
DOI: 10.1007/s00526-004-0290-9

Calc. Var. 23, 67–81 (2005) Calculus of Variations

Klaus Ecker

Local monotonicity formulas
for some nonlinear diffusion equations

Received: 27 August 2002 / Accepted: 10 May 2004
Published online: 22 December 2004 – c© Springer-Verlag 2004

Introduction

In this paper, we study the reaction-diffusion equation

∂u

∂t
−∆u = |u|p−1u

on Rn, where p > 1, as well as the harmonic map heat flow which evolves maps
u from Rn into a Riemannian submanifold N ⊂ R� by means of

∂u

∂t
−∆u ∈ T⊥N,

that is (∂u/∂t−∆u)(x, t) lies in the normal space ofN at u(x, t). Another closely
related equation is the mean curvature flow of submanifolds. Common to all these
equations is the fact that they arise as gradient flows for certain energy densities.

In [GK] and [St], monotonicity formulas involving the associated energy den-
sities for the first two equations were derived. It is the main purpose of this paper to
discuss these formulas in detail and establish localised versions. We will therefore
devote this introduction to a description of the corresponding results for the mean
curvature flow (see [Hu] and [E]). Monotonicity formulas for equations on more
general domains were derived in [Ha].

Mean curvature flow is defined as a family of n-dimensional submanifolds
(Mt)t∈I of Rn+k which satisfy the evolution equation

∂x

∂t
= H(x)

for x ∈ Mt, t ∈ I where I is an interval. Here x = F (p, t) ∈ Mt where Ft =
F (·, t) : Mn → Rn+k is a family of immersions of an n-dimensional manifold
Mn with Mt = Ft(Mn) and H(x) denotes the mean curvature vector at x ∈ Mt.
Mean curvature flow takes the alternative form

∂x

∂t
= ∆Mtx
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where∆Mt is the Laplace-Beltrami operator onMt. This more clearly emphasizes
the formal connection with the other two evolution equations.

In [Hu], the monotonicity formula for mean curvature flow

(0)
d

dt

∫
Mt

Φdµt = −
∫

Mt

|H − x⊥

2t
|2Φdµt

is proved which involves the backward heat kernel function

Φ(x, t) =
1

(−4πt)
n
2
e

|x|2
4t

defined for t < 0 and x ∈ Rn+k. Here, ⊥ denotes the component of a vector in
Rn+k normal to Mt and µt is the surface measure on Mt. The identity

H − x⊥

2t
= 0

or equivalently the vanishing of the right hand side of the monotonicity formula
characterizes scale invariant (homothetic) solutions of mean curvature flow. In terms
of the evolving submanifolds this can also be expressed by 1

rMr2t = Mt for all
r > 0 and t < 0, or alternatively by Mt =

√−tM−1 for all t < 0.
In the case where Mt = Rn for all t < 0, the monotonicity formula for mean

curvature flow reduces to the statement

d

dt

∫
Rn

Φ(x, t) dx = 0

which describes the scaling behaviour of the n-dimensional heat kernel on Rn. The
monotonicity formulas in [GK] and [St] are analogous to the one for mean curvature
flow in that they combine the appropriate energy density (the area element in the
case of mean curvature flow) with a heat kernel function to produce a quantity which
is non-increasing in time. We will describe the details in Sects. 1 and 2 below.

Note that in contrast to (0) the well-known monotonicity formula for minimal
hypersurfaces (see for instance [S])

d

dr

( Hn(M ∩Br)
rn

)
=

d

dr

∫
M∩Br

|x⊥|2
|x|n+2 dHn

is a local statement in balls Br ⊂ Rn+1. Since minimal surfaces are stationary
solutions of mean curvature flow that is solutions of the corresponding elliptic
equation it seems natural to look for an analogous local formula in the parabolic
case.

