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Abstract. We study the following semilinear elliptic equation
—Au+b(z)u = f(u), zeRN,

where b is periodic and f is assumed to be asymptotically linear. The purpose of this paper
is to establish the existence of infinitely many homoclinic type solutions for this class of
nonlinearities.
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1. Introduction
In this paper we study the semilinear elliptic equation

—Au+b(x)u = f(u), xRN (L.1)
under the following basic assumptions on the potential:

(bo) b€ C(RYN,R) and there exists a by > 0 so that b(z) > by for a.e z € RY.
(b1) b(z1,...,xN)isT; periodicinz;, i =1,... ,N.

During the past decade a variational method was developed to establish the existence
of homoclinic type multibump solutions. After the initial ground breaking work by
Séré [15], Coti Zelati, Ekeland and Séré [2], and Coti Zelati and Rabinowitz [3],
there are many papers that utilize this method for both Hamiltonian systems and
semilinear elliptic equations (see [12, 13] and references therein). However, in all the
results mentioned above, it is assumed that the nonlinearity f satisfies a superlinear
growth condition, i.e. f(s)/s — oo as |s| — oo. The purpose of this paper is to
adapt this technique to a different class of nonlinearities. More precisely, we make
the following assumptions on f:

(fo) f€CHR,R), f(0)=0.
(f1) f(s)=o(s)as|s| = 0.
(f2) Thereexistsana € (0,00) sothat@ — aas|s| = coanda > inf o(—A+

b) (here o denotes the spectral set).
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(fs) H(s):=3f(s)s— F(s) > 0forall s € R, where F(s) := [ f(t)dt.
(f4) There exists a dg > such that f(s) > by — dop = H(s) > do.

Thus f is asymptotically linear. There are many recent existence and multiplicity
results for asymptotically linear problems on RN, see for instance [1,5,6,8,16—
20,23]. Our goal is to establish the existence of infinitely many homoclinic type
solutions to (1.1).

In order to properly state our main result, we define the energy functional
associated with (1.1):

1
[ WRRN) SR, I(u) = ~|ul? —/ F(u) da,
2 RN
where F is the primitive of f and

M ;:/ IVul? + b(x)u? da.
RN

Remark 1.2. By (b) and (b1), there exists a b < oo so that b(x) < b for all
x € RN. Thus it is clear that || - || is equivalent to,

”’U’H%/VLQ(RN) = / |Vul? + u? da,
RN
the standard norm on W12(RY).

It is well known that under (fy)-(f2), I € CY(W12(RM),R), and critical
points of I correspond to classical solution of (1.1) satisfying u(z) — Oas|z| — oco.
Set K := {u € WL2(RY) : I'(u) = 0}. We also use the following notation to
denote the level sets of I: I := {u € WH2(RY) : I(u) < b}, I, :== {u €
WL2RN) : I(u) > a}and I? := I° N1, Then K® := KNI K, :=KnNI,
and Kb =K NI

From results in for instance [5,6,20], it is clear that under (by) and (f1)-(f2),
I possess a Mountain Pass geometry, i.e.

I:={g€C([0,1, W"*RY)): g(0) =0, g(1) € I°\{0}} # 0.
We may therefore define the Mountain Pass level

c:= inf sup I(g(¢)) > 0.
9€T te[0,1]

Recall that (u,,) C WH2(RY) is a Palais-Smale sequence ((PS), for short) of T
if I(uy,) < d and I'(uy,) — 0. I satisfies the Palais-Smale condition if any such
sequence contains a convergent subsequence.

We also note that, due to (by), I and I’ are invariant under the discrete transla-
tions

Teu(z) == u(xr + k1T, ... ,an + EnTN),

for any k = (ky,... ,ky) € ZY. This leads to the conclusion that the Palais-
Smale condition fails at every level. It is therefore not immediately clear wether c
is acritical value. We exploit this lack of compactness, together with the assumption,
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() there exists an o > 0 so that Kt /Z" is finite,
to obtain:

Theorem 1.3. Assume (bo)-(b1), (fo)-(fa), and (x). Then KF<T® JZN is infinite
forallk € N/{1}.

This mimics the result obtained by Coti Zelati and Rabinowitz [3,4] for a semilin-
ear elliptic equation with a superlinear, subcritical nonlinearity. In order to prove
Theorem 1.3, we adopt the techniques used in the above mentioned papers.

Finally we highlight some of the major differences between our case and the
superlinear case considered in [4]. First is the lack of an a priori bound for Palais-
Smale sequences. However, to overcome this difficulty, an argument based on the
Concentration Compactness Lemma of P.L. Lions [9] was developed by L. Jeanjean
[5].

Also, in the superlinear case, it is easily verified that there exists a ¢ > 0 so that
I(v) > ¢ Vv e K\{0}.

This plays a crucial rule in determining the exact behavior of Palais-Smale se-
quences and the nature of the non-compactness due to the translation invariance.
Roughly, it is shown that there exists a finite dichotomy of any (P.S), sequence
into a collection of translated non-trivial critical points with energy less than d.
The above lower bound ensures that the energy is exhausted in a finite number of
steps. See [4] for more details. Since, in our case, the existence of such a uniform
bound is not immediately apparent, we will use a different approach, based on the
Concentration-Compactness Principle, to obtain a similar result.

After establishing the required properties for Palais-Smale sequences, the rest
of the construction is very similar. This is due to the fact that the arguments used
in the later part of [4] depends largely on the behavior of the nonlinearity near
0, which, due to (f1), is the same for both cases. However, there are some minor
adjustments and simplifications, in which case full details will be provided.

