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Abstract. We study the Dirichlet problem in a ball for the Hénon equation with critical
growth and we establish, under some conditions, the existence of a positive, non radial
solution. The solution is obtained as a minimizer of the quotient functional associated to
the problem restricted to appropriate subspaces of Ha invariant for the action of a subgroup
of O(NN). Analysis of compactness properties of minimizing sequences and careful level
estimates are the main ingredients of the proof.
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1. Introduction

Let {2 be the unit ball in RY, with N > 3.In a 1973 paper, M. Hénon introduced
the elliptic equation

—Au = |z|*uP~! in £, (1)

where o > 0 and p > 2, in the context of spherically symmetric stellar clusters.

This equation is a good model for a series of problems of great mathematical
interest, especially in the domain of nonlinear analysis and variational methods. So
far the attention has been devoted to the Dirichlet problem for positive solutions,
namely

—Au = |z|?uP~! in 2
u>0 in {2 (P.)
u=20 on 02,

for which existence, nonexistence, multiplicity and qualitative properties of so-
lutions, such as radial symmetry, have been dealt with in various papers under
different conditions on the parameters o and p.
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From the point of view of existence results for problem (P, ), the first observa-
tion that one can make is the fact that the exponent « affects the range of powers p
for which (P,) may possess solutions. Indeed the presence of the term |z|* modi-
fies, so to speak, the global homogeneity of the equation and shifts up the threshold
between existence and nonexistence given by the application of the Pohozaev iden-
tity. The first to realize this was W.—-M. Ni, who in 1982 proved the (existence part
of the) following result, where, as usual, 2* = 2N_ i the critical exponent for the

N—2
Sobolev embedding H} — LP.

Theorem 1.1 (Ni, [10]) Problem (P,,) possesses a solution for all p € (2,2* +

%) There are no solutions if p > 2* + %

At first sight this result is rather surprising since it provides existence also for
critical and supercritical cases in a ball, while for « = 0 it is well known that that no
solutions can be present for p > 2*. The solutions found by Ni are radial and arise
via the application of the Mountain Pass Theorem in the space of radial functions.

The work [10] widened the range of exponents p for which problem (P,,) can
be studied with respect to the standard subcritical growth. In spite of this fact, all
the papers we are aware of that followed [10] concentrate on the subcritical cases
p < 2%

A possible reason for this is that the structure of the problem allows the presence
of very interesting symmetry breaking results. Indeed since the function r +— r®
is increasing, the classical moving planes arguments of [6] cannot be applied to
force radial symmetry of the solutions. And indeed non radial solutions appear in
a natural way.

This was first proved in the elegant paper [12] by D. Smets, J. Su and M. Willem,
the reading of which is the main motivation of the present work. In order to describe
the main result of [12], let Q,, : Hi(£2) \ {0} — R be the functional

Jo |Vul? dx
(f,, [ [ulp dz)*'"

Qa(u) =

Critical points of @), give rise, after scaling, to solutions of problem (P, ). In[12] the
authors study, among other things, the ground states of ), namely its minimizers,
for subcritical p. They obtain

Theorem 1.2 (Smets, Su, Willem, [12]) For every p € (2,2*), there exists «* > 0
such that no minimizer of Q. is radial provided o > «o*.

In particular this result shows that (in the subcritical case) the solutions found
by Ni, which can be thought of as minimizers of @, on the space of H} (§2) radial
functions, are not ground states for Q, over the whole Hg (£2), at least for « large.

In [12] the authors also provide interesting information about the behavior of
a* as a function of p. They show that the threshold a* goes to zero when p tends
to 2*, namely that for nearly critical problems (P, ), virtually no ground state is
radial, except if « is very very small. The reason why this occurs is clearly pointed
out in [13] as follows: for p close to 2* minimizers tend to “concentrate” about a
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point; in order to minimize (), this point should be as close as possible to 0f2,
where the effect of the weight |x| is minimal.

Further results on partial symmetry and asymptotic behavior of ground states
as p — 2% or as & — oo can be found in [13] and [5].

The results in the papers by Smets et al. cited above can in particular be seen
as multiplicity results, in the sense that for « large problem (P, ) has at least two
solutions: the radial one found by Ni (which survives when p > 2*) and the non
radial ground state found in [12], which disappears when p = 2*.

In this paper we study the existence of non radial solutions to (P, ) whenp = 2*.

Clearly these solutions cannot arise as ground states of (), so that a different
variational procedure has to be applied. We will find them as critical points of Q)
restricted to appropriate subspaces of H{ ({2) invariant under the action of some
subgroup of O(N). This approach has already been used for example in [8] and
[9] for problems on an annulus, and in [16] for a problem in RV,

Existence of a critical point is obtained through the two main ingredients that
one expects in problems with critical growth: analysis of compactness properties
for Palais—Smale sequences and careful level estimates to make sure to avoid levels
where compactness is lost.

The same estimates will allow us to say that we are working below the minimal
level of radial functions, thanks to a bound for such level obtained in [12].

Our main result is the following.

Theorem 1.3 Let N > 4 and let §2 be the unit ball in RN . Then for every o > 0
large enough, the problem

—Au = |z|*u* " in 0
u>0 in 2 (PX)
u=20 on 012

admits at least one non radial solution.

A further point of interest, specific of critical problems, that arises from the
previous Theorem can be observed recalling that for critical problems domains
with topology, such as domains with holes play an important role; in particular
celebreted papers such as [1] demonstrated how domains with topology often carry
solutions that cannot be present otherwise. Now in Theorem 1.3 to say that « is
large means that |x|® is very small in most of {2. Roughly speaking, from the point
of view of existence results, the coefficient |z|* has an effect similar to the presence
of a “hole” in {2, which is possibly the real reason why, aside from the technical
estimates, (P2) admits a solution.

The paper is structured as follows: Sect. 2 contains the analysis of the compact-
ness properties of Palais—Smale sequences for @),; Sect. 3 is devoted to the level
estimates, in the spirit of [1], and the main results are proved in Sect. 4.

Notation. We denote by H} (£2) the usual Sobolev space, normed by ( [,,|Vu|?)'/2.
The space D2(RY) is the closure of C5°(RY) for the norm ([ | Vul?)'/2. We

denote by B,.(¢) the open ball {x € R | |x — x| < r}. The symbol [y] stands
for the integer part of v € R.
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2. Compactness properties

From now on, for notational convenience, we set p = 2*. This has to be kept in
mind throughout the paper.

