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Abstract. This paper continues the recent study of an Allen-Cahn model PDE [1] by elim-
inating a strong spatial reversibility condition and by weakening certain nondegeneracy
conditions on families of basic heteroclinic solutions, enabling us to obtain multibump so-
lutions in a much more general setting. As in [1], novel minimization arguments play a key
role in finding solutions.

Mathematics Subject Classification (2000): 35J80, S8E30

1 Introduction

In a recent paper, [1], the authors studied the existence of solutions for an Allen-
Cahn model equation:

(PDE) —Au+ Fy(x,y,u) =0.

Here (z,y) € R? and F satisfies

(F1) F € C?(R? x R,R) and is 1-periodic in x, y,
(F2) F(z,y,0)=0= F(x,y,1)and F(z,y,z) > 0forz,y € Rand z € (0,1),
(F3) F(z,y,z) > 0forz,y,z € R.

See also Alessio, Jeanjean, and Montecchiari [2]-[3] for some related work. The
solutions u = 0, 1 of (PDE) are called pure states. Mixed states are solutions with
0 < uw < 1 that are asymptotic in some sense to the pure states. Minimization
arguments were used in [1] to establish the existence of a large number of mixed
states. In particular, [1] obtained two basic types of such minima: (a) solutions
periodic in one spatial variable and heteroclinic in the other, e.g. v heteroclinic in =
from 0 to 1 and ? heteroclinic in z from 1 to 0; and (b) solutions heteroclinic in one
spatial variable from O to 1 or 1 to 0 and heteroclinic in the other variable to a pair
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of solutions of type (a). As was indicated in [1], the existence of such heteroclinics
is strongly related to results of Bangert [4] which in turn extend work of Moser [5].

Fori,j € Z,setrju(z,y) = w(x—i,y) and oju(z,y) = u(x,y— j). Note that
7; and o; map solutions to solutions. Hence, in the spirit of the theory of chaotic
dynamical systems, more complex solutions which we called multibump solutions
were constructed ‘near’ formal chains of solutions of type (a) or type (b). Here
‘near’ should be interpreted as close in some norm on a large region. For example,
infinitely many 2-bump solutions of (PDE) homoclinic to 0 in x, and periodic in y
were found near the formal two-chain obtained by gluing v and .

To construct the solutions of type (b) and some families of corresponding multi-
bump solutions, further conditions were imposed on F' and on the class of minima
of type (a). The goal of this paper is to remove the extra condition on F' and weaken
the restriction on the class of minima.

To be more precise, taking y to be the 1-periodic variable, the class of minima
heteroclinic in  from 0 to 1 will be denoted by M (0, 1) and those heteroclinic
in z from 1 to 0 will be denoted by M(1,0). Observe that v € M (0, 1) implies
Tjv € M(0,1) forall j € Z and likewise for M(1,0). It was shown in [1] that the
elements of M (0, 1) are (i) ‘monotone’ in x in the sense that v € M(0, 1) implies
that v < 7_7v, and are (ii) ordered, i.e. v, w € M(0, 1) implies v = w, v < w, or
v > w.

To get basic solutions of type (b), it was assumed that:

(*) M(0, 1) contains an adjacent pair v, w with v < w.

Condition () is equivalent to saying there does not exist a continuum of solutions
of (PDE) in (the weak closure of) M (0, 1) joining 0 and 1, i.e. there are gaps in
the ordered set M (0, 1). Then as was shown by a minimization argument in [1],
there are solutions of (PDE) heteroclinic in « from 0 to 1 and in y from v to w. Let
M (v, w) denote this set of solutions. As above it consists of functions ‘monotone’
iny (u < o_qu) and is ordered. Likewise reversing the roles of v and w in M (v, w)
produces a corresponding set M (w, v).

The basic solutions of type (a) were used to construct more complex solutions,
so-called multibump solutions in x, near formal heteroclinic chains of the basic
ones. No further assumptions beyond (*) and its analogue for M (1, 0) are needed
to do this. Analogous results were found for the basic solutions of type (b). However
more assumptions were needed in [1] to do this. Suppose first that

M(0,1) = {rv | k € 2}
(Ma) M(1,0) = {5 | i € Z}.
This is the nicest case one can hope to deal with in y. Further assume
(Mb) M(v,7_1v) and M(7_1v,v) contain gaps .

In [1], it was shown that (Ma) and (Mb) imply there exist monotone in y, |j|
bump solutions heterolinic in y from v to 7;v (and near 7y v, ... ,7j_1v for j > 0
or near 7_1v,... ,T—;4+1% for j < 0 on large intermediate regions) for any j € Z.
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Nonmonotone multibump solutions in y were also constructed but under the further
hypothesis:

(F4) Fiseveniny.

The main goal of this paper is to weaken (Ma)—-(Mb) and to drop (F4). This
requires introducing new ideas and methods. In Sect. 2, some results from [1] will
be recalled, and compactness properties of minimizing sequences and the regularity
of their weak limits and the asymptotic behavior of the limits will be studied. Section
3 contains some results that will be employed in comparison arguments and the
analysis of asymptotic behavior in the later sections. These useful tools will be
applied first in Sect. 4 where the condition

() M (v, w) and M(w,v) have gaps

is assumed but (F4) is not required. It is shown how to find the simplest kind of
nonmonotone (in y) multibump solutions homoclinic from v to v and near w over
a large intermediate y strip. In fact there are infinitely many such solutions. Next
Sect. 5 deals with replacing (Ma)—-(Mb) by (x) and (x*). Note that without (Ma) or
a similar condition, it is possible that there are ¢, ¥ € M(0,1) with ¢ < v and
there are no gaps between  and v. Even if ¢, v are adjacent members of M (0, 1),
M (p, 1)) may not have gaps. Nevertheless in Sect. 5 it will be shown that if (+) and
(%) are satisfied, there exist monotone multibump solutions heteroclinic in y from
v to 7_jw for any j € N. Lastly in Sect. 6, with the aid of the basic cases treated
in §4-5, the existence of more general nonmonotone multibump heteroclinics in y
will be discussed.

2 Some preliminaries

In this section, some results of a technical nature will be presented. They will be
required repeatedly in the remainder of this paper. The results address compactness,
regularity, and asymptotic questions that arise in going from minimizing sequences
to solutions for various variational problems.

By way of motivation, we begin by discussing at the qualitative level some of
the difficulties involved in trying to find heteroclinics of type (b) and corresponding
multibump solutions of (PDE) via minimization arguments. To begin one needs a
functional and class of admissible functions which contains the class of solutions we
seek. The first difficulty is in choosing an appropriate functional. The Lagrangian
for (PDE) is

1
(2.1) L(u) = §|Vu\2 + F(z,y,u) >0
and the corresponding functional is

I(u) = A? L(u)dxdy.

If C denotes the class of Wéf (R?) functions possessing the asymptotic properties
of type (b) solutions, Z is infinite for any u € C. There is no general recipe to
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handle such situations, but this difficulty was overcome in [1] by replacing Z by
a ‘renormalized’ functional, J, which was obtained — oversimplifying somewhat —
by subtracting a term that is infinite from Z. Thus — see Proposition 2.6 below — J
is finite valued and bounded from below on a subclass, C1, of C.

Next to obtain solutions of type (b), J is minimized over C;. The form and
properties of J — see Proposition 2.6 — imply a minimizing sequence, (uy ), for this
problem is bounded in the Hilbert space Wl’z(R2). Consequently a subsequence

loc

of uy, converges weakly in Wlif (R?) to some U € Wlf)f (R?). Proposition 2.10
shows more is true: minimizing sequences for J with various choices of C; can be
chosen so that they converge strongly in Wli)f (R?) to U. One might call this fact
the analogue of verifying the classical Palais-Smale condition in the current setting.
The usual procedure now is to show that U has whatever asymptotic behavior is
builtinto C; and in fact that (i) U € Cy, and (ii) U is a solution of (PDE). Proposition
2.10 shows that even without knowing (i) and (ii), U satisfies (PDE) in subdomains
of R? which avoid any constraints that C; may require. Verifying (i) and (ii) involves
the use of comparison arguments which will be carried out in Sect. 3.

In this section the notation and some of the existence results of [1] will be
recalled. In particular the functional, .J, will be introduced and its properties will

be studied. To begin, set

loc

1 k
/ / u?dz | dy — 0 as k — —o0,
0 k—1
1 k
/ / (u—1)*dz | dy — 0 ask — oo ¢,
0 k—1

i.e. I'(0, 1) consists of candidates for solutions of (PDE) that are 1-periodic in y and
heteroclinic in the above L? sense in x from 0 to 1. Similarly let I3,(0, 1) denote
the related class of functions n-periodic in y. With L as in (2.1), let

I(u) = /0 1 ( /R L(u)dx) dy,
In(u) = /0 ( /]R L(u)dx) dy,

Iro,1)= {u e W 2(R%,R) | uis 1-periodic in y,

2.2 0,1)= inf [

(2.2) c(0,1) L (u),

and

2.3 n 07]- == i f ITL M
(2.3) cn(0,1) et (u)

It was proved in [1] that

Theorem 2.4. Let F satisfy (F1)—(F3). Then:
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1° Thereisav € I'(0,1) such that I(v) = ¢(0,1).

2° Any such v is a classical solution of (PDE) satisfying 0 < v < 7_1v < 1,
||’UHC2([k71,k:]><[O,1] — 0as k - —o0 and H’U — 1”02([k71,k]><[0,1]) — 0 as
k — o0.

3° M(0,1) = {u € I'(0,1) | I(u) = ¢(0,1)} is an ordered set, i.e. v,w €
M(0,1) implies v = w, v < w, or v > w.

4° M, (0,1) ={u € I1,(0,1) | I,(uw) = ¢,(0,1)} = M(0,1).

5° The above statements are also valid with the roles of 0 and 1 interchanged.
To continue, assume:
(*) There exist adjacent members v < w of M(0, 1).

In the simplest case, w = 7_;v. To find solutions of (PDE) that are heteroclinic
in y from v to w requires an appropriate functional. To define the renormalized
functional, .J, used for this purpose in [1], forp, ¢ € Z,p < ¢, set.S, = Rx [p, p+1]
and for u € WL2(R?), let

Tpg(u) = Zq: </S L(w)dady — ¢(0, 1)) .

=p

Then define

(2.5) J(u)= lm Jpo(u)+ Lm Jyg(u).
p——00 q—>00

It will always be assumed for what follows that F’ satisfies (F1)—(F3). The next
result contains the basic properties of .J.

Proposition 2.6. Assume u € Wi)’f(R2) and o < u < for o, € M(0,1).

1° Then there is a constant K > 0 independent of uw and p, q € Z such that
—K < Jpq(u) < J(u) +2K.

29 If J(u) < oo, and there is a ¢ € M(0,1) such that o_,u — ¢ in L, (So) as
p — 00 (resp. p — —00), then

|lw — ¢||W1>2(Sp) — 0 asp — oo (resp. p — —00)

and
lim Jy ,(u) = J1,00(w)

p—ro0
exists (resp. lim J_, o(u) = J_oo,0(u) exists), i.e. the liminf in (2.5) is a
p—r—00
limit.
3° If ug € VVif(RQ) v < ug <, and J(ug) < M, then for all € > 0 there
exists & > 0 independent of u, ug, p € Z such that

HU, — UOHle?(SP) <d=> |Jp,p(u) — Jp,p(uo)| < E.
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Proof. The proof of 1 is essentially given in Proposition 3.3 and Lemma 3.4 of
[1], using the fact that by 3° of Theorem 2.4, there is a ¢ € N such that ¢ < 7_g.
Therefore, since 0 < p <Y < 1,fora > 1

@7 / W — pl*de < / (7—qp — Q)dz
R R

= slggo _S(T_qgo —@)dx = q.
The proof of 2° is given in Proposition 3.5 of [1] but with the assumption that o _,u
converges in L2 _(Sp) to v and w respectively as p — —o0, 00. Once this is known,
the remainder of the proof of Proposition 3.5 of [1] can be used here unchanged.

To establish 3° note that for any j € N,

(2.8)

/S (F(x,y,u) — F(x,y,up))dxdy

p

p+1 J
<o [7 ([ lwwlae) ayean, [ —pldody.
P —j (R\[=4,3]) X [p,p+1]

Due to (2.7), the second term on the right can be made arbitrarily small for j large
enough. The first term is then bounded by a multiple of ||u —ug |ly1.2(s, ). Likewise

1
2.9) [ 59 = [VuoPdady
S.

1
< 5IV(u=wo)llLa(s,) |V (u = uo) +2Vuoll2s,)

can be made arbitrarily small for small enough |[lu — wug|w1.2(s,), since
[Vugl|L2(s,) is bounded due to J(ug) < oo and 1°.

In the remaining sections of this paper the question of minimizing J on some
subset of I/Vlif (R?) will be encountered repeatedly. The next result which estab-
lishes some compactness properties of minimizing sequences will be useful in
treating such minimization problems.

Proposition 2.10. 1° Suppose Y C W,"%(R2) satisfies

loc

(Y1) There are ¢, v € M(0,1) such that o < u < ) forallu € ).

Let (uy) be a sequence in Y with J(uy) < M for some M > 0and all k € N. Then

there is a subsequence of (uy) and a U € Wli’f(RQ) such that uy, converges to U
weakly in VVS)C2 (R?), strongly in L*(S;) for all i € Z, and pointwise a.e. along the
subsequence.

