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Abstract. By applying the mountain-pass lemma to an energy functional, we establish the
existence of two-dimensional water waves on the surface of an infinitely deep ocean in a
constant gravity field. The formulation used, which is due to K. I. Babenko [3,4] (and later to
others, independently), has as its independent variable an amplitude function which gives the
surface elevation. Its nonlinear term is purely quadratic but it is nonlocal because it involves
the Hilbert transform. Moreover the energy functional from which it is derived is rather
degenerate and offers an important challenge in the calculus of variations. In the present
treatment the first step is to truncate the integrand, and then to penalize and regularize it.
The mountain-pass lemma gives the existence of critical points of the resulting problem. To
check that, in the limit of vanishing regularization, the critical points converge to a non-trivial
water wave, we need a priori estimates and information on their Morse index in the spirit
of the work by Amann and Zehnder [1] (see also [14]). The amplitudes of the waves so
obtained are compared with those obtained from the bifurcation argument of Babenko, and
are found to extend the parameter range where existence is known by analytical methods.
We also compare our approach with the minimization-under-constraint method used by
R. E. L. Turner [25].

Mathematics Subject Classification (2000): 76B15, 35B38, 5S8E50

1 Introduction

The water-wave problem is the determination of wave profiles compatible with
Bernoulli’s theorem which implies that the pressure at the surface of a two-dimen-
sional, infinitely deep, irrotational, incompressible flow under gravity is constant
(surface tension is not considered in this paper). The physical parameters are the
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wave speed, the wavelength, and gravity (acting vertically downwards). After some
rescaling, they can be chosen equal to be, respectively, 1, 2 and A. (Note that )\ is
now the only (dimensionless) parameter in the problem.)

Consider such a wave in a reference frame propagating with the speed of the
wave. The constant-pressure condition then has the form

1 1
§\V|2 + Ay = 5 on the free boundary y = n(z), (1)

where 7 is a smooth 2m-periodic function and v is a smooth two-dimensional
velocity field that is divergence free and irrotational on the domain {(z,y) : y <
n(x)}. The asymptotic velocity at infinite depth is

lim v(z,y) = (—1,0) uniformly in z € R.

Yy——00

If such a wave exists then the energy, kinetic plus potential, in one wavelength is

T n(x) 1 ™ q
E= / / 5{|v|2 — 1}dxdy +/ 5)\772(1') dz, 2)
=—1 Yy=—0o0 —Tr

where 1 is subtracted from |v|? so that the integral is finite (this is related to the
choice of the constant 1/2 on the right-hand side of (1)).

P.R. Garabedian [15] argued that variational methods applied to E' should yield
the existence of water waves. However Turner [25] pointed out some technical
difficulties with the idea and introduced a different variational approach which led
to the existence of periodic and solitary waves on the surface of a fluid layer of
finite depth. (In the absence of surface tension, it is known that solitary waves do
not exist if the depth is infinite [13]).

More recently Babenko [3,4] introduced a new variational formulation of the
periodic water-wave problem, but used non-variational methods to study it. (See also
[18].) Plotnikov [19] discovered the analogous formulation for solitary waves. (See
[23] for references to other independent discoveries of Babenko’s formulation.) The
advantage of this formulation is that it involves a quadratic equation for a function
of a single real variable; the difficulty is that it involves the Hilbert transform which
is a non-local operator.

Underlying our approach is the idea of adapting Turner’s ideas and the moun-
tain-pass lemma to the Babenko formulation. Like Turner, we get the existence
of small-amplitude water waves. However our method works globally if, roughly
speaking, the gravitational force field A in the Bernoulli boundary condition van-
ishes a little below the maximal height of a Stokes’ wave. Only when precise
estimates are needed to deal with constant gravity fields is the argument forced to
become local. A bifurcation-theoretic variational approach to the Babenko formu-
lation was given in [8] where a Lyapunov-Schmidt reduction, followed by a study of
the reduced problem in terms of finite-dimensional constrained optimization, was
used. However this is a strictly local method which avoids the essential difficul-
ties of the infinite-dimensional formulation and it gives no quantitative information
about the solutions found.
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In the end we prove the existence of a nonzero symmetric wave for some
Ax <0.99. This result is not a consequence of the local existence theorem obtained
by Babenko [3]. Indeed, in Babenko’s paper, solutions are found for A, = 1/(1 +52)
withe € (0,1/25],1.e. A\, € [0.9984, 1). Note that A, = 0.99 corresponds to 2e =
0.2, which, for a small wave, is a good approximation of the trough-to-crest height
(for the extreme wave, this height is approximatively 0.8868 [7,18]). Much more
is known from global continuation methods [7-9], or from numerical investigation
[12,18]* and from computer assisted proofs [5,6]. However the present work may
be a small step towards a better understanding of large-amplitude water waves from
a variational viewpoint.