This paper is organized as follows: In Section 2, we collect all the important
properties of Palais-Smale sequences. Section 3 sets up a suitable existence criterion
for our main result, Theorem 1.3. Section 4 contains the bulk of the construction
used in the contradiction argument outlined in Section 3.

Acknowledgement. 1 would like to thank Professor Zhi-Qiang Wang for bringing this prob-
lem to my attention, and for his many helpful suggestions and comments during the prepa-
ration of this manuscript.

Further notations and conventions

Foranyr > 0,set B,.(y) := {x € RV : |[z—y| < r}and to simplify notation we let
B, := B.(0).If K ¢ Wh2(RN), then N,.(K) := {u € WL2(RM) : |lu— K| <
r} and, for w € WH2(RYN), B.(w) == {u € WH2(RN) : |ju — w| < r}. Let
7; = (71iTh, ..., ijnTN) € RY, where j € Z". For any 2 C R", we set
7,82 .= {2z +7; : © € 2}. We will also make use of

lully o= [ (9 + by da,
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to denote the restriction of || - || to £2 C R™. All other norms will be distinguished
by a proper subscript. Subsequences of (u,,) will still be denoted by (u,, ).

2. Behavior of Palais-Smale sequences

This section concerns itself with the properties of sequences (u,,) C WH2(RY)
satisfying

I(up) < d, I'(un) — 0, 2.1)

where 0 < d < 0.
By (f1) and (f2), there exists a C¢ > 0 such that

‘f(:)‘ <Cs VseR. 2.2)

Thus for any € > 0 and 2 < p < 2* (here 2* := 2N/N — 2if N > 3and 2* = ¢
if N = 2), by (f1)-(f2), there exists a C¢ > 0 such that
f(s) <es+C.sP7' Vs € R. (2.3)
Lemma 2.4. There exists a §; > 0, such that if (u,) C WH2(RY), satisfy
I'(u,) — 0,
then, up to a subsequence, either ||u,|| > 01 or ||uy| — 0 asn — oc.

Proof. By (2.3) there exists a C's, > 0 such that
2
b x
f(s)s < 50\5\2 + O |s]* Vs €R.
2
Thus for any u € WH2(RY),

Fwy =l = | fluds

2%
)

1
> Sl = Callu

where we used the continuity of the embedding W?(RY) — L?>"(R") and
Remark 1.2. Therefore, there exists a §;7 > 0 such that

1
Z||u||2 < I'(u)u for ||lul| < é;. (2.5)

Let (u,) C WH2(RYN) satisfy I’ (u,,) — 0asn — oo. Then, up to a subsequence,
either
limsup ||u,|| < d1 or liminf ||u,| > d;.
n—00 n—00
For the first option, we have by (2.5) that
1
zllunll2 < o(1) - [|un|

for n large and therefore lim inf,,_, ||u, || = 0. |
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Corollary 2.6. (i) Ifu e K\{0}, then ||ul| > 01.
(ii) If (un) C WE2(RN), I'(u,) — 0 and liminf,, o I(u,) # O, then ||u,| >
s1.

Corollary 2.7. There exists ado > 0 such that ||v|| 2 gy > 2 forallv € K\{0}.
Proof. Suppose this is false, then there exists a (v,) C K\{0} such that
||'Un||L2(RN) — 0.

By (2.2) this implies that,

”Un”2 = I'(vn)vn + /RN f(on)vn do < CfHUn”%ﬂ(RN) -0,
which contradicts Corollary 2.6 (i). O

Next, we show that for any (u,) C WH2(RY) satisfying (2.1), there exists a
M > 0, depending only on d, so that ||u,| < M, i.e. (PS) sequences are bounded
in WLZ(RN).

Proposition 2.8. If (u,) C WH2(RN) satisfy
I(un) <d, I'(up) =0,
then there exists a M = M (d) > 0 such that ||u,| < M.

Using the translation invariance of I, our arguments are similar to the techniques
used in [5]. In order to prove Proposition 2.8, we need the following results. For any
(un) C WEH2(RYN), ¢ € Nandr > 0 define the family of concentration functions:

Qn,q(r) == sup / u? dx.
{y1,,yq}ERN JUL_ By (y:)

We state the following Concentration Compactness result (see [22, Lemma 4.1]).

Lemma 2.9. Suppose (u,) € WH2(RN) satisfies [un |72 gy < M < oo, then,

up to a subsequence, lim,,_, o Qy, 4(r) exists for all g € N, r > 0, and

(i) (N\;), defined by

A= lim lim @, 1(m) andforq>1,

m—00 N—r00

qg—1

Ag = lim lim Quq4(m)—> N,

m—00 n—00 1
1=

is a nonnegative, nonincreasing sequence satisfying

q—o0

q
lim Z A\, < M.
=1
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(ii) For each \; > 0, there exists a (y;.,) C RY satisfying

|yi,n - yjml — 00, Vi 7& j!

and given any q > 1 with Aq > 0, for any € > 0, there exists a R > 0 such that

q
lim sup Ai — / uy dr
iz:; BT(yi,n)

n—oo

< €,

foraallr > R.

Remark 2.10. From the proof of Lemma 2.9, we note that, for A, > 0 and R > 0,
the sequences (y; ,) C RY are chosen so that

1imsup/ Ui dxr = lim Qn,q(r)a
VT By (yin) n—00

n— oo

for all » > R. We also note that Lemma 2.9 is a generalization of P.L. Lions
Concentration Compactness Lemma [9] and is a reformulation of a result in [10].
If A\ = 0, the sequence (uy, ), vanishes. If, on the other hand, A; > 0, then (u,,) is
non-vanishing.