2° Suppose Y also satisfies:
(Y2) Ifu € Y, Uisas given by 1°, and x = x(u) is defined by

X=1u y<gq
=W-qU+(@+1-yu ¢<y<qg+1
=U g+1<y<p

=@y-pu+p@+l1-y)U p<y<p+1
=u ptl<y
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where q,p € Z, then there is a py € N such that whenever —q = p > pg, X € V.
Define

(2.11) c(Y) = Jg; J(u).

If ¢(Y) < oo and (uy) is a minimizing sequence for (2.11), then there is a subse-
quence of (uy) such that

lim ||uk - U”le?(Si) =0, 1€Z.
k—o00

Proof. Since ¢(Y) < oo, by 1° of Proposition 2.6, there is an M > 0 such that
(2.12) Tpa(ug) < M +2K.

forall p < ¢ € Z and k € N. The form of J, , and (2.12) imply (uy) is bounded
in W,.?(R?). Therefore there is a U € W,-?(R?) such that along a subsequence,
ug, converges to U weakly in WIOC (R?), strongly in L _(R?), and pointwise a.e.
To see that up, — U in LQ(SI») for all ¢ € Z (along a subsequence), note that for

any j € N, by (Y1),

i4+1 j i+1
(2.13) / / lup — UPdxdy < / / lu, — U|?dxdy
RJi —jJi

i+1
+/ / | — <p|2dxdy.
The L?

2 .(R?) convergence of uy, to U implies the first term on the right in (2.13)
goes to 0 as k — oo for any j € N. The second term on the right in (2.13) goes to
0 as 7 — oo due to (2.7). Combining these facts yields

(2.14) lug = Ullrzsy) =0 i€Z

as k — oo along our subsequence. Thus 1° is satisfied.
To verify 2°, observe that J), , is weakly lower-semicontinuous on W (}RQ)

since if f, — f weakly in W,"?(R2), for any i € N,

loc

(2. 15)/ / fldzdy < lim / / L(fx)dxdy
—1 k—o0 J —4

q+1
< lim / [ Dldedy = lim Jya(f) + (a-+1 = p)e(0.1),

k—oo JR Jp

Thus letting ¢ — oo,

(2.16) Jpa(f) < kLm Ipq(fk)-
c— 00
Now define
(2.17) 67 = lm Jpp(us) — Jpp(U).

§—00
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The right-hand side of (2.17) is nonnegative by the weak lowersemicontinuity just
established so the definition makes sense. In (3.74)—(3.82) of [1], it was shown that

(2.18) > 6 <o
pEL
and
(2.19) lim [lup — Ullwras,) < V20,
k—o0
We claim
(2.20) 6,=0, peZ

provided that (Y2) holds. To verify (2.20), set x = x(ux), x asin 2° withqg = —p.
Then for p > pg,

(2.21) (V) < J(xk) = J—oo,—p(uk) + J—pt1,p-1(U)
+Jp,oo (k) + J—p,—p(Xk) = J—p,—p(ur)
+Jp.p(Xk) — Jpp(uk).

Passing to a subsequence of (uy) for which (2.19) holds with lim replaced by lim,
there is a 7y, > 0 with y, — 0 as p — oo, such that

(2.22) |J—p,—p(Xk) = T—p,—p(ui)| + [ p,p(Xk) = Tpp(un)] < vp
due to 3¢ of Proposition 2.6. By (2.17) and (2.21),
(2.23) oY) < J(up) + lim J_pi1p-1(us)
§—00 -
—Jpt1p-1(ur) — Z 87 + -
—p+1

Letting £ — oo shows

p—1
(2.24) Y <y
—p+1

and letting p — oo yields (2.20) and completes the proof of Proposition 2.20.

A common method to find a solution of a partial differential equation is to
formulate a minimization problem on some class of admissible functions, )/, and
prove there exists a minimizer in ) and then show it is a solution of the PDE. The
next result provides a criterion for showing the limit, U, of a minimizing sequence
in ) is a solution of (PDE) without knowing U € ) let alone whether U minimizes
the functional. It will be used repeatedly in later sections.

Proposition 2.25. Suppose ) C WI’Q(RQ) satisfies (Y1)—~(Y2), ¢()) < oo, and

loc

(Y3) There is a minimizing sequence (uy) for (2.11) such that for some r > 0 and
z € R?,
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(2.26) (V) < J(uk +tp) + 0
with 0, — 0as k — oo, for all smooth p with supportin B,.(z) and |t| < to(p).
Then the weak limit U of (uy,) given by Proposition 2.10 satisfies (PDE) in B,.(z).
Proof. If (uy,) is a minimizing sequence for (2.11), define ¢i, by
(2.27) J(ug) = c(Y) + ek
Then €, — 0 as k — oo. Therefore by (2.26),
(V) < J(uk) = (V) + e < J(ug + tp) + e + 0

or
(2.28) J(ug) < J(ug + to) + e + .
Suppose B,.(z) C R x [p, ¢+ 1] for some p, ¢ € Z with p < ¢. Then (2.28) implies
(2.29) Ip.q(ug) < Jpg(ug + t@) + ex + .
Letting K — oo and using Propositions 2.6, 2.10 yields
(2.30) Tpg(U) < Jpo(U + te)
or
(2.31) / L(U)dzdy < / L(U + typ)dzdy.
Br(2) B (2)

Standard elliptic arguments then show U is a solution of (PDE) in B, (z).

To conclude this section, we recall one of the main results of [1] establishing
the existence of solutions of (PDE) heteroclinic in « from 0 to 1 and in y from v to
w where v and w are a pair of adjacent members of M (0, 1) as well as a technical
result from [1]. Thus assuming that (x) is satisfied for M (0, 1), let

f‘(v,w) ={ue Wll’Z(R2) lv<u<o_ju<w,v#u#w}

oc

and

(2.32) v, w) = inf  J(u).
uwel(v,w)

Then we have:

Proposition 2.33. If (F1)-(F3) and (%) are satisfied and u € f(v, w) with J(u) <
oo, then ||u — v||wi2(g,) — 0asi — —oo, |lu —w|lw12s,) — 0asi— oc.

Theorem 2.34. Suppose (F1)—(F3) and (x) are satisfied. Then there exists a Ue

~

I'(v,w) such that J(U) = ¢(v,w). Moreover, any such U is a classical solution
of (PDE) withv < U < 01U < w and ||U — v||¢2s,) — 0asi — —oo,

|U — wl|c2s,) = 0asi — oo.

Remark 2.35. Similarly (where the notation is self explanatory) there exists a Ve
I'(w,v) such that J(V') = ¢(w, v), etc.
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3 Comparison results

In this section, several results will be presented that will be used in the existence
arguments of Sect. 4. In particular they will be useful in comparison arguments and
in asymptotic analysis. Let v € M (0, 1) and define

I'(v,v)={ue VV;?(R% | v <w <7_jv and

||w— U”L?(Si) —0 as|i| — oo}

and
3.1 ,v)= inf  J(u).
( ) C(U U) ue}%v,v) (U)
Set

M(v,0) = {u € P(v,v) | J(u) = c(v,v)}.
Theorem 3.2. Assume F' satisfies (F1)—(Fs). Then

1° c(v,v) = 0.
2° Ifu € M(v,v), then u is a solution of (PDE).
3° M(v,v) = {v}.

Proof. Since v € I'(v,v) and J(v) = 0,
(3.3) c(v,v) <0.
To get the reverse inequality and therefore 1, it suffices to show
3.4) J(u) >0
for any u € I'(v,v) with J(u) < oo. For k € N, define

(3.5) w=v, y<—k

(y+ku+(—k+1-yv, —-k<y<-k+1
u, —k+1<y<k—1
=y—k+Dv+(k—yu, k—1<y<k
=v, k<uy.

Thus uy, € I'(v,v). Set wy, = uy, |]R><[7k71.k+1] and extended as a 2k + 2 periodic

function of y. Then by 4° of Theorem 2.4,
(3.6) 0<J_p_1x(wg) =J pr—1(wr) = J_kk—1(ug) = J(ug).
But

J(ug) = J(u) + J_p,—p(ur) = J_p,—1(u)

k-1 k—1(ug) — J—1k—1(w) — J_oo,—k—1(w)
—Jk0o(u) = J(u) — Ri(u)
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or
(3.7) Ri(u) < J(u).

Thus to verify (3.4), it suffices to prove that Rx(u) — 0 as k — oo. By 2° of
Proposition 2.6,

J_oo,—k—1(1), Jrco(u) = 0 as k — oo.
To estimate the remaining terms, consider e.g.
Ji—1,6-1(ug) = Jp—1,6-1(ur) — Jg—1,k—1(v).
Since u € I'(v,v), ux — v — 0in W2(Sk_1) as k — oo via 2° of Proposi-
tion 2.6. Thus 3° of Proposition 2.6 with u = ug,ug = v,p = k — 1 implies
Jk—1,k—1(ug) — 0, and consequently Ry (u) — 0, as k — oo, and 1° is proved.

Remark 3.8. If 7yv, 7_1v in the definition of I"(v,v) are replaced by any ¢, v €
M(0,1), with ¢ < v < 1), the result and proof of 1° remain unchanged.

Next to verify 2°, set ) = I'(v,v). Then ) satisfies (Y1)—(Y2) and by 1°,
c(Y) = 0. Moreover let » > 0 and z € R2. Suppose ¢ is smooth and has support
in B.(z). f u € M(v,v), mv < u < 7_7v. Therefore for ¢, small enough,
Tov < U+t < T_ov for |t| < tg. Thus by Remark 3.8 and 1°, (2.26) holds and
Y satisfies (Y3). Consequently by Proposition 2.25, any u € M (v, v) is a solution
of (PDE).

Lastly to prove 3°, an argument essentially due to Moser [2] will be employed.
Observe for u € M(v,v), that o_ju € M(v,v). If u = o_;u, then u = v by
definition of I'(v, v). Otherwise we claim (i) u < o_ju, or (ii) u > o_ju. If not,
set ¢ = max(u,o_ju) and ¢ = min(u, o_1u). Then ¢ > 1), there are points &, n
such that ¢(§) = (&) and p(n) > ¥(n) and ¢, € I'(v,v). For any i € Z,

69 [ (L) + Lo)dedy = [ (L) + Lorw)dody.

S
Therefore, by 2° of Proposition 2.6,
(3.10) J(p)+ J() = J(u) + J(o—1u) = 0.

Since by 1°, J(¢), J(v) > 0, (3.10) shows ,9 € M(v,v) and therefore are
solutions of (PDE). But f = ¢ — 1 satisfies the linear elliptic PDE:

G.11) ~Af +af = —bf
where a = max(A,0), b = min(A4, 0) and

A= Fu('rayﬂp(x’y) — Fu(x7y7¢($7y))
ez, y) — ¢z, y)

if o(x,y) > Y(z,y)

Thus A, a, b are continuous on R?. Since f > 0 in R?, by the Maximum Principle
if f is somewhere 0, then f = 0. But f(£) = 0 and f(n) > 0. Thus we have a
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contradiction and (i) or (ii) must hold. The argument is the same in either case, so
suppose (i) holds. Then for all j € N,

(3.12) oju<u<o_ju
and letting 7 — oo shows
3.13) v<u< .

Thus M(v,v) = {v} and 3° is proved.
The next result is an application of Theorems 2.34 and 3.2.

Corollary 3.14. Let v and w be adjacent numbers of M(0, 1). Then
c(v,w) + c(w,v) > 0.

Proof Let U € I'(v,w) and V € I'(w,v) as provided by Theorem 2.34 and
Remark 2.35. Set ¢ = max(U, V) and v = min(U, V). Then ¢ € I'(w, w) and
¢ € I'(v,v). Since ¢ = U for z € [0,1] and y near —oc, 9 # v. Thus by 1° of
Theorem 3.2, J () > 0. Similarly J(¢) > 0. But as in (3.9)—(3.10),

(3.15) J() + J(¥) = JU) + J(V) = é(v,w) + c(w, v)

and the corollary follows.

A disadvantage of Theorem 2.34 is that the characterization of ¢(v, w) that it
provides requires working with functions u that are monotone in the sense that
u < o_1u. Aless restrictive class of functions is needed for some of the arguments
that will be employed in what follows. The next result addresses this point and
extends Theorem 2.34. Define

I'v,w) = {u € Wli’f(R2) |v<u<w,|u—v|ps,)— 0 asi— —oo,

and |lu — w||p2(s,) — 0asi — oo}
and

(3.16) clv,w)=inf J(u).

uel(v,w)
Theorem 3.17. Let F' satisfy (F1)—(F3) and (%) hold. Then there exists U €
I'(v,w) suchthat J(U) = c(v,w). Any such U is a classical solution of (PDE) with
v<U<o1U<w and |U—v|c2s,) — 0asi— —oo, |U—w|c2(s,) — 0
as i — 00. Moreover c(v, w) = ¢(v, w).

Proof. Let (ux) be a minimizing sequence for (3.16). Observing that J(uy) =
J(o_puy) for all p € Z, (u) can be normalized so that for i € Z, ¢ < 0,

i+1 1 1 /bt
(3.18) / (/ (ug — v)2d17> dy < 7/ / (w — v)2dxdy,
i 0 2.Jo Jo
1ol
< / / (up — v)2dady.
o Jo
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Since I' (v, w) satisfies (Y1)—(Y2) of Sect. 2, by Proposition 2.10, it can be assumed
thereisa U € W,-2(R?) such that uy, — U weakly in Wlif (R?), strongly in L?(S;)

loc
for all ¢ € Z, and pointwise a.e., as k — oo. Therefore v < U < w. Also since

(ug) is a minimizing sequence for (3.16), there is an M > 0 such that
(3.19) J(ug) < M.