2 Preliminaries

Let ng 1 < p < o0, denote the linear space of 2m-periodic, real-valued, measur-
able ‘functions’ on R with

™ 1/p
mm&—{/ mw4> < soifp < oo,

—T

and essentially bounded if p = oo. The space of functions u € L3 with v’ also
in L2_ is denoted by W217’r2. Denote by C32 the space of 27-periodic functions u
which are infinitely differentiable.

Let the Fourier coefficients of u € L}_ with respect to the orthonormal basis
{(2m)2¢i*t . k € Z} be denoted by iy, k € Z. Then ii_,, = @, since u is real,
and L3 _is a real Hilbert space with inner product

<ua U> = Z ﬁnﬁa
neEZ

Foru € L let

] = %/j u(t) dt = \/%ao.

In this notation the fractional order Sobolev space H 3 is the Hilbert space of
functions u € L} with norm given by

lull? 4 =5 + D [kllan]* < oo. 3)
kEZ

The periodic Hilbert transform of an L}_-function u is defined for almost all z € R
by the Cauchy principle value integral

Cu(z) 1/memuaz—wmy )

:% »

* Note added in proof. Since this paper was completed we have developed a general theory
of quasi-linear problems in an abstract Hilbert-space setting (see [10]) which is sufficiently
general to cover, for example, the existence question for periodic capillary-gravity waves with
its awkward curvature term that represents surface-tension effects. In the abstract version
of the theory, we stay closer to the spirit of Turner’s work and seek minimizers, rather than
mountain pass solutions.
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Itis well known [26] thatC : L — L% isabounded linear operatorif1 < p < oo,
C does not map L¥ _ into itself when p = 1 and oo, and the Hilbert transform of an
infinitely differentiable function is infinitely differentiable. Moreover C is a Fourier
multiplication operator on Lgﬂ, p > 1, in the sense that

(Cu)o = 0 and (Cu)y, = —isgn(k)iy, k€ Z\ {0}, whenu € LY . p>1; (5
equivalently,
C(cosnt) =sinnt for n >0 and C(sinnt) = —cosnt for n > 1.
From this it is clear that v — Cu’ is symmetric in the sense that
(u,Cv"y = (Cu',v) forall u, v € CS2.

The Hilbert transform has a geometric interpretation in the complex plane.
Suppose that w € VVQI;T2 and that

w(t) = Z (an cosnt + by, sin nt), an, b, €R, by = 0. (6)

n=0

Then the complex-valued function
iag + Z i(an + ibn)e_i”w“w)
1

o0 o0
= Z (an sinng — by, cos n(b) e 4 Z (an cos ng + by, sin n¢) eV
n=1

n=0

is holomorphic on the open half plane {¢ + i) € C : ¢p < 0}, its trace on
the boundary {¢ + i0 : ¢ € R} is Cw(¢) + iw(¢) and it converges to iag as
1) — —o0. Since {a, } and {b,} are square-summable, it is well known [26] that
Cw(¢) + iw(¢) = 0 on a set of positive measure if and only if {a,, } and {b,,} are
both zero sequences.

Finally we mention an alternative way of interpreting the Hilbert transform in
the framework of complex analysis. The function w, given by (6), and Cw can be
extended to the open unit disc D = {z € C : |z| < 1} by writing z = re® with
0 <r < 1landt € R in such a way that w(t) + iCw(t) is the trace on the unit
circle (r = 1) of the holomorphic function

o0
ag + Z(an —ib,)z", z€D.
n=1

Observe that the value of this extension at z = 0 is ap = [w] and the trace on the
circle is non-zero almost everywhere if w # 0.
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3 Variational formulation

Our approach is based on the following form of the water-wave problem: to find
(A, w) such that

1. 0 _ 1
"+ A +Cw) I = =,
S + (14 ')} ; o
14Cw' >0, we 02, A>0.

Given a solution w of (7) in the form (6), we obtain a solution of (1) heuristically
as follows. For ¢ € R and ¢ < 0, define

() = ¢+ Z (an sinng — by, cosng) e,
n=1

U6, 10) =1+ (an cosng + by sinng)e™.
n=0

The function ¥ is harmonic and is an extension of w in the sense that w(t) = y(t, 0);
moreover y(¢, 1) — ¢ is uniformly bounded on {(¢,v) : ¢ € R, < 0}. In the
same way, ¥ is a harmonic extension of ¢ + Cw(¢), so that ¢t + Cw(t) = Z(¢,0)
and Z(¢, 1) — ¢ is uniformly bounded. Moreover the map ¢ + i) — T + iy is
holomorphic on {¢ + itp € C : ¢p < 0}. Equivalently, Z and § are harmonic
conjugates and satisfy the Cauchy-Riemann equations:

0T = Oyy and Oyx = —0ypy forall p € R, ¢ < 0.
New variables (z, y) can now be defined by writing

(z,y) = (Z(6, ), Y(, ).
We find that the half-plane {(¢,¢) : ¢ € R,¢p < 0} is sent injectively onto
{(z,y) : x € R,y < n(x)}, where 7 is given implicitly by
n(t +Cw(t)) = w(t),
and the velocity field is defined by
v = (0260,0y0) = (O, —0x0) = {(967)" + (059)*} " (96, )

(since ¢ + i) — & + iy is holomorphic). Hence, as functions of z and y, ¢ can be
regarded as a velocity potential and ) as a stream function. Clearly, when ) = 0
and p =t € R,

V2= {(062)* + (0s9)°} " = {(1 + Cw/ (1))* + ' ()}

and y = y(¢,0) = w(t) = n(x). This intuitively explains the equivalence between
(1) and (7).