Proposition 2.11. If (u,) C W12(RYN) satisfies
lun] = 61, I(un) <d, I'(un) =0,
then wy, := uy,/||uy|| is non-vanishing.

Proof. Seeking a contradiction, suppose (w,,) vanishes, i.e.,

lim sup / w?dr =0, VR>O0. (2.12)
n— o0 yERN BR(y)
Observe that
f(un)un dr = ||un||2 + 0(1) : HunH
RN
Thus,
lim Mwﬁ dr = 1. (2.13)
n—oo RN un
Set

anz{xeRN;Mgbo—éao}.

Since 1 = ||w,||?> > b0||wn||2L2(RN)’

Mwidwﬁ bo—l(so / widxﬁl b0_150 <1
Kn, Un 2 K b ?

n
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thus, by (2.13),

lim 7f(un)

w2 dx > 0. (2.14)
n—oo RN\K,,, Up,

Next we show that m (RN \K, n) — oo (here m denotes the Lebesque measure on
RM). Since (wy,) is bounded in W12(R"), it follows from (2.12) and a lemma of
P.L. Lions (see for instance [21, Lemma 1.21]), that w,, — 0 in L2¢(R”), where
1 < q<2*/2.Thusif m (RM\K,) < oo,

/ Mwi dr < Cf w? da
RN\K, Un RN\K,

< ¢y (/ |w, |2 dz) (m BRMK,)) 7 =0,
RN\ K,

which contradicts (2.14). By (f3),

d> I(un) — '(up)un = | H(uy)dz > / H(u) da.
RN RN\K,,

Since H(u,) > 6o on RV \ K,,, this implies that
d> / H(uy)dx > dom (RN\K,) — o0,
RN\K,

which yields the desired contradiction. a
Corollary 2.15. If (u,,) C WH2(RY) satisfy

I(uy) <d, I'(uy) — 0,
then either (i) ||un || — 0 or, (ii) (uy,) is non-vanishing.

Proof. Suppose (i) does not hold, then by Lemma 2.4, ||u,, || > ;. For contradiction
suppose (ii) fails, i.e. (u,,) vanishes. Since

[t | 1
Wnp| = < —u
1= G = 5
this implies that (w,, ) vanishes, which contradicts Proposition 2.11. O

Proof of Proposition 2.8. Seeking a contradiction suppose ||u,, || — oo. Set w,, :=
U /||un||. By Proposition 2.11, (w,) is non-vanishing, i.e. there exists pg > 0,
Ro > 0and (y,) C RY such that

dz > po. (2.16)
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For each component (y%),i = 1,..., N, set k\, := [y’ /T;], where [x] denotes
the integer part of x. Then

N 1/2
’(k‘}lTl, ,k{.LVTN) —yn’ < <ZTZ2> =T

=1

and therefore

lim (Th,wn)? dz > lim w? dx > po. (2.17)
n—oo n— oo
BR0+T BRO (yn)
Set w} := 73w, and u} := 74 u,. Using the invariance of || - || and I under the

translations 7:
I(ul) =TI(up) <d (2.18)
I’(lel) = I'(u,) — 0.

Thus, up to a subsequence, w) — w in WH2(RY), w} — win LE (RY). This,
together with (2.17), implies that w # 0. Next we show that,

—Aw + b(z)w = aw, z € RV, (2.19)

i.e., a is an eigenvalue of the operator —A + b. This would contradict the fact
that under (bg)-(b1), the Schrédinger operator —A + b has only purely continuous
spectrum [14, Theorem XIII.100]. In order to show (2.19) it suffices to show

/ VuVe + b(z)wp dr = a/ wedr Yo € CPRN). (2.20)
RN RN

Fixing an arbitrary ¢ € C§°(RY), (2.18) implies that

1
- VwiVe + b(z)w)edr = o(1) + - Eﬁ”) wlpda.

By virtue of the weak convergence,

/ VwiVe + b(z)w) o dr — VwVe + b(x)wp dz,
RN RN

and to complete (2.20), we only need to establish

1
f(uln)wrllgo dr — a/ wep dx. (2.21)
RN Uy RN

Clearly wlp — wpin LY(RY). Set N := {x € RY : w(x)p(z) # 0}. Since we

may assume that ¢ # 0, m(N) > 0. For any z € N, ul (x) — oo which implies

that
flun(@))
ug, ()
and (2.21) follows from [20, Lemma A.1]. This completes the proof of Proposition
2.8.
We end this section with an important result that describes the lack of compact-
ness of 1. First we need the following lemma:

—a VY EN,
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Lemma 2.22. If(u,) C WL2(RN) satisfy I' (u,)—0, andu,, — vinWH2(RYN),
thenv € K and I' (u,, — v) = 0.

Proof. The fact that v € K is easily verified, see for instance [20]. We also note
that, in order to show I’ (u,, — v) — 0, it suffices to show

[ = 0) = f() + 50 wde = o) - ]

for all w € WL2(RY). Under (f1) and (f2), this is the content of [20, Lemma
3.7]. a

Proposition 2.23. Suppose (u,,) C WH2(RN) satisfy

lim inf I(un) >0, I(uy) <d, I'(u,) =0,
then there exist| = 1(d) € N, {v;}._, € K4/{0} and corresponding {k; ,}\_, €
ZN such that

l
=Y 7 vill = 0,
i=1

and
|kin —kjn| = 00 Vi#j.

