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Abstract. In this paper we prove existence and precise decay estimates at infinity of solu-
tions to the Bogomol’nyi system of the static Einstein equations coupled with the Maxwell-
Higgs fields with translational symmetry in one direction. The equations model cosmic
strings(or superconducting strings) in equilibrium state. The Higgs fields of our solutions,
in particular, tend to the symmetric vacuum at infinity. The construction of our solution is
by the perturbation type of argument combined with the implicit function theorem.

Mathematics Subject Classification (2000): 35J60, 49J40, S8E15

1 Introduction and the Main Theorem

Let us consider the (3 + 1) dimensional Lorentzian manifold (M, g,,,,), where g,,,,
is a metric with signature given by (—, +, +, +). We denote g"¥ for the inverse
matrix of g,,,. We raise and lower the tensor indices by g#” and g,,. On this
manifold let us introduce the Lagragian,

1 1 1
L= 10" FuFag + 59" (Dud)(Duo)” + S = 0%, (LD

where ¢ is a cross section on a U (1)-line bundle, called Higgs field, A = A, dz* is
a (gauge) connection 1-form, called the Maxwell field, F' = dA = %F wdzt Adx?
with F,,, = 0,A, — 0,4, is a (gauge) curvature 2-form, and D = d —iAis a
(gauge) covariant derivative. We denote ¢* as the complex conjugation of ¢. o > Ois
called the symmetry breaking parameter. Let /), = % 9" (OvGap+0u9ar—0a9uv)
be the Christoffel symbol, representing the Levi-Civita connection on (M, g,,,,),
and let
RC, =01 -0, +II% —ITkI?

vpT vp pat TV Tot TU

be the Riemann curvature tensor on the manifold. Let R, = R, and R = R be
the Ricci tensor and the scalar curvature of the manifold respectively. Let G > 0 be
the gravitational constant. Then, the Einstein equations coupled with the Maxwell-

Higgs fields are

1
R, — igwR =81GT,., (1.2)
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where the energy-momentum tensor 7T},,, given by

Ty = 9°" FuaFup + 5 [( u®)(Dv@)" + (Do) (Dud)’] = g £, (13)

coupled with the matter equations,

1 v _ 1 2 2
T Du(VI9ID0) = 510f = e, (14
and

1 1 " N
ﬁg)@(gﬁwgaﬁ 9|Fus) = 59“”[¢(Du¢) — ¢" (Do)l (1.5)
where we denoted g = det(g,,,). We assume that our metric is static and transla-
tional invatiant along a spatial direction, say along the x5 axis. More precisely, we
assume our metric is of the form

ds® = Juvdxtdx” = —dt? + da? + 'yijdmidmj,

where ;7,5 = 0375 = 0, and M = R? x M. We also assume that our matter
fields A,,, ¢ depend on x4, z2, the coordinates of Mo, and A, = (0, A1, A2, 0).
We denote below A = (A1, As). In this case it is known ([13,18]) that the system
(1.2)—(1.5) posess the self-dual equations,

K., = 87GE, (1.6)
(D; + il Dy)¢ = 0, (1.7)
" Fip £ (|9)* — %) =0, (1.8)

where K, is the Gaussian curvature of (Ms,;;), € = Ty is the energy density,
€;k is the Levi-Civita skew-symmtetric tensor with the normalization €12 = /7,
where v = det(;;). The Bogomol'nyi system, (1.6)—(1.8) represents a model for
cosmic strings (or superconducting strings) in equilibrium ([10,19]). We further
assume that our reduced manifold, (M, ;;) is conformally flat, namely there
exists a function 1 such that

"Yij = e”dij. (19)

Following [20], we make a scale transform, z — Z,¢ — 09, A; — o A;. Then,
the energy and the Gaussian curvature transform as 8 — o4&, K, 02K Then,
following standard Jaffe-Taubes’ procedure [9], we represent

m

U .
¢ =exp §+zanArg(z—zj) ,
j=1

where the zero set of ¢, Z(¢) = {2}, C C = R? is prescribed together with
their multiplicities {n; };": 1- We can thus reduce further the system (1.6)—(1.9) into
the semilinear elliptic system for (u, 1)

Au:e"(e“f1)+47r2nj5(zfzj), (1.10)
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A(n + ae”) = ae(e* — 1), (L.11)
where we set
a = 4rGo?. (1.12)

The system (1.10)—(1.11) is our basic equations to solve in the following sections.
We want to solve (1.10)—(1.11) under the finite energy condition

/ Ee'ldx < oo, K, eldx < oo. (1.13)
R2 R2

Here we note that, in terms of u, n, £, K, and F1, have the representations,
1 _ 1 w
KW:—§e TAn = af, F12=—§€n(6 - 1).