Note that (7) is not a variational equation as it stands. However Babenko [4]
found that the first equation of (7) is satisfied by any w € CS% that satisfies

Cw' = Mw + wCw' + C(ww')}, 8)



204 B. Buffoni, E. Séré, J. F. Toland

which is the Euler equation of the functional

J(w) = /7r wCw' — Mw?(1 + Cw')dt. )

—T

Recently Toland [23] (improving on [21]) observed that all smooth, non-con-
stant solutions of (8) automatically satisfy the remaining condition in (7). The
energy (2) of the corresponding wave, when written in terms of w and \, is —2J (w).
(The sign in front of J is chosen to ensure positive definiteness in Morse index and
other calculations later.)

The simple form of J, by comparison with (2), leads one naturally to enquire if
water waves can be found using the direct method of the calculus of variations on
(9). The present work shows that this is indeed possible. The waves which emerge
are small, but not too small. In the next three sections we study a functional more
general than J, and in the final section we specialize to .J.

4 Truncation, penalization and regularization

Suppose that f € C*°(R), R € (0, 00] and that p : [0, 7R?) — R is C*°, convex
with p(0) = p’(0) = 0 and p(s) — oo as s / wR? . Consider the real-valued
functional

T(w) == |7 @)1+ Cu) + whdt + p( [T, wCw'dt)

for w e W, and [T wCw'dt < wR?.

(10)

In the case when R = oo, p = 0 and f(w) = AMw? — w, the functional J coincides
with J.

The idea s to replace the function Aw? —w in .J with its truncation f in [J so that
inf(—f’) > 0. This property will be very important when getting a priori estimates
and when studying the regularity of the critical points. Note that, as observed in
[11], much of the structure of the problem persists for general f. The role of the
penalization term p( [ fﬂ wCw'dt) comes in proving the estimates needed to show
that when w is a mountain-pass critical point of the regularized J. (see (20)), the
function Aw? — w is unaffected by the truncation. In fact it allows us to work in
the domain {w € W,? : J7_wCw'dt < wR?} by preventing a mountain-pass
critical point from approaching the boundary. Alternatively, we could have used
the Hampwile theorem [20] in {w € W,.> : [ " wCw'dt < TR},

Critical points w € W,;” of J with [ _wCw'dt < 7R? satisfy J'(w)¢ = 0
forall ¢ € W217;2, where

Two=— [ {1+ )1 +Cu’)+C(fw)}dt

—T

—&-2p’</7r wa’dt) i oCw'dt.

—T —T
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It follows that critical points satisfy

—{f'(w)(1 + Cw') + C(f (w)w') + 1} + 2;/(/ wcw’dt)Cw’ =0,
™ o (11)
we Wy, / wCw'dt < TR

—T

For ¢ € W2, the quadratic form 7" (w)(¢, ¢) is given by

T'w)(,8) = — [ S (w)A+Cu)b+ Fw)Cs +C(f (w)) Yt

—T

+2p’( [ i wa’dt) j bCo'dt (12)
+4p“( [ i wa’dt)( j ¢cw'dt)2.

In the light of relation, £ = —2.J, between (2) and (9), smooth solutions of (11)
should correspond to water waves when p = 0 and f(w) = Aw? — w. The proof
of the general result, which is new even for the special case, has an immediate
generalization to the regularized functional introduced in (20).

Proposition 1. [f w € CS2 is a solution of (11) then

f’(w)(w/2+(1+Cw/)2)+1—p'(/ wa’dt) (w/2+(1+Cw’)2—1) =0. (13)
In particular, if p = 0, then f'(w(t)) < 0 and {w'* + (1 + Cw')?}~! € L.
Proof. Letw € C$2 and let

W* =i(l+Cuw') +w'. (14)

Then as we saw in Sect. 2, W* is the trace on the circle of a function W holomorphic
on the unit disc and |W*| is non-zero almost everywhere on [—, 7). Now suppose
that v € CS2, so that v + iCwv is the trace on the boundary of some function V'
holomorphic on the disc with V' (0) = [v]. Let & = iWV and note from (14) that

W(0) = i. (15)

Then ¢(0) = —[v] € R and its trace satisfies &* = ¢ + iC¢ for some ¢ € C$2
with [¢] = [—v]. Hence

¢ +iC q5)
wx )

We conclude that, for any w € C57 the range of the mapping

¢ +iCo
W*

includes all v € CS2 and, for such v, [v] = —[¢].

iW*(v+iCv) = ¢+ iCp and v = %(

d)»—)%( ),¢ecg;;,
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Let Rz and Sz denote the real and imaginary parts of z € C and suppose that
w € CgY satisfies (11). If ¢ € C52 then clearly

™

J'wo= [ (FwlwCo—s(1+cu)}—o)dt

—T

— p’(/7T wa’dt) _ﬂ {w'Co — p(1 + Cw') + ¢}dt

—Tr

_ /i{f’(w)IW*l23(¢;,if¢) ~olar

— p’(/_: wa’dt) /7r {|W*|2%(¢+TZ*C¢) + d)}dt.