Hence by Proposition 2.6, for all p < ¢ in Z,

(3.20) Ip,g(ur) < M +2K

so letting k — oo shows (3.20) holds for U. Thus letting p — —o0, ¢ — o0,
(3.21) J(U) <M +2K.

We claim (Y3) of Sect. 2 is satisfied for any z € R? and » > 0 and therefore
by Proposition 2.25, U is a solution of (PDE). To verify this, suppose ¢ is smooth
with support in B,.(z). Set fi = max(ux + to,w) and g = min(uy + tp,w).
Since v < ug < w, for tg = to(y) sufficiently small, 71v < ug + tp < 7_jw for
|t| < to, so by Remark 3.8, it can be assumed that fj € I'(w, w). Therefore by 1°
of Theorem 3.2,

(322) J(fx) = 0.

Note also that g, < w, and

(3.23) gk —vllL2(s;) = 0, t = —00; [lgk — wll2(s,) — 0, i — o0.
Now as in (3.9)—(3.10), by (3.22)

(3.24) J(gr) < J(fr) + J(gx) = J(uk + to).

Set xr = max(gg,v) and ¥, = min(gg, v). Then with the aid of (3.23), xx €
I'(v,w) and ¢y, € I'(v,v). Hence by 1° of Theorem 3.2 and (3.9)—(3.10) again

(3.25) J(xr) < J(xk) + J(Wr) = J(g).
Combining (3.24)—(3.25) and using (3.16) shows

(3.26) c(v,w) < J(ug) = c(v,w) + e <

<
< J(xk) ter < J(up +te) + ek

where €, — 0 as £ — oo. Thus (Y3) holds and U is a solution of (PDE) as is
o_1 U.
To complete the proof, it suffices to show that

(A) U<o_UandU € I'(v,w),
B) J(U) < c(v,w).
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Indeed (A) implies
(3.27) J(U) > (v, w).

Since ¢(v, w) < ¢(v, w) (see Theorem 2.34), (3.27) and (B) together with Theorem
2.34 provide the remaining assertions of Theorem 3.17.

To establish (A), set @, = max(ug,o_1u)) and ¥, = min(ug,o_1ug). Then
&, Uy, € I'(v,w) and as above,

(3.28) J(Pr) + J(Wr) = J(uk) + J(o—1ug) = 2J(ug) = 2¢(v,w), k — oo.

Therefore (Py,), (¥, ) are also minimizing sequences for (3.16). By Proposition 2.10
and the continuity of max(-, -), min(-,-) on Wllof (R?), ®y, — & = max(U,0_1U)
and ¥, — ¥ = min(U,0_1U) as k — oo. Moreover by (3.22)—(3.26), ¢ and ¥
are solutions of (PDE). By their definition, @ > ¥. Hence by the argument centered
about (3.11), either (a) &(z) = ¥(z) for all z € R?, or (b) &(z) > ¥(z) for all
z € R2.If (a) holds, U = o_1U, i.e. U is 1-periodic in y. Passing to a limit in
(3.18) shows for 7 < 0

it1 1 1 /1ot
(3.29) / (/ (U - U)de> dy < f/ / (w — v)%dady
i 0 2Jo Jo
1 1
< / / (U — v)?dxdy.
o Jo

Therefore v # U # w. Recalling that v < U < w, it follows that U € I"(0, 1) so
(3.30) ¢(0,1) < I(U).

But then J(U) = oo, contrary to (3.21). Thus (a) fails and (b) must hold.

By (b), either (c) U > o_1U or (d) U < o_1U. Since (c) is incompatiable with
(3.29) (with i = —1), (d) must hold and U € f(v, w). Thus (A) is verified.

To prove (B), since U € I'(v, w),

(3.31) ||U - U”WL?(Si) —0, 7— —o0
and
(3.32) HU*M”Wl,z(Si) -0, 71—00

by Proposition 2.33. Let e > O and set T; = S;_1 U S; U S;41. Since up, — U in
W12(S;) forall i € Z, by (3.31)~(3.32),

(3.33) Huk — ’U||W1,2(T_p), ||uk — wHWLz(Tp) <e
forall p > po(e) and k > ko(p). Since uy, € I'(v, w),

(334) Huk — 'UHWL?(T,q)a ||uk - wle,z(Tq) <e
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for all large q. Define

(3.35) fr = ug, y<p-—1
= w, p<y<p+l
= uy, p+2<y<gqg-—1
= w, g<y<gqg+1
= ug, g+2<y

and interpolate in the intermediate y intervals as in (3.5). Then by (3.33)—(3.34),
(3.36) | Tp,q(ur) — Jp,q(fi)| < k(e)

extends naturally to a W, (R?)

C

where k(¢) — 0as e — 0. Since fk‘Rx[p q+1]

(¢ + 1 — p)-periodic function of y, by 4° of Theorem 2.4,

(3.37) Toa(fr) > 0.

Writing

(3.38) J1,00 () = J1p—1(uk) + Jp,q(ur) + Jgi1,00 (k)
by (3.36)—(3.37),

(3.39) J1 00 (k) > J1p—1(ur) — K(€) + Jgt1,00(Uk).
Thus letting ¢ — oo gives

(3.40) J1 00 (ur) > J1po1(ug) — k().

Combining (3.40) with the analogous result for J_ o(ux) produces
(3.41) J(ug) > J_py1p—1(uk) — 26(e).

Let k — oo and use the W1:2(S;) convergence of uy to U to get
(3.42) c(v,w) = kllrr;o J(ug) > J_pi1p-1(U) — 2k(e).
Since (3.42) is true for all large p,

(3.43) c(v,w) > J(U) — 2k(e).

Finally letting ¢ — 0 yields

(3.44) c(v,w) > J(U).

Thus (B) has been verified and the proof of Theorem 3.17 is complete.
Note that by Theorem 3.17, Corollary 3.14 becomes

(3.45) c(v,w) + ¢(w,v) > 0.

As a consequence of this fact and Theorems 3.2 and 3.17, the next result gives,
roughly, a more quantitative version of Theorem 3.2.
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Corollary 3.46. Let (%) be satisfied and u € I'(v,v) (resp. u € I'(w,w)) with
v<u<w Ify>0and

(3.47) lu—vlwizxg) =7 (resp. lu—wlwrzxy) =),
for Xy = U§:725 i, then there exists a 3 = () > 0 (and independent of u) such
that J(u) > S.

Proof. The I'(v,v) case will be proved; the proof of the I'(w, w) case is essentially
the same. Set

Y={ueTI'(wv)|v<u<w andu satisfies (3.47)}

and

4 = inf .
(3.48) () = inf J(u)
Certainly

0 < c(v,v) < (YY) < 0.

If ¢()) > 0, the corollary is proved with 8(7) = ¢()). Thus suppose thatc())) = 0.
Let (ug) be a minimizing sequence for (3.48). Then

(3.49) J(up) = 0, k — oo.

But then (uy) is also a minimizing sequence for (3.1) and as was shown in the
proof of Theorem 3.2, I'(v, v) satisfies (Y1)—(Y3). Therefore by Propositions 2.10
and 2.25, it can be assumed that u;, — P € VVl(l)c2 (R?) weakly in WI})’S(RQ), and
up — P — 0in W12(S;) for all i € Z. Moreover P satisfies (3.47) and is a
solution of (PDE). Set @, = max(uy,o_1uy) and ¥y = min(uk,o_jux). Then
&y, Wy, € I'(v,v) so as in (3.28) (with ¢(v, w) replaced by 0) and the argument
following it: (i) @4 and ¥, converge to ¢ = max(P,o_1P), ¥ = min(P,o_1 P)
respectively; (ii) @, ¥ are solutions of (PDE) with ¢ > ¥; and (iii) either (a)
@(z) = ¥(z) for 2 € R? or (b) B(2) > ¥(2) for all z € R?.

If (a) holds, P = 0_1P so P € I'(0,1). Moreover v < P < w and as in
(3.19)-(3.21),

(3.50) J(P) < oc.

Hence by (x) and P € I'(0,1), J(P) = 0and P = v or P = w. Since P satisfies
(3.47), P = v is excluded. Thus if (a) holds, P = w. If (b) is satisfied, either
P >o0_1Poro_1P > P. The argument is similar in either event so assume

(3.51) o_1P>P.
Then P € I'(v, w) and
(352) HP — w”WLZ(Ti) — O7 17 — 0.

Observe that (3.52) also holds in case (a). Thus to show that ¢())) > 0, it suffices
to prove that (3.52) is not possible.



Mixed states for an Allen-Cahn type equation, II 173

Lete > 0.Since up, — P — 0in W12(T;) foralli € Z,by (3.52),q = q(¢) € N
can be chosen so that for all large k,

(3.53) Juk — wllwrz(r,) <e.
Define
(3.54) fe=up, y<q-—-1

= w, g<y<q+l1

= Uk, q+2§y

with the usual interpolation inbetween. Therefore as in (3.36), there is a pu(s) — 0
as s — 0 such that

(3.55) | (ur) — J(f)| < p(e).

Choose ¢ so small that
1
(3.56) ule) < i(c(v,w) + c(w,v)).

Thus by (3.55)—(3.56), for large k&

(3.57) T(fe) < Tlux) + 5w, w) + clw,0))
Defining
(3.58) gk =T, Y=<4q
= w, y=>q
and
(3.59) hi, = w, y<gq
=fr ¥24¢
then
(3.60) J(fx) = J(gr) + J(hk).

But g, € I'(v,w) and hy, € I'(w, v). Therefore (3.60) implies for large k,
(3.61) c(v,w) + c(w,v) < J(fx)

so by (3.57), (3.61), and (3.45),

(3.62) 0< %c(v,w) + c(w,v) < J(uk)

which is contrary to (3.49). Hence ¢()) > 0 and Corollary 3.46 is proved.

The next result plays a crucial role in the construction of solutions of (PDE) in
the later sections. Set X; = U?:—Q Sitj.
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Proposition 3.63. Let v, w be as given by (x) and u € Wlif (R?) withv < u < w
and J(u) < M < oo. Then for any o > 0, there is an by = {y(c) € N with
Ly independent of u such that whenever { € N and { > (g, there exists iy €

(=04 2,0 — 2) and ¢, € {v,w} satisfying
(3.64) llu — SDZHLz(X,;[) <o.

Proof. Arguing indirectly, if the Proposition is false, for some o > 0, there is a
sequence (uy) satisfying

(3.65) v S up S W,
(3.66) J(ug) < M,
and

(3.67) lur = ellr2x,) 2 0

for ¢ = v,w and all ¢ € (—k, k) N Z. By Proposition 2.6, (uy) is bounded in
W' 2(R2). Hence by 1° of Proposition 2.10 (and Y = {(uy)}, there is a U* €

loc
W,L2(R?) such that along a subsequence uy — U* weakly in W,-*(R?), and
u, — U* — 0in L?(S;) for all i € Z, and pointwise a.e. Moreover

(3.68) v < U* <w,
(3.69) K < JU*) < M+2K

as in (3.21), and
(3.70) 10" = olleex) =0

forpo =v,wandalli € Z.
It will be shown that the existence of such a U* is not possible. Set

I'(v,U*)={ue WEA(R?) | v <u<w,|jv— ul|g2(s,) — 0 asi — —oo,

loc

||U* — u||L2(5i) — 0 asi — OO}
Then I'(v,U*) # ¢, e.g. setting

(3.71) u=v, y<0
=yU*+(1—-yv, 0<y<l
=U" y=1

shows @ € I'(v, U*). Taking Y = I'(v, U*), Y satisfies (Y1)-(Y2). Define

3.72 U= inf J(u).
(3.72) c(v, U%) wertf (u)

Then by (3.69), (3.71) and Proposition 2.6,

(3.73) —K <c(v,U") < J(@) < 0.
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Let (¢ ) be a minimizing sequence for (3.72). Then there is an i, € N such that
for all i > 1,

. o
(3.74) H@k -U HLz(Xi) < 3

Since J(pr) = J(o_i, pr), 0—i, Pk is also a minimizing sequence for (3.72).
Therefore by Proposition 2.10, it can be assumed that there is a & € W, *(R?)

such that o_;, ¢, — @ weakly in Wi)’f(Rz) and in W12(S;) for all i € Z. Hence
by (3.70) and (3.74),

(3.75) lo—in i — Pll2xy) = llok = llLz(xip4,)
> ||U* - LlDHLQ(Xi-H‘k) - ||(pk? - U*||L2(Xi+ik)

2
Consequently
2 ,
(3.76) 12— ollLzx,) > 3% 1 > 0.

Repeating the argument of (3.22)—(3.26) for the current setting shows ) satisfies
(Y3) for all z € R?. Hence @ is a solution of (PDE) on R?.

A second solution of (PDE) will be produced next. Let U € I'(v,w) be a
solution of (PDE) as given by Theorem 3.17. Thus o_;U € I'(v,w) is also a
solution for any j € Z. Therefore U can be normalized so that
g

3.77) HU_UHLQ(XU) < 3

Set ¢, = max(o_;, ¢k, U) and x = min(o_;, ¢x, U). Therefore
(3.78) J(xx) +J(Ur) = J(pr) + J(U).