In this section we analyze the compactness properties enjoyed by minimizing
sequences of the functional

Jo |Vul? dx

Qa(u) = 2 D
(f,, [z [ulp dz)?

restricted to appropriated subspaces of H}(§2) of symmetric functions.

To describe the symmetry that we are going to use we write RV = R? x
RY~2 ~ C x RV~2 and x = (z,y). For a given integer n let G,, be the group
Z, x O(N — 2); we consider the action of G, on HJ ({2) given by

g(u)(x) = g(u)(z,y) = u(e’** 2, Ry),

where j € {0,...,n— 1} and R € O(N — 2).
We denote by H,, the set of points in H}(§2) which are fixed by G,, namely

2

H, ={uc H}(2) | u(e :iz,Ry) =u(z,y) VR € O(N —2) }. (2)

In particular, functions in H,, are radial in y.

The functional @), is invariant under the action of G,, (actually both the nu-
merator and the denominator are invariant), so that critical points of @, restricted
to H,, are critical points of @),. These, after scaling, give rise to weak solutions
of (P), which, by standard elliptic theory, are in fact classical solutions. We are
going to study the lowest possible critical level of (), on H,,; to this aim we set

Jo |Vul? dx

uellin\{o} o 2/p’
(fn || |ul? da:)

E = 1 f =
n uezlff\{O}Q“(u)

3)

Notice that since |z|® < 1in (2, we have X,, > S, the best Sobolev constant for
the embedding H} < LP, for all n.
The main result in this section is the following.

Proposition 2.1 Assume N > 4. If
Y, <n¥S (4)
then X, is achieved.

The proof of Proposition 2.1 will result from the analysis of Palais—Smale
sequences for @), and will take the rest of this section. It consists of a combination
of arguments rather familiar when one deals with problems with critical growth.

We begin with a standard property.

Lemma 2.2 Let u;, € H,, be a minimizing sequence for problem (3) converging
weakly to u in Hi(£2). If u # 0, then u is a minimum and the convergence holds
strongly in Hg (£2).
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Proof. 1t uses arguments classical since [4] and we report it for completeness.
Notice first that u € H,, since H,, is weakly closed in Hg (£2). Next we have as
k — oo, by weak convergence and the Brézis—Lieb Lemma ([3]),

/\Vuk—Vu|2dm:/ |Vuk|2dx—/ |Vu|? dz 4 o(1)
7 7 o

an

d
/\x|°‘|uk—u|pda::/ \x|°‘|uk\pdx—/ [ [u? dz + o(1).
(9} (9} 0

Therefore
Jo IVug|?dz — [, |Vup — Vu|? dz + o(1)
([, [ ulp dz — [, 2]k — ul? dz + o(1)) "

Qa(u) = ®)

But the sequence w; 1S minimizing, so that f(}|vuk|2 de =
Z”(f(2|$‘a|uk|pdx)2/p + o(l), while [,[Vu, — Vul*dx >

2 . . .
Z ([o 12w — ulP dz) /p, since u;p — u € H,. Inserting these relations
into (5) we obtain

Jo IVup?dz — [, |[Vup — Vul? de + o(1)

Q(Jz(u) <X 5 5
((fQ [Vug|? dx)p/ — ([ |Vup — Vul? dx)p/ + 0(1))

2/p”

(6)

Since [, |[Vuy — Vu|? do < [, |[Vug|? dx for k large, it is easily seen that unless
Jo IV, — Vul|? dz tends to zero, the right-hand-side of (6) will be strictly less
than X, for k large, which would contradict the definition of Y,,. Therefore it must
be uy, — u strongly in Hg (£2), which gives the desired conclusion. O

In the rest of this section we analyze what happens if a minimizing sequence
in H,, tends weakly to zero in H{ (£2).

Let then uy, € H,, be a minimizing sequence for problem (3) such that u; — 0
in H}(£2). By Ekeland’s variational principle it is not restrictive to assume that the
gradient Q) (uy) tends to zero in H,,, and, since @, is invariant under the action
of G, we see that Q' (uy) — 0in H}(£2). By homogeneity we can normalize uy,
to obtain a sequence (still denoted uy) such that as £ — oo,

Qa(ur) = Zn,  Qu(ur) =0 in Hy(£2), up—0 in Hy(f2),

[l halr do = 572
0

Notice that in this way we also have [, |Vuy|? da = e o(1).

Remark 2.3 In this paper we are dealing with minimizing sequences for @), over
H,,; the form of ), allows us to consider these sequences as made up of nonnegative
functions. We will use this fact tacitly throughout the paper.
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At this point it is more convenient for the computations to pass to the direct
functional. An explicit computation of Q’, (uy), together with the properties just
listed shows that uy, is a Palais—Smale sequence for the functional f : H} (2) — R

defined by
1 1
f =3 [ 1VuPds =2 [ foflup do
2 /g pJao

at level %271://2'

In what follows, when we need to, we will consider the u;,’s (and other functions
in H}(£2)) as functions in D12(R”) by extending them to zero outside 2. In this
case, of course, uy — 0in DV2(RY).

As it is easy to imagine, the study of the behavior of u uses some version of
the Concentration—Compactness Principle. To do this we first define rescalings of
functions in D12 (RY).

Definition 2.4 For any fixed A\ > 0, ¢ € RY, the rescaling T = T()\,q) is the
function

T:DYRY) = DY2(RY) defined by Tov(x) = A—¥v(§ +q).

Notice that if T = T'(\, ¢) then T~ = T(1/), —\q), that is,

N-—2

7oAz — q))-

The following theorem is a version of by now standard Concentration—Compactness
type results (the form used here is taken from [14]).

T lo(z) = A

Theorem 2.5 Assume that vy, is a bounded sequence in DV2(RN). Then, up to a
subsequence, one of the following alternatives holds as k — oo:

(i) i — 0 strongly in L*" (RN).
(ii) There is a sequence Ty, of rescalings such that Tv, — v weakly in L>” (RN)
and v # 0.