—T

Therefore for all ¢ € C$2

T ()6 = /7; (125 w) + 1)s(¢ + ic¢)dt

W*

- p/(/_ﬂ wa'dt) /_ﬂ (|W*\2 - 1)%(¢—5Vif¢)dt —0. (16)

T

Since ¢ is arbitrary, the first assertion follows. Now suppose that p = 0. Then
w? 4+ (14 Cw')? = |/ (w)| .

Since f, w and Cw are smooth, it follows that f’(w) is nowhere zero and the result
follows. a

When f(w) = Mw? — w, equation (13) can be written in the form

1 A 1
o A v g M

When (17) is compared with (7) we see that the parameter \ has been replaced by
the a priori unknown value

A
1+ p’(f:r wa’dt)

<A

However the introduction of p will in the end yield an a priori bound on the norm of
w. In other words, p plays the same role as a constraint in the calculus of variations.

For general f, (13) still has a geometric interpretation, because it can be written
formally as

1 N f(w) _ ST wCw'dt)
2<w/2 L1+ Cw/)z) 21+ p/(J7 wCwdt)}  2{1+4p/(J7 wCw'dt)}’
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Thus a Bernoulli condition still holds but the gravitational force field has now been
replaced by a potential field of force pointing vertically downwards with intensity

()
2{1+p/ ()7 wCw'dt)}

As before, y is the vertical coordinate (the height) of the surface above some hori-
zontal axis.

Observe that, when A\ = 0 and therefore f(w) = \w? — w = —w, every con-
stant w is a solution of (11). This family of “trivial” solutions makes the problem
unnecessarily complicated. To eliminate these solutions and to remove the transla-
tion invariance of the problem, we work in the subspace H of Wzl;r2 consisting of
even functions of zero mean with norm given by

Jully = [ 1w/ .

—1Tr

A critical point w of J restricted to H satisfies almost everywhere
f(w)(1+Cw') +C(f (w)w') +1—2p (/ wa’dt)Cw’ =c,
n o (18)
/ wCw'dt < TR?,

for some constant c. It can also give rise to a water wave, as the next result shows.

Proposition 2. Let w be a smooth critical point of J restricted to H. Then for the
constant c in (18),

T

f’(w){w’2+(1+Cw’)2}+1—p’(/ wa’dt) (w/2+(1+Cw’)2—1) =c. (19)

—T

Proof. The proof is the same as that of Proposition 1. a

When f(w) = Mw? — w, (19) can be written

1 A c 1
; i (w-£)=1
2(w’2+ (1—|—Cw’)2> 1—|—p’(f77T wa’dt) —c 22 2
and the value of ¢ can be found by integrating (18):

Czi/ wCw'dt >0 .
T

—T

This leads us to impose a new condition on p:
p'(s) = (M m)s.
If p has this property, then 1 + p’ ( I fﬂ wCuw'’ dt) — ¢ > 1, and so the coefficient

A

A= 1+p’(ffﬂwa/dt) —c
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is less than A. The function @ := w — ¢/(2\) is then a solution of the Bernoulli
equation (7) in which A is replaced by A

Now, in addition to restricting J defined by (10) to H, we add a regularizing
term. Consider the regularized functional 7. defined by

Je(w) = el (w) + J(w), we H, (20)

where .

I(w) :/ |w'|?dt, w € H.
Then critical points w € H of 7, such that |7 wCw'dt < TR? have w' € W,
and satisfy

2ew” + f'(w)(1 + Cw') + C(f (w)w') +1 — 2p'</ wa’dt)Cw' =c (21)
almost everywhere for some constant c. We will see that that w = 0 is a non-
degenerate minimizer of 7, when € > 0. When e = 0, the linear operator 7' (0) =
J"(0) defined on H is not invertible and present knowledge of the regularity of
the critical points of 7 in larger (i.e. weaker) spaces than H is rather limited [24].
On the other hand, a simple bootstrap argument shows that a solution w &€ V[/Ql;r2
of (21) has w € CS2.