A solution pair (u, n) satisfying (1.10)—(1.11) generates a static finite energy solu-
tion (¢, A, g) of (1.6)—(1.8), (and thus solutions of (1.2)—(1.5)) called a multi-string
solution. In particular, we consider the two types of solutions of (1.10)—(1.13) dis-
tinguished by the boundary conditions for u at infinity:

u(xz) = 0 as |x| — oo, (1.14)
and
u(zr) - —o0 as |z| — oo. (1.15)

Physically, (1.14) implies that the Higgs field, ¢(x) has the asymmetric vacuum
(l¢(z)] = 1) at infinity, while (1.15) implies that the Higgs field satisfies the
symmetric vacuum (|¢(x)| = 0) at infinity. Mathematical study of the system
(1.10)—(1.11) is extensively done in [6,16,21]. We also mention that recently there
are many mathematical studies on the similar type of equations arising from other
vortex models (see [1-5,11-15,17] and, in particular [20] for a comprehensive
survey of the subject.). In [6] it is found that the necessary condition for existence
of solution of (1.10)—(1.13)is 0 < aN < 2, and under the assumption 0 < alNV < 1,
general (nonradial) multi-string solutions satisfying (1.14) are constructed in [21].
In this paper, we construct a family of solution to (1.10)—(1.13) satisfying the
condition (1.15) in the full range 0 < a/N < 2. Our method of construction is
a variation of the perturbation type of argument, which has been developed in a
series of papers [1-3]. In order to formulate our main theorem we introduce some
functions. Given ¢ > 0, and § € C = R2, we define

1 .
T VR

T PR (1.16)
aa (14 |ez+6]2)e

Pi,&(z) =
and

8e?
Péla(z) :

= ——. 1.17
: a(l+ |ez + §]2)2 (L.17)
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where z = x1 + x2. We also introduce the associated functions

S%TQN
)= 118
pi(r) (11127 (1.18)
and
()= > (1.19)
p2iT) = a(l+72)2’ '

where = |z|. Below we set f(t) = (a + 1)p1(¢)p2(t). Then, the function w (1)

is defined by
" — 1 1
wi(r) = po(r) {/0 ¢f((‘?_ j;’;( Jas + d)lf(_ zf} (1.20)
with Je 2 ( »
1+ 1—r "
o) = (175 ) U5 [ wtonsoa
and -
—r
po(r) = 112

where ¢ (1) and w1 (1) are defined as limits of ¢ ¢ (r) and wy (r) as 7 — 1. We also
define

Wo 1= awi — ap1. (1.21)
The following is our main theorem.
Theorem 1.1 Ler {n;}7, C N and {z;}7-, € R* be given. We set N =
Z;":l n;. Suppose 0 < alN < 2. Then, there exists a constant €1 > 0 such that
for any e € (0,¢e1) there exists a family of solutions to (1.6)~(1.8), (¢, A%, 75;)

satisfying the finite energy condition (1.13). Moreover, the solutions we constructed
have the following properties:

(i) The Higgs fields ¢ has zeros at {z;}7", with multiplicities {n;}L, respec-
tively.

(ii) The functions ¢c,~y;; have the representations

U | e
b (2) = exp 5 + zzlnjArg(z -z) |, (1.22)
j=
and
Vi = €0y, 4,5 =1,2 (1.23)
with

ue(2) =In pg’(;; (2) + 2wy (e]2]) + €20} (e2), (1.24)
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and
ne(z) =1In pg&; (2) + 2wy (elz]) + £2€5 (e2), (1.25)
where 6 — 0 as e — 0, and

wi (e|z]) = —k11n]z| + O(1), (1.26)
wa(e)z]) = —k21n|z| + O(1) (1.27)

as |z| — oo with

a+ 183 (1 — aN)N!
Ky = ( 2+;) > ( - ) , (1.28)
a= " a Hk:l—N (E + k)

and

a+1)8% (1 — aN)N!
Ky 1= ( 1+l) 5 ( - ) . (1.29)
a- " a Hk:lfN (E + k)