We apply this result to the Palais—Smale sequence uy, recalling that we have
set p = 2*. Notice that alternative (¢) cannot occur since for all k

/ |uk|pdx:/ |uk|pdm2/ 2| ug |P dz = ZN/2 > 0.
RN o) Q

Therefore there exists a sequence of rescalings T, = T'(Ax, qx) such that (up to
subsequences)

Tpup —u weaklyin  DM2(RM)  and  u#0.

Since the support of each uy, is in §2 it is easy to see that Ay, — oo as k — oo and
qr € §2 for all k. Up to subsequences we can also assume that g, — g € (2.
We first identify the equation solved by w.
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Lemma 2.6 Ler T}, = TL(Ak, qi) be the above sequence of rescalings satisfying
A, — oo and qi, — q € 2. Let u # 0 be the weak DV2(RN) limit of Ty, ux. Then
Ardist(gx, 02) — 00, q # 0, and u satisfies

—Au = |g|*u?~' in RN,

Proof. We first rule out the case Apdist(gx, 0§2) < C for all k. Indeed, if this hap-
pens, after a rotation of coordinates one easily sees as for example in [15], Chapter
111, Lemma 3.3, that taken any ¢ € Cg°(RY ), where RY = {z € RY | z; > 0},
the support of the function T}, ~ ' is contained in {2 for all large k. Set

el if ze
olw) = 0 ifz¢

The fact that uy, is a Palais—Smale sequence for f implies that, settingy = A\ (z—qx)
and ¢ (y) = d(L + a1,

o(1) = f'(ux) ™" = / Vue V(T ) do — / |z “u P T " o da
£ Q

= VukV(Tk_lap) dx — (x)ukp_lTk_lgadx
RN RY

— V(Tkuk)VLpdy—/ gbk(y)(Tkuk)p_lgody
RN RN

= Vquody—/ P(Q)uP o dy + o(1).
RN RN

We have used the fact that Tjuy, — u in DY2(RYN) and ¢ (y) — ¢(q) for all y.

Since this happens for all ¢ € C5°(RY), we see that u satisfies —Au = |g|*uP™!

on Rf and v = 0 on {7 = 0}; this is impossible because u # 0. As a remark we

notice that in this case ¢ € 042, so that |¢|* = 1.

Therefore we must have (up to subsequences) Adist(gg, 92) — oco. In this
case we can repeat the above argument, this time being allowed to take as a test
function any ¢ € C§°(RY); the above computations lead us to say that u is a
nontrivial solution of —Au = |g|*u?~! on R, which also shows that ¢ # 0. O

Remark 2.7 The function u is nothing else than a multiple of U, the unique radial

positive solution (modulo rescalings) of —AU = UP~! in RY. Precisely, u =
2—N

lg|* T U

We now go on to compare uy, to T} Lu through the functional f; since T, L
is not supported in {2 we cut it off by means of the following procedure. Let
X : R — [0, 1] be a fixed piecewise linear function such that

" 1if ¢ <1
x(t) =
0 if [¢t| > 2.

The fact that Axdist(qx, 0¢2) — oo allows us to take a sequence Ak € R such
that A\ — 00, Ap/Ax — oo and Apdist(qx, £2) — oo as k — oo.
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We then set xx(x) = ()"” |z[); in this way the support of T}, ' x} is contained

in (2 for all k large enough and uy, — T}, ' (xpu) € HE(£2).
For further use we also notice that xu — u strongly in D2(RY), as one can
readily check or look up as above in [15].

In the next proposition we shall use the functional f, : DL2(RYN) — R, defined
for g € {2 by

1 1
filw) =5 [ IVuPde =Sl [ pupda,
RV p RN
Lemma 2.8 Ler Ty uy, be the sequence constructed above. Then as k — 00,
flug = T Q) = flu) = folu) +o(1). (7)

Proof. Setwy, = ux — T}, ' (xxu); then wy, € HE(£2) and, putting A\, (z — qx) = v,
we have

/\Vwk|2dx:/ |Vwk|2dx:/ |V(Tkuk)7V(Xku)|2dy
12, RN RN
= [ @Ry [ 90y
RN N
72/ V(Trur)V(xruw) dy

/ |V |* dy — / |Vu|? dy + o(1)
RN

since xxu — u strongly in DV2(RYN) and (Tjuz) — u weakly in the same space.
This is how the integral of |Vwy|? splits.
We turn to the second term in f. In the computations below we denote ¢ (y) =

oL + ar).
Changing variables as in the first part we have

[ et do= [ os@luldo= | ouwlTan - xal dy
I7) RN RN
Next we notice that as k — oo

()| T — xwul? dy = / 60(1) [Tt — ul? dy + o(1)
RN RN

since xru — u strongly in DV2(R™). Therefore, by the Brézis-Lieb lemma
[ )T — vl dy = | ouw)l T~ ul? dy +o(1)
RN RN

- / ()| Tieun P dy — / o) [ul? dy + o(1). (®)
RN RN

Finally we observe that changing variables

/ ()| TP dy — / o) |uxlP da = / j2|*ux P da,
RN RN 0
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while

| owiur s = [ oy o) = [ ulrdy+ o)

since ¢ (y) — ¢(q).
Inserting these into (8) we find that

/ ()| T, — xpul? dy = / 2| uxl? d — g/ / P dy + o(1)
RN (93 RN

which, combined with the splitting of the integral of |Vwy,|? yields

Flu — T () = flug) — fo(u) + o(1),
as we wanted to prove. a

To complete the preliminary properties we need we state the analogue of the
previous lemma concerning the gradients.

Lemma 2.9 Let Tyuy, be the sequence constructed above. Then as k — oo,
Fluk =T oaew)) = f(u) +o(1)  in Hy(£2). )

Proof. For the sake of simplicity we work assuming that uy — T}~ ! (xrw) is non-
negative; otherwise one replaces its (p— 1)th power by |uy, — T} " (xw) [P~ 2 (ug —
T (o).