Proof. By Corollary 2.6, ||u,|| > 61 which implies that (ii) of Corollary 2.15
holds, i.e. (uy) is non-vanishing. Thus, by Lemma 2.9 and Remark 2.10, there
exist constants py,m; > 0 and a sequence (y;.,) C R such that

lim u? dr = lim Qn,1(m) > p1, (2.24)

n— oo B (y1.m) n— 00

for all m > m;. As in the proof of Proposition 2.8, setting Fln = [[yin/Tl]] and
U1, =Tf, Un yields

/ (u1.n)* dx < / u? da < / (u1,n)* dav. (2.25)
B, (yl,n) B'm+T

m

Since I(u1,) = I(uy) < dand I'(u1,,) = I'(u,) — 0, by Proposition 2.8
lu1,n|| < M(d). Thus, up to a subsequence, uy , — vy in WH2(RN), ug ,, — v
in L? (RY). By (2.24), (2.25) and Lemma 2.22, v; € K\{0}. Also, by (f3) and
Fatou’s Lemma

d = liminf H(uyp)de > H(v)dx =1(v1),

n—o0 RN RN

thus v; € K%\{0}. Next, observe that

lim (lim / (ulm)2 dx) <) < lim <lim / (uLn)2 dx) ,
m—r 00 n—oo B'rn, m— 00 n— o0 B'71L+T
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re, A\ = Hv1||%2(RN). Set ug , = u1,, — v1. By Lemma 2.22, I'(u2,,) — 0 and
therefore, by Corollary 2.15, either (i) ||uz,,|| — 0 or (i) (u2,,) is non-vanishing.
If (i) occurs, then we have completed the proof with [ = 1 and &, ,, = —Elm.

Thus suppose (ii) occurs, i.e. there exist constants pa, mo > 0 and a sequence
(2n) € RY such that

lim (ug,n)2 dx > pa,
n—o0o Bon(2n)

for all m > my. Clearly |z,| — co. Let € > 0 be arbitrary. Choose a N = N (¢)
such that

/ (711)2 dr —e < / Uy pv1 dr < / (Ul)Q dx + 57
Bm(2N) B (2n) B (zn) 2

foralln> N where m is fixed. Increasing IV, we may also assume that fB () (v1 )2
dr < § Thus

lim U1,V de = lim (v1)*dx = 0,
n—oo B (zn) oo Bm(zn)

and therefore
lim (ugn)? dz = lim (u1,n)* d.
n—oo Bm(zn) n—oo Bm(zn)

Then

/ u? da < / (uy.n)* dx < / u? dz,
B, (zn+y1,rz) B, (zn) BnL+T(Z71+y1.n)

and since we may assume Y2 ,, = zp, + Y1,n, We conclude that

A2 = lim lim (ug,n)? d.
m—00 Nn—00 B (2n)
As before, there exists a (kz.,,) € Z" and vy € K¢/{0} such that Th,  U2n — U2
_ 2 '
wnd b2 = 12z " ..
Once again, setting uz n, := Tg, Usa,, — V2, either (i) [lug,nll = 0, or (ii) (us )
is non-vanishing. Continuing this process, we obtain a sequence (v;) € K%\{0}
with A; = [|vi]|3. (rwv)- It remains to show that this process terminates after a finite
number of steps (i.e. there exists a [ € N such that (i) occurs after [ steps). Since,
1 M?(d)
2 2
l[unllz2 @y < %llunH < T

Lemma 2.9 yields

oo

M?3(d
Z HU'L'||2L2(RN) < (d) < o0,
i=1 bo

and we conclude by Lemma 2.7 that there exists a [ € N (which depends on d)
such that [|v;[|7> gy = 0 foralli > L. i
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Remark 2.26. We note that all the results in this section are completely independent
of (). Thus Palais-Smale sequences behave in a similar way when () is replaced
with certain weaker conditions.

3. A criterion for existence

Let F := K¢t /ZN | then under () F is finite. For any [ € N, define

k
T(1):= {ZTji”i:l <k<lj EZN,viG}"}.

i=1
From a combinatorial result in [3], we deduce that 7 (1) is a discreet set, i.e.
pl) = inf |z — yll s 3 £ y € T} > 0.

By Proposition 2.23, we fix al € N such that, whenever (u,) C satisfy
I'(up) — 0, then u,, — T (). Also, by the discreteness property mentioned above,
we set

ctao
IO

o =sup{y<a: ICCJF'Y K(c)} > 0.

Proposition 3.1. There exists a finite, non-emptyC C K(c) such thatforalle < %,

r < ﬁu(i) and p € N, there exists an ¢; € (0,€) and g1 € I satisfying

(i) maxieo1)I(g1(t)) < c+ <t and
(i) 1(g1(t)) = c — €1 = g1(t) e N, (C).

Since the proof of Proposition 3.1 is similar to the equivalent result obtained
in [3], we will not provide any details. We do however note that Proposition 3.1
follows from a suitable deformation result. Since the Palais-Smale condition fails,
we lack a positive lower bound for I’ outside some neighborhood of X and the
standard Deformation Theorem does not apply. However, due to Proposition 2.23,
we have the following:

Proposition 3.2. For any r < $u(l) there exists a 63 > 0 such that ||I' (u)| > 03
Sorallu € IC+°‘\N£ (T(1)).