Balls in the elliptic case should here be replaced by some natural sets in space-
time. In [F, W] and [EG], the sets

Er =
{

(x, t) ∈ Rn × R, t < 0, Φ(x, t) >
1
rn

}
, r > 0
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termed ’heat balls’, play an important role in the derivation of mean value formulas
for solutions of the standard heat equation. In fact, it is shown in [W] that the
formula

d

dr

( 1
rn

∫ ∫
Er

f(x, t)
|x|2
4t2

dx dt
)

= 0

holds for any solution f of the standard heat equation. These sets also arise naturally
in the identity ∫

Rn

Φ(y, s) dy =
1
rn

∫ ∫
Er

n

−2t
dx dt

which holds for all r > 0 and s < 0 and can be obtained as a straightforward
consequence of Fubini’s theorem. There is an analogous identity for scale invariant
solutions of mean curvature flow. To state this let

M =
⋃
t<0

Mt × {t} ⊂ Rn+k × R

denote the space-time track of the family (Mt). Let Er be a heat ball defined as
above except here x ∈ Rn+k, that is Er ⊂ Rn+k × R. Therefore it makes sense
to consider M ∩ Er. It is then proved in [E] that for a scale invariant solution of
mean curvature flow the identity

1
rn

∫ ∫
M∩Er

n

−2t
dµt dt =

∫
Ms

Φdµs

holds for all s < 0 and r > 0. In view of the monotonicity formula this identity
suggests that differentiation of the locally defined expression on the left hand side
with respect to r should provide useful information also in the case of a general
solution. This led to the following local version of the monotonicity formula derived
in [E]:

d

dr

(
1
rn

∫ ∫
M∩Er

( n

−2t
+
x⊥

2t
·
(
H − x⊥

2t

))
dµt dt

)

=
n

rn+1

∫ ∫
M∩Er

∣∣∣∣H − x⊥

2t

∣∣∣∣
2

dµt dt.

In this paper, we establish analogues of this local monotonicity formula for a
reaction-diffusion equation and for the harmonic map heat flow. For the conve-
nience of the reader but also to ensure a common presentation and derivation for
both equations we will also provide statements and proofs of the non-local formulas
of [GK] and [St].

1. A reaction-diffusion equation

We consider solutions u(x, t), x ∈ Rn, t < 0 of the equation

(1)
∂u

∂t
−∆u = |u|p−1u
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where p > 1. This equation arises as gradient flow of the energy density

e(u) =
1
2
|Du|2 − 1

p+ 1
|u|p+1.

For r > 0 and β = 1
p−1 the rescaled function defined by

ur(x, t) = r2βu(rx, r2t)

is again a solution of (1). One easily checks that the energy density scales like

(2) e(ur)(x, t) = rγe(u)(rx, r2t)

where γ = 4β + 2 = 2(p+ 1)/(p− 1).
We call a function scale invariant if it satisfies ur(x, t) = u(x, t) for all r > 0.

In particular then

(3) 0 =
dur

dr |r=1
(x, t) = 2t

∂u

∂t
(x, t) + x ·Du(x, t) + 2β u(x, t).

One readily checks by setting r = 1/
√−t that a scale invariant solution of (1)

satisfies

u(x, t) =
1

(−t)β
w(

x√−t )

where w(z) = u(z,−1) solves the elliptic equation

∆w − z

2
·Dw − βw + |w|p−1w = 0.

Let
γΦ(x, t) =

1

(−4πt)
n−γ

2

e
|x|2
4t

for t < 0 and x ∈ Rn. Note that γΦ(x, t) = (−4πt)
γ
2 Γ (x,−t) where for t > 0

Γ (x, t) =
1

(4πt)
n
2
e− |x|2

4t

is the fundamental solution for the heat equation on Rn. The function γΦ scales
like

(4) γΦ(rx, r2t) =
1

rn−γ
γΦ(x, t).

For the remainder of this paper we consider only solutions of (1) which are
in a suitable growth class at infinity (e.g. polynomial in |x|) so that for instance
integrals over Rn with respect to γΦ(x, t) dx of u and its derivatives are finite and
integration by parts is admissible.

1.1. Remark. In view of (4), we observe that for x = ry and t = r2s

(5)
∫
Rn

f(x, t) γΦ(x, t) dx =
∫
Rn

rγf(ry, r2s) γΦ(y, s) dy
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for any function f(x, t). Therefore, if f scales like f(rx, r2t) = r−γf(x, t) for all
r > 0 then

d

dt

∫
Rn

f(x, t) γΦ(x, t) dx = 0.

Important examples of such functions are f(x, t) = e(u)(x, t) and f(x, t) =
u2(x, t)/t in the case u is scale invariant.

1.2 Theorem (Monotonicity formula [GK, St]). Let u be a solution of (1). Then

d

dt

∫
Rn

(
e(u) − β

2t
u2
)

γΦdx = −
∫
Rn

(∂u
∂t

+
x

2t
·Du+

β

t
u
)2

γΦdx.