If p € Cg°(42), then

F(ue = T (xrw) ) = RNV(uk — Ty () Ve da

- o(x) (uk — Tp,  (xww))P e da.
RN

Plainly we have (recalling that y,u — u strongly in DL2(RY)),
V(up — Ty ' (xpu)) Vo dr = / VurVedz
RN RN

- RNVuV(Tw) dy +o(1)||e]|, (10)

|| - || being the D*2(RY) norm.
For the second part we first notice that, still because xryu — wu strongly in
D1,2 (RN),

() (e =Ty (xew)" ™' dl’:/ &1 (y)(Teu—w)P~ Trp dy-+o(1) I,
RN RN
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where we have set, as above, y = A\g(z — g) and ¢ (y) = &(y/ Ak + qx)- Now a
standard application of the Brézis—Lieb lemma shows that

/ o (y) (Tru, — w)P~ T dy =/ ok (y) (Tiwur )P Trp dy
RN RN

= | e Tepdy + o(1)]l¢l,
R

so that returning to the variable « in the first integral and using ¢, — ¢(q) = |q|%,
we obtain

() (w = T (xww))" ™ p da = ANé(x)ukP‘lw dx
""'a/RN“p‘ldewo(1>||go|\. (11)

Combining (10) and (11) we can write

Flue =T o)) = ' (wn) + fo(w)Tip +o(D)llel| = f (ur)p +o(1)]] o]

since u is a critical point of f; by Lemma 2.6. This holds for every ¢ € C3°({2)
and therefore it is equivalent to the statement we wanted to prove. ad

Recalling that uy is a Palais—Smale sequence for f at level %E,jlv / %, the two
above lemmas constitute the proof of the following proposition.

Proposition 2.10 The sequence uy — T}, ' (xyu) satisfies

i) (k=T o) = {207 = fo(u) +o(1)
i) f'(ux — Ty "(xxw)) = o(1) in HE(2), namely, it is a Palais-Smale se-
quence for [ at level %257/2 — fqluw).

We are now ready to describe the behavior of Palais—Smale sequences for f.

Proposition 2.11 Let uy, be a Palais—Smale sequence for f at level %E,JLV /% con-
verging weakly to zero in H} (£2).

Then there is a positive integer m (depending only on X)) such that for every
Jj = 1,...,m there exist sequences \j, € R" and qj;, € 02, with Ajp — 00
and q;1; — q; € 2\ {0} as k — oo, there exists a nontrivial critical point
u; € DY2(RY) of fy, such that, setting Ty, = T(\jk, q;i), there results (up to
subsequences)

up = ZTﬁcl(uj) +o(1) in  DY(RN), (12)

m

flug) = quj (uj) + o(1). (13)
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Proof. 1f uy is a Palais—Smale sequence as in the assumptions, we can apply to it
the arguments that start with Theorem 2.5 and are concluded in Proposition 2.10.
Explicitly, there exist a sequence of positive numbers A, — 0o, a sequence q;, of
points of 2 with 1, — ¢1 € 2\ {0} and a nontrivial critical point u; of f,, such
that, setting Thx = T'(A 1, q1% ), the sequence

wiy, = up, — Tt (k)

is a Palais—Smale sequence for f at level + ZN/ 2

according to the procedure that follows Remark 2.7.

We now iterate this scheme, still starting with the application of Theorem 2.5.
If wy, — O strongly in LP(R), then the fact that it is a Palais—~Smale sequence
implies that wy;, — O strongly in Dl’z(RN). Since also yjxu; — wy strongly in
DL2(RYN) we can write

U = Tfkl(ul) + 0(1) in Dl’Q(RN),

— fq. (u1). Here x1 is defined

and the proposition is proved with m = 1.

Otherwise wy;, — 0 weakly in LP(R) but not strongly. In this case, starting
with Theorem 2.5 we can work on wyj, as we did for uj: we can find sequences
Aok — 00, @or — g2 € £2\ {0}, a nontrivial critical point us of f,, such that the
sequence

way, = wig — Typ (Xarus2)

is a Palais—Smale sequence for f at level ZN/ 2 — far (1) = fy, (u2). Here xox
and 75, are defined similarly as we did above Once again, if wy, — 0 strongly in
LP(RYN), then we see that

U = Tl_kl(ul) + wig = Tl_kl(ul) + T2_k1(’l,L2) + 0(1) in IDl’Q(].:{,N)7

and the proposition is proved with m = 2. If, on the contrary, wo;, — 0 weakly in
LP(RN) but not strongly, we iterate the above argument; to check that the procedure
ends after a finite number of steps, notice that by Remark 2.7, for all 7,

for (W3) = fo,(lg51°7U) = |g;

by definition of U, so that after at most m := [%,,/S]"¥/? steps the remainder will
be a Palais—Smale sequence at level zero, namely it will be o(1) in D12(RY),
obtaining the requested representation for uy and f(uy). O

-~ 1 1
75N/2>7sN/2
TNYUENY

Remark 2.12 In the statement of the previous proposition we have obtained a rep-
resentation of uy, as a function in DY2(R™). This is the simplest way to express
ug. A representation in H} (£2) can be deduced even more directly from the proof
of Proposition 2.11 if one does not suppress the cut—off functions ;. Since we
are going to use this version of the representation of uy, we write it explicitly as

m

up = Z Y(xjrug) 4 o(1)

= SN (e gkl — qe)) +o(1) in HI(Q).  (14)

Jj=1
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Remark 2.13 Inthe introduction we have mentioned the fact that the weight |2|* has
an effect similar to that of a “hole” in 2. This effect is manifest in the structure of the
Palais—Smale sequences for f that, as Proposition 2.11 shows, cannot concentrate
in zero.

The analysis of the Palais—Smale sequences for f allows us to obtain the proof
of the main result of this section, Proposition 2.1. The conclusion is achieved by
taking into account the symmetry properties of uy; we borrow the argument from
[16], where it is applied to a different problem.

Proof of Proposition 2.1. Let uy, € H,, be a (bounded) minimizing sequence for
Qo over H,. Then uy contains a subsequence (still denoted wy) such that uy, — u
in H}(2).

If u # 0, then by Lemma 2.2, u is a minimum point in H,,, and there is nothing
left to prove.