Proof. If not, we can find a (u,) C I“““\Nv (T°(1)) such that I’(u,) — 0. By
Proposition 2.23, u,, — T (), a contradiction. O

A variant of the standard Deformation Theorem then follows:

Proposition 3.3. If d € (0,c + «), then for any € € (0,a] and r < 1u(l),

there exists an ¢ € (0,€), n € C([0,1] x WE2(RN), WH2(RYN)) and o €

C (1%%<,[0,1]) such that

n(0,u) = u forallu € WH2(RN),

n(s,u) = u forallu € I9TE,
(n(s,+)) is non-increasing,

4 (1, I*T\N, (KgT9) € 17,
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50 o(u) = 0 for all w € T9\N,(K3*%) and 1(n(o(u),u)) = d — € for all
u € ITFE\N (KF).

6° ||n(o(u),u) —u|| < rforallu € WH2(RN) and

70 n(s,Tju) = 1in(s,u) forallu € WHA(RYN), j € ZV.

See [3] for a proof.

Next we prove a suitable existence criteria for our main result. We also provide
the initial setup for the contradiction argument that occupy Section 4. First, we fix
ang € Nand ji,...,jx € Z"N so that

‘ji _]m| 2 o Vi #m7

implies,

k k
1 k
I Zf”vi” >3 Zl loill > o1 Vi €€, (3.4)
and

k k
I <ZTji’U¢> — ZI(’UZ)
i=1 =1

For | € N, we introduce the following notation:

k
M(l) = {Z%vi D ec}, M= MQ©).
i=1

leEN

k
I (Z Tj,;”i) — ke

i=1

<% Vo, €C. (3.5)

The next couple of results are similar to their counter parts in [3,4], with similar
proofs. We simply state the results here:

Proposition 3.6. There exists a v, > 0 such that if r < i, and w € N, (M*),
then w € I}jgig

Proposition 3.7. Set
1 - &
71 =min | —u(l), — .
71 mln(lzu()7 2,Tk), (3.8)
then for any r <71 andl € N, either

(i) there exists a d; > 0 such that || I'(w)|| > by for all w € N.(M(1)), or
(ii) there exists aw € N, (M(1)) such that I'(w) = 0, i.e. N,.(M(1)) N K # 0.

Set
L :={l € N : (i) of Proposition 3.7 holds for M(I)},
and
W= M.
leL

Combining Proposition 3.6 and Proposition 3.7, we can formulate the following
existence criterion:
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Proposition 3.9. If |L| < oo, then K}t /ZN is infinite.

kc—a

Proof. Assuming L is finite, Proposition 3.6 and Proposition 3.7 yields

Kkere s zN AN, (M(1)) # 0,

kc—a
for all but finitely many [. Since N,(M(l1)) N Np(M(l2)) = 0, if |I; — o] is

sufficiently large, the proof is complete. ad

Thus, in order to prove Theorem 1.3, it suffices to show |£| < co. Towards this
end, we essentially follow [4]. Define the following class of functions:

Iy : ={GeC([0, 1], WH?RYN)) : G = g1+ ... +gx, and g; satisfies (g1)-(g3)}

(1) g; € C([0,1)*, WEL2(RN)) forall 1 < i < k;

(92) Setting 01 = (tl, N ,tifl, 0, ti+1, N ,tk) and
1, := (tl, ceeytiog, 17t7;+1, Ce 7tk), we require gl(Oz) = (0 and I(gl(lz)) <
Oforalll <i<k;

(g3) There exist compact sets S; C R such that S; N S; =0 foralli # j and
suppg; C S; forall 1 <i < k.

Note that, if g; € I satisfies (g3), then G(t) = S, g;(t;) € . Set

¢k = inf sup I(G(t)).
GElk tef0,1]% (G(®)

To show that L is finite, we argue in the following manner: Seeking a contradiction
suppose |L| = oo, then we construct a G € I, such that

I(G(t)) < ke —e,
where € > (. This would contradict the following:

Proposition 3.10. ¢, = kc.

The construction of such a G occupies Section 4. We close this section with the
proof of Proposition 3.10.

Lemma 3.11. Let g; satisfy (g1)-(g3), 1 < i < k. Then there exists a t € [0, 1]
such that

1(gi(t)) = c,
forall1l <i<k.
Proof. See [3, Proposition 3.4].
Lemma 3.12. ForanyucW?12(RY)ande, e*>0, there existsa R = R(e, e*) > 0

and w* € WY2(RN) such that (i) |u — u*|| < €, (ii) |[I(u) — I(u*)| < ¢ and
(iii) suppu* C Bryi.
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Proof. Forany R > 0, let xp € C*°(R™*,R) satisfy |xz(s)| < 2and

(s) = 1ifs<R
XE\S) =30 ifs > R+ 1.

For any u € W12(RY) set

u”(x) = xr(|z))u(z).

We claim that for R sufficiently large, «* defined above satisfies properties (i)-(iii).
Property (iii) is obvious. Set

V(R) = [lulle

Note that

lu —u*|]? < |Vul? + b(z)u? do

|z|>R

_|_

/ IVxru|? + b(z)(xru)? dz|.
R<|z|<R+1
A calculation yields |Vxru|? < 2(xpu)? 4+ 2x%|Vul. Thus,

/ |Vul? + (b(x) + 1)u? do
R<|z|<R+1

< A(R) +87(R) + Sr(R) < (8 - gbo) A(R).

lu—w*|* < v(R)+8

bo bo
Choosing R large enough such that v(R) < 86_:330, property (i) holds. Finally, by
2.2),
. 8+ 9b0
1 - 10 < (24 ‘/
|z|>R
+ / F(xgru)dz
R<|z|<R+1
C
< (¢ +2- L) (R).
bo
Once again, choosing R large enough completes the proof. a

Proof of Proposition 3.10. Lemma 3.11 yields

sup I(G(t)) = sup I(g;(t)) > ke,
te[0,1]k te[0,1] Z
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for all G € I'y. Hence ¢, > kc. Let € > 0 and choose a g € I so that