But ¢, € I'(v,w) and xi € I'(v, U*). Consequently

(3.79) J(U) = c(v,w) < J(2br)
and by (3.78),
(3.80) J(xk) < J(er)-

Thus (x) is also a minimizing sequence for (3.72) and as for (py), it can be
assumed that y, converges in W12 (X;), foralli € Z, to asolution x = min(®, U)
of (PDE). Set ¥ = & — x. Thus ¥ > 0 and by the Maximum Principle argument
centered around (3.11) again, either (a) ¥ > 0 on R? or (b) ¥ = 0. By (3.76),
@ is not close to w in L*(X;) for large ¢ while |U — w||c2(x,) — 0as i — oo.
Hence for large ¢, there are points where x = @ and ¥ = 0. On the other hand, by
(3.76)—(3.77) there are points in Xy where y = U and ¥ > 0. Thus neither (a) nor
(b) are possible. This contradiction establishes Proposition 3.63.
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Corollary 3.81. Under the hypotheses of Proposition 3.63, if there is a y; such
that v is a solution of (PDE) for y > vy (resp. y < y1), then

lu— ollwr2x,) — 0 asi— oo
for some p € {v,w} (resp.

|lw — 7/)||W1»2(Xi) —0 ast— —o0
for some ¢ € {v,w}).

Proof. By Proposition 3.63, there is a ¢ € {v,w} independent of ¢ having the
property that for any small o, there is a sequence (s;(¢)) with s;(0) — oo as
i — oo such that [[u — ¢[|2(x,, ,,) < 0. With ¢ so determined, we claim

If not, there is a v > 0 and sequence (p;) with p; — 0o as ¢ — oo such that
(3.83) lu—¢llrz(x,,) =7
Passing to a subsequence if necessary, it can be assumed that p; 1 —p; > 20o(0)+4
with £, as given by Proposition 3.63. Applying Proposition 3.63 with (—¢+2, {—2)
replaced by (p; + 4, p;+1 — 4) gives ¢; in this interval such that
(384) ||U_QOHL2(X%) S g.
We claim (3.84) implies there is a constant My > 0 such that
(3.85) |lw — @HWl'z(Tqi) < Msl|u — SOHLZ(X%-) < Msyo.
Assuming (3.85) for the moment, for ¢ € N, define
(3.86) fi=u, y<g—1
=¥, G <y<qg+l
=u, G+2<y<q1—1
=9, Gi+1 <Y< ¢qiy1+1
= u, Gir1+2<y

with the usual interpolation in the remaining intervals. Then as in (3.36), there is a
k(s) — 0as s — 0 such that

(3-87) |J(Ii;Qi+1<u) - qu7qi+l(fi)| < K(U)'
Set
(3.88) hi = o, Y=< q

=fi, ¢ <y<aqi
=, i1 < Y.
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Then h; € I'(p, ) and (3.83) holds. Therefore by Corollary 3.46,

(3.89) J(hi) > B(7).

But

(3.90) J(hi) = Jgoi: ()

s0 by (3.87)~(3.90),

(3.91) v (W) = B(7) — k(o).

By (3.85), it can also be assumed that

(3.92) geingin (W] < K(0).
Choose ¢ so small that

(3.93) 4k(o) < B(v).

Therefore

(3.94) Jgisqiia—1(u) > %6(7)-

Writing

n

(3.95) J(u) = Jocog-1(u) + Z Jaisqia—1(w) + Jg, o ()
1

with n free for the moment, and recalling that J(u) < M, by (3.94),
(3.96) M 2 oo g1 () + 5B(0) + g, .00 (0).
Further applying 1° of Proposition 2.6 yields

(3.97) M +2K > gﬂ(»y).

But (3.97) cannot hold for large n. Thus we have a contradiction and (3.82) is valid.
Hence by (3.85),
lu — ollwr2(m,) — 0, 7 — 00.
Now to complete the proof of the Proposition, it remains to verify (3.85). Set
f =u—¢.Then by (3.11), f satisfies

(3.98) “Af+Af =0

where || Al ®2) < My < oo. Let n € C'(R?) having support in X;, with
0<n<1,|Vn <2,n(x,y) =1if (z,y) € T; and |z| < R,and n = 0 if
|z| > R+ 1. Multiplying (3.98) by n? f and integrating by parts yields

(3.99) 0= / (PINVFI2 +20fVn -V f + An? f2)dxdy.

i
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Therefore
1 2
(3.100) — |V f|?dady
2 J1in{jeI<R}
1
< f/ 2|V f|2dedy < (M +8)/ fPdxdy.
2 X; X
Letting R — oo yields
(3.101) / |V f|2dady < 2(M; + 8)/ fPdady.
Ti Xi
Hence
(3.102) / (IVFI* + f2)dxdy < (2M; + 17)/ fPdxdy
T; X

from which (3.85) follows with My = (2M; + 17)/2.
The next result refines the convergence given by Corollary 3.81.

(8;) — 0as
i — oo (resp. ||u —l|c2s,) — 0asi— —oo).

Proof. Since |u — | < 1 and u — ¢ satisfies (3.98) with || A|| g2y < My, for
any p > 2, the L? _elliptic estimates imply for any z € S;,

loc

(3104 [[u — @llw2r (B, (2)) < Ma|lu— @llLr(By(2))

2 2
< Mallu— |75, ) < Msllu— ol 72«

where the constant M3 is independent of ¢ and z in S;. Hence for large p, the
Sobolev Embedding Theorem and Corollary 3.81 imply

(3.105) ||u — QDHCI(Si) —0, 17— o0.

The interior Schauder estimates further imply for any fixed « € (0, 1), there is a
constant M, such that

(3.106) lu = llcze(By(z)) < Ma

for all z € R2. Finally (3.105)-(3.106) and local interpolation inequalities (inde-
pendent of z € S;) show

(3.107) lu—¢lloasy =0, i — oo
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4 Two bump solutions

In this section, the tools of Sects. 2—3 will be used to establish the existence of an
infinitude of solutions of (PDE) that are homoclinic in y to v € M (0, 1). A further
nondegeneracy condition in the spirit of (x) is required. To formulate it, let v, w be
as given by (x) and

M, w) ={u e I'(v,w) | J(u) = c(v,w)}.
Then by Theorem 3.17, M (v, w) # ¢ and similarly for

M(w,v) = {u € I'w,v) | J(u) = c(w,v)}.
Proposition 4.1. M (v, w) and M(w,v) are ordered sets.

Proof. The proof is essentially the same as that of 3° of Theorem 2.4 and involves
arguments used above so we will be brief. If U,V € M(v,w), ® = max(U,V)
and ¥ = min(U, V) € I'(v,w) and as in (3.9)—(3.10),

4.2) J(@)+J(W)=JU)+ J(V) =2c(v,w).

Hence ¢,¥ € M(v,w) and ¢ > ¥. By the argument centered around (3.11),
either ® = ¥ in whichcase U = V or @ > ¥ in whichcase U > VorV > U.
Thus M (v, w) and similarly M (w, v) is an ordered set.

The nondegeneracy condition required of these sets is:

(xx) M (v, w) and M(w,v) are not continua.

Thus as for M (0, 1) under (x), there are gaps in M (v, w), i.e. there exist adjacent
members of these sets. To obtain solutions of (PDE) homoclinic to v, a constrained
minimization argument will be employed. Of course constraints were involved in
the definitions of the classes of functions I'(-, -) introduced in Sect. 3, but in the
current setting, there are also integral constraints. Although the technicalities are
rather different, the spirit is that of the variational approach to chaotic dynamics as
in work of Mather [6] and others, e.g. [7].
To set up the current minimization problem, for u € Wéf (R?) define

(4.3) { p—(u) = |lu— U||L2(SO)

p+(u) = |lw— U||L2(So)

and observe that by Proposition 4.1, p_ is strictly increasing on M (v, w) and on
M(w,v), and p, is strictly decreasing on these sets. Set p = ||w — v||2(s,) and

choose constants p; € (0,p),% =1,...,4 such that
(4.4) {pl g p*(M(’U>w))7 P2 g p+(./\/l(v,w)),
' P3 ¢p+(M(w,v)), P4 ¢p_(./\/l(w,v))

Let ¢ € N and m € Z* with

4.5) m1 < mgo < mg—+ 20 < mg < my.
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The class of admissible functions here is

L = T (v,0) = {u € WEA(R?) | u satisfies (4.6)—(4.8)}

ocC

where
4.6) v<u<Lw,
(i)P—(U—iU)SPh Z‘:mlfgv"'vmlflv

@7 (i) py(o—iu) < p2, i=mag,... ,mg+ L —1,

' (lll) p+(o—7iu) < ps, i:mS_Ea"' ymz — 1,

Av) p—(o—u) < ps, di=my,...,mg+Ll—1

(4.8) lu—vllz2(s,) — 0, [i] = oo.
Set
(4.9) Cm = cm(v,v) = ulenffm J(u).

Then we have

Theorem 4.10. Suppose F satisfies (F1)—(F3) and (x) and (xx) hold. Then for each
¢ sufficiently large, there is a U, € Iy, such that J(Uy,) = cp,. If in addition,
me — my and my — mg are also sufficiently large, U,, is a solution of (PDE) and

4.11) U —vllc2(s;y) — 0 as |i| — oo.

Remark 4.12. The conditions in (4.7) force U, to be close to v, w in L2(Si) for
certain ranges of ¢. The same methods as used in the proof of Theorem 4.10 allow this
to be strengthened to closeness in W1:2(S;), and to increase the range of admissible
1. For instance U, can be forced to shadow w in || - ||yy1.2 for mg < i < mg, and
v fori < mj and 7 > my.

Proof of Theorem 4.10. The proof consists of several steps. Let (ux ) be a minimizing
sequence for (4.9). Then there is an M > 0 such that

(4.13) J(uy) <M, keN.

Since I, satisfies (Y1)—(Y2), by Proposition 2.10 it can be assumed that u;, —
Uy, € WL2(R?) weakly in WL2(R?), strongly in Wh2(S;) for all i € Z and

pointwise a.e. Hence U,,, satisfies (4.6)—(4.7) and as in (3.20)-(3.21),
(4.14) J(Un) < M +2K.

It will now be shown that: (A) U, is a solution of (PDE) outside of the integral

constraint regions; (B) For ¢ sufficiently large, there is an X; in each integral
constraint region such that U, satisfies (PDE) in X;; (C) U,, satisfies (4.8) and
consequently Uy, € I,; (D) J(Uy) = ¢m; (E) for mo — my and (my — ms3)
sufficiently large, U,, satisfies (PDE) in the constraint regions; (F) (4.11) holds.
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Proof of (A). For z not in a constraint region and r = r(z) small, (Y3) is satisfied
as in the proof of Theorem 3.17 — see (3.21)—(3.26) so (A) holds via Proposition
2.25.

Proof of (B). Let R be one of the integral constraint regions. Choose ¢ so that
(4.15) 0<o< 1@124{(/1@/) —pi)}

Assume ¢ > {y(o) as given by Proposition 3.63. Then there is an X; C R such
that

where ; is v or w. The choice of ¢ in (4.15) shows ¢; = v if X; corresponds to
p1 or py and @; = w if X; corresponds to ps or p3. E.g. if X; corresponds to po
and ¢; = v, by (4.16) and (4.7)(ii),

(417) g Z ||Um — U”LQ(Xi) Z ||Um — U||L2(S,i)
>0 = [|Un —wllp2(s,) > P — pe,

contrary to (4.15). Thus (4.16) shows the corresponding constraint in (4.7) is sat-
isfied with strict inequality. This implies for any z € X; and » > 0 such that
B,.(z) C X;,(Y3)holds. Indeed if ¢ is smooth with support in B,.(z) and uy, € I,
then one can truncate uy, + i as in the proof of (A) for |¢| small, so (2.26) is valid.
Thus by Proposition 2.25 again, U,, is a solution of (PDE) in X; for some X; in
each integral constraint region.

Proof of(C). By Corollary 3.81 with y; = my + ¢,
4.18) ”Um_(PHleQ(X,-) —)0, ] — OQ.

where ¢ is v or w. If ¢p = v, this case is proved. Thus the possibility that ¢ = w
must be excluded. Suppose ¢ = w in (4.18). Then there is a p > my4 + £ such that

3

4.19) ||Um — U”L?(S,,) > Zﬁ
Since uy, — Uy, in WH2(S,),
(4.20) ||uk — U”L?(SP) >
for large k.

Let X; be as given by Proposition 3.63, with i € (m4 + 2,m4 + ¢ — 2). Then
as in the proof of (B),
4.21) U = vllr2(x,) < o
Since U, and v are solutions of (PDE), by (3.85),

(4.22) U — vllwr2(r,y < Mao.
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Again using the convergence of uy, to U,,, for k large,
(423) ||uk — UHW1~2(T1-) < 2M20'.

Now we will cut and paste as in the proof of Corollary 3.81. As in (3.86) define

4.24) fe=ug, y<i—1
=, 1<y<i+1
=ug, 1+2<y<q—1
=, g <y<gqp+1

=ur, q+2Zy

with the usual interpolation for the remaining y intervals. In (4.24), qx > p is
chosen so large that

4.25) lug — UHW1,2(qu) < Msyo.