If, on the contrary, ux — 0 in H&((Z), then, as we did above, we can assume
without loss of generality that uy, is a Palais—Smale sequence for the functional f at
level ﬁﬂfl\]m, normalized in such a way that [, [z]*|ug [P = /% The behavior
of such sequences is described in Proposition 2.11. In particular,

m m
2—N

Flu)= D" fo, () ()= 3 a7 V2 4 0(1) 2 mU5Y/2 4 o(1),
j=1 j=1

5)

Recall now that each u; is a multiple of the radial function U and that the cut—off
functions i are also radial. Furthermore, O(/N — 2) is a continuous group for
N > 4. These two remarks imply that for every 7 = 1,...,m, we must have
Ajrdist(gjk, R? x {0}) — 0 when k — oc. Indeed, if this where not the case,
the representation (14) would be incompatible with the symmetry properties of uy.
Therefore in (14) we can replace each g;; with its projection on R? x {0} so that
we can assume that (14) holds in the space H,,.

This means that m must be a multiple of n, say m = Kn, for some integer
K > 1. But in this case, from (15),

1 1 1
NETJ%V/Q = f(ux) +o(1) > KnNSN/2 +o(1) > nNSN/2 +0o(1),
namely Y, > n¥ s, contradicting the assumption. a

3. Asymptotic expansions

This is a technical section in which we establish the main estimates we will need
. .. 2 . .

to prove that the assumption of Proposition 2.1, namely X,, < n¥.S, is satisfied
for suitable values of n and .

The strategy we adopt is rather simple and well known: we will explicitly

. 2 .

construct for each n a function u € H,, such that, for n large, Q,(u) < n¥ S; this
inequality will be proved in the next section. Presently we confine ourselves to the
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construction of u and we estimate carefully the numerator and the denominator of
Qu(u).

The idea we follow for the construction of u comes from the fact (already used
in [1] and [2], for example) that the superposition of solutions to problems at infinity
may “lower” the level of the functional. We will construct v as a Z,, x O(N — 2)—
symmetric superposition of suitably rescaled solutions of —AU = UP~! in RV;
these functions will have to be projected onto H{ (£2), and, in order to minimize
the effect of the weight |x|“, everything will have to take place as close as possible
to 012.

The computations that follow are heavily based on the estimates obtained by
Bahri and Coron in the celebrated paper [1], and especially in Proposition B5 of
that paper. Some estimates we will need are exactly the same as corresponding ones
in [1] and hence in these cases we will refer directly to computations carried out in
that paper.

The main difference between our framework and the one in [1] is that while
Bahri and Coron worked in a compact subdomain of {2, we will be forced to work,
for the reason described above, closer and closer to the boundary of 2. Therefore
some terms that were considered as constants in [1] will play a central role in our
setting and will have to be treated with special care.

We begin with the construction of u: we pick [ € (0, 1) and for every n € N
we define n points z; in RV ~ C x RV ~2 as

27i

»,0), j=0,...,n—1.

2= (1= )&

Notice that the points z; are all in {2. With the aid of these points we define for
A > 0 the functions
N-2

Us.o, () = T(\, )" U (x) = Cy NE e

14+ X2z —x)?) 2

where Cy = (N(N — 2))(N=2)/4,

We recall that the functions U, ,, are the unique positive solutions, radial
about ;, of the equation —AU = UP~! in DV2(RY) and that [ |VUn o, |? =
fR ~U f = SN/2 forall X and all z;, where S is the best constant in the embedding
H} < LP.

To avoid heavy notation from now on we will write simply U; for U} ,,, and to
fix ideas we anticipate that we will let] — 0,n — coand A — oo, with appropriate
relations between [, n and A.

_ The functions U; are not in H 3(£2), so that we will use instead their projections
U; on H}(£2) defined by

U; =0 on 90.

If we set ; = U; — U;, then Ap; = 0in £2, ¢; = U; on 012 and ; > 0in {2 by
the maximum principle.
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Finally we define
n7147 n—1
u(w) =Y Ti(x) =Y _(Ui(z) — pi(x)), (17)
i=0 i=0

and we observe that, due to the definition of the points x;, we have u € H,,. Notice
that of course u depends on A and on n and [ through the choice of the points z;.

We now turn to the estimates, starting from [, |Vu|?. To this aim notice that by
definition of u and U;,

n—1 n—1

n—1
LD /Q VUNT; =— > /QAU@ = /QU#“(U]» ~05)

i,j=0 i,j=0 i,j=0
n—1 n—1
=> (/ Uil’—/UiP—lg@i) + 3 (/ Uip_lUj—/Uip_lgoj). (18)
=0 \/£2 [ im0 \JQ Q
i#j

We will treat the four integrals separately. In what follows, the letter C' will denote
positive constants depending only on N. We will denote by O(a) quantities such
that |O(a)| < Clal.

We also set

7|$1 —.'L'0|,

1
dij = x; — x5, and dzﬁrggi?ldij': .

and we assume that 2d < [ and that Ad > 1 for all A under consideration.
Remark also that due to our definition of the points x;, we have

dz(l—l)sinzwg
non

for all / small.
Finally, we denote by H : {2 x {2 — R the function

1

N—2°
||zly — =/|]|

H(z,y) =

that is, the regular part of the Green function of the laplacian on the unit ball (2,
and by
1

G(z,y) = m— g2 — H(x,y)

the Green function itself. Recall that H (x, -) is harmonic in {2 for all 2 and equals
1/|z —-|N=2 on 092.

We want to estimate @), (u) in terms of G and H, in the spirit of the papers [1]
and [11]. The behavior of the numerator is given in the following proposition.
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Proposition 3.1 As A\d — oo (that is, n/\ — 0) we have

C c n—1 n—1

/Q|Vu|2dx =nSN/2 Ag_g{z H(zi,mi) = Y G(:ci,xj)}
=0 i,j=0
i#]

o) o).

where C'y is the constant introduced in (16) and ¢y = fRN Ur—ldz.

The proof of Proposition 3.1 consists in the evaluation of [, |Vu|? dz in terms
of the quantities in (18), which we treat in separate lemmas.