The functions v} and & in (1.24), (1.25) satisfy

[vZ(e2)] + [§2(e2)]
sup <o(l ase — 0. (1.30)
b A TEESTEE

(iii) There exist constants C; = C1(G,0),Cy = Cy(G, o) and functions (31 (),
Ba2(€) defined on a small neighborhood of € = 0 such that

4
16 () = e2) = 2 = & = 51(2) | 1nle] + oftn] )
as |z| = oo. (1.31)
C 1
2 2 1
|D1¢c " +[D2ge|” < PESIEE +o <|Z|§—2N+ﬁ1(a)> as |z| = oo,
(1.32)
Ne(2) = [-4 — B2(e)]ln|z| + o(ln|z])  as|z| = oo. (1.33)
The Gaussian curvature has the decaying property,
a Ue —Ne
‘Kﬁ(x)—f) =0(e"7")  as|z| = oo, (1.34)

2

and determined by comparison of decays between u. and n. as described
above. In the above the functions 31(g), B2(€) satisfy

. Pile) _Pale)
O
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(iv)

The corresponding magnetic flux, total gravitational curvature, and the energy
of the matter part are given by

1
/ Ftyde = 4n (N - ) + w12 + o(e?), (1.35)

R2 a
KZedx = 4m + Trae? 4 o(e?), (1.36)

R?
and
1 R2 o 9

Eedr = = |1+ — 1.37
]R2e T = +45+0(5) (1.37)

as € — 0 respectively.

Remarks.

®

(i)

(iii)

We note k1,k9 > 0for0 < aN < 1,and K1,k < Ofor1 < aN < 2.
Thus aN = 1 corresponds to the “critical" case similarly to the solutions
constructed in [6,21].

Even in the range 0 < a/N < 1 our multi-string solutions are different from
those constructed in [21], since our solution satisfy the boundary condition
(1.15), not (1.14).

We compare our decay estimates with the well-known results on the topolog-
ical solutions in [18]. From (1.10) and (1.11) we find that

m
Alau —n —ae” — 2a2nj In|z — z;|) = 0.
j=1
Thus, for both the topological and the nontopological solutions we can set the
harmonic function h(z) = au—n—ae* —2a Zjnzl n;In |z —z;| = Constant.
Hence,

n(z) = —2aN +a lim u(z) .

(1.38)

The formula (1.38) holds for both the topological and the nontopological
solutions. For the topological solutions, we have lim|;|_, %IZZ)I =0, and

nz) _ 5N
|z|]—o0 In |Z‘

)

which holds for general topological solutions. Namely, for any topological
solution there should be obvious dependence of the decay of 7 on the total
string number V. For the nontopological solutions, in particular, for our family
of solutions (u., 7). ) constructed in Theorem 1.1, we derive from (1.31)

ue(2) _
|z| =00 1D|Z| B

4
N — = — k1% + o(e?),
a
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Hence,

T,E(Z) = —4 — CLK,152 + 0(52) =—4-— 5252 + 0(52)7

and, we obtain lim, o lim,|_, i’é(é\) = —4, which has no dependence on

N . This is not surprising, since, as will be clear in the next section, our solution
7e 18 a perturbation of In po, which is smooth everywhere, and does not have
any dependence on the vortices.

2 Functional formulation

Letusseta € (0, %) throughout this paper. Following [1], we introduce the Banach
spaces X, and Y, as

Xo = {ue LB ®)] [ 1+l ulz)Pdz < oo)
R2
equipped with the norm [Ju||% = [pa (1 + |2[*T*)|u(z)|*dz, and

2
Yo = {u e W22 | |Aul, + | 0) o 0}
Tl

loc 45 llL2(r2)

u(x)

2
m HLZ(]Rz) . We first recall

equipped with the norm ||ull3, = || Aul%. + H

the following proposition proved in [1].

Proposition 2.1 Let Y, be the function space introduced above. Then we have the
followings.

(i) Ifv €Y, is a harmonic function, then v = constant.
(ii) There exists a constant Cy > 0 such that for all v € Yy,

lo(z)| < Cy||v|ly, (In™ |2| + 1), Vo € R?,
where we denote In" || = max{In|z|,0}.