In what follows, we do not need the generalization of the pointwise identity
(19) to the case € > 0; an integral identity that is much easier to prove, namely

0 = T/ (w)Cu' = 2 / Wew'dt— [ f ) {(Cuw')? +w'Ydt

- f’(w)Cw’dt+2p’(/ wa’dt)/ w?dt  (22)

—T —T

suffices. (This integral identity also holds for e = 0 and w € H, as it is seen by
multiplying (18) by Cw’ and integrating.) However, for completeness, we show that
if w € H satisfies ffﬂ wCw'dt < mR? and is a (necessarily smooth) solution of
(21) with € > 0, then

2ew” + 2e{w"Cw’ — C(w'w")}

+f’(w){w’2—|—(1+Cw’)2}—|—1—p'(/j wa’dt) (w’2—|—(1—|—Cw')2—1> =c.

The proof is the same as that for (19), the only new ingredient being the following
lemma.

Lemma 3. For all w € C52 N H and W* defined by (14),

I'w)p = 2/_7r W' dt = 2/_7r {w” L w'Cw —C(w’w”)} 3 <¢ _I;/Zf¢> ”

for all functions ¢ € C52 N H with (¢ +iCo)/W* € C=(R,C).
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Proof. We have

C(w'w” Cw’Cw”) = w'Cw” +w"Cw’

¢+ iCo ¢+ iCo
= 7CC\‘
( W * N W= ’
since (¢ + iC¢)/W™* has a holomorphic extension to the unit disc in the complex
plane which is zero at 0. Now

and

rw)= [P -y

—T

I'(w)p = /7r R(W*(¢' +iCg')) dt

- _/ﬂ R(W* (¢ +iCo)) dt = _/ﬂ %(W W*/¢4Vrvzc¢)

_ /_7; ROV )R (d’ Jvrvif¢> — WS <¢ —I;/ZCQS) dt
_ " v we (% (‘ﬁyqu)) W) <¢;vac¢>) dt

(= e+ sorw)s (S5 ) ar

—T

—/ <C(w’w” + (14 Cuw')Cw") + w'Cw” — w" (1 + Cw’))

—T

'3 (¢ J‘;/’C¢> dt
= /W (Qw” — C(w'w" + Cw'Cw") — w'Cw” + w”Cw’)
S (¢ JI;/Z%) dt
=2 _: {w” +w'Cuw — Clw'w")} S (¢ —I;/lf¢> dt.
This completes the proof. a

5 A priori estimates

The mountain-pass lemma will be applied to 7. To understand the convergence of
the critical points as ¢ — 0, we need a priori estimates that are independent of e.
First we recall a useful lemma from [22].
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Lemma 4. If w € VVgl;T2 and if h € C*(R) is convex on the range of w, then
B (w(t))Cw' (t) — C(h' (w)w')(t) = 0

almost everywhere and therefore

/ "W (w(t))Cu (£)dt > 0.

—T

Proof.
W (w(t))Cw'(t) — C (R (w)w') (t)

1/w@mm»—wmw0wwgs

Tor ) tan((t — s)/2)
1 g (dfds) (h(w(®) + 1 (w(t) (w(s) = w(t)) - hw(s)))
“on ) . tan((f — 5)/2) ds
_ 1 [T h(w() + M (w))(w(s) —w(t) — hw(s)) oo
dr J_ . sin?((t — 5)/2) -
almost everywhere. (The integrand is negative since h is convex.) a

Here is our first result giving an a priori estimate:
Proposition 5. If w € C57 satisfies ffﬂ wCw'dt < mR? and (21) with € > 0, then
0< f(w)Cw' dt < / —f(w)dt

and

2. < sup{f"} [T _wCw'dt
iz, < 2inf{—f"} + 2p' ([ wCw'dt)

provided that inf{—f'} > 0, sup [ < oo and p' > 0 (this also holds for e = 0
andw € H).

Proof. Since € >0, p' > 0and [7_w'Cw”dt > 0, we deduce from (22)
/ —f'(w) {(Cw’)2 + w’2} dt + 2p' (/ wa’dt) (/ w’th)

—T

<" pwewd (23)

—T

It follows from this and Holder’s inequality that

T (w)Cw' dt)? 4 T
(ffjrf_(f/)(w)dtt) < /_ —f'w)(Cw'dt< [ f'(w)Cu'dt,
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and the first assertion follows. That

/]2 ffﬂ f(w)Cw'dt
Wllzg, = 2inf{—f'} + 2p'([7_wCw'dt)

follows immediately from (23). We then apply Lemma 4 with h/(s) = ssup [ —
f'(s). 0

Let H denote the completion of H with respect to the metric defined by the
inner product

(w,0)1 =Y nunvn, (24)

n>1

in which wuy, vy denote the Fourier coefficients of u, v € H with respect to the
orthonormal basis {71’7% cosnt : n € N}. Thus H is a subspace of the fractional
Sobolev space defined in (3). Clearly H is a Hilbert subspace of even functions
with zero mean in L3, and

(u, v)

[N

:/ uCU'dt:/ vCu' dt, w,v € H.

Now for € > 0 define a new inner product on H by

{(u,v)e = 2/7r eu'v' + uCv' dt. (25)
Letw € C32 be a solution of (21) (with f:r wCw'dt < wR?). It follows that there
exists a linear operator L. : H — H such that

J! (w)(u,v) = (Leu,v)e, u, v € H.