1.3 Remark.

(i) The right hand side of this identity vanishes exactly when u is a scale invariant
solutions of (1) that is of the form

u(x, t) =
1

(−t)β
w(

x√−t )

where w(z) = u(z,−1) solves the elliptic equation

∆w − z

2
·Dw − βw + |w|p−1w = 0.

(ii) In [GK], this formula is not stated in this particular form. Instead, a solution of
(1) is rescaled in a time-dependent fashion by setting w(z, σ) = (−t)βu(x, t)
where x =

√−t z and t = − exp(−σ). This function satisfies the equation

∂w

∂σ
= ∆w − z

2
·Dw − βw + |w|p−1w.

The monotonicity formula in [GK] then states that

d

dσ

∫
Rn

(1
2
|Dw|2+

β

2
w2− 1

p+ 1
|w|p+1

)
e− |z|2

4 dz = −
∫
Rn

(∂w
∂σ

)2
e− |z|2

4 dz.

Scaling back leads to the formula in Theorem 1.2. For the convenience of the reader
we will give a separate proof of Theorem 1.2 by adapting the calculation in [St]
used for the harmonic map heat flow (see Sect. 2 below).

Proof of Theorem. For x = ry and t = r2s the identity∫
Rn

e(u)(x, t) γΦ(x, t) dx =
∫
Rn

e(ur)(y, s) γΦ(y, s) dy

holds in view of (2) and (5). Therefore,

d

dt

∫
Rn

e(u) γΦdx =
d

dr |r=1

∫
Rn

e(ur) γΦdx
dr

dt |r=1

=
1
2t

∫
Rn

d

dr |r=1
e(ur) γΦdx
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=
1
2t

∫
Rn

(
Du ·Ddur

dr |r=1
− |u|p−1u

dur

dr |r=1

)
γΦdx.

Integration by parts yields

d

dt

∫
Rn

e(u) γΦdx = − 1
2t

∫
Rn

(
(∆u+ |u|p−1u) γΦ+Du ·DγΦ

)dur

dr |r=1
dx.

On substituting (1) and since DγΦ(x, t) = x
2t

γΦ(x, t) this becomes

d

dt

∫
Rn

e(u) γΦdx=− 1
2t

∫
Rn

(∂u
∂t

+
x

2t
·Du

)dur

dr |r=1

γΦdx.

We now substitute (3) and rewrite the right hand side to obtain

d

dt

∫
Rn

e(u) γΦdx = −
∫
Rn

(
∂u

∂t
+
x

2t
·Du+

β

t
u

)2
γΦdx

+
1
2t

∫
Rn

β

t
u
dur

dr |r=1

γΦdx.

The last integral equals

1
2t

d

dr |r=1

∫
Rn

β

2t
u2

r
γΦdx.

Since for x = ry and t = r2s we have∫
Rn

β

2s
u2

r(y, s)
γΦ(y, s) dy =

∫
Rn

β

2t
u2(x, t) γΦ(x, t) dx,

and for r = 1 the identities dr
dt = 1/2t, x = y and t = s hold we obtain

1
2t

d

dr |r=1

∫
Rn

β

2t
u2

r
γΦdx =

d

dt

∫
Rn

β

2t
u2 γΦdx.

Thus we finally arrive at

d

dt

∫
Rn

e(u) γΦdx=−
∫
Rn

(
∂u

∂t
+
x

2t
·Du+

β

t
u

)2
γΦdx+

d

dt

∫
Rn

β

2t
u2 γΦdx

which is the desired formula. ��
In the elliptic case, there are well-known monotonicity formulas which are local

in contrast to the identity in Theorem 1.2. For instance for harmonic functions that
is solutions of the equation

∆u = 0

with scaling exponents β = 0 for the solution and γ = 2 for the energy density
e(u) = 1

2 |Du|2, the identity

d

dr

(
1

rn−2

∫
Br

e(u) dx
)

= r

∫
∂B1

(
d

dr
ur(ω)

)2

dω
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holds. The right hand side vanishes on scale invariant solutions that is when

ur(x) ≡ u(rx) = u(x)

for all x and r > 0. Note that this formula does not contain any interesting infor-
mation in the case n = 2.