€
sup I(g(t)) <c+ —.
Sup (9()) o%

Since [0, 1] is compact, we may apply Lemma 3.12 to obtain a R > 0and gerl
so that supp §(t) C Bp, , and

sup 1(§(1)) < ¢+ .

te[0,1] k
Choose my, ... ,my € ZV so that 7, Bjy | (T, By, = 0 foralli # j. Then
k
G(t) = ZTmig(ti) € Iy,
i=1
and
k
sup I(G(t)) < Zl(g(ti)) <kc+e
te[0,1] =1
Since € > 0 was arbitrary, it follows that ¢;, < kc. O

4. Construction of G

Assuming | L[ = oo, we construct a G € Iy with supge(o 1x I(G(t)) < ke. Since
this contradicts Proposition 3.10, we conclude that |£| < oo and by Proposition
3.9 the proof of Theorem 1.3 would be complete.

Let

_ . ap 047
—,— . 4.1
e<m1n(2,40> 4.1

Step 1: The construction of G1
For r < 71 and € < €, by Proposition 3.1 there exists a g; € I" such that

2¢
1 t)) < —
(gl( )) <c+ 6k7
and

I(g1(t)) > ¢ —2¢ = gi1(t) € N-_(C).

16k

Since [0, 1] is compact, we may apply Lemma 3.12 to obtain a gy € I" and Ry > 0

such that [|go(t) — g1 (t)| < 1&z- [1(90(t)) — I(g1(t))] < 3¢ and suppg:(t) C
Bpr,+1 forall ¢t € [0,1]. Thus,

T(go(t)) < 1(g0(0) = I + L@@ St 1, (42)
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and
(k+1)e 2¢ (k+1)e
I >c— — +1 >c—
(90(t) 2 e = T2 5 S H(ga (1) 2 e - S
= 1(g1(t)) > ¢ =2 = g1(t) € Nz (C)
= go(t) € Nz (C).
Forl € L, set
k
) = Zﬂﬁgo(tz)
i—1
For notational convenience we set g = Ry + 1, and
ﬂ = 71?I£1Tfn |leiBR+1 — lemBRJ’_ﬂ . (43)

We require that 5 > ﬁ, where B is free for the moment. We note that, since it is
assumed that £ is infinite, § can be made arbitrarily large.
If 6 > 0, then Gy € I} and

supp G1(t U Tij; BR

Thus I(G1(t)) < kc+ e and for any 1 < m <k,

I(G1(t)) > ke — e = I(go(tm —I—Z (go(t;)) > ke —e
i#Em

= I(go(tw)) + (k= e+ % >
= 1(go(tm)) > ¢ — 2€ = go(tm) € Nz (C),

whichimplies G4 (t) € Nz (V). We complete Step 1 by summarizing the properties
of Gy € I[:

(Gl)l I(Gl(t)) < kc+e,
(Gl)g I(Gl(t)) >kc—e= Gl(t) c N% (W) and

(G1)s suppGi(t) € Uiy 75, B

Step 2: Construction of Gy via a deformation of G

The idea is to construct a deformation of G from I*¢*€ to I*°~¢ using the
gradient flow. This amounts to showing that there existsan € C([0, 1], W12(RY))
and 0 € C(WL2(RY),[0,1]) such that

1(0,G1(t)) = G1(t) and Ga(t) := n(o(G1(t)), G (t)) C IFee.

This follows exactly as in [4, Section 4, Step 2]. We summarize the basic properties
of Ga:
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(G2)1 1(Ga(t)) < ke —,
(G2)2 [|G2(t) — G1(t)|| < 2rand
(G2)s Ga(t) = Gi(t) fort = 0;,1,.

At this point we note that, if also Gy € Iy, then by (G2); our proof would be
complete. However, due to the way in which G5 was constructed, property (gs3)
may no longer be satisfied. The rest of this section concerns itself with modifying
or “cutting” (G2) into disjoint pieces without compromising the crucial energy
estimate (G2)1.

Step 3: Construction of G3 via a smooth approximation of G

Let p € C5°(RY) be a properly scaled mollifier, i.e. p > 0, [z~ pdz = 1and
supp p C Bj. Then we set

G (6)) = J..Ga(O)e) = [ o (

It is well known (see for instance [7]) that G* € C([0, 1]*, WL2(RYN)), G*(t) €
C>(RY) and for any € > 0 there exists a €, > 0 such that

|G*(t) — Ga(t)|| <&
By (G2)3 and (G1)3, we note that for t = 0;, 1,

r—y

) G (8) () dy.

€x

supp G* (t) = supp J., G (t U T, Br .-

Thus choosing €, small enough, we may assume

k
supp G*(t) C U 715, Br

for t = 0;, 1;. Also note that, since go(0) = 0,

supp G*(0 U i, BR-
n#i

Setting € = min (5, —31(go(1))), we also choose e, << 1 such that

27

IT(G" (1)) — I(Ga(t))| <& and [ G*(t) — Ga(t)] < .
Then, by (Gg)l, (G2)2 and (G2>3,

G ®) < ke 5, 1G°(®) = Gu(®)] < r, 1 (G (1)l 5s) <0

Using the techniques of Lemma 3.12, there exits a R > 0 and G3(t) € C°(RN)
such that
1G3(t) — G*(t)]| <

1(Gs(t)) — I(G*(£))] < <, supp Gs(t) C B,

W

<’
8’
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for all t € [0, 1]*. We also choose R large enough such that U¥_, 7;, Br C Bpoy
and

|0Bp,, — 75, Br| > B+2, foralli=1,... k. (4.4)

We complete Step 3 by summarizing the properties of G'z:

(G3)1 Gs(t) € Cg°(RY) and supp G5(t) C B,

(G3)2 1(Gs(t)) < ke — 14,

(G3)s [|Gs(t) — Gi(b)]| <,

(G3)4 suppGs(t) € Ule 75, Br for t = 0;,1;, supp G3(0;) C Ufwg 75, Br

and (Gg( i)\%BR) <o.