Assume that p is a non-positive eigenvalue of L.:

Lou = pu, vwe H\{0}, u<0.
Hence

T (w)(u,v) = plu,v)e, v € H. (26)
Proposition 6. [f inf{—f'(w(t))} >0, p’ > 0and p"” > 0, then

2(inf{—f’(w(t))}—u)/ uCu'dt

—T

< sup{lf" (w1} (V2r + 2Aullzz, ) ]z,

Remark. The right-hand side can be further estimated thanks to Proposition 5. If
inf{—f'} > 0,0/ >0,p" >0, R < oo, sup f”’ < oo and u is normalized by
/ fﬂ uCu'dt = 1, Proposition 6 then gives an upper bound on |u| and a positive
lower bound on |

u?||2 that are independent of e.
27
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Proof. Since p < 0 this follows from (12) because

Z,u/ uCu' dt > 2u/ ew’” + uCu’ dt = plu,u)e = T (w)(u,u)

—T —T

:26/ ' | dt

- /_W u {f”(w)(l +Cw)u+ f'(w)Cu + c(f’(w)u)’} dt

+ 2p'(/j wa’dt) /7T uCu'dt
(

—T

+4p /j wa'dt) (/Tr qu/dt)2

—T

> — /7r w{f"(w)(1 + Cw')u + f'(w)Cu' + C(f’(w)u)/}dt

—T

- [ "o (W) HuC — Clud Y}t
[ en!) + e ) e

> /_ "o f (W) HuC — Clund )}t
— sup{| /" (w(®)[}(V2m + 2[|w'[| gz )I[w?[| 3 _dt,

since uCu’ — C(uu') > 0 almost everywhere, by Lemma 4. ]

6 Application of the mountain-pass lemma

In this section we prove the existence of a saddle point of 7 restricted to H if J
has the right mountain-pass structure. For a correct choice of the parameters, the
critical point then gives a smooth solution of (7) (see next section). It is convenient
to distinguish the linear and nonlinear parts of f. To do so we write

f(z):=Xg(x) — 2z, x €R,
where A € (0,1) is fixed, g : R — R is a smooth function with
g(0) =0, ¢'(0)=0, ¢"(0) =2,

supg’'(z) <2M and supg”(z) <
z€R zE€R

for some constant M < 1/(2)). The function f thus satisfies
inf{—f'} > 0and sup f” < oo.

Now let 0 < R < oo and let p : [0, 7R?) — R be C* and convex, with p(0) = 0,
0’ (0) > 0 and
p(s) = +oo as s— wR?.
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Note that

us

j(w)—)ooas/ wCw' dt S TR?

—Tr

since

J(w) = ! {(w = Ag(w))Cw" — Ag(w) }dt + p(/7r wa’dt)

—T iy
us

> -\ g(w)dt+p(/

—T —T

s

wa’dt)

™

Asuw gDl +o( [ wewd)

—T

v

™ s

—)\(Supg”/2)/ wa'dt—i—p(/ wa’dt)

—T —T

—A(supg”/2)mR* + p(/ wa’dt),

—T

Y

Y

where the first inequality follows from Lemma 4 applied to h'(w) = —f(w) =
w — Ag(w). The functional J is of class C? on H, but it is not of class C? on H
(see (24) for the definition of H ). However, for all w € H, tAhe seAcond derivative
J"(w) : Hx H — R has a continuous extension J"(w) : H x H — R. Indeed,
for all w € H, (12) implies that

7" (w)(6,6)] = \ [ 2t g wiees - xgwin + eul)a

+2p’( / ! wa’dt) " scodt

—T —T

+4p“( [ i wa'dt) ( [ i ¢Cw’dt)2

B ‘2 / (1 - A/ (w)){9C' — C(o)))t

+ ! {€(1 =\ (w)) = \g" (w)(1 + Cuw') }p?dt

—T

+2p'( / ! wa’dt) [ 7; bCo'dt

-i-4p”(/_7r wa’dt)( _ﬂ gwa’dt)z’
< K[¢ll

for some constant K > 0 and all ¢ € H, because ¢C¢’ — C(¢p¢’) > 0 almost
everywhere by Lemma 4. Applying the Cauchy-Schwartz inequality to the positive
symmetric bilinear form (¢1, ¢2) = J"(w)(d1, ¢2) + K(¢1, d2) 1, we get

7" (w) (61, ¢2)| < Constllen | [ dsl,
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for all ¢1, p2 € H. Therefore T (w)(¢1, ¢2) and J”(w)(¢, ¢) can be extended
by continuity to all ¢1, ¢, p € H.

Theorem 7. Suppose that there exists u, € H such that
/F uCul,dt < nR? and J(u.) < 0.
Then there exists a solution w € H of (18) such that
/_7; wCw'dt < mR?, 0< J(w) < Jax, J (suy), 27)
and J" (w) is not positive definite:
j”(w)(ﬁ, u) < 0 for some u € fI\{O}

Since

s

77(0) (s w) = 2[Jull — 2)\/ W2dt > 0

forall uw € H\{0}, it follows that w # 0.