It seems natural to look for local monotonicity formulas also in the parabolic
case. Balls should here be replaced by bounded sets in space-time. As in [F, EG]
and [W] we define for r > 0 the ’heat-ball’Eγ

r as the set

Eγ
r =

{
(x, t) ∈ Rn × R, t < 0, γΦ(x, t) >

1
rn−γ

}

=
⋃

− r2
4π <t<0

BRγ
r (t) × {t}

where

Rγ
r (t) =

√
2(n− γ) t log

(−4πt
r2

)
.

Here we assume of course that n > γ since otherwise Eγ
r = ∅. We also note that

integrals over heat-balls look like∫ ∫
Eγ

r

f(x, t) dx dt =
∫ 0

− r2
4π

∫
BR

γ
r (t)

f(x, t) dx dt.

1.4 Remark. For x = ry and t = r2s and arbitrary function f we note the rescaling
identity

1
rn−γ

∫ ∫
Eγ

r

n− γ

−2t
f(x, t) dx dt =

∫ ∫
Eγ

1

n− γ

−2s
rγf(ry, r2s) dy ds.

If f satisfies f(rx, r2t) = r−γf(x, t) for all r > 0 this implies that

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t
f(x, t) dx dt

)
= 0.

1.5 Proposition. If f satisfies f(rx, r2t) = r−γf(x, t) for all r > 0 then for all
s < 0 and r > 0∫

Rn

f(y, s) γΦ(y, s) dy =
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t
f(x, t) dx dt.

Proof. In view of Remarks 1.1 and 1.4, the left hand side is independent of s and
the right hand side is independent of r. It therefore suffices to prove the identity for
s = −1 and r =

√
4π which amounts to showing that∫

Rn

f(y,−1) e− |y|2
4 dy =

∫ 0

−1

∫
B√

2(n−γ)t log(−t)

n− γ

−2t
f(x, t) dx dt.
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By Fubini’s theorem we have∫
Rn

f(y,−1) e− |y|2
4 dy =

∫ ∞

0

∫
{y∈Rn, e− |y|2

4 >λ}
f(y,−1) dy dλ

=
∫ 1

0

∫
B√−4 log λ

f(y,−1) dy dλ.

For λ = (−t)n−γ
2 the right hand side expression becomes∫ 0

−1

n− γ

−2t

∫
B√

−2(n−γ) log(−t)

f(y,−1) dy dt

and since f(x, t) = (−t)− γ
2 f(y,−1) for x =

√−t y we arrive at∫ 0

−1

∫
B√

2(n−γ)t log(−t)

n− γ

−2t
f(x, t) dx dt. ��

The following integration by parts formulas on ’heat balls’ will prove to be
extremely useful:

1.6 Lemma. For any C1 vectorfield X we have

(i)
∫ ∫

Eγ
r

divX dxdt = − r

n− γ

d

dr

∫ ∫
Eγ

r

X · x
2t
dx dt.

For X = g Df where g ∈ C1 and f ∈ C2 this yields the integration by parts
formula

(ii)
∫ ∫

Eγ
r

(Df ·Dg + g ∆f) dx dt = − r

n− γ

d

dr

∫ ∫
Eγ

r

g Df · x
2t
dx dt.

Proof. We abbreviate ψ ≡ log γΦ. Then BRγ
r (t) = {x ∈ Rn, ψ(x, t) > −(n −

γ) log r}. The divergence theorem in Rn implies
(6)∫ ∫

Eγ
r

divX dxdt =
∫ 0

− r2
4π

∫
BR

γ
r (t)

divX dxdt=−
∫ 0

− r2
4π

∫
∂BR

γ
r (t)

X ·Dψ
|Dψ| dAdt.

where dA denotes the surface measure of the (n − 1)-dimensional sphere. Since
B

Rγ
r (− r2

4π ) = ∅ we have

d

dr

∫ ∫
Eγ

r

X ·Dψ dxdt =
∫ 0

− r2
4π

d

dr

∫
BR

γ
r (t)

X ·Dψ dxdt.

By the coarea formula the right hand side equals

−
∫ 0

−r2
4π

∫
BR

γ
r (t)

X·Dψ
|Dψ| dAdt

d

dr

(
−(n−γ) log r

)
=
n− γ

r

∫ 0

− r2
4π

∫
∂BR

γ
r (t)

X·Dψ
|Dψ| dAdt
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so that we obtain the identity

(7)
d

dr

∫ ∫
Eγ

r

X ·Dψ dxdt =
n− γ

r

∫ 0

− r2
4π

∫
∂BR

γ
r (t)

X ·Dψ
|Dψ| dAdt

Combining (6) and (7) and noting that Dψ(x, t) = x/2t yields (i). ��
1.7 Remark. In view of Proposition 1.5, the identity∫

Rn

(
e(u) − β

2s
u2
)

γΦdy =
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − β

2t
u2
)
dx dt

holds for any s < 0 and r > 0 as long as u is scale invariant. The monotonicity
formula, Theorem 1.2, states that for a general solution u of (1) the left hand side
of this identity is a non-increasing function of s. This suggests that differentiating
the right hand side with respect to r should lead to something useful.

