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Abstract

The least squares support vector machine (LS-SVM) is an effective method to deal with classification and regression
problems and has been widely studied and applied in the fields of machine learning and pattern recognition. The learning
algorithms of the LS-SVM are usually conjugate gradient (CG) and sequential minimal optimization (SMO) algorithms.
Based on this, we propose a conjugate functional gain SMO algorithm and theoretically prove its asymptotic convergence.
This algorithm combines the conjugate direction method and the functional gain SMO algorithm with second-order
information, which increases the functional gain of the plain SMO algorithm. In addition, we also provide a generalized
SMO-type algorithm framework with a simple iterative format and easy implementation for other LS-SVM training
algorithms. The numerical results show that the execution time of this algorithm is significantly shorter than that of the

other plain SMO-type algorithms and CG-type algorithms.

Keywords LS-SVM model - Sequential minimal optimization - Conjugate direction - Functional gain

1 Introduction

Support vector machines (abbreviated as SVMs) are an
important class of methods to solve classification [1] and
regression problems [2]. When it solves linear inseparable
and nonlinear regression problems, it usually uses kernel
tricks to map data from a low-dimensional input space to a
high-dimensional space. SVMs have always had a place in
the field of pattern recognition with their elegant mathe-
matical optimization theory and excellent data prediction
ability. After continuous research, the theory and applica-
tion of SVMs have been well developed [3]. One of the
most successful variants is the least squares support vector
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machine (abbreviated as LS-SVM). This model is also a
powerful tool for handling classification and regression
problems in machine learning.

The LS-SVM was first proposed by Suykens et al. [4].
Its primal problem is a convex optimization problem with a
linear equality constraint. To make the training of the LS-
SVM more efficient, researchers have proposed fast train-
ing algorithms. Jiao et al. [5] used an approximate algo-
rithm to quickly train the LS-SVM and improve its
sparsity. Yang et al. [6] proposed to use a pruning algo-
rithm to effectively solve the optimization problem of the
LS-SVM. Li et al. [7] proposed a fast iterative single-data
method for training unconstrained LS-SVM. Xia [8] used
QR factorization to train sparse LS-SVM. Chua [9] pro-
posed a computationally efficient method for solving large-
scale LS-SVM classifiers based on the Sherman—Morrison—
Woodbury (abbreviated as SMW) matrix. However, the
algorithm has high requirements on the kernel mapping,
and the concrete form of kernel mapping must be given.
Suykens et al. [10] used the conjugate gradient (abbrevi-
ated as CG) method to solve the Karush—Kuhn-Tucker
(abbreviated as KKT) equations of the LS-SVM. However,
in their method, the CG algorithm needs to be used twice.
Hence, Chu et al. [11] proposed an improved CG
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(abbreviated as ICG) method to solve the KKT equations.
This method only needs to use the CG method once and
reduces the order of the KKT equations. Li et al. [12]
transformed the equality constraint problem in the LS-
SVM into an unconstrained optimization problem and
proposed to use recursive formula and CG method to
quickly train the LS-SVM. In general, for large-scale
datasets, it is more efficient to use the sequential minimal
optimization (abbreviated as SMO) algorithm to solve the
LS-SVM [12].

The SMO algorithm was proposed by Platt [13] and
used to train the standard SVMs. This method takes the
decomposition algorithm to the extreme, and only two
variables are selected for iteration at a time. For each
subproblem, the SMO algorithm can obtain the analytical
solution, avoiding the complex matrix computations of
quadratic programming numerical algorithm. The SMO
algorithm is not only effective for classification problems
but also efficient for regression problems [2]. Keerthi et al.
[14] first proposed a SMO algorithm for solving the LS-
SVM. This algorithm also uses maximal violating pair
(abbreviated as MVP) to select the working set and is also
called the first-order SMO. In SVMs, the second-order
SMO is more efficient than the first-order SMO [15].
Hence, Lopez et al. [16] introduced the second-order SMO
into the LS-SVM to improve the training speed. Shao et al.
[17] ignored the bias term of the LS-SVM and proposed a
single-direction SMO algorithm (abbreviated as SD-SMO).
Without considering the bias term, the efficiency of the
SD-SMO is higher than that of the first-order SMO. Bo
et al. [18] proposed the functional gain SMO algorithm
(abbreviated as FGSMO) and verified its efficiency with
numerical experiments. And FGSMO can degenerate into
the second-order SMO. In general, parallel computing [19]
and distributed algorithms can also improve the learning
efficiency of the model, for instance, parallel SMO [20-25]
and ADMM algorithms [26, 27], etc. However, they mostly
divide the dataset and assign them to different processors.