Proof. The rest of this section is devoted to the proof. Recall that H is compactly
embedded in L (R) and that, for w(t) = # Y opsiWpcosnt € H,

s
/ wCw' dt = ani > ||wHig :
- n>1 .

Since A € (0, 1), for w € H with ||w]| i sufficiently small,

J(w) > /Tr wCw' — Mw? dt — \ j {g(w) — (1/2)g" (0)w? + g(w)Cw’ }dt

> —K|wll
for some K > 0. Therefore, for any € > 0 there exist a, , b > 0 such that
|lw||z = a. implies that J. (w) > b .

Now we check that 7. satisfies the Palais-Smale condition. Suppose that {wy } C H
is such that [* w,Cw}, dt < mR?, supy, |Je(wi)| < oo and J/ (wy,) — 0 in H*
as k — oo. From

Te(wy) > / elwi]? — Ag(wy,) dt +p(/ wkafcdt>

—T —T

s

> ellwnly — Asup g”/2)wi 2
e

> el|wg |3 — /\(supg”/Z)/ wiCwydt

—T

> ellwillf — Asupg”/2)mR?
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it follows that {wy} is bounded in H. Extracting a subsequence we may assume
that w, — w in H as k — oo, with [*_wCw'dt < 7R?. Now J/(wy) — 0 in
H* as k — oo, where

T (w)v = /7r (2ew'v" — Mg (w)v + (w — Ag(w))Cv" + (1 — A (w))vCw')dt

+2p'(/ wCu/dt)/ vCw'dt. (28)
Hence

(T (wr) = T (wn)) (wi — wi) =

™

{26, = wi)? = Mg/ (we) = ¢/ (wn)) (wic = wr)
Hwe —wi = Mg’ (wr) — g’ (wn))C(w), — wy)
+(wi — wi)C(wy, — wy) — A(g" (wi)Cwy, — ¢’ (wi)Cwy) (wy, — wl)}dt

+2 /_7r {p'(/_ﬂ u)kC'wfcdt>waC — p’(/:r wﬂw{dt)Cw{}(wk — wy)dt

as k, | — oo. Since wy, — w uniformly and w}, — w’ in L3 _ it is immediate that

s
/ 2¢(w), — w))?dt — 0,
—Tr

as k, I — oo. Hence {wy} is convergent to w in H. This shows that 7, satisfies
the Palais-Smale condition.

Since the functional J. on H has mountain-pass geometry at 0 € H and
satisfies the Palais-Smale condition, there exists a critical point w, of 7. on H with
the property that

w) = inf su u) < max su
Folwe) = inf sup J.(u) < gmax, Jo(sws),
where I" denotes the set of continuous paths in H joining 0 and w, [2].

The next step is to let e — 0 and for this we need an a priori bound. Since w,

is a critical point of J., Proposition 5 gives

/2 sup f"
<
||we| ‘L%7r =9 inf{—f’}
and therefore w, is bounded in H uniformly in e. By taking a sequence of ¢ — 0,

we may suppose that w, — w as € — 0. Since J/(w¢)v = 0, taking the limit as
€ — 0in (28) yields that for all v € H,

0=J(w)v

T

= / ( — A (w)v + (1 = Ag'(w))vCw' + (w — Ag(w))Cz/) dt

—T

-i-2,0'(/7r wa’dt) /7r vCw'dt

—T —T

mR?
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and hence that w € H satisfies (18). Moreover

0<J(w) < max J(su.).

Recall space Hin (24), the inner product on H for ¢ > 0 in (25), and the linear
operator L. : H — H such that

T () (u,0) = (Lew, v, u, v € H.

Since w, is a mountain-pass critical point of 7, the bilinear form J!' (w,)(v, v) is
non-positive for v in a non-trivial subspace of H (see [17], [16, Ch. 6]). Therefore
the self-adjoint operator L. has a non-positive eigenvalue p.: L ue = peue for
some u. € H\{0}. Hence, by Proposition 6,

2 (inf{—f"} — ue)/ ueCul dt < const [|u?| 1z ,

—T

where the constant is independent of €. Now normalize u. such that [[uc[, = 1.

Then, since H is continuously embedded in L*(—, 7), there is a constant K such
that ||[uZ|| 2 < K. Since pi. < 0 it follows that

—pe < constand 1 = [Juc[|3 < const|u?| 3 .
1 .

Suppose that u. — @ in H and pe — i € (—00,0] as € — 0. Since u? converges
strongly in L3 to @2, it follows that U # 0.

Since, by assumption, w. — w in H, it follows from (26) that for all smooth
veEH

2/ /7r aCv' dt = /7T (1 =X (w))aCv" +aC{(1 — Ag' (w))v}’

-7 —T

- A1+ Cw')g" (w)tv dt

+20 (/ wa'dt)/ uCv'dt
+4p" (/ wa’dt)/ ﬂCw’dt/ vCw'dt

= J"(w)(@v).
This equality can be extended by continuity to all v € H and, setting v = 1,
J"(w)(@,) = 20} <o.