Then as in (3.87)

(4.26) | Jiqi () = Jiq, ()] < K(0).
Set
4.27) hi = v, y<i
=, ]

s0 hy, € I'(v,v) and by (4.27) and (4.20),

(4.28) J(hi) = Jiqu (fx) > B (;p) ;

with ( as in Corollary 3.46.
Hence by (4.26)—(4.28),

@2 )2 Lsa() + 8 (57) - w0) 4 T ni)

On the other hand, setting

(4.30) gk =ug, y<i—1
= Uk, qk+2§ya

with the usual interpolation inbetween, it can be assumed that

4.31)
|Jim1,i-1(uk) = Jim1,i-1(986)] + [Jgpt1,q0+1(uk) — Jgp1,q0+1(9x)| < K(0).
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Thus by (4.30)—(4.31),

(4.32) J—ooim1(ur) + Jgu41,00 (ur) > J(gr) — k(o)

so combining (4.29) and (4.32) yields

(433) Hun) = Tt + 5 57) - 240,

Observing that g, € I, and choosing o so small that

(4.34) 4k (o) < ﬁ(%ﬁ),

(4.33) shows that (uy) is not a minimizing sequence for (4.9). This contradiction
implies ¢ = v in (4.18). Similarly U,,, — v in WY2(X;) as i — —oo and (C) is
proved.

Proof of (D). To begin, since by (C), U, € I,
(4.35) J(Um) > cm.

Let € > 0. Then p can be chosen so that

(4.36) 1Un = vllwracxy < 50 lil 2 p.
Since (uy) converges to U,, in W2(X;) for all i € Z, for k > ko(p),
(4.37) k= Unllwraea) < 5
so by (4.36),
(4.38) Jue = vllwie(xy,) < e

Fixing k, since ug, € Iy, for |q| > qo(k),
(439) ||Uk - UHWL?(XQ) <e.

With g > p, let fi be as in (4.24) with ¢ replaced by p and g, by g. Thus as in (4.26)
it can be assumed that

(4.40) |Tp.q(uk) = Jp.q(fi)| < K(e).
Since f, | Rx [p.q+1] extends naturally as a V[/lif (R?) (¢ + 1 — p)-periodic function

in y, by 4° of Theorem 2.4,
(4.41) Ip,q(fi) = 0.
Writing

(4.42) J100(ur) = J1p—1(ur) + Jpg(ur) + Jg 00 (ur),
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and using (4.40), (4.41) gives

(4.43) J1 00 (Ur) > J1po1(ug) — K(€) + Jg,00 (Uk)-
Since
(4.44) Jg,00 (ur) = 0.

as ¢ — oo by Proposition 2.6, letting ¢ — oo in (4.43) shows
(4.45) J1,00(ur) > J1p—1(uk) — K(e).
Adding (4.45) to the related inequality for J_ o o(ux),

(4.46) J(ug) > J_py1p—1(ur) — 26(e).
Letting k — oo, the W1:2(S;) convergence of uy, to U,, yields

(4.47) Cm = klim J(ur) > J_pii1p-1(Un) — 2k(e)
—00

by 3° of Proposition 2.6. First letting p — oo and then using that € > 0 is arbitrary
produces

(4.48) em > J(Upn).

Thus (4.35) and (4.48) imply (D).

Proofof (E). If U,, satisfies all of the integral constraints (4.7) with strict inequality,

then as in (B) or (A), it is a solution of (PDE) everywhere in the constraint region.

Strict inequality will be shown for (4.7)(i)—(ii); the other cases are handled similarly.
Suppose there is equality in (4.7)(i) or (ii). Thus

(4.49) 1Um = ¢llz2esy = p

where (¢, p) = (v, p1) or (w, p2). By Proposition 3.63, there are strips X, X;
withs € [m; — £+ 2,m; —3|NZandt € [mz + 2, my + £ — 3] N Z such that

(4.50) ||Um_U||L2(XS)7 HUm_wHLQ(Xt) <o.
Hence by (3.85),
4.51) U — UHW1’2(TS)7 Un, — w||W1,2(Tt) < Mso.

Two possibilities arise:

(i) S; lies between X and X;.
(i) S; does not lie between X, and X;.
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Each possibility will be excluded by a comparison argument. Taking o < p; ellim-
inates s — 1 <i<s+1,t —1 <17 <t—+1dueto (4.50).

Case (ii) will be treated first. The two remaining subcases are: ¢ < s — 1 or
i > t + 1. Suppose 7 > t + 1. By Proposition 3.63 and (3.85) again, there is a
q € [m3 — €+ 2,m3 — £ — 3] N Z such that

(452) HUm - w||W1,2(Xq) S MQO'.
Define
(453) f = Um, Y g Tt U Tq

=w, yeS U,

with the usual interpolation in the remaining four strips. As in e.g. (3.86) there is a
k(g) with k — 0 as € — 0 such that

(4.54) |J(Um) = J(f)] < k(o).
Set
(4.55) g=w, y<t

=f, t<y<qg+1
= w, g+1<y

and
(4.56) h = f, y<t
= w, t<y<q+l
=f, q+l<y
Then
4.57) J(f)=J(g) + J(h).

Note that g € I'(w, w) and

(4.58) lg = wllrzes;) = [Um — wllz2(s,) = p2-
Consequently by Corollary 3.46,

(4.59) J(g9) > B(p2)-
The function h € I}, and by (4.54), (4.57)—(4.59), and (D),
(4.60) J(Unm) = cm > B(p2) + cm — k(0).

Further choosing ¢ so small that

4.61) 2k(0) < min B(p;),

1<j<4

shows 7 > ¢ 4 1 is not possible.
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If i < s—1, choose ¢ < 7 — 5 so that (4.52) holds with w replaced by v.
Likewise replacing w by v, t by ¢, ¢ by s and p5 by p; in the rest of the argument
from (4.52) to (4.61) shows this case is also impossible.

Next suppose that case (i) occurs. An additional comparison result is needed. It
plays the role for I'(v, w) and I'(w,v) that Corollary 3.46 does for Theorem 3.2.
Define

Alw,w) ={u € I'(v,w) | [lu—v|12(59) = p1 or |Ju—wllr2(s,) = p2}-
Set

4.62 dv,w) = inf  J(u).
( ) (U U/) ueilr(lv,w) (U)

Define A(w,v) and d(w, v) similarly. Then we have
Proposition 4.63. d(v,w) > c(v,w) and d(w,v) > c(w,v).

The proof of Proposition 4.63 will be postponed until the completion of (F). To
complete the discussion of case (i), define

(4.64) f=Un, ygT,UT,
=, y€S;s
=w, yest

with the usual interpolation for the remaining y intervals. Then as in earlier such
cases,

(4.65) | st (Um) — Js i (f)] < K(0).

Choose o so small that

(4.66) 3k(0) < min(d(v,w) — c¢(v,w), d(w,v) — c(w,v)) = p.
Define

=/, s<y<t+1
=w, t+1§y.

Then g € A(v, w) so

(4.68) J(9) = Js,t(9) = st (f) = d(v,w).
Thus by (4.65) and (4.68),
(4.69) Js.t(Upm) > d(v,w) — k(o).

Let U € M(v,w) as given by Theorem 2.34 or 3.17. Define

(4.70) h=Un,, y<s—1andy>t+2
=o_4U, s<y<t+1
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where q is free for the moment, with the usual interpolation in the intermediate
regions. Choose € € (0, 1/3). Then for mg — my sufficiently large, ¢ € Z can be
chosen so that h € I,

4.71) Jsi(h) < c(v,w) + ¢,

and

(4.72) lo—qU —vllwrzax,y, lo—qU —wlwizx,) <o
Therefore

4.73) J(Un) =cm < J(h) = Joso,s—2(Um) + Js—1,441(h) + Je42,00(Unm).
By (4.51), (4.71)—(4.73) and 3° of Proposition 2.6,

(4.74) Js.t(Unm) < c(v,w) + e+ k(o)

which together with (4.69) yields

(4.75) p < d(v,w) — c(v,w) < & + 2k(0) < g + 2k(0).

But (4.75) is contrary to (4.66). Thus case (i) cannot occur and (E) is proved.

Proof of (F). Tt has already been established that ||Uy,, —v||w1.2(x,) — 0asi — oo.
The C? convergence then follows immediately from Corollary 3.103.

This completes the proof of Theorem 4.10 except for the proof of Proposition
4.63 which will be carried out next.

Proof of Proposition 4.63. The first inequality will be proved, the second proof is
the same. Since A(v,w) C I'(v,w),

(4.76) d(v,w) > c(v,w).

To see that inequality is not possible, let (uy) be a minimizing sequence for (4.62).
Then by Propositions 2.6, 2.10, and 2.25, it can be assumed that uj converges to
P € W,-(R?) with P a solution of (PDE) for y ¢ [0, 1] and

(477) HP — UHL?(SO) = p1 Or HP — w||L2(SO) = p2.
Moreover by Corollary 3.81
(478) ||P — QD||W1,2(Xi)7 ||P — '(/)”Wl’?(Xj) —0

as i — 00, j — —oo for some ¢, ¥ € {v,w}. Suppose e.g. » = w. Lete > 0.
Then there is a t € —N such that for all k£ > ko(¢),

(479) ||uk — 1U||W1,2(Xt) § g
and for any such k, there is a ¢ = ¢(k) € N such that

(480) Huk — w||W1,2(Xq) S E.
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Define f asin (4.53) with uy, replacing U,,,. Then (4.54)—(4.57) hold for the current
setting with g now gg, h now hg, o = ¢, and (4.58) becomes
(4.81) gk — wllz2(se) = lluk — wllr2(sy)-
Thus if || P — wl|z2(s,) = pa. it can be assumed that
Jur — wll2(sy) = P2
while if ||P - UHL"’(Sg) = P1,
lur —wllz2(50) =P — p1-

Thus in any event,

(4.82) lgx — wllL2(s,) = min(p2,p — p1) = 7.
Thus

(4.83) J(gr) > B(v).

Now hy € I'(v,w) and as in (4.60),

(4.84) J(ug) = B() + c(v,w) — k().
Choosing ¢ so small that

(4.85) 2k(e) < B(7),

and letting £ — oo in (4.84) yields

4.86) d(v, w) > c(v, w) + %5(7)

so the Proposition is proved for this case. If ¢ = v, a similar argument yields (4.86)
with ~ replaced by min(p1,p — p2).

Lastly suppose that ) = v and ¢ = w. Then P € A(v,w) so J(P) > d(v,w).
An argument as e.g. in (D) of the proof of Theorem 4.10 shows J(P) = d(v, w).
If d(v, w) = ¢(v,w), then since P € I'(v, w), by Theorem 3.17, P is a solution of
(PDE). But P satisfies (4.77) and by the choice of p; and pa, this is not possible
for a solution of (PDE) in I"(v, w). Hence d(v, w) > ¢(v, w) for this case also and
Proposition 4.63 is proved.

Remark 4.87. The argument used to prove step (E) in Theorem 4.10 also provides
an upper bound for ||U,, — wl|z2(g,) for S; in the unconstrained portion of R x
[ma, ms]. Namely set

4.88  _ U N
(459 po= e U =l

Then with (o) as in (4.54),
(4.89) B(p*) < k(o).

Indeed if the maximum in (4.88) is achieved when ¢ = p, then ¢t < p < ¢ with
t defined before (4.50) and q before (4.52). Following the argument from (4.52)—
(4.59) with p replaced by p*, (4.60) becomes

(4.90) cm = B(p*) + cm — k(o)
and (4.89) is satisfied.
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5 Monotone multibump solutions

In [1], multibump solutions of (PDE) which were monotone in y, i.e. © < o_ju or
u > o_ju were constructed under the assumption that

(M) M(0,1) = {rv | n € Z}.

In this section, such 2-bump solutions will be constructed under a milder condition.
The approach also generalizes to obtain k-bump solutions of (PDE). The condi-
tion (M) will be replaced by the condition (x) that M (0, 1) contains gaps. Thus
whenever v < w corresponds to such a gap, by Theorem 2.34 or Theorem 3.17,
there is a solution of (PDE), monotone in y and heteroclinic in y from v to w. By
Proposition 4.1, M (v, w), the set of such minimizers of JJ on I"(v, w), is an ordered
set. It will be further assumed that (xx) holds, i.e. M (v, w) also has gaps. Since
741 : M(0,1) = M(0,1) and 011 : M(v,w) = M(v,w), under (x) and (xx),
M(0,1) and M (v, w) possess infinitely many gaps.

To formulate the main result in this section, suppose v, w; and vg, wo are a
pair of adjacent numbers of M (0, 1) with

5.1 1 < wyp < vy < Wa.

The simplest such situation occurs when (M) holds and wy = 7_1v1 = vg, wo =

T_ov1. Choose
1,1 1 1
Si, ti € (/ / vidxdy,/ / widazdy>,
o Jo o Jo
1 1
85 #/ / hidxdy # t;
o Jo

1 1
0 0

i =1, 2 so that

for all h; € M(v;, w;) and

Then two bump solutions will be constructed which are close to some i1 € C; on
a prescribed y interval and to hy € Cy on another prescribed y interval. The class
of admissible functions that are needed to do this will be defined next.