Alternatively, the SMO algorithm can also be regarded
as a special kind of projected gradient [28]. Naturally,
some gradient acceleration tricks can also be applied to
SMO-type algorithms. For instance, Lopez et al. [29]
combined momentum and SMO algorithm to propose a
momentum-accelerated SMO algorithm (abbreviated as
MLS-SMO). Torres-Barran et al. [30] used the Nestrove
acceleration strategy on the SMO algorithm, reducing the
number of iterations of the SMO algorithm. However,
among the optimization algorithms, the conjugate direction
method is also an important class of unconstrained opti-
mization algorithms. It not only speeds up the convergence
speed of the gradient descent algorithm, but also avoids a
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large number of numerical computation of Newton’s
method. It is a relatively practical and effective optimiza-
tion algorithm between gradient descent and Newton’s
method. Hence, we will develop a new conjugate variant
SMO (abbreviated as CSMO) algorithm for LS-SVM.
Although the CSMO was originally used to train SVMs
[28], from the mathematical model of LS-SVM and SVMs,
LS-SVM is more suitable. Because the new CSMO algo-
rithm for LS-SVM will not be affected by the box con-
straints, and there is no need to set a restart step, the
iterative format will be simpler. In addition, the algorithm
usually has a larger functional gain than the plain SMO-
type algorithms and can converge to the optimal solution of
the specified accuracy at a faster speed. Especially when
the penalty parameter is large, the efficiency of the new
CSMO of LS-SVM will be significantly higher than other
plain SMO-type algorithms. Hence, we call it the conjugate
functional gain SMO algorithm (abbreviated as CFGSMO)

The rest of this work is organized as follows. In Sect. 2,
we will briefly introduce the LS-SVM. The solution algo-
rithms for LS-SVM are summarized in Sect. 3. The
CFGSMO algorithm is proposed in Sect. 4. The conver-
gence analysis of the CFGSMO is discussed in Sect. 5. The
numerical experiments are shown in Sect. 6. The last sec-
tion is the summary of the work. Table 1 is the notation
table.

2 Preliminaries of the LS-SVM model

The mathematical theory of LS-SVM and its connection
with the system of linear equations will be briefly intro-
duced in this section.

Consider a given sample training set T' = {(x;,y:)}\_;.
where x; € R? is the i-th pattern input vector, and n is the
number of samples. In the binary classification problem,
category label y; € {—1,1}. At this time, the LS-SVM
needs to solve a quadratic programming problem with
linear equality constraints, that is

: 1 YN 2
P®,b,¢)=-0'o+= :
mpfionbd) =5ee Z;é’ (1)

s.t. quS(xi) + b=y —&,Vi,

where the ¢ : Q—H is a kernel mapping from the input
space Q(Q C R”) to the high-dimensional feature space H.
The purpose of introducing the kernel mapping ¢ is to
transform the nonlinear problem in the input space into the
linear problem in the high-dimensional space. @ is the
weight parameter, b is the bias term, 7y is the penalty
parameter, and &; is the error variable. When y; € R, LS-
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Table 1 Notation table

Notation Instruction Notation Instruction

[ Weight vector & Error variable

Y Penalty parameter ¢ Kernel mapping
Bias o,V Lagrangian multiplier

G(a) The gradient of D(a) K. K Kernel matrix

1 Identity matrix n Sample size

Q H Space p Step length

€ Tolerance parameter s Conjugate direction

h Search direction of the SMO T Dataset

X; Input pattern vector Vi Category label

(i,]) Working set a Kernel width

SVM is used to deal with the regression problems. The
Lagrangian function of problem (1) is

1 P
LwbEa) =0 0+ &
=1
(2)
Ofi(wT¢(xi) +b+ & —yi),

n

i=1

where a € R" is the Lagrangian multiplier. According to
the KKT condition of problem (1), we can get

Vol(ob éa) = 0o =Y ah(x)

i=1
ViLl(w,b, & a) =O=>Zoc,- =0
i=1
Vel(w,b, & a) =0=0; =7,i=1,2,...,n
Vi L(0,b, & a) =0=0"¢p(x;)+b+& -y =0,i=1,2,....n

(3)

After eliminating the weight variable @ and the error
variable &;, (3) can be further expressed as the linear
equation system

(: szV) <b> - (?) (4)

where  [K]; = k(x;,x;) = (¢p(x:), ¢p(x;)) is the Gram
matrix, k(x;,x;) is the kernel function that satisfies the
y=01y,-. -Jn)T’
1 =(1,1,.., 1)T. The matrix K + y~'I is a symmetric
positive definite matrix, since matrix K € R"*" is a positive
semi-definite matrix and ) is always positive, the diagonal
of y~'I is positive.