1.8 Theorem (Local monotonicity). Let u be a solution of (1). Then

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

(
n−γ
−2t

(
e(u) − β

2t
u2
)
− x

2t
·Du

(∂u
∂t

+
x

2t
·Du+β

t
u
))

dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

(∂u
∂t

+
x

2t
·Du+β

t
u
)2
dx dt.

1.9 Remark.

(i) The above formula is only nontrivial in the casen > γ since otherwiseEγ
r = ∅.

(ii) As in the monotonicity formula of Theorem 1.2 the right hand side of this local
identity vanishes exactly when u is a scale invariant solutions of (1) that is of
the form

u(x, t) =
1

(−t)β
w(

x√−t )

where w(z) = u(z,−1) solves the elliptic equation

∆w − z

2
·Dw − βw + |w|p−1w = 0.

(iii) In the appendix we estimate the integrals in Theorem 1.8 in terms of more fa-
miliar looking expressions therefore also providing conditions on the solution
u which ensure their finiteness.

(iv) It is envisaged to apply the above formula to the study of the asymptotic be-
haviour of solutions near blow-up points of the solution. This was done in
[GK] and [St] using the non-local formula of Theorem 1.2 and similarity vari-
ables (see Remark 1.3 (ii) above). Our local formulas should look particularly
natural when one writes the solution in terms of ’heat-ball’ polar coordinates
where r refers to the scaling parameter and ω to a point on the ’heat-unit-
sphere’∂Eγ

1 . This way the set ’transverse’ to the scaling direction is relatively
compact.
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Proof of Theorem. Setting x = ry and t = r2s we see from Remark 1.4 for
f = e(u) − βu2/2t that

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u)−βu2

2t

)
dx dt

)

=
d

dr

∫ ∫
Eγ

1

n− γ

−2s

(
e(ur) − βu2

r

2s

)
dy ds.

=
∫ ∫

Eγ
1

n− γ

−2s
d

dr

(
e(ur) − βu2

r

2s

)
dy ds.

Thus

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
∫ ∫

Eγ
1

n− γ

−2s

(
Dur ·Ddur

dr
−
(

|ur|p−1ur +
β

t
ur

)
dur

dr

)
dy ds

and after scaling back on the right hand side

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

1
−2t

(
Du ·Ddur

dr |r=1
−
(

|u|p−1u+
β

t
u

)
dur

dr |r=1

)
dx dt.

Integrating by parts, this becomes

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

1
2t

(
∆u+ |u|p−1u+

β

t
u

)
dur

dr |r=1
dx dt

+
1

rn−γ

d

dr

∫ ∫
Eγ

r

1
2t
dur

dr |r=1

x

2t
·Dudx dt

in view of Lemma 1.6 (ii). We substitute (1) into the first integral on the right hand
side to obtain

d

dr

(
1

rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

1
2t

(
∂u

∂t
+
β

t
u

)
dur

dr |r=1
dx dt

+
1

rn−γ

d

dr

∫ ∫
Eγ

r

1
2t
dur

dr |r=1

x

2t
·Dudx dt.
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In view of (3) this can be rewritten as

d

dr

( 1
rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

((∂u
∂t

+
x

2t
·Du+β

t
u
)2

− x

2t
·Du

(∂u
∂t

+
x

2t
·Du+β

t
u
))
dx dt

+
1

rn−γ

d

dr

∫ ∫
Eγ

r

x

2t
·Du

(
∂u

∂t
+
x

2t
·Du+

β

t
u

)
dx dt

so that we finally arrive at

d

dr

( 1
rn−γ

∫ ∫
Eγ

r

n− γ

−2t

(
e(u) − βu2

2t

)
dx dt

)