Givenn € Z2,n = (ny,ng), ny + 4 < no, let

loc

ni+1 1
s < / (/ uidaz> dy <t;, 1 =1,2, where
Uz 0

up = min(u, wy), ug = max(u,vg)}

(5.3) f’n = {u IS Wl’Q(Rz) | v <u<o_qu < ws,
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and

(5.4) by = inf J(u).
UEY

The main result of this section is

Theorem 5.5. There exists ﬁm € f’m such that J(ﬁm) = ?)\m. If no >> ny, then
for any such U,,,

(5.6) Hfjm — U1HW1,2(57”) — 0, ||(/jm — U)QHWI,Z(Sn) —0 asn — oo,
and
(5.7) U,, satisfies (PDE).

Moreover given p, R > 0, for no — ny possibly still larger, there exist U; € C;,
i =1, 2 such that

(5.8) ||fjm —on, Urllwizs,)y <p  forn<ni+R,
(5.9) ||[7m —on, Usllwizs,y <p  forn>ns — R

Remark 5.10. In Sect. 4, U,,, € I, implies that U,, is close to v, w over certain y
intervals due to the integral constraints, so U,, is clearly a multi-bump solution. In
this section (5.8), (5.9) play the same role, as is illustrated in the following claims
which are verified at the end of the proof of Theorem 5.5. Note that C, Cs have
smallest and largest elements. Thus given p > 0,7 > 0, if ny —ny is large enough,
there is an N = N(p) (independent of U,,, and T') such that

[T = villwras,) <p  forn <ny —N(p),
1T = willwras,) <p - forny + N(p) <n <ny+N(p)+T,
[Um — vallwizs,) <p  forng —N(p) =T <n<ny—N(p)
U — w2||W1,2(Sn) <p forny+ N(p) <n.

.11

In addition

(5.12) H((zm —wi)_|lwrzs,) <p  forng 4+ N(p) <n,
[T — v2)slwragsy < p forn < ns — N(p)

Proof of Theorem 5.5. The fact that Em € R, the existence of a minimizer (A]m, and
(5.6) follow by a mild variation on the proof of the analogous results in Theorem
5.1 of [1]. We refer to [1] for the details. Next it will be shown that U,,, satisfies
(PDE). Towards this end, it will be proved that the integral constraints in (5.3) with
u = Uy, hold with strict inequality. This requires some preparation.

If wy < g, set

(5.13) I'(wy,v) ={u € L'(wy,v) |wy Zu<o_juZ va}
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and

(5.14) c= inf  J(u).

wel (w,v2)

As with Em, c e R.Ifw; = vg, f(wl, vy) and ¢ are not needed. Given § > 0, take
O_n, € Cy, B € I'(wy,v3),0_pn,y € Ca, with J(B) < ¢+ 6. If ng >> nq, then
there exist a,b € Z, no >> b >> a >> n; such that

« y<a

w1y a+1<y<a+2
A=< p a+3<y<b-3

Vo b—2<y<b-1

Y b<y

and extended to the remaining y intervals as in the previous sections, satisfies
(5.15)  J(A) < J(a) + J(B) + J(7) + 6 < c(vr,w1) + ¢+ c(v2, w2) + 26,
due to Proposition 2.6. Note that A € SA/m by Theorem 3.17 and (5.2), so
(5.16) Bm < c(v1,w1) + ¢+ c(vg, wa) + 20.
Given u € Y}, such that .J (u) = by, note that
f1 = min(u,w) € F(vl,wl),~

(5.17) fo = min(vg, max(u,wq)) € I'(wy,vs),
f3 = max(u,va) € I'(ve,ws)

by (5.6). Now assume one of the integral constraints in (5.3) holds with equality,
say

ny+1 1
(5.18) 81 :/ (/ fldm> dy.
ni 0

‘We will show this leads to a contradiction. Let

loc

11
$1 = / / udzxdy
0o Jo

di = uiél/il’l J(u).

Ay = {u € WI’Q(RQ,R) |vi <u<o_qu<w,

and

The analogue of Proposition 4.63 here is

Lemma 5.19. d; > c¢(vq,w).



192 P.H. Rabinowitz, E. Stredulinsky

1,1 1 1
/ / vidzdy < 51 < / / wydxdy,
o Jo o Jo

A C f(vl, w1 ), so by Theorem 3.17,

Proof. Due to

(520) d1 2 /C\('Ul, wl) = C('Ul, wl).

Assume d; = ¢(vy,w1) so there exists (u,) C Ay with J(u,) — ¢(v1,w1). The
results of Sect. 3 of [1] or §4 here imply that on a subsequence w,, — u € I'(vy,w1)
weakly in W% (R?), and in L2, _(R?) with J(u) = &(v;, w; ). However

loc

1 1
5.21) s1 = / / urdxdy.
o Jo

Thus (5.21) holds with uj, replaced by u which contradicts the definition of s; since
u € M(v1,w;) by Theorems 2.34, 3.17. Thus Lemma 5.19 is proved.

Returning to the proof of Theorem 5.5, note that o_,,, f1 € A4, so
(5.22) J(f1) > dy.
However (5.17) and (5.22) imply

(5.23) b = J(u) = J(f1) + J(max(u,w1)) = J(f1) + J(f2) + J(f3)
> di + ¢+ c(v2, wa).

Choosing § small enough, (5.23) contradicts Lemma 5.19 due to (5.16). Thus (5.18)
is impossible.

The other 3 integral constraints are similarly shown to hold for u with strict
inequality. With these inequalities in hand, one can argue as in [1, Proposition 3.8]
to establish that u is a solution of (PDE), i.e. (5.7). Indeed we need only take r
small enough so that necessary perturbations do not violate the strict inequality of
the integral constraints, which is possible sixlce 0<v <wy <1.

It remains to prove (5.8)—(5.9) for u — U,,. Proceeding as above, but without
assuming (5.18), and replacing d; by J(f1) in (5.23), it follows from (5.16) and
(5.17) that

(524) J(fl) é C(Ul, wl) + 2(5,

with f; € I'(v1,wq). Thus given o > 0, the following lemma implies, for large
enough ny — ny (i.e. small enough J),

(5.25) ||f1 - U”lez(Sn) <o foralln € Z,
for some U € M (vy,wq).

Lemma 5.26. Let ¢ > 0. Then there is a § > 0 such that whenever u € I' (v, w)
with J(u) < c(vi,w1) + 6, there exists U € M(v1,w1) such that

||u — UHW1’2(X7L) <e foralln e Z.
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Proof. Assume the result is false. Then for some ¢ > 0 and sequence (uy) C
I'(vy,wy) with J(ug) — c(vi,wy) as k — oo, and any U € M (vy,w;) there
exists ji = ji(U) € Z such that

(527) Huk — U||W1’2(X_jk) > €.

By integer translation in y it can be assumed that

(5.28)
i+1 1 1,1 . dxd
wp —vy)da ) dy < co = Jo Jo (w1 — vr)drdy forall i < 0,
( ( )dz | dy 5
i 0
and
1,1
(5.29) / / (ur — v1)dzdy > co.
o Jo

As in the proof of Theorem 3.17, on a subsequence u; — u € M (v, w;) weakly

in Wli’f(]RQ), in L _(R?), and pointwise a.e., with v1 < u < o_ju < ws. In

addition (5.28) and (5.29) hold with uy, replaced by u, and by Proposition 2.10,
(5.30) lur —ullwr2(x,) =0 ask — ooforalli e Z.

Together u € M (vy, w1 ) and (5.27) imply

(5.31) lue — ullwrz(x;,) =€

for ji = jr(u), so extracting a subsequence it can be assumed that j, — oo or
Jx — —oo due to (5.30). Assume jr — o0, the other case being similar. Given
0 > 0, choose ¢ € Z such that

(5.32) |lu —willwizx,) <6 fori>q.

This is possible due to u € M vy, w1 ). Thus for large enough k,

(5.33) ue — willwrz(x,) < 20.

Define fi € I'(v1,w1),gx € I'(v1,w1), hg € I'(wy,w) as in (3.54)-(3.59) so
(5.34) | (ur) — J(fi)| < p(9), J(fi) = J(g) + J ().

Thus

(5.35) J(fr) < J(ur) + p(8) < c(vr,wr) + 2u(8) < J(gr) + 2u(5)
for large k, since J(uy) — c(v1, w1 ), which combined with (5.34) implies

(5.36) Thw) < 2(0) < 2612
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for small enough 4§, and (3 as in Corollary 3.46. However hy, € I'(w;y,w1), so by
Corollary 3.46 and (5.31), for 6 < €/2,

(5.37) Jh) 28 (3)

which contradicts (5.36) and completes the proof of the Lemma.

Returning to the proof of Theorem 5.5, note from the choice of s; and ¢;, the
order property of M (v, w1 ), and methods of Theorem 3.17, that there is a least
element hy € M (vy,w,) for which

1 1
t1 < E/ / hidzxdy,
o Jo

and a greatest element hy € M (vy,w;) for which s; > ¢y = fol fol hodzdy.

Therefore, since u € Y,, with uy = f1, uy asin (5.3), if o, U are as in (5.25) with
o chosen so ¢ < min(s; — cg,¢1 — t1), then for Uy = o_,, U it follows from
(5.25) that

1,1 ni+1 1 ni+1 1
/ / Uydxdy < / (/ fldx) dy+/ (/ U — f1|dm) dy
0o Jo n 0 n4 0

§t1+0<t1+(01—t1)261

1 41
/ / Uidxdy > co
o Jo

(5.38) U € Cy.

and similarly

SO

Let U4z be the largest element of C;, which exists as above so
(539) Ul < Uma.’r < U—lUmax < wi

due to the strict ordering of M (v, w1).
Given o > 0, choose N > 0 such that

1
(5.40) / </ (wy — v1)2d:v> dy < a?.
0 \JR\[-N+1,N-1]

Given R > 0, let s = min(wy — Uppez)/4on [—-N — 1, N+ 1] x [R+ 1, R+ 2],
)

541) 0<4d4s<wy —Upgz <wp —U; on [—N— 1,N + 1] X (—OO,R—I—Z]
due to (5.39) and Uy < 0_1U;. We claim for small enough ¢ that

(5.42) u<w; on[—N,N|x (—oco,n1 + R+ 1]
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0 (5.25) implies

(5.43) lu = Ullwre(-nNxkrr1) < o fork <ng+ R.

To confirm the claim, set ¢ = (f; — U)* so

¢=0 on{u<U},

e>4dson{u>wi }N([-N—-1,N+1] x (—oo,n1 + R+ 2]

by (5.41). Assume the claim is false so for some k& < n; + R, there exists p €
[-N, N| x [k, k + 1] with ¢(p) > 4s. Moreover (5.25) implies

(5.44) {

1 302
(5.45) meas({p > s} N (T)) < = / Pdedy < 27
S Ty S
Recall u, U satisfy (PDE) with 0 < w, U < 1 so |Vul, |[VU| < M for some
M € R. Setr = min(1,s/(2M)), so B,.(p) C Tj. It can be assumed that o is so

small that

(5.46) o <rs.
Then 772 > 302/52. If B.(p) C {p > s} N Ty, by (5.45),
2
(5.47) 7r? < meas({p > s} NT}) < 3%
s

contrary to (5.46). Thus there is ¢g; € B,-(p) such that ¢(q1) < s. Take g2, g3 on
the line segment joining p, ¢ such that p(g2) = s, p(g3) = 3s,and s < ¢ < 3s
on the line segment ¢ joining ¢z, ¢3. Thus ¢ = w — U on ¢ due to (5.44), and
2s/r < 25/lgs — q2| < [Vo(g)| < [Vu(q)| + [VU(q)| < 2M for some g € £,
contradicting the definition of r, so the claim is verified.

To establish the analogue of (5.43) on (R \ [N, N]) x [k, k + 1], estimate as
in (3.98)-(3.102) with f = u— U, = Lin [N — 1, R x [k, k + 1], and ) = 0
outside of [N — 1, R + 1] x [k — 1,k + 2], letting R — co. Combining this with
the analogous estimate for negative x leads to

(5.48) lu = Ullwrz®y(-N,N) xkk+1] < C1OX

with ¢; = (6M; + 51)/2, due to (5.40), since |u — U| < wy — vy.
Take o < as0 (5.43), (5.48) imply

(5.49) lu—Ullwizes,) < c2a fork <n; + R,

and ¢; = (6M; + 52)'/2. Thus (5.49) yields (5.8), (5.9) follows similarly, and
Theorem 5.5 is established.
To confirm the claims in Remark 5.10, given p > 0, choose N (p) such that

{ U1 = villwre@xip ks < 5 for k < —N(p),

5.50
(5:50) U1 — willwre@xipe+1)) < § for k > N(p).

In fact it is not hard to see that N (p) can be made uniform over all U; € C;. Note
that (u — w1)_- = f1 — wy so half of (5.12) follows from (5.50) and (5.25) with
o < p/2,since Uy = 0_,,,U.Take R = N(p) +T and o = p/(2¢2) in (5.49) to
get (5.8). Then (5.8) with p replaced by p/2 combined with (5.50) gives the first
two inequalities in (5.11). The remaining inequalities follow from an analogous
argument involving ve, ws.
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6 K-bump solutions

The goal of this section is to discuss the differences between two-bump solutions of
(PDE) and general k-bump solutions, and to sketch the details needed to construct
k-bump solutions. Two-bump solutions of the types obtained in Sects. 4 and 5
are somewhat special in comparison to general k-bump solutions, those of Sect. 4
due to the fact that the solutions are restricted to lie between adjacent elements
v, w of M(0, 1), and those of Sect. 5 due to the monotonicity condition, and the
fact that the asymptotic limits vy, w9 as y — oo are upper and lower bounds
for solutions, with v;, w;,7 = 1,2 being pairs of adjacent elements in M (0, 1)
satisfying v1 < wi < vy < ws. The monotonicity condition was introduced to
significantly simplify technicalities in Sect. 4, but is not natural in the general k-
bump setting. The other restrictions allow one to show that the two-bump solutions
are in fact minimizers of the variational problem used to generate the solutions,
something that seems not to be true in general for k-bump solutions.