If A is the coefficient matrix of (4), then the matrix
A € RMDX(HD  When the sample T = {(x;,y:)}", i
large, the dimension of the matrix A is large and storage is
difficult. At this time, it is not particularly easy to solve the

Mercer condition, and

linear equation system (4). Moreover, the complexity of
computing the inverse matrix A is as high as O(n*). Hence,
we need to combine the feature of the LS-SVM to find
some more efficient methods to solve the large-scale linear
system (4) or optimization problem (1).

3 Related works of the LS-SVM solution

This section will briefly introduce several mainstream
algorithms for the fast training of the LS-SVM.

3.1 Conjugate gradient

The conjugate gradient (CG) is an important method for
solving large-scale linear equations. But this method
requires the coefficient matrix to be symmetric and positive
definite. However, the matrix A in (4) is a non-positive
matrix. Hence, the CG method cannot be used directly to
solve the problem. Based on this, Suykens et al. [10] pre-
sented a linear system with the same solution as the linear
system (4), that is

y'A ly 0 b yIAT
0 A a+ A lyb 1 ’

where A :=K + 7 'I(A = A"~0). Hence, solving the
linear equations (4) is transformed into the solving linear
equations (5). This method makes full of use of the prop-
erties of the symmetric matrix A. The detailed steps for
training LS-SVM using the CG method are summarized in
Algorithm 1.
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Algorithm 1 CG for solving LS-SVM [10]

Input: training data T, stopping criterion e;
Output: dual variable o*, bias term b*;
1: Compute the matrix A according to the kernel matrix K;
2: Solve the linear equations An =y and AY = 1 using the CG method,;
3. Get the variable u according to u = y’'n;
4: Compute bias term b* = n7'1/p and dual variable a* = 9 — b*n;

Note that, the method of Suykens [10] needs to use the
twice CG to solve the linear equations (5), which increase
the amount of arithmetic. Chu [11] proposed a novel
computation method based on the characteristics of the
block  matrix K4+97'I= (qQT Qq ) Here,
Q € R=Dx0=1) "9 < R and ¢ € R"™'. This method not
only reduces the order of the linear equations (4) but also
calls the CG once. This greatly reduces the amount of
arithmetic. Specifically, the CG is first used to solve
the linear system

Q& :j"v_ynln—l- (6)

Then, the optimal solution is obtained according to the
w=( 7 -) ad b=y, +0,0I &) ¢,
-1, & "

0=0-1,.9q"—q1” ,+0,1,,17 , and
¥ = (1,v2,--,¥n_1)". The detailed steps for training the
LS-SVM using improved CG (ICG) method are summa-
rized in Algorithm 2

where

optimization during each iteration. Compared with CG,
SMO is simpler to implement and can deal with large-scale
datasets. In some cases, the performance of SMO may be
better than CG.

According to the Wolf duality theory, the dual problem
of (1) is

minD(x) = EZ Z Otiaj[f(],-j - Z oyi
; pa

s.t. Z o =0,

i=1

(7)

where [IN(]U = [K]; + 0/7 = k(xi,x;) 4 0;/7 and 6 = 1 if
i =j and O otherwise. Obviously, dual problem (7) is a
simple convex optimization problem with a equality con-
straint. The Lagrangian function of (7) is

n

Lp(a,v) :%Zzai“j[fqy—Z%iyi-FVZOCi, (8)
i=1 i=1

i=1 j=1

where v is Lagrangian multiplier. It follows from the KKT
condition of (7) that

Algorithm 2 ICG for solving LS-SVM [11]

Input: training data T', stopping criterion e;
Output: dual variable a, bias term b*;

1: Compute the matrix Q;

2: Solve the linear equations (6) using the CG method;

~ %

3: Compute dual variable; a* = (_1571&* );

4. Compute the bias term b* = y,, + Q,n (11 _,a*) — g7 a*;

3.2 First-order SMO

The CG method starts from the primal problem to obtain
the optimal solution of problem (1). However, solving the
dual problem of (1) can also get the optimal solution
according to the duality theory. The sequential minimal
optimization (SMO) is an algorithm designed for the dual
problem of (1). To satisfy the constraints of the dual
problem, the SMO algorithm only selects two variables for
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Vo, Lp(a,v) =V, D(a) +v =0, Vi, 9)

where V,, D(a) =371, ocj[f(}ij —yi = G;(),Vi. Note that,

when max(G;(a)) = min(G;(«)) holds and > !  a; =0,
then a is the optimal solution of the dual problem (7). In
actual computation, the strict KKT conditions are generally
not used, but a small positive number ¢ is set in advance so
that
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{max(G,-(oc)) - miin(Gi(oc))} <e (10)