1
L 2 [ UPde=5N? ).
emma 3 /QU dr =8 +O((/\Z)N)

Proof. Writing

svez fure [ ur— [ v | U

— gN/2 _/ U,
RN\ B (z:)

scaling y = A(z — x;) and passing to spherical coordinates we have

/ » C o'} ’I”N_l C
Ui’ < dr < ;
RN\ B, (1) . (L+r2)N (AN

which yields the desired expression. a

We turn to the second term in (18).

o CNCO 1

L . P dr = H(z;,w; — .
emma 3.3 /QU i dz N2 (33,33)+O(()\Z)N)

Proof. 1f we set
I(z) = pi(z) — ONN7 H(zi,2),

it is not difficult to check using harmonicity of H and ; (see also [1]) that for all

T € {2,
1
o) =0 )

Therefore if we split the term to be estimated as

/Uipfl%': C;IL / Jr/ U~ () H (i, o) da
2 ATz Bl,/z(l’i) Q\BZ/Q(Ii)

P\ (2
+/QUZ () (x), (19)
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then for the last integral we have

1
Uip_lmfxdx§0(m>/ Urt
[ v @re i <o) [ |

1 C 1
= O(A”ﬁN) N O(WW)’ 20

as one readily checks by scaling y = A\(z — z;).
Concerning the integral over 2\ B;/5(x;) we first notice that by harmonicity,

1
H(x;,z) < mﬁaxH(xi, )= I%%XH({EZ‘, ) < N=3
Therefore
C C
— / U Hz)H (z;,0) < %/ Ut
ATz Jo\By s (i) AT N2 J\By o ()
1
= O —_— 3 21
((Al)N) @D

as one again checks via the usual scaling.

The first integral in the right—hand—side of (19) is the one that gives the relevant
contribution. To evaluate it we first expand H (z;, -) up to the third order near x; as
in [1], writing

H(mi,aﬁ) :H(mi,mi)—l—Hl—‘ng-i-Hg-i-R,

where H; denotes the j—th order term (e.g. H1 = VH (z;, ;) (x — x;)). We notice
that the integrals containing H; are all zero (j = 1,3 by symmetry and j = 2
by harmonicity). Up to here we have followed exactly the computations in [1];
however we need a slightly sharper estimate of the remainder R with respect to the
one in [1] on account of the fact that we will have to let x; tend to 0f2, namely
l—0.

Now since |R| < supp, ,(,) ||V H (2;,)[[|z — 2;]*, using the explicit form
of H it is not difficult to check that

sup [|V*H (z,)]| < 575
Bya(xi) IN+2

so that

C
‘/ U 'Rdz| < 7/ U™ o — | * da.
ZN+2
By (zi) Byya(xq)

Computing via scaling and spherical coordinates

1
/ UP Yo — z|* do = TH)/ UP () lyl* dy
Bija (o) AT IBys)

Al/2 N+3
S / ot
o

AN;»G 1+7’2)N;2
C 12

IN

)\N+6 ()‘Z)Q = C}\wa

2
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we can finally say that

C
UP Y (2)R| < —5—.
|»/Bl/2(1i) ' (@) | AN

To complete the proof we just have to notice that by the usual scaling arguments,

C C
TJL/ U~ (z)H (z;,2) = &(H(ﬂﬂu%z)/ P!
AT IBya(a) AT Bija(zi)

[ )
Byja(xi)

Cnco 1
Adding (20), (21) and (22) we obtain the desired expression. a

This concludes the analysis of the first two terms in (18). We now pass to the
terms which mix ¢ and j.

Cnec 1 1
Pl Ay = N0 DN
Lemma 3.4 /QUZ Uj dz (Aldi;)N—2 +O<()\|dij)N_l> +O<()\Z)N>.

Proof. Writing

/ UP~U; do = / UL da — / U~ U; d, (23)
0 RN RN\

with the same type of calculation as in Lemma 3.2 we immediately see that
/ UP U dz < / (U +U;P) do < o
RN\ ~ JrM\o - (AN

The integral over RY in (23) has been estimated in [1], page 279-280, formula
(B31); the only difference is that the indices ¢ and j in [1] are permuted. Since
the computations are rather involved and no changes are necessary, except for the
normalization constant in the definition of U, we don’t repeat them here and we
just give the result in our notation:

_ CNCO 1
P dy = ——2 0 — . 24
/RN“ Uy <A|dij|>N—2*O(WUDN-I) 9

This, together with the previous estimate, proves the lemma. O
We conclude this set of estimates with the last term in (18).

_ CNCO 1
Lemma 3.5 /QUz-p Yoy du = sz-zH(x“xjHO((M)N)

Proof. The computations are similar to the ones in the proof of Lemma 3.3, and
we don’t repeat them; the same approach can be found in [1]. a
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We are now ready obtain Proposition 3.1.

Proof of Proposition 3.1. We collect the estimates of the terms in (18) provided by
the preceding lemmas.
By Lemmas 3.2 and 3.3 we have

n—1

_ CNCO 1
1 N\, aN/2
; (/QUip d:cf/QUl.P ©; dl) —nSN/2_ N ZH Ti, T JrnO(( )N)
(25)
while by Lemma 3.5 there results
n—1 n—1
_C 1
Z /Up Yo, da Nfo Z H(a:i,a:j)—i-nQO(N). (26)
i,j=0 )\ i,j=0 ()‘l)
iF#j iF£]

The remaining term requires some care (estimating |d;;| > d ~ C/n yields an
error of the order V1O (A=), which is not small enough for our purposes).
Therefore we proceed as follows, using the symmetries of the points x;:

n—1 1 n—1 1 n—1 1

n =n
L; |d;j | N1 ; |z; — xo| V1 ; (2 = 2D)N-1sinN 1 (75 /n)
i#i

[(n—=1)/2]
2n C N
~— —  ~ 27
Goa T X GO @7

since the series of j' =" is convergent. Recall also that [ will be taken small, so that

we can always assume [ < 1/2.
With this last estimate we obtain from Lemma 3.4

Cxnc 1 1
p—1 _YUNCO N 2
Z/U Uj do=- 13— Z P— S+n 0<AN 1>+n O(W) )

i,7=0 i,7=0
i#j 7#7

(28)

Adding (25), (26) and (28) as required and recalling the definition of G we obtain
the estimate of Proposition 3.1. O

Having completed the estimate of the numerator of (), we now go on to estimate
the denominator, namely |, ol|*uP. Also in this case we will split the computations
in a series of lemmas.

Recall that we denote d = 1 min;; |z; — x;| and that we are assuming 2d < [.
We now set B; = By(z;) fori = 0,...,n — 1. Then the B;’s are pairwise disjoint
and they are all contained in the annulus 2\ B1_9/(0).