Next, given € > 0, and § € C = R?, we consider the functions p! 5(z), p’s(z)
introduced in (1.16), (1.17) respectively. We note that p 5, p!’; are solutions of the
equations

m

Alnpé(; = —p£f5+47anj5(z—zj) 2.1

j=1
Alnplly = —apll (2.2)

The key idea is that we can view a solution (u,n) of the system (1.10)—(1.13)
together with (1.15) as a perturbed one from (Inp! 5, In pl%) in an appropriate
sense. We set

u—Inply=a, n—Inplls=19 (2.3)
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Then, 4, 7 satisfy

Ad = plspllse™™ M — pllse + pll, 24)
A() + apl ge) = apl spllse™ N —aplls(e? — 1) (2.5)

Next, we make a scaling transform z — z/e, and set

_ L (% _ Nz
i) =a(2). e =a(). 2.6)
and
92(2,6) = ing,é (f) o gt(z0) = 12 ptls (Z) 2.7)
€ €
Below we denote r = |z|, then we find
1
lim g2(2,0) = — 5“:722)3 = pi(r), (2.8)
and
lim 927 (2,0) = ———— — pu. (1) (2.9)
5 FTENERE

where p1 (), p2(r) are introduced in (1.18), (1.19) respectively. Then, we find

Au = e2gl(2,6)9!" (2,8) — e’?+g”(z,6), (2.10)
A(n—l—as 95( de ﬂ) =qe gE(z (5) (z,é) —aggl(eﬁ —-1). (@2.11)

For further transform of the equations we consider w (1), wo(r) defined in (1.20),
(1.21) respectively, which will be shown below to satisfy the systems of linear
ordinary differential equations,

Awy + pawy — p1p2 =0 (2.12)
Aws + apawz + alpr —apip =0 (2.13)
Lemma 2.1 Let k1, ko be the numbers introduced in (1.28), (1.29) respectively.
Then, the functions w1, wsy are solutions in Y, of the system (2.12)—(2.13), which

satisfy the following asymptotic formula

wy(r) = —k1Inr + O(1), (2.14)
wa(r) = —ko Inr + O(1). (2.15)

asr = |x| — oo.
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Proof. From (2.12) xa— (2.13) we obtain
Alaw; —wy —apy) = 0.

We seek wy, ws with aw; — wy — apy; € Y,. Then, it follows that aw; — wy —
apy =constant by ([1], Proposition 1.1). We choose this constant= 0. Then, pows =
apawi —apy p2. Substituting this into (2.12) we obtain the following reduced system
for w1, ws.

Awy + apowi = (a + 1)p1p2, (2.16)
Wo = aWi — ap;. 2.17)

Letus set f(r) = (a4 1)p1p2- Then, it is found in [1] that the ordinary differential
equation (2.18) has a solution wy (1) € Y, given by the formula (1.20). From the
formula (1.20) we find that

T 142\ T
w1 (r) = @o(r) /2 (1 i_ ;) %ds + (bounded function of 7)  (2.18)

as r — 0o, where

I(s) = (a+ 1) / "ot (Dpa(t)t.

Since po(r) — —1 as r — oo, (2.14) follows if we show

I=1000) = @+ 1) [ eolhrmn(pa(r)ar

0

_ (a + 1)81+ (1—-aN)N! (= 1)
a*ta Hk:kN (a + k) .

Indeed, substituting 2 = ¢ in the integrand of I, we have

124(a+1)85 /°° ((1—t)tN it
0

alta 1+¢t)3+a
4 1 1 oo N oo N+1
:M U %dt_/ tht]
0 1+t)3+ o (14¢)*ta
_ 4a+1)8% [ (Nt
alte Hk on (2 +F) Hi:k]\f (2+k)
1)81% (1 — aN)N!
_lat T ( (2.19)
Hk 1— N( )

The formula (2.15), on the other hand, follows from (2,17) combined with (2.18).
This completes the proof of Lemma 2.1. a
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Now, we change of variables @ — ¢%(v+w; ), ) — €2(£+wsq) in (2.10)~(2.11)
to get

Av = ggggleaz(1’+§+wl+“’2) - égi’(e*(““’?) —1) = Awy, (2.20)
A(E+agles” @+0) = qgl gl ee* Hstwrtws) _ ;12 gH (e (EFw2) _ 1) = Aw,.
(2.21)
We introduce functional
P=(P,P):Y, xYy xR? x (—¢g,60) = Xo X Xa,
where P;, P, are defined by
Pi(v,€,6,6) = Av — glglles" (vr&runtus)
+€%g§’(efz<f+w2> — 1)+ Awy, (2.22)
P3(v,€,8,¢) = A€ + agle® ("19)) — agl gl = (vHEtuntuz)
+ 50l (e — 1) 4 Au, (2.23)