=
n− γ

rn−γ+1

∫ ∫
Eγ

r

(∂u
∂t

+
x

2t
·Du+

β

t
u
)2
dx dt

+
d

dr

( 1
rn−γ

∫ ∫
Eγ

r

x

2t
·Du

(
∂u

∂t
+
x

2t
·Du+

β

t
u

)
dx dt

)
. ��

2. The harmonic map heat flow

We consider maps u(·, t) : Rn → R� into a Riemannian submanifold N ⊂ R�

which satisfy

(8)
∂u

∂t
−∆u ∈ T⊥N

or more precisely, (∂u/∂t − ∆u)(x, t) ∈ T⊥
u(x,t)N , the normal space of N at

u(x, t).
The associated energy density is given by

e(u) =
1
2
|Du|2 = Diu

αDiu
α

where we sum over repeated indices 1 ≤ i ≤ n and 1 ≤ α ≤ . We adopt the
same notation as in Sect. 1 but some expressions have to be suitably interpreted in
the mapping case. For instance, for vectorfields u, v we write u · v = uαvα and
Du ·Dv = Diu

αDiv
α. We also encounter the expressions x ·Du = xiDiu and

x ·Du · η = xiDiu
αηα.

All calculations in Sect. 1 carry over without change to solutions of (8). Indeed,
in view of (8) ∫

Rn

(
∂u

∂t
−∆u

)
η dx = 0

for all smooth vectorfields η : Rn → R� which are tangent to N . We apply
this identity in our calculations with η = dur

dr |r=1
. Note that dur

dr |r=1
is a tangent

vectorfield toN since r → ur(x, t) defines a path inN . For the harmonic map heat
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flow the scaling exponent β equals zero so γ = 2. In particular, the appropriate
heat kernel is given by

2Φ(x, t) =
1

(−4πt)
n−2

2

e
|x|2
4t

in this case.
In view of the above remarks we will simply state the relevant monotonicity

formulas for the harmonic map heat flow and refer to the previous section for the
calculations. Struwe’s monotonicity formula for the harmonic map heat flow says
the following:

2.1 Theorem ([St]). Let u be a solution of (8). Then

d

dt

∫
Rn

e(u) 2Φdx = −
∫
Rn

∣∣∣∣∂u∂t +
x

2t
·Du

∣∣∣∣
2

2Φdx.

The corresponding local monotonicity formula for the harmonic map heat flow
then reads as follows:

2.2 Theorem. Let u be a solution of (8). Then

d

dr

(
1

rn−2

∫ ∫
E2

r

n− 2
−2t

e(u) − x

2t
·Du ·

(
∂u

∂t
+
x

2t
·Du

)
dx dt

)

=
n− 2
rn−1

∫ ∫
E2

r

∣∣∣∣∂u∂t +
x

2t
·Du

∣∣∣∣
2

dx dt.

2.3 Remark.

(i) Note that in both formulas, the right hand side vanishes on scale invariant
solutions.

(ii) In the case n = 2 the statement of Theorem 2.2 is trivial since E2
r = ∅ for

n = 2.
(iii) A localised version of Theorem 2.1 involving cut-off functions was established

in [CS]. We shall make use of this in the appendix below.

Appendix

The local integrals featuring in Theorems 1.8 and 2.2 involve integrands which
become singular as t → 0. However, the spatial domain is the ball BRγ

r (t) whose
radius shrinks for t → 0. As a result, our integrals can be bounded by more familiar
looking expressions analogously to the situation in mean curvature flow, see [E,
Sect. 1].

In the case β = 0 (that is γ = 2) one has an estimate of the form

1
rn−2

∫ ∫
E2

r

(n− 2
−2t

e(u) − x

2t
·Du

(∂u
∂t

+
x

2t
·Du

))
dx dt

≤ c(n)
(∫

Bc(n)r

e(u)(x,− r2

4π
) dx+

1
rn

∫ 0

− r2
4π

∫
Bc(n)r

e(u) dx dt
)
.
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For general β a similar bound holds with integrals involving |u|p+1 appearing on
the right hand side.

To establish this bound we essentially follow [E, Sect. 1] using a cut-off function
argument from [CS, Sect. 4]. For ease of notation we shall omit the superscript 2
from 2Φ, E2

r and R2
r(t) in the calculations to follow.