Hence,

n—1

/ |x|“uP dx > (1 — 21)0‘/ uP dx > (1 —20)* Z/ uP dx.
Q 2\B1-21(0) B

i=0 Y Bi



Non radial solutions for the critical Hénon equation 319

We first use the elementary convexity inequality (a + b)? > aP + paP~1b which
holds forp > 1,a > 0, a + b > 0 to write (for z € B;),

n—1 p n—1 p
u? = (Z Ui) = (Ui +Y (Uj—¢)) — 901‘)
= 7
n—1
> U+ pUP ™! (Z(Uj — ;) — %‘)-
j=0

Jj#i

‘We obtain therefore

g (e[ o)
+p2(/ UrU; - /Upl ) (29)

i,j=0
i#]

and, as above, we estimate the four integrals separately. The result we are aiming
at is stated in the following proposition, which parallels Proposition 3.1.

Proposition 3.6 As A\d — oo (that is, n/\ — 0) we have

/ |z|YuP dx
9]

n—1
2(1—2l)“[nSN/2 ffycg{z (i, 7:) ZG(%%‘)}

=0 i,5=0

o (ANll) o ((Ml> ﬂ

where C is the constant introduced in (16) and ¢y = fRN Ur—ldgz

We begin with the first integral in the right—hand—side of (29).

1
D Jr — GN/2
Lemma3.7/ UPdx =S +O((/\d)N>'

i

Proof. The proof makes use of the same estimate as the one in the proof of Lemma
3.2, with [ replaced by d this time. ad

C Co 1
L : P pida < H (@i, ;
emma38/&U i dx N (x,x)—l—O(O\l) )

Proof. We work as in Lemma 3.3, with some further simplifications. Again we set

I(z) = pi(z) — OnN7 H(zi,2),
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but this time we notice that by harmonicity

Cn 1 1
max ' = max [’ < max —— N5 ~— | =0.
° EXe) T€dN \ "3 |z — x|V |z — a; |V~

Therefore we can write

C
/ Uip_lspi = N]Y2 / Uip_lH(xi7x)+/ Uip_ll“
B; ATz B; B;

?VJYQ/ Uiple(xi,x).
Az B

IN

i

Since d < /2, the last term can be estimated as in (22), namely,

C _ C _
NJY2 / Uz'p lH(l'i7l') < lez / Uip 1H(I,’,Jf)
2 JB; ATZ By (@)
CNCO 1
=~z H (@i i) + 0 <(>\1)N> ,
which gives the required expression. a

This concludes the analysis of the first part of (29); we now pass to the mixed
terms.

Lemma 3.9

_ CNCO 1 1
UPr \de > ———— 4+ 0 ———— Ol = |-
0> i + (=) o (v
Proof. Though the integral to be estimated is very similar to the one in Lemma 3.4,
we cannot proceed exactly as in that proof because we would get an error of order
O((Ad)~), which is too large for our aims.

We first write

/ UL~ U, da = / UL~ U dz — / U~ U dx (30)
B; RN RN\BL

and notice that the first integral in the right-hand-side has already been estimated
in (24).

The treatment of the second integral is rather involved. To avoid unnecessary
complications we will make great use of formulas already established in [1] to get
estimate (24); in particular, after scaling y = \(x —x;), the integral over R is split
in three parts in [1] following the decomposition RY = B;UByU(RN\ (B1UB>)),
where (in our notation),

By = Byja,;/4(Mdij) and B = Byq,;1/4(0).
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In our case we can use this procedure if we write (scaling as above)

/ UL 'U; dx < / UL U; da
RN\ B; RN\Bg2 ()

1 1
= C’p/ — dy
MR Bra0) (14+]y[2) 75 (1+]y—Adyy[2) "=

[ Aly) dy
RN\Bxa/2(0)

and if we use the decomposition RN \ Byy/2(0) = By U (B \ Bygy2) U (RN \
(B1 U By)). Notice that d/2 < |d;;|/4 by definition.

In this way we have to evaluate three integrals, with the same integrand A(y)
as in [1]. Now

1
Aly)dy = 0| ——— 31)
/RN\(31U32D (y) Y (/\dljl)N>

and

Ay) dy = O< (32)

)
Aldi )N )7
these being formulas (B29) and (B30) in [1], respectively.

Finally we deal with the integral over B := By \ Bygq /2- To this aim we make
use of the argument in [1] (which we don’t repeat) that reduces it to

1 1
Ay) dy < d
/B W y—<A|dij>N2/B<1+|y2>Nz“ !

C / ly[?
+ w5 4y, 33)
i DN J5 (1 + |y2)™F

B

see (B25) in [1].
Now with elementary computations we have for the first integral

1 1 1
/B 1+ [y RN\Bya(0) (14 [y|2) 3 (Ad)?

while for the second one we obtain

/Wwdyﬁ/ %@:O(log()\wij\))-
B (1+y[*)~2 By (1+1[y?) ="

Inserting these in (33) we can say that

/BAWM(W)*O(W)'

Taking also into account (24), (31) and (32), the decomposition (30) yields the
desired estimate. O
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The following lemma completes the set of estimates needed to treat the denom-
inator of Q.

Cn 1
L 1 p=l < H ;
emma 3 O/B,,U pjde < 15 (m,xj)+0<()\l) )

Proof. The computations can be adapted from the ones in the proof of Lemma 3.8.
O

We are now ready obtain Proposition 3.6.

Proof of Proposition 3.6. We add the terms in (29) using their estimates provided
by the preceding lemmas.
By Lemmas 3.7 and 3.8, and recalling that [ > d ~ C/n,

n—1
Z (/ Uip*p/ Uv:pl%')

=0

1
> nSN/? — SJJVVCSZH%% N+1O(>\N) (34)

The remainders generated by Lemma 3.9 can be dealt with as in (27); notice that the
argument works also for the sum of |d;;|>~ %, the series of 52~V being convergent
since N > 4. We obtain

1
2 : N 2 : N-1
i,j=0 i,j=0 1%
i#£j i#]
Therefore
p § j/ UL U; da
17;70
Cneo = 1 N 1 N 1
> 0] ol —
fp/\N_g P |z — x|V -2 +n NN-1 +n WV
i#j
n—1
CNC() 1 N 1
= @) 36
PAN3 2 o — +n W1 ) (36)
i#j

since n/A — 0.
Finally, from Lemma 3.10,

CNCO s 1
U 2
P E:/ p— ¢de<p E H(zi,zj)+n O(()\Z)N)' (37)

i,j=0 i,7=0
i i#j

Adding (34), (36) and (37) (all multiplied by (1 — 21)*) and recalling the
definition of (G, we obtain the required estimate. a
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4. The main result

This last section is devoted to the proof of the main result. This task is simplified
by the fact that we have already established most of technical bounds.