The parameter ¢ is chosen so small so that P(-) is well-defined from Y, x Y, x
R? x (—¢p, &0) into X, x X,,. In particular we note that our condition 0 < aN < 2
implies that g!(z) = O(|z|*N~4) = o(1). By standard procedure similar to the
case of [1] we can check that there exists such ¢y > 0. We note, particular, that
due to the conditions (2.14) and (2.15) we can have the continuous extension of
P(-,+,-,&) up to € = 0 by definition P(0,0,0,0) = 0. Then, finding a solution of
(1.10)—(1.11) is reduced to that of finding an implicit function

€ (vs,ég, 55)

satisfying
P(vea 56) 6€a 5) =0.

We note that once a family of solutions { (v}, £*,07)} is found, then our solution

»Ser Ve

(u, n) of the system (1.10)—(1.11) is recovered by the formula,

u(@) = Inpl . (2) + 2w (ela]) + 202 (c2), (2.24)
and

() = plls. (x) + 2wy (ela]) + %€ (ex). (2.25)
We note here that although the nonlinear functional P(-, -, -, ) itself is well defined

at ¢ = 0 by continuous extension remarked above, the formula (2.24), (2.25) are
defined only for ¢ € (—eq,e0) \ {0}, since our change of variables (2.6) is not
defined at € = 0.
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3 Proof of the Main Theorem

Let us introduce functions ¢ defined by

rcosf rsinf

%0+(7”,9) =71 3 607(7”’9) = m-

3.1
et (3.1)

We can easily obtain by direct computation

. 0gl(z,9) 4 . 0gl(z,9) 4

lim Z9e\20 9 __ =z lim e\ %) - 0
ST 00 |y, a T T as, |, o
. 9g(2,0) . 9g(z,0)
BT o |, T e I Tas | T e

Using these results, we compute the linearized operator, A]-] defined by

Alu, 17, B1:=P, ¢ 5)(0,0,0,0u, 7, B1=(L1 [u, ] + M [, Lfu,n]+ Ma[5)),
(3.2)

where

Ll[ua 77] = Au + P21, L2 [U, T]} = An + apa1, (33)

M, [8] = %[(a +1)p1p2 — awapa]py B1 + g[(a +1)p1p2 — awzpalp_ o,

(3.4
and
Ma[B] = 4{[(a + 1)p1p2 — awap2]p+ — Alprp4)} b1
+4{[(a + 1)p1p2 — awapa]p- — Alp1p-)} Ba. 3.5)
(3.6)

Here we set 3 = (031, 52) € R?. For the linearized operator A[-] we will establish
the following key lemma.

Lemma 3.1 The operator A : Y2 x R? — X2 given by (3.2)—(3.5) is onto.
Moreover, kernel of A is given by

KerA = Span{(1,0); (7, 02): (22, 00)} x {(0,0)}. (37)

Thus if we decompose Y2 x R? = U, @ KerA, where we set U, = (KerA)*,
then A is an isomorphism from U, onto X2.

In order to prove the above lemma we first recall the following lemma, which
is established in [1].
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Lemma 3.2 Let Ly be the operator defined in (3.3), then
KerLy = Span{¢4+,p—, 0} . (3.8)
Moreover, we have
ImLy ={f € X,| / fordx = 0}. (3.9)
R2
Next, we need the following:
Proposition 3.1 Let wo solve (2.16)—(2.17), then
I, = /2 {[(a—|— Dp1p2 — awgpghpi - A(plgoi)gai} dzr > 0. (3.10)
R
Proof. From (3.8) and (3.3) we have
Apy = —ap2py.
By integration by part we obtain
Iy = /2 {[(a+1)p1p2 — awapa]pi — pro+Aps } da
R
= / [(2a 4 1)p1p2 — awaps)p?da. (3.11)
R2

Now, we prove (3.10) for I,. The case of I_ is similar. Below we list useful

formulas, which can be checked by elementary computations.

1
— sin? 0Lopa,

1
hpe = 508’ 0Lapa, Plpa= o

16
gaf_ = %erg cos?f, 2 = %rsz sin? 6

Apy = a(2r? — 1)p3.