Step 4: Modifying G3

Set
k

S={r€Bp,,:7¢ UleiBR}

i=1
and R
H(t) := {v e W"(S) : |jv||s < 4r and u = G3(t) on HS}.

By (G3)3 and (G1)3,
1G(t)]ls = IGs(t) — Gi(t)]|s <7,
which shows that G'3(t) € H(t) and H (t) # (). Define

I5(0) = 5lol3 = [ F)do

m(t) ;== inf Ig(v).
vEH(t)

and

Step 4.1. There exists a unique © = 0(t) € H(t), which depends continuously on
t, such that Is(0) = m(t).

We first show that if I () = rh(t), then ¢ lies in the interior of H (t). By (2.3),
there exist a C's > 0 such that

b .
F(v) < §0|v|2 + Cglv[?".
Thus, by the Sobolev imbedding, there exists a K7 > 0 such that
1 « X
[ P de < Gl + CurE ol

Let 72 > 0 satisfy:

x x 1
CsK7 (472)% 7% = 3
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then if r < 75 and v € H (t),

1
[ Fyds < 110l
s
which implies that
1
Is(v) = 7 llv]3-

Next, note that

. 3 5 3 2

m(t) < Is(Ga(t)) < {IGab)]3 < 7.
Thus, if ||v]|s > 2r, then

Is(v) > r? > Is(Gs(t)) > m(t),

and we conclude that ||9]|s < 2.

Let (v,) C H(t) be a minimizing sequence, i.e. Ig(v,) — 7 (t). Since
|unlls < 47, up to a subsequence, v, — © in H(t), v, — © in L?(S). Since
F(v) < $C|v]?, F(v,) = F(9) in L*(S) (see [21, Lemma A.2]) and

m(t) = lim Is(v,) > Ig(0) > m(t),
n—oQ
which shows that 7i(t) is achieved.
Since f € C' and S € C, standard regularity arguments show that ¢ €
C?7(S),0 < v < 1, and is a classical solution of

—Av +b(x)v = f(v) inS }

v = G3(t) on JS. (.5)

Finally we show that for r sufficiently small, v is unique. This would immediately
imply that ©(t) depends continuously on t. Seeking a contradiction, suppose W # ¥
solves (4.5). Then

1
o=l = [ (#6) = f(@) (=) do = [ @=0)* [ f(o-to-0)dedo

By (f1)-(f2), f'(s) = 0as|s| — 0and f'(s) — a as|s| — oco. Thus, there exists
a C§ > 0 such that

S

f'(s) < 3+ Cyls| ™.
Using Holders Inequality with p = ~ and p’ = % yields
~ A (12 bO A A2 AT ~ - N4—2
[0 =% < 5 [ (=) d+ ol 5) (102 ) + Il )

IN

1 N A 112 / 2115 ~ 112 - N N42
o —wlls + CeKillo — s (Kllolls + Kullwlls) ¥

4
-2,

IN

Lo L
Slo =I5 + C5KT [0 — |5 (K (2r))
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Let 73 > 0 satisfy

Then, with r < 73,

which yields the desired contradiction, and completes Step 4.1.

Step4.2. Set D, :={x € S : |[x—0S| > p}. Then there existsa K > 0, depending
only on p and N, such that

[6llL(p,) < K [[0]s-

Fix any arbitrary x € D,,. Define

B;i:=B . (x), i=1,...,5+1

2(5+1)

where 1 < j < oo is free for the moment. (The integer j would later be determined
in terms of N.) Note that B; C S. Since & € C%7(S) solves (4.5), the elliptic L
estimates (see [7, Theorem 9.11]) yields

1ollw2r ) < K1 (10le ) + 1f O] r(8,)) (4.6)

foranyi <n < j+1and 1 < p < oco. Since 7 runs over a finite range, we can
assume that the constant K7 > 0 depends only on N and p.

By the Sobolev-Rellich-Kondrachov Imbedding (see [7, Theorem 7.11]) there
exists a Ko > 0 such thatif p > % then

9]l By < Kall0llw2r(B,)- 4.7)
We will also make use of the Gagliardo-Nirenberg inequality in the following form:
1ol e (s < a0l s, 180 1a (5, (4.8)

where 1 < d,q < oo, K3 > 0 and

1 1 2 1

- = - - = 1—7)-.

=7 ( p N) + (=) .
As before, we may assume K, K3 to be independent of B;. Finally, note that, for
any 1 < p < oo,

If @) erBy < CrllollLe(sy)- 4.9

o Set p; = 2*. For the remainder of this step the positive constants k,,, K, and
K, are chosen independent of B;.
Casel. N <6

Then p; > % Set 7 = 1. By (4.9), (4.6) and the Sobolev Imbedding

[ollwzri (B) < Ki(L+ Co)l0] o1 (By) < Frll0llwrz(sy) < k2l|dlls.  (4.10)
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By (4.7), this implies
[0 (B) < Ka|0]]s-

Case2. N =6
Then p; = % Set 7 = 1. Setting t = 0o, d = p; and v = 1, (4.8) and (4.10)
yields
[0l Lo (By) < Ka2|0]]s.