We begin with the main level estimate; in its statement recall that the space H,,
has been defined in (2).

Proposition 4.1 Let N > 4. For every o > 0, there exists ng > 0 such that for
every integer . 2> Ny,

2
inf <n¥N8S.
nf Qa

Proof. The function u constructed in the preceding section depends on n, [ and
A, and for each n it belongs to H,,. We show that for appropriate choices of these
parameters, there results @, (u) < n¥ S. This will be accomplished by matching
the estimates of Propositions 3.1 and 3.6.

For simplicity we set

n—1

A= H(z;,x;) E G(zs, ;)
1=0 i,j=0
i#£j

and we begin with an estimate of A, noticing that we can write it as

n—1 n—1 1
A= Z H(.’L‘i,.’l)j)_ Z |(L'17£EJ|N72
4,j=0 1;37;]_0

By definition of H, and since ]ml —xj/|x; \2] > [ for all 7, j, we see that

n—1 n—1 2

ZH(Z‘Z‘,Z‘]'): Z 1 — SCll£72.

N—-2
1720 S0 |z IN =2 |y — /|2
i#]

Moreover, as in (35),

so that we obtain the bound

n2
A<C1 —CQTZN 1

If we put for simplicity b := C ¢, and we notice that (1 — 21)2%/? > (1 — 3al),
for all N > 4, all @ > 0 and all / small enough, we see that from Proposition 3.6

2/p
Q

> (1 — 3ad)n®?| SN2 - P v ( ) o (AL o
= nAN—2 AN-1 (AN :




324 E. Serra

Later we will see that all the quantities depending on n in the square brackets tend
to zero as A\/n — oo; therefore expanding about SN/ we obtain for our main
estimate

} )

and we must check that for suitable values of the parameters, the right-hand-side
is strictly less than n?/V' S. A trivial computation shows that this amounts to prove
that

b 1 !
R:=3alSN/2+(1-6al) N 2A+30‘l< o 1O<)\N 1>+ O(( AN )><0

In order to do this we choose

nsN/Q

NO()\N 1)+’ﬂ20(

~)

Qa (u) <

—2

(1 = 3al)n?/? [S 3

-2 s,\N seaw=z A+ 0V 10 (57

| = p—9/20

Notice that this choice is compatible with our assumption 2d < [ and also that
Al = coas A/n — oo.
Next we take n so large that

AL —%nN_l'

)

this is possible because

2
A< 01111\?772 - C’mN—l _ 01712+9(N72)/20 _ C2nN71

and 2 4+ 9(N —2)/20 < N — 1 for all N > 4, as one immediately checks.

Furthermore, noticing that 9/20 < Y=L, we see that
no n1+9N/20 - nN _ nN-1
(ADN AN T AN T AN

since n/A — 0. Therefore the second big O is unnecessary in the expression of R.
We are thus led to

N2 Q@ a  bCynlN—2 o nN-t
R < 35" n9/20 (1- Gng/zo)T AN—2 +3n9/200 A\N-1 )"

Finally we choose A = nlte, with e > 0 and small; it is immediate to check that
this is compatible with the assumptions. We obtain

R<agV2_ O (g oyt 1 4« 0( ! ) (38)

19/20 n9/20) 92 ne(N=-2) n9/20 ne(N=1)

Since « is fixed, this quantity will be negative for n large (depending on «) if
we take € small enough (essentially ¢ < 9/(20(N — 2))), the leading term being
negative. Now R < 0 means that Q, (u) < n¥ S, as we wanted to prove. ad
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We are now ready for the main result of the paper.

Theorem 4.2 Let N > 4 and let §2 be the unit ball in RN . Then for every o > 0
large enough, the problem

—Au = |z|*u* " in
u>0 in 2 (PY)
u=0 on 012

admits at least one non radial solution.

Proof. For every ac > 0, Problem (P) has a solution in some H,. Indeed, given
a > 0, let n € N be larger than the number n,, provided by Proposition 4.1 and
consider the space H,; setting X, = infy (), by the same proposition there
results

2
Xp <nNS.

By Proposition 2.1, X, is achieved by a function u € H,,, which can be assumed
nonnegative; by invariance w is a critical point of Q,, on Hg (£2) which, after scal-
ing, (weakly) satisfies the equation and the boundary condition in (P}). Standard
regularity theory shows that u is a classical solution. Moreover w is positive in {2
by usual maximum principle arguments.

We have to show that, at least for « large, u is not radial. To this aim we use a
bound for the level of radial functions obtained in [12]. In Theorem 5 of that paper
the authors proved a bound that for our purposes we can write as

2N -2
inf  Qu.(v)>Ca ¥ as a— oo,

veH(2)\{0}
v radial

where the constant C' depends only on /N. We now show that the level X, of the
solution we find is strictly below this threshold for « large.
To this aim we must evaluate how large n,, of Proposition 4.1 has to be in terms

of av. If we choose n of the order of a®/2, we see that (38) essentially becomes
39N/2 6 L bC 1 3 1
R<—7% —(1- )= + ( = )
al/s al/8) 9 gBe(N=-2)/2 " ,1/8 abe(N—1)/2

Therefore R will be negative for all o big enough when ¢ is sufficiently small, so
that we find a solution to (P?) in the corresponding H.,.
To achieve this we have taken n ~ «%/2; therefore we find a solution at level

2N—-2

T, <n?Nsg <N <Ca v < inf  Qa(v)

T weHb(@2)\{0}
v radial
for all a large enough since 5 < 2N — 2 for all N > 4. Therefore our solution
cannot be radial, and this completes the proof. a
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Remark 4.3 In wiew of the result by Ni ([10]), Theorem 1.1 in the Introduction, we
see that the preceding theorem can be interpreted as a multiplicity result: Problem
(PZ) admits (for large «) at least two positive solutions, the radial one found by Ni
and the non radial one given by Theorem 4.2.
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