(3.12)

(3.13)

(3.14)

Using (3.12)—(3.14), and integrating by parts, we transform the integral as follows.

27
2 1
I, = / / { at r2p1p2 16 (ngg)pg} rcos? 0dOdr

20+ 1
/ {(8) r’p1p3 — Tﬁ(ampz — aAm)pz} rdr
0

* (a(2a+1 a? a?
7T/ {()7“2/)10% - —p1p5 + Eplﬂpz rdr
0

8 16
1 o0
_ alet D / 2(a + 1)r* — a]p1 p3rdr
16 0
_ 4(a+1)8ar /00 [2(a 4 1)r2 — a]r2N+1
0

alts (1+ T2)§+4

a

dr (Setting 72 = t)
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_2(a+ 1)8ar /°° {2(a+ v+ N ]d
alts o (1 +t)%+4 (1 +t)§+4
2+ N+ aN!
oy (G+F) Thicsw (2 +4)
2(a+1)(3a+2)8=N - Nl
- altw Hi:sz (% + k)

This completes the proof of Proposition (3.1). O

2a+1)8«r
alta

(3.15)

We are now ready to prove Lemma 3.1.

Proof of Lemma 3.1. Given (f1, fo) € X2, we want first to show that there exists
(v,m) € Y2, 31, B2 € R such that

A(UanaﬁlvﬁQ) = (f17f2)7 3.16)

which can be rewritten as

4
Av + pan + a[(a + 1)p1p2 — awzpa2]p 4 1

+§[(a + 1)p1p2 — awapslp- B2 = f1, (3.17)
and
An+apan +4{[(a + 1)p1p2 — awzpo]py — A(prip+)} B
+4{[(a+1)p1ps — awapa]p— — Alprp-)} B2 = f2.  (3.18)
Let us set

1 1
= — d = — _d 3.19
B iT, /]R2 faoydz, B2 i /]R2 fayp_dx, (3.19)

where I+ > 0 is defined in (3.9). We introduce f by

fa= f2 = Broy — Bao—. (3.20)
Using the fact
2
/ prp_dd =0, (3.21)
0
we find easily
/ foprdr = 0. (3.22)
R2

Hence, by (3.9) there exists n € Y, such that Ay + apan = fg. Thus we have
found (1, B1, B2) € Y, x R? satisfying (3.18). Given such (7, 81, 32), in order to



60 D. Chae

construct v € Y, satisfying (3.17), we consider the following equation, obtained
by (3.17)xa—(3.18),

Alav —n +4p1p4 51+ 4p1p—_P2) = afi — fa. (3.23)
Obviously, the function

o) = = [ il =) (eAa(s) = fal))dy

2ma

1
+;(77 —4p1p4 B — 4pro—_P2) (3.24)

satisfies (3.23), and belongs to Y,,. We have just finished the proof that A : Y,? x
R? — X2 is onto.

We now show that KerA = Span{(1,0); (£=, 0+ ); (£2,¢0)} x {(0,0)}. Let us
consider the equations

4
Av + pan + a[(a + 1)p1p2 — awapa]o4fr
4
‘*‘g[(a + 1)p1p2 — awzpz]p—_ P2 = 0, (3.25)
and

An+ apan +4{[(a + L)p1p2 — awzp2]py — Alpro4)} B
+4{[(a + 1)p1p2 — awzp2]p— — A(p1p-)} B2 =0.  (3.26)

Taking L?(R?) inner product of (3.26) with (., and using (3.8), (3.21) and (3.9),
we find 31 = B2 = 0. Thus, (3.26) implies n € KerLs = Span{y+, ¢o}, where
we used the fact (3.8). When 7 takes each one of 0, 1, ¢ we find that the solution
v € Y, of Av + pan = 01is given by 1, ¢+ /a, po/a respectively. This completes
the proof of the lemma. a

We are now ready to prove our main theorem.

Proof of Theorem 1.1. Let us set U, = (KerA)*. Then, Lemma 3.1 shows that

Pl e.5(0,0,0,0) : Uy — X4 x X, is an isomorphism for o € (0, 1). Then,
the standard implicit function theorem (see e.g. [22]), applied to the functional
P:U, X (—¢€0,g0) = Xao X Xa, implies that there exists a constant &1 € (0, gg)
and a continuous function & — ¢} := (v*, £*, §¥) from (0, £;) into a neighborhood
of 0 in U, such that

P, &, 6%,¢)=(0,0), foralle € (0,e7).