The symbolic dynamics of k£-bump solutions is controlled by the availability of
gaps in sets M (v, w), v, w adjacent elements of M (0, 1). If there exists one such
gap, then there are an infinite number of such gaps and one can generate a rich
class of monotone k-bump solutions using the methods of Sect. 5. If there exists an
adjacent pair v, w for which both M (v, w) and M (w,v) have gaps, then one can
use the methods of Sect. 4, to generate a class of k-bump solutions lying between
v and w with very general symbolic dynamics.

The difference between the solutions constructed in Sects. 4 and 5, and general
k-bump solutions is probably best seen by considering the asymptotic behavior of
solutions as y — Fc0. One cannot precisely control the asymptotic behaviour of
limits of minimizing sequences in general, although one can do so in an approximate
sense. The essential reason for the difference appears to be the fact that one can
carefully control asymptotic behavior in regions between adjacent elements of
M(0, 1) but not elsewhere. These vague statements will be clarified in Theorem
6.14 and the remarks following it. Some preliminaries are needed.

Let v;,w;,i = 1...,k be pairs of adjacent elements of M(0,1) for k €
N, k > 1 (with either v; < w; or w; < v; being possible), and ¢ = min {vi, Wi, 1
=1,....k}, ¥ = max {v;,w;,i = 1,...,k} so ¢,¢ € M(0,1). It will be
assumed that

(6.1) M(v;,w;) hasagap,i =1,...,k,
and that one of the following cases occurs foreachi =1,...,k — 1,
(6.2) Vitl = Wi, Wirl = Vg,
(6.3) vy < w; < Vg1 < Wiy,
(6.4) Vi > Wi 2 Vig1 > Witl-
Let

p(u,v) = [Ju— U||L2(so)-
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Note that p(u,v;) (resp. p(u,w;)) is strictly increasing (resp. decreasing) on
M(v;,w;) if v; < wj;, and strictly decreasing (resp. increasing) on M (v;, w;)

if v; > w;. Choose constants p;,7 = 1,..., 2k such that
pi € (0,p), p= 1%?& llwi —villL2(s0)
(65) P2i—1 gp(M(Uivwi)aviLi: 17"'7ka

p2i & p(M(vi,w;),w;), i=1,...k,

Also as in Sect. 5, choose s;,%;,¢ = 1,..., k in the open interval with endpoints
fol fol vidxdy, fol fol w;dxdy so that

1 1
5; # / / hidxdy # t;
o Jo

for all h; € M(v;, w;), and

1 .1
(6.6) C; = {h € M(v;,w;) | s; < / / hdzdy < tl} £ 0.
o Jo

Let/ € Nand m € (QZ)WC with mo; 1 + 2 < mog;, 1 = 1,.. .,k, and

m2i+2€<m2i+1, ’izl,...,k—l,

and define
gy = it mE L
2
Also let
Vi = {u € WH2(R?) | u satisfies (6.7)-(6.11)}
where
6.7 p<u <Y,

and fort = 1,..., k, defining
(6.8)

U(u,v,w) = max(min(u, w),v), U(u,w,v)=U(u,v,w), forany v < w,

6.9) p(U(Ufjuyviywi%'Ui) < p2ic1, J =moi—1 —€,moiq — 1
' p(U(o—ju,vi,w;), w;) < pai,  J = mai, ma; + £ — 1,
Uz 0
and

(6.11) lu—v1llr2s ;) = 0, |lu—willr2s,) — 0asi— oo.
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Finally define

(6.12) Ym = ule%fn J(u).

The following notation is used to describe the asymptotic behaviour displayed
by limits of minimizing sequences. Given v € M (0, 1) let C'(v) be the maximal
collection of elements of M (0, 1) containing v and having no gaps, so C'(v) is
a maximal continuum in M (0, 1). By assumption M (0, 1) contains adjacent ele-
ments, that is it has gaps. More precisely due to the fact that 7, M (0, 1) = M(0,1)
for ¢ € 7Z there is a gap between 7_1v, v even though they may not be adjacent
in M(0, 1) and likewise between v, T1v. Thus s(v), [(v), the smallest and largest
elements of C(v), exist due to the order property of M(0,1) and the methods of
the proof of Theorem 3.17. Also

(6.13) T_1v < s(v) < v <lI(v) < Tv.
The main result of this section can now be stated.

Theorem 6.14. Suppose F satisfies (F1)-(F3) and (6.1)-(6.4) hold. Then y,,, € R.
If (ug) C Y with J(un) — Ym, then on a subsequence u, — u weakly in
WL2(R?), and strongly in W12 (S;) for i € Z, with u satisfying (6.7)-(6.10), and
for some v,w € M(0,1)

(6.15) [(w = 1(v)+llwrzes;) =0, [[(u—s(v)-[lwrzs,) — 0
as i — —oo, and

(6.16) [(u—1(w))+lwrzes,) — 0, [[(u—s(w))-llwrzes,) — 0
as v — 00.

Moreover given e > 0, N > 0, if {, m; 11 — m; are sufficiently large, then u is
a solution of (PDE), and if v1 < w1 (resp. v1 > wy), then v < vy (resp. v > v1)
and
(6.17)

[(s(v) = s(v1))-llwr2ese) < € (resp. [[(I[(v) = 1(v1))+llwr2(sy) <€),

and w > wy, (resp. w < wy), and

(6.18)

[(Uw) = Uwk))+[wresy) <€ (resp. [[(s(w) — s(wk))—[lwr.2(s,) < €).
In addition there exist U; € C;,i = 1,..., k such that
(6.19) Hu—UmUinl,z(sj) <e ni—N<j<n;+N.

Remark 6.20. Suppose that k = 3, v; = wy < w; = vy and v1 = L(v1) >
s(v1) > vz > ws. Then we cannot prove that |[u — v1||z2(s,) — 0asi — —oo
but only the milder statement (6.15). If there is a gap on both sides of vy, or as in
Sects. 4,5, v1 € {p, 9}, then s(v) = I(v) = vy. If the analogous condition holds
for wy, as well, then u € Y,,, and J(u) = y,,. More generally if C'(v1) = {v1} and
€,miy1 —m; > N(e), then |lu — v |lp12(g,) < efori <<O0.

i
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Remark 6.21. Contrary to what occurs in Sect. 4, the integral constraints (6.9) do
not indicate that u is a true multi-bump solution because the constraints only imply
that U (u, v;, w;) is close to v;, w; on appropriate y intervals. For this reason the
shadowing result (6.19) is emphasized since, as in Sect. 5, it implies the following
closeness condition. Given € > 0,7 > 0, if £, m;1 — m, are large enough,

6.22) |lu —villwizs,y <€ forn; —N(e) =T <i<n; — Ne),
) |lu —willwizs,) <€ forng + N(e) <i<nyg+ N(e)+T

with N (e) independent of T" and u.

Remark 6.23. The basic methods of Sect. 4 allow one to show that U,,, shadows
w for mg < y < mg. Unless w; = vg, or more generally w; is ‘close’ to vs, this
is not possible in §5. In the present context the first type of behaviour is possible
if (6.2) holds, but only if C'(w;) is ‘small’. This can be established using the ‘one
sided’ interpolation methods introduced in the proof of Theorem 6.14. As in Sect. 5
such control is not possible where (6.3), (6.4) hold unless w; = v; 41 or w; is close
to Vi41-

The following generalization of Corollary 3.46 is introduced as a first step
towards establishing Theorem 6.14. For g € N, let
6.24)  Ty(v,0) ={ue W 2R |rv <u< 7 gv

and ||u — v||p2(s,) — 0 as |i| — oo}.

Proposition 6.25. Assume M(0,1) has a gap and v € Iy(v,v) for some q €
N,v € M(0,1). If v > 0 and

(6.26)  [[(u—1(v)+llwrzxy =7 (resp. [lu—s(v))-|lwizxg) = 7)
then there exists 3 = B(7) (independent of u) such that J(u) > .

Proof. Assume for ¢ € N,v € M(0, 1) that the result is false, so there exist v > 0
and u,, € I,(v,v) with J(u,) — 0, and

(6.27) [(un = (V) +llwr2mx(—2,3) = 7-

As in the proof of Corollary 3.46, u,, — u, a solution of (PDE) such that
1t — wllwr2@x k1)) — 0 forall k € Z,

and thus

(6.28) = 1(0)) 4 w223 = 7

Say I(v) < v1 < v < T_71v, with vy, v9 adjacent in M(0, 1). However for
Yy, = max(tn, v2), pn = U(un,v1,v2) (recall 6.8), x,, = min(u,,v1),

(6.29) J(Un) = J(ﬂ}n) + J(‘Pn) + J(Xn) > J(‘Pn)a
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since wn € Fq(v27v2)v Xn € Fq(vav) lmply J(wn) > O, J(Xn) Z 0 by Re-
mark 3.8. Also ¢, € I'(v1,v1) implies J(p,) > 0, so (6.29) and J(u,) — 0
imply J(¢,) — 0. However, v; < ¢, < wg so Corollary 3.46 implies
||90n - U1‘|W1,2(Rx[k’k+1]) — 0 uniformly in k. Note ¢,, — U(u,’Ul,’Ug) SO
U(u,v1,v9) = vy, i.e. u < v1. Thus by the definition of I(v), u < I(v), con-
tradicting (6.28).

The following two results generalize Corollary 3.81, and will be used to establish
the asymptotic behaviour in Theorem 6.14.

Proposition 6.30. Assume ¢,1p € M(0,1) and v,w are adjacent elements of
MO, D withp <v<w< Y Ifu€ Wllof(R2) with ¢ < u < 1, J(u) < oo,

and there exists yy such that u is a solution of (PDE) for y > y1 (resp. y < y1),
then

(6.31) [(w—w)-[[wrzes,) =0
or
(6.32) ||(U — U)+||W1v2(Si) —0

as i — oo (resp. i — —00), but not both.

Corollary 6.33. Assume o, € M(0,1), ¢ < 9, and u € V[/lzc2 (R?) with p <
u <1, J(u) < 0o and there exists yy such that u is a solution of (PDE) for y > y1
(resp. y < y1). Then for some ¢ € M(0,1)

(6.34) [(w =)+ llwr2cs,) =0
and
(6.35) [(u— s(8))-llwr2(s,) — 0

as i — oo (resp. i — —0Q).

Proof of Proposition 6.30. Recall U = U(u,v,w) = max(min(u,w),v) €
W2 (R2)and v < U < w. Also

loc

(6.36) M > J(u) = J(max(u,w)) + J(U) + J(min(u, v))
S0
(6.37) JU) <M +2K

by Proposition 2.6. By Proposition 3.63, there exists a sequence ¢; — 00 as i — 00
and ¢ € {v, w} such that

(6.38) g; = ”U*(ZS”LQ(X%) — 0asi — oo.

Consider the case ¢ = v, the other case being similar. If (6.32) does not hold,
there exists v > 0 such that

(6.39) [(w—v)4llwrzes) =7
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for a sequence of % going to infinity. Given o > 0, choose N > 0 such that

1
(6.40) / ( / (Y — U)de> dy < o?.
0 R\[-N,N]

We claim u < w on [-N, N| x [¢; — 1, ¢; + 2] for large i. To see this let

w—v

6.41 = i

( ) y [—N—1,r1r\lfl-sr-l1]><[0,1] 4
and f = U —v. Thus f = Oon {u < wv}and f = w—v > 4s on {u >
w}rN{|z] < N+ 1}. Arguing as after (5.44) with o, T}, ¢, U, and (5.25) replaced
by 0;, Xq,, f,v, and (6.38) verifies the claim. Thus (6.38) and (6.40) imply

(6.42) / (u—v)idrdy < o} + 3a* < 4a?
. T,.
for large . i
Estimating as in (3.98) to (3.102) with f = u—wv, but replacing 2 f by n? f and
using Vfy = Vfxgrsop ff+ = [} (where xg(z) = 1forz € E, xg(z) =0
forx ¢ E), one gets

(6.43) [(w = v)llwres,,) < cll(w—v)+ L2z,
with ¢ = (2M; + 17)'/2. Combined with (6.42) this gives
(644) H(’U, — U)+||W1’2(Sq,i) S 2ca

for large <.

Noting that v can be made as small as desired and that [(v) = v since v, w are
adjacent in M(0, 1) with v < w, argue as in the proof of Corollary 3.81 but use
Proposition 6.25 instead of Corollary 3.46. Using (6.39), this leads to a contradiction
as in the proof of Corollary 3.81. Thus (6.32) is verified. The case ¢ = w leads to
(6.31).

Assume both (6.31), (6.32) hold. Note 0 < (u — w)4 < (u —v)4 so ||(u —
w)||z2¢s,y — 0. Similarly ||(u — v)|[z2(s,) — 0, contradicting v < w.