Case 3. N > 6
Thenpy < 5. Setj = [M7%] + 1. Let - = - — . By (4.8) withy = 1 and
(4.10)
[0l 21 (B;10) < KallOllweer (1) < Fal|0]ls-

Then, by (4.9) and (4.6)
[0lw2.er 5,y < kall0]s-

Continuing this process with,

1 1 2
t; tii N
yields
[ollw2ti (B, < Kill0l]s-
Note that
1 20 N —2(1+2i)
t; 2 N 2N
and therefore
WX
TN 2t 2(N) 2
We conclude by (4.7) that

9]l oo (By) < Kool g,y < Ksllvlls-
(B1)

Since the above holds for all z € D,, and the constants K ; are independent of
B, we have completed Step 4.2.

Step 4.3. U is exponentially small in certain annular regions contained in S.
Define the following sets:

M:={zcR" :R+1<|z|<R+[+1}and S; =7, M.

By (4.3)and (4.4), S,,N7y;, B% = O forallm # i,and S; C D foralli = 1,... , k.
Set S := UF_, S;. Using elliptic estimates similar to [4, Section 5, Step 4] it follows
that, for

p

. 1
Ai::lei{xERN:R+§+§§|x|§R+

g

5 1 S’i7
2+ }C
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and w := min(1, by), it holds,
% () §2§26_‘”% cosh% forze A, i=1,... k. 4.11)

This completes Step 4.3.
To complete Step 4, define

We summarize the properties of G4:

(G4)1 By (G3)2 and the definition of 0(t),
1(G4(t)) < I(G5(t)) < ke — i
(G4)2 G4(t) € C?%(S), and there exists a constant A; > 0 such that
Ga(t)(z) = d(t)(z) < A5e % forallz € A i=1,... k.
Step 5: The construction of G

Set

B
2

g

5 7 .
Ai::nﬁ{xERN:R+ +§§|x|§R+§+§}CA,;.

Let (3 € C*(R, R) such that [(5| < co, for some positive constant cp, and
_flifs<R+5+3
Cals) = {0 ifszR+§+§.

Fori=1,...,k, define

Ga(t)(x) ifxEleiBRJrng%
Gi(t)(x) := { Ca(lx — 745, )0 () (2) ifz € A,
0 otherwise.

Step 5.1. g,(t) satisfies (g1)-(g3)-
By (G4)1, we see that g, satisfies (g1 ). Since 3 > 0, g; satisfies (g3). If t = 0;
or1;, by (Gs3)4,
Gs(t)(x) =0 forz € S.

This implies that ¢(t)(x) = 0 for x € 9, and by uniqueness (t)(z) = 0 for
z € S. Thus, fort = 0, or 1;,

[ Ga(6)(@) ifa €y, Br
g:(t)(z) = {0 otherwise.

Finally, by (G3)4, this implies that g, (0;) = 0 and (g;(1;)) < 0, which shows
that g,(t) satisfies (g2) and completes Step 5.1.
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Setting

we have just shown that G € Iy.

Step 5.2. I(G(t)) < ke — £.
We first provide some additional uniform estimates for ¢ on A;.

Step 5.2.1. There exists a constant As > 0 such that
N —wp
|0(t)[[cr(a,) < Aze™

foralli=1,... k. R
Fix any arbitrary z € A;. Set O := B%z(x) and O := B (). Note that

OccOcc A, By (4.6), for any 1 < p < oo,
lollwzso) < Ki (IF0) o) + I8l ) -

Choose /3 large enough such that A;e=“% < 1. Then, by (G4)2, |0(z)| < 5 forall
x € A; and we conclude that

S

A 0 (|
||f(v>||Lp((§) < ?HU”LP(@)'

Thus,

B
1

=

) bo\ .. b\ . .
filwarcoy < K (145 ) lilncoy < K1 (14 % ) dsse% n(O)

—wB
:K26 W

)

where K5 depends only on N and p. Fix a p > N, then there exist a K3 > 0 such
that )
[0llcr o) < Ksllollw2ro) < Kae™* 5.

Since the above holds for all € A;, we have completed Step 5.2.1.
Set A := Ui;lAi, and

I = ‘/A %(Wé(t)\z +b(2)G(t)%) — F(G(t)) da

I = /A %(WGM)IQ +b(2)Ga(t)*) — F(Ga(t)) du

Since G(t) and G4(t) agrees everywhere except on A, by (G4)1,

I(G(t)) < ke — i +|I(@(t)) — I(Ga(t))] < ke — i Ty A
To complete Step 5.2, it suffices to show 1, I < %.

Step 5.2.2. I} < ﬁ.
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Note that
& k
1 - 1 C _
I = Z(ngi(t)a; /. F(gxt))dw) s2(1+bj)Zlgi<t>lli
i=1 : =1

By the uniform estimates of Step 5.2.1:
lg:(©)11%, = /A V¢alz =75, 0(2)]” + b(a) (Gsle — T, ]6(x))? da
< 2c0/ V()2 + (b + 1)8(x) do
) m(A).

J<l
2

S 200 (1426_“)g + AQ(E + 1)€_w
Choosing B >> 1 such that

2¢0As (e_“’g b+ 1)e—w§) m(A) < ———, 4.12)

for all 8 > B, we conclude that I; < 5.

Step 5.2.3. I, < &
As in Step 5.2.2, we have that

3 1(1+)Z||v IR

and , o
[, < (Aze™ % + Azhe% ) m(Ay).

Ifﬁ satisfies (4.12), then I < %, and Step 5 is complete.
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