Let (u,n) be the functions recovered by the formula (2.24) and (2.25) . Then
vik = €79, and (A, ¢) defined by the formulas,

olw) = rexp (Su(@) +i 7, niArg(z - 2) )
A; =Re(2i05In¢), Ay =1Im(2id* In¢),
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where we denoted 05 = (01 + i02)/2, form a solution (¢, A, g) of the original
system (1.2)—(1.5). By standard elliptic regularity estimates (see e.g. [8]) one can
easily check that (¢, A, g) is smooth. We now prove the decay estimates in Theorem
1.1. We first obtain easily

[6(a)? = 0%e"®) = O(ja PN~ &), (3.27)
and
@) = O || 42" ol (3.28)
From (1.10) we have the integral representation,

1

:27r

u(z) / In |z — y|e"™ ("™ — 1)dy + 2 an Injz —z;|+C
R2

j=1
for some constant C. Since u(x) < 0 for z € R? (by the maximum principle

applied to (1.10)), taking derivative of u we obtain

2 m

n(y) 1
Vua:2§C’</ ¢ d) ey — —oa (3.29)
[Vu(a) Rrer ) REdMrerr il

as |z| — oc. This estimate, combined with [D1¢|? + |D2¢|* = €*|Vul?, gives
D16 + |Dagl? = O(e") = O(Jz[2N -5~ +e) - (3.30)
From the rescaled form of (1.8) we note
Fip = —%e"(e“ —1). (3.31)
Thus,
|Fia(a)] = O(e") = O(Ja| 42" +o(), (3.32)

In order to estimate the decay of the Gaussian curvature we first note that K., =
—%e*”An for y;; = €"0;5. Now, from (1.11), (1.10)

An = —a|Vul?e" — aAue® 4 ae’ (e — 1)

= —a|Vul?e" — ae"T(e" — 1) + ae(e" — 1),

and a u
K, = §|Vu|2e“_" + 56“(6“ —1)— (e —1).

Thus, using (3.29), we obtain

‘Kw(x) - %‘ — 0@ as|z] = oo (3.33)
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This provides (1.34). We now prove (1.35)—(1.37). From (3.31) and (1.10), using
the Gauss theorem, we deduce

1
/ Fiodx = —= lim @ds + 27N, (3.34)
R2 2 R—o0 Sr 'S

where we set Sg = {z € R?| |z| = R}. For our solution, u(z) = u.(x) given
by (2.24), we compute

Ou, 0 own (glz]) ou?(ex)
ds = —1Inpls.d 2% —d 2]{ —d
j{qR or S jiR o 0 e s S+ € . or S+¢€ . or s

=1, + 21, + 215. (3.35)

Following [1] (pp. 135-138) we easily compute

2 1

and
> 1
.[2 = —27’(’(& + 1)/ gﬁotplpzdt + o <R>
0

—2 1)81*% (1 — aN)N! 1

= Fz(f:j )2 ( D) al) O () (3.37)
a**a [Thoin (E + k) R

as R — oo, where we used the result of the computation in the proof of Lemma

2.1, and finally

sup [I3] < C||villy, < C|lvilu, — 0 (3.38)
R>0

as £ — 0 due to the continuity of € — ¢ in U, on (—&1, 7). Combining (3.35)-
(3.38) with (3.34), (3.33) we obtain (1.35). Similarly to the above by the Gauss

theorem we compute

1 1 0
K eldy = —= Andr = —= lim 9 s
R2 2 R2 2 R—oo Sgr or
1
=—— lim 9 Inplf . ds
2 R—oo Sr e
g2 Ows(g2]) g2 .
—g A 72 o BT g ), Ak (e)de
=Ji+ 2D+ s (3.39)

Similarly to the case of magnetic flux we easily compute
Ji = 4. (3.40)

From the relation (2.16), (2.17) between w; and ws, and using (3.37), we obtain

ra(a +1)8F% (1 — aN)N!

J =
’ a'ta Hi:l—N (% + k)

(3.41)
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Similarly to I3 above we have
|73 < CllE& Ny, < CllvZllu, —0 (3.42)

as ¢ — (0. Combination of (3.38) and (3.4) together with Proposition 2.1 imply
(1.30). This completes the proof of Theorem 1.1. a
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