

)
.

Remark The norm-like term appears as a generalisation of the corresponding iden-
tity used by Chow in [Ch2].

Corollary 9.7

∂

∂t

(
|A|2
F 2

)
≤ L

(
|A|2
F 2

)
+

2
F
Ḟ kl∇k

(
|A|2
F 2

)
∇lF . (17)
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Proof. Clearly we can neglect the norm-like term, and the F̈ term by concavity.
We can also drop the last term by Corollary 3.3, ii). �

Corollary 9.8 In the case of concave F , the function |A|2
F 2 is strictly decreasing

unless Mt is a sphere.

Proof. Applying the weak maximum principle to (17),

max
Mt

(
|A|2
F 2

)
≤ max

M0

(
|A|2
F 2

)
.

Furthermore, by the strong maximum principle, if the maximum is attained at some

(x0, t0), t0 > 0, then |A|2
F 2 is identically constant. If this is the case, then substituting

into (16) yields

0 ≡ F 2hijF̈ kl,rs∇ihkl∇jhrs − hF
(
FC − |A|2 Ḟ klhkmh

m
l

)
− Ḟ klgpqgrs (F∇khpr − hpr∇kF ) (F∇lhqs − hqs∇lF ) .

Since each of these three expressions is nonpositive, each must be identically equal
to zero. That the second expression in brackets is equal to zero means, using Corol-
lary 3.2 in a very similar argument as in the case of convex F , that at any point
of Mt, all the principal curvatures are equal, so we again conclude that Mt is a
sphere. �

Now we show exponential convergence of the solution of (1) to the sphere,
whether F be convex or concave. As in [M2], we now write Mt as a radial graph,
setting

ϕ (x, t) = ρ (x, t)x

for x ∈ S
n. Incorporating a tangential diffeomorphism to the flow (1) to ensure

that this parametrisation is preserved for all time, we find

∂ρ

∂t
=

1
ρ

(
ρ2 + |∇ρ|2

) 1
2

(h− F ) ,

where ∇ is the gradient on S
n. Setting ρ = ρ∞ (1 + εη), the linearised equation

about the stationary sphere solution with radius ρ∞ is

∂η

∂t
=

1
nρ2∞

(
∆η + nη − n

|Sn|
∫

Sn

ηdσ

)
,

where ∆ is the Laplacian on S
n. This equation is the same as that for the mixed

volume preserving mean curvature flow in [M2], except for the factor 1
n due to

Condition 1.1, iv). The same argument as in [M2] and [A3], using Theorem 9.1.2
of [Lu], gives that the Mt’s converge exponentially to the sphere with the same
value of Vn−k as M0. This completes the proof of Theorem 1.2.
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10. A proof of the Minkowski inequalities

The Minkowski inequalities are special cases of theAleksandrov-Fenchel inequality
for mixed volumes: for a convex set Φ ⊂ R

n+1 and 0 < k < l ≤ n+ 1,

V k
l (Φ) ≤ ωk−l

n+1V
l
k (Φ) , (18)

where ωn+1 is the volume of the (n+ 1)-dimensional unit ball. We can prove these
inequalities using particular flows in the class considered in this paper.

Set F (W) = β(En+1−k

En+1−l
)α, where 1 ≤ k < l ≤ n are fixed and α = 1

l−k and

β = (
(

n
k−1

)
/
(

n
l−1

)
)

1
k−l are chosen so that F satisfies Conditions 1.1 iii) and iv)

respectively. It is shown in [A4] that such F satisfy Conditions 1.1. By Lemma 4.3,

d

dt

∫
Mt

En−kdµ

= (n+ 1 − k)
(
h (t)

∫
Mt

En+1−kdµ−
∫

Mt

E−α
n+1−lE

1+α
n+1−kdµ

)
(19)

and

d

dt

∫
Mt

En−ldµ

= (n+ 1 − l)
(
h (t)

∫
Mt

En+1−ldµ−
∫

Mt

E1−α
n+1−lE

α
n+1−kdµ

)
. (20)

In view of (20), for a flow which preserves Vl, we take

h (t) =

∫
Mt

E1−α
n+1−lE

α
n+1−kdµ∫

Mt
En+1−ldµ

.

Equation (19) then becomes∫
Mt

En+1−ldµ

(n+ 1 − k)
d

dt

∫
Mt

En−kdµ =
∫

Mt

En+1−kdµ

∫
Mt

E1−α
n+1−lE

α
n+1−kdµ

−
∫

Mt

En+1−ldµ

∫
Mt

E−α
n+1−lE

1+α
n+1−kdµ.

(21)

This is nonpositive; by the Hölder inequality∫
Mt

En+1−kdµ ≤
(∫

Mt

Eα+1
n+1−kE

−α
n+1−ldµ

) 1
α+1
(∫

Mt

En+1−ldµ

) α
α+1

and∫
Mt

E1−α
n+1−lE

α
n+1−kdµ

≤
(∫

Mt

Eα+1
n+1−kE

−α
n+1−ldµ

) α
α+1
(∫

Mt

En+1−ldµ

) 1
α+1

.
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So our choices ofF andh give a flow which preservesVl whileVk does not increase.
We now compute

Vk (Φ0) ≥ Vk (Φ∞) = ωn+1ρ
k
∞ = ωn+1

(
Vl (Φ0)
ωn+1

) k
l

using Theorem 1.2 and (3). Hence we have proved inequality (18) for any 1 ≤ k <
l ≤ n.
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