For a C2
0 (Rn) -function φ we calculate

d

dt

∫
Rn

e(u)Φφ2 dx =
1
2t

d

dr |r=1

∫
Rn

e(ur)Φφ2(r·) dx

= −
∫
Rn

(∂u
∂t

+
x

2t
·Du

)2
Φφ2 dx

+
∫
Rn

(
e(u)φ

x

t
·Dφ− 2φDφ ·Du

(∂u
∂t

+
x

2t
·Du

))
Φdx

where φ(r·)(x) = φ(rx). Young’s inequality implies

d

dt

∫
Rn

e(u)Φφ2 dx ≤ −1
2

∫
Rn

(∂u
∂t

+
x

2t
·Du

)2
Φφ2 dx

+4
∫
Rn

(
4|Dφ|2 +

|x|
|t| φ|Dφ|

)
e(u)Φdx.

We can of course replaceΦ(x, t) byΦ(x, t− t0) for t0 ≥ 0 and t < t0. Choosing φ
such that χBρ ≤ φ ≤ χB2ρ with |Dφ| ≤ c/ρ and then integrating over the interval
(t1, t0) yields∫

Bρ

e(u)Φ(x, t− t0) dx+
∫ t

t1

∫
Bρ

(∂u
∂t

+
x

2(τ − t0)
·Du

)2
Φ(x, τ − t0) dx dτ

≤ c

∫ 0

t1

∫
B2ρ\Bρ

( 1
ρ2 +

ρ

|τ − t0|
)
e(u)Φ(x, τ − t0) dx dτ

+
∫

B2ρ

e(u)(x, t1)Φ(x, t1 − t0) dx

for all t < 0. On the set B2ρ\Bρ we observe that

1
|τ − t0|Φ(x, τ − t0) ≤ c(n)ρ−n

and hence∫
Bρ

e(u)Φ(x, t− t0) dx

+
∫ t

t1

∫
Bρ

(∂u
∂t

+
x

2(τ − t0)
·Du

)2
Φ(x, τ − t0) dx dτ

≤ c(n)ρ−n

∫ 0

t1

∫
B2ρ

e(u) dx dt+
∫

B2ρ

e(u)(x, t1)Φ(x, t1 − t0) dx

for all t0 ≥ 0 and t < 0.
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We first set t0 = 0 and t1 = − r2

4 pi . One easily checks that Rr(t) ≤ c0(n)r
straight from the definition (see also [E]). We then let ρ = c0(n)r above. Since on
BRr(t) we have Φ(x, t) ≥ 1

rn−2 by definition we therefore obtain the estimate

1
rn−2

∫ 0

− r2
4π

∫
BRr(t)

(∂u
∂t

+
x

2t
·Du

)2
dx dt

≤ c(n)
1
rn

∫ 0

− r2
4π

∫
Bc′(n)r

e(u) +
1

rn−2

∫
Bc′(n)r

e(u)
(
x,− r2

4π

)
dx

where c′(n) = 2c0(n). We now proceed as in the proof of Lemma 1.1 in [E] by
setting t1 = − r2

4π for given r > 0 and t0 = Rr(t)2 + t. One checks as in [E] that
t0 > 0 for all t ∈ (−δr2, 0) when δ = δ(n) is sufficiently small. Again setting
ρ = c0(n)r above yields

1
Rr(t)n−2

∫
BRr(t)

e(u)(x, t) dx

≤ c(n)

(
1

rn−2

∫
Bc′(n)r

e(u)
(
x,− r2

4π

)
dx+

1
rn

∫ 0

− r2
4π

∫
Bc′(n)r

e(u)(x, t) dx dt

)

for t ∈ (−δr2, 0). We then estimate

1
rn−2

∫ ∫
Er

(n− 2
−2t

e(u) − x

2t
·Du

(∂u
∂t

+
x

2t
·Du

))
dx dt

≤
∫ 0

− r2
4π

∫
BRr(t)

(n− 2
−2t

+
|x|2
4t2
)
e(u) +

1
2

(∂u
∂t

+
x

2t)
·Du

)2)
dx dt.

The right hand side can now be controlled using the two previous inequalities. The
details are very similar to [E, p.509-510].

Unfortunately, the above argument does not work out quite as cleanly as in the
mean curvature flow case since we were unable to find a time-dependent localisation
function φ satisfying

d

dt

∫
Rn

e(u)Φφdx ≤ 0.

Given such a test-function φ (in mean curvature flow this was simply a shrinking
sub-solution for the heat operator on the evolving hypersurfaces) we would be able
to estimate our local monotonic quantity simply in terms of initial data, that is

∫
Bc(n)r

e(u)(x,− r2

4π
) dx.
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