Proof of Corollary 6.33. If ¢ € C(y), then take ¢ = ¢, 50 s(¢) < p <u <Y <
1(¢), and (u — s(¢))— =0, (u — I(¢))4+ = 0, and the result holds. If ¢/ & C(y),
there exists a pair v, w of adjacent elements in M (0, 1) with ¢ < v < w < 1. For
any such pair, exactly one of (6.31), (6.32) holds. Let G denote the collection of
such pairs, V the set of v’s, and WV the set of w’s. Set

W = sup w; V = inf v.
weW veV

Then W,V € M(0,1), W = s(¢) <tpand V = l(p) > ¢. If
645 (w—W)_llwracs,) = (u—s(®))-lwra,) =0, n—oc,
then Corollary 6.33 follows since

[(w=L@)+llwr2s,y =0, nel
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Likewise if
6.46)  |[(u—V)tllwrecs,) = l(u—L€e)+lwrzs,) =0, n— oo,

the Corollary follows since

||(u — S((p)),HWl,z(Sn) = 0, n € 7.

Thus suppose (6.45)—(6.46) fail to hold. By Proposition 6.30, this is impossible if
G ={(V,W)}. Consequently G = G\ {(V, W)} # ¢.

If G is a finite set, V € V,IW € W. Also (V,w*), (v., W) € G for some
w*, v, € M(0,1). Thus by Proposition 6.30 again

[(w = v )sllwrzgs,y, (w—=w)-llwizs,) =0, n—oo.

Set

(6.47) v = inf{v € V| (6.32) holds for v}
and

(6.48) w = sup{w € W | (6.31) holds for w}.

Therefore since (6.45) and (6.46) fail to hold, W > w > w* and v, > v > V.
Since @ is finite, there is a w € W such that (v, w) € G. By Proposition 6.30, w
does not satisfy (6.31). Therefore w > v > w. By the definitions (6.47)—(6.48),
there cannot be a pair (v, w) € G withw < v < w < v. Therefore W = s(v) and
Corollary 6.33 is satisfied with w = s(v) and v = {(v).

Finally suppose G is an infinite set. Again define v and w by (6.47) and (6.48).
Then there is a sequence (v,,) C V with v; | v € M(0, 1) uniformly on compact
sets.

Note, for R > 0

049  |[[(u—v)+llr2(r,) < 1w —vi)+ 22T,
+03l (i — )4 72— Ryx o)) + 3% — @l F2 (- R.EDx(0.1))

On the right-hand side of (6.49), the last term can be made arbitrarily small by
taking R large as in (2.7). Fixing such an R, the second term is arbitrarily small for
large ¢ due to v; | v € M(0, 1) uniformly on compact sets. Again fixing such an
1, the first term goes to zero as n — oo since (6.32) holds for v = v;. Thus the left
hand side of (6.49) goes to zero as n — o0, so by the analogue of (6.43),

(6.50) [(w = v)+[lwrzcs,) — 0asn — oco.

As in the case where G is finite, there cannot be a pair (v, w) € G with w <
v < w < u. Thus W = s(v) and as in (6.50) one has

(6.51) (v —@)_|lwr.2(s,) — 0asn — oc.

Hence Corollary 6.33 is verified with ¢ = v = £(v).
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Proof of Theorem 6.14. As in previous results it is easy to construct an admissible
function to establish that y,, < oo. In addition —oo < y,, due to Proposition
2.6. The techniques from previous sections imply that a minimizing sequence u,,
converges on a subsequence to u weakly in 1,>(R?), strongly in W12(S;) for
all ¢ € Z, and pointwise almost everywhere, and that « is a solution of (PDE) for
y < mq —f¢andy > my + ¢. Thus (6.15), (6.16) follow from Corollary 6.33.

Statement (6.17) will now be verified assuming v; < w;. The other case, and
(6.18) are established in a similar manner. Note that for p > 0, if ¢ is large enough,
then for some ¢g, mo + 2 < 49 < mo +1 — 3,

(6.52) 1U(u, v1, w1) — wil[p2(x,) < P,

due to (6.9) and Proposition 3.63, since as in the proof of Theorem 2.4, J(u) <
M + 2K so

M + 2K > J(u) = J(min(u,v1)) + J(U(u, vy, wr)) + J(max(u, wy))
(6.53) > J(U(u,v1,w1)) — 2K,

by Proposition 2.6, i.e. J(U(u,v1,w1)) < M + 4K.

But as before, u is a solution of (PDE) for ig — 2 < y < 79 + 3 if p is small
enough, since then the relevant integral constraints are strict due to (6.52). Thus an
estimate as in (6.40)-(6.44) implies

[(w —w1)-llwr2(r,) < c1p,
which gives
(654) ||(un — wl)_le,z(TiO) < 2Clp

for large n due to the convergence properties of u,.

The following ‘one sided interpolation’ illustrates the difference between inter-
polation arguments in previous sections and those needed here. The need for such
a one sided argument is due to the fact that u,, is not bounded by vy, w; as is the
case in Sect. 4 for example. Note that u,, = (u, — w1)_ + max(u,, w1). The one
sided interpolation is carried out by replacing (u,, — w1)_ in this decomposition
by

(unfwl)_ lf Z0+2§y
(6.55) Jn = 0 if ig<y<ip+1,
(up, —wr)- if y<ip—1

extended as usual.
Define u,, = fp, + max(uy,, w1) $0 Uy € Vi, and u, — Uy = (up —w1)— — fp-
From (6.54), estimates from previous sections imply

(6.56) | (un) — J(@n)| < cap.
Let

_ U1 if i9<y
6.57) Vn = {min(ﬂn,vl) if y<ip’
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noting for iy < y <ig -+ 1 that u,, > w; > v; so min(uy,,v;) = vy. Also let

(6.58) P = {max(ﬂn,vl) if y<ig
)
J(Whn) + J(pn) = J(n) < J(un) + c2p
(6.59) < Ym + 2c2p < J(pn) + 2¢2p,

for large n, since ¢,, € Vp,. Thus
(6.60) J(Yn) < 2c2p.

Consequently, given € > 0, choose ¢y > 0, such that if h € M(0,1) with I(h) <
s(v1), then

(6.61) ||S(U1) — l(h)lez(SO) <€ = ||8(’U1) — S(h)le,z(SO) <e.

This is possible since s(v) is either the upper element in a pair forming a gap in
M(0, 1), in which case no such h can exist for small enough €, or s(vq) is the
increasing limit of such gaps.

If p = p(eo) and n > N(p), then

€ .
(6.62) [(un —s(v1))-llwr2s) < 50 fori <ig—2

by (6.60) and Proposition 6.25, since v, € I[,(v1,v1) for some ¢ € N, and
(Yr, — 8(v1))— = (min(up,v1) — s(v1))— = (up — s(v1))- fory < ig — 1.
Let n — oo in (6.62) to get

(6.63) (= s(v1))_[lwr2gs,) < %0 fori < g — 2.

It can be assumed that [(v) < s(v1) otherwise v < s(v) < s(v1) and (6.17)
is trivially true. Thus 0 < s(vq) — I(v) < (u —1(v))+ — (v — s(v1))— so (6.63),
the first limit in (6.15), and (6.61) imply ||s(v1) — s(v)|lw1.2¢s,) < € for large 4,
which confirms (6.17).

We now verify the statement in Theorem 6.14 that v < v; in the present case
where v; < w;.Assume to the contrary v > v1 80 $(v) > w;. From the second limit
in (6.15) we see that || (u, —w1)— ||W1,2(Ti1) is small for large 71, and n > N (i1).
In addition we know that |[u, — v1|[w1.2(7,) is small for i > Na(n) due to the
asymptotic conditions in the definition of ), and Proposition 2.6. Also ||(u,, —
Ul)+||W1,z(Ti2) is small for some io, m; — ¢ < is < my due to arguments leading
to (6.54). One can then do a standard interpolation on the interval ¢« < y < ¢+ 1 for
1 << i1,and one sided interpolationsoni; —1 < y < i1+2andio—1 <y < 942
to define a function

Up, if io+2<y
min(un,vy) if io <y <ig+1
") max(up,wr) if i <y<ip+1 ’
U ifitl<y<ii—1

vy if y<i1
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extended in the usual way. Consequently
(6.64) J—oo,ig (U(ﬂn, V1, wl)) > C(Ul, wl) + c(wl, ’Ul) > 0.

Let
T min(U,vr) if y <ig

Then @, € Yy, and J(0y,) < J(up) + cp < ym + 2¢p < J () + 2¢p for large n.
Thus J_ o 4, (max(y, v1)) < 2cp. However max(t,, v1) = 0foris <y <iz+1
and y <480 J_o i, (max(d,, wr)) > 0. Consequently J_ o ;, (U (Up,v1,w1)) <
J_c0,is (Max(Uy,v1)) < 2¢p, which contradicts (6.64) for small p.

All that remains is to verify that u is a solution of (PDE) in all of R? and
the shadowing estimate (6.19). These follow from the same basic proof. Given
p € NJ1 < p < k, the approach is to consider a maximal set of ¢ € N on which
condition (6.3) (resp. (6.4)) holds. To simplify notation assume that

v >w; =vy <we K3 <wy < < Vo < Wi—1 = Vg > Wk

All other cases are treated the same except the one where instead v; < w; and/or
v, < wg. However in the latter case the estimates are simpler for some p since the
one sided ‘outer most’ interpolations can be replaced by two sided interpolations
as in earlier sections due to the asymptotic properties of elements of Y.

As before if ¢, m;1 — m,; are sufficiently large there exist integers «;,¢ =
1,2,2k — 1,2k such that (u — v1)—, (u — w1)4, (u — vk)—, and (v — W)+
are small in W12(X,,,) fori = 1,2,2k — 1,2k respectively. So for large n the
same is true with u,, replacing u. One can then use one sided interpolations to
generate w,, € ), such that |J(u,) — J(@,)| < cp, for arbitrarily small p, and
Up > v1 > w1 0N Sy, Uy < wy 0N Sy, Up > Vg ONS and u,, < wj on

a2k —1"
S, Let
w1y if agg—1 <y
Tn = min(ana wn) if a1 < Y < Qogp-1
w1 if y<ay

noting that min(%,,, wy,) = wy on Sq, USay,,_,,807, € I'(vy,v1)and J(ry,) > 0.
Define

Un, if agp—1 <y
'l/}n = max(anawn) if ap < ) < aok—1
Uy, if y<a

noting that max(Uy,,w,) = Uy on So, U Sau_1s S0 ¥y € Vi and J(¢y,) <
Similarly let

Vg if az <y
5n = max(ihn, vy) if az <y < o
Vg if y<as
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noting that max(t,,, vx) = vg on Sy, U S,
Also define

0 s, € I'(vg,vg) and J(s,) > 0.

2k

Un if g, <y
on = { min(¢y,, vg) if ag <y < ag

Un if y<ao
noting that min (v, v,) = ¥y, on Sa, USa,,, 80 ©n € Vi and J(,,) < J(pn) +
J(sn) = J(¥n) < J(un).

Note that ¢ = w; on Sy, and ¢ = v; on S,,, ,, so if m;41 — m,; are large

enough,i = 1,...,2k—1, one can redefine ¢,, for as < y < asg_1+ 1 by pasting
together various minimizers as in Sect. 5 to generate a function h,, € J,, such that

665 J(0) < J(iin) < J(n) + p < Y +20p < T (i) + 2ep

for large n, and

(6.66)
k—1 k—2
Jazsazes (9) S Jagsazes (hn) + 200 < e(visws) + 3 e(wi, vig1) + 3cp.
i=2 i=2
Let
v if agp—1 <y
On =14 pn if a2 <y <agp
v if y < ag
SO
(667) J(¢n) = Ja27a2k71 (90)
and note
k-1 k=2
(6.68) J(@) =D J(U(dn, vi,wi)) + > J(U(én, wi,vit1) + 3cp
i=2 i=2
with

(6.69)  J(U(¢n,vi,w;)) > c(vi,w;),  J(U(¢n,ws, vig1) > c(w;, vit1).

Thus applying all but J(U (¢, vp, wp)) > c(vp, wp), for some p,2 < p < k — 1,
to (6.68), and combining the result with (6.66), (6.67) leads to

(6.70) J(U(pn,vp, wp)) < 3cp.
Therefore by Lemma 5.26 there exists U,, € M (v, w,) such that
(6.71) 1Un — U(¢n, vp, wp)lwr2s,) < €(3cp)  foralli € Z.

The constraint (6.10) implies U,, € C,, so if m;1 — m; are large enough
(depending only on C), since C, has a smallest and largest element), then
p(o_;Up,vp) < pap—1/3,map—1 — £ < j < mg,_1 — 1. Thus for p small enough
p(U (0= jPn,vp, wp)) < pop—1/2. However U(uy, vp, wp) = Uy, vp, wp) o0
S; so the first set of constraints in (6.9) holds for u with ¢ = p. The second set
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is verified similarly, as is (6.10), since (6.10) holds with strict inequality for the
largest and smallest elements of C',. Thus u is a solution of (PDE). Previous meth-
ods imply that U,, — U € C, in W12(S;) so variations on (6.38)—(6.42) with f =
U(u,vp, wp) — U, and (6.38) replaced by ||U — U (u, vy, wp)|lwr2(s,) < €(3cp),
imply v, < u < wp forn, — N <y <n,+ N,p < p(N), and (6.19) is verified.
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