This completes the proof of Theorem 7. ad
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7 Small water waves
From here on we suppose, in addition, that
g(z) =2% forallz <m and g¢"(z) <2 forallz € R,

where 0 < m < M, and

A
p(s) = 2% for 0<s<mr? and p(s)>=s for0<s< TR?,

2m
where 0 < r < R < oco. Moreover we assume that M < 1/2 (which implies
M < 1/(2X) uniformly in X € (0, 1)). We easily get the following particular case
of Theorem 7.

3| >

Theorem 8. Suppose that there exists .. € H such that

1. maxu, <m,

2. ffﬂ wCul dt < 7r?,

3 T (uy) = [T {u.Culy — M2(1+ Cul)bdt + A2m) (" u.Culdt)? < 0.
Then there exists a solution w € H\{0} of (18) which satisfies (27).

The existence of u, is an important issue, as well as whether the estimates (27)
ensure that maxw < m for right choices of r and R, in which case w # 0 is
smooth and gives rise to a Stokes wave. The fact that w is smooth is proved in [8,
24] by a bootstrap on the equation
ol — =L )+ fw)Cw’ — C(f (w)u)
w = - 0 )
—2f"(w) + 2p' (" wCw'dt)
thanks to the property inf{—f’(w)} = inf{l — A¢g’(w)} > 0 and to the fact that
f(w)Cw'—=C(f'(w)w'") = 2A(wCw’ —C(ww")) is more regular than first expected.
For u., we choose . (t) = a(cost + k cos 2t), where a, k > 0. Then

lall @) = a(l + k) and / wCulldt = ma*(1+ 22).

We first make rough estimates to give an idea of the method. We fix m > 0, let
a(l 4 k) < m and find
J (i) = ma® {1+ 2k* — N1 + k? + 2ak) } + A(2m) " {ma®(1 + 2k%)}°.

We choose k of the same order as a and 1 — A € (0, 1) of at most the same order as
a?. In order that 7 (uy) < 0 for small a, we have therefore to check (keeping only
the terms of order at most 2 in a)

1— A+ k% —2ak + (1/2)a® < 0,

which holds if we choose k¥ = a and A € [1 — (1/4)a?,1). Hence the three
hypotheses of Theorem 8 are verified if a is small enough, A € [1 — (1/4)a?, 1)
and r > 0 is chosen such that

nr? = / u,Culdt = wa?(1 + 2a?).

—T
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By Proposition 5 with e =0, we canbound [ _w’ %dt by afunction of R,(inf{— f'})~!
< (1 —-2M)~! < oo and sup f” < 2. On the other hand, taking R = 2r, we also
have .
/ wCw'dt < 4ma®(1 + 2a%) — 0

as a — 0. Hence standard interpolation inequalities give that max |w| converges
to 0 as @ — 0, which shows that maxw < m for small enough a. Thus we
have proved by an infinite-dimensional variational argument the existence of small
periodic water waves.

In what follows, we give better estimates on the region of existence of periodic
water waves. We suppose again that a(1 + k) < m. Then g(u.) = u? and with

r=av1+2k2,
2\rk
T(uy) = a2{1—A+ 2 - NK? -
() = =% T+ 2k2

So J (us) < 0, and thus the three hypotheses of Theorem 8 are verified, if the two
conditions below hold:

+ (\/2)r* (1 + 2k2)} .

2Xrk
V1+2k2
r71+k < m
V1282~

Theorem 8 provides us with a non-trivial solution w of (18) and (27), which
therefore satisfies, by Proposition 5,

L= A+ (2= Nk* - +(A/2)r*(1+2k%) < 0 (29)

(30)

< A R2
T 1—-2\M + \R?2

But [w] = 0. So, writing w(t) = Y, -, ay cos(nt), we have, for all ¢,

[

1/2 1/2

_ 1
lw(t)| < Z lan| < Zﬂn2|an\2 a1 Z —

n>1 n>1 n>1

m
= \/g Hw/Hng .

Now, w gives rise to a water wave if w(t) < m for all ¢, so a sufficient condition is

TZAR2 <2
m”.
6(1 —2AM + AR?) —
Since we can take M arbitrarily close to m, and R arbitrarily close to 7, it is
sufficient to check the condition

24,.2
TN 9

61— 2xm+ a2 ="

which can be rewritten
5 (1 —2xm)m?

A% —m2)



Surface water waves as saddle points of the energy 219

if m? < 72 /6. We recall here the two other conditions (29) and (30). Take m =
0.345,r = 0.158 , k = 0.142 , A = 0.99 : the three conditions above are fulfilled,
and we get a solution of (7) in which w and X are replaced by w. = w — 55 and

L= 099 <0.99 .
14 p/ (7 wCw'dt) —c
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