1

is established. This method has also been adopted by the
LIBSVM [31] and SVM Light [32]. Let (oxff,aj’?) be the
variable pair selected in the k-th iteration. Since the

equation constraint Z?:M‘i =0 must be satisfied, the

update of (of, a]’?) needs to satisfy

of = of + Ad*

ket 1 i k

o= — Aa (11)
o e=ok V0 £

Ad* is the amount of variation for otf? and oc;‘ . If the func-

tional gain is denoted by f5 (Aa¥), we have

fo (Aak) :D(ak) - D(rka)
:% (ak)Tf{ak _yTak _ % (“k+1)71~(ak+1 _’_yTakJrl

%], [%], (5)

B 1<—Acx">T
) k ~ ~ k
NI LI A

(o) ()

Obviously, working set (i, j) needs to be selected to max-
imize fg (Aozk), namely

(G- 6@
(ij) = argming ot
mt 2 ( [K:| mm+ |:K] ll_ |:Ki| ml_ |:K:| ]m)
(15)

In the first-order SMO algorithm, Keerthi [14] neglected
the denominator of f; (Aak) and only consider the numer-
ator to reach the maximum, namely

(i,j) = ar%:;lin{(Gm (ak) _ G[(ak))z}. (16)

Obviously, the selecting method of working set (i, j) is
equivalent to

i = argmin G,(o), j = argmax G, («"). (17)

14 m

At this time, working set (i, j) is also called the MVP. The
first-order SMO proposed by Keerthi [14] uses the dual gap
as the stopping condition. However, we uniformly use (10)
as the stopping condition. The detailed computation pro-
cess of the first-order SMO is summarized in Algorithm 3.
Here, G(ka) = (Gl (azk), G, (cxk), <o, Gy (cxk))T denotes the
gradient of D(a) at the k-th iteration.

Algorithm 3 First order SMO [14]

Input: training data T, stopping criterion e;

Output: dual variable o*;

1: initialize a” = 0, G (a®) = —y and k = 0;
2: while Stop condition (10) not met do
3: Select the working (4, j) according to (17);

4: Compute Aa® with (13);

5 Updata dual variable a**1 with (11);
6: Updata gradient G (a*);

7: let k < k + 1 and go back to step 2;
8: end while

fc is the quadratic function of Aaf. Let f/(Aat) = 0, then
we have

__GE) -Gl (13)
&), +[%],-[],-[£],

Substituting Aa* into (12) yields the functional gain
(Gy(+*) - Gi(a"))’

o([%],+[%],-[K],-[K],)

Aok =

fo(Ad) =

3.3 Second-order SMO

In LIBSVM [31], the SVMs model is trained using the
second-order version of the SMO algorithm. Generally, the
efficiency of the second-order SMO algorithm is higher
than that of the first-order SMO algorithm [15]. Hence,
Lépez [16] extended the second-order SMO algorithm of
the SVMs to the LS-SVM to improve the training effi-
ciency of the LS-SVM.

Since the first-order SMO algorithm ignores the
denominator of f; (Aak ) , the working set (i, j) selected with
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the MVP may not maximize fg (Aock). Based on this, the
second-order SMO algorithm of LS-SVM takes the
denominator of fg (Aozk) into consideration when selecting
the working set (i, j). However, note that, in order to find
the optimal working set (i, j), it is necessary to traverse
(15) to find the working set (i, j) corresponding to the
maximum value, and the complexity is O(n?). When the
sample size n is large, this is unacceptable. Fan [15] and
Lopez [16] used a compromise method. This method first
uses the first-order SMO to find the coordinate i and then
traverses (15) to find the coordinate j corresponding to the
maximum value, namely

i = argminG, («"),
¢

j = arg max (Ge(a) - Gi (“k))z (18)

A 2([1?} ii+{1~<} w {ﬂ 0 {E} m)

Although the second-order SMO algorithm increases some
kernel operations, the functional gain of the dual function
is greater than that of the first-order SMO algorithm in each
iteration. Fan [15] and Lopez’s [16] numerical experiments
have shown that the efficiency of the second-order SMO is
generally higher than that of the first-order SMO. But when
the penalty parameter y ~ 0, the kernel parameter ¢ ~ 0
and ¢ > 0 of the RBF, the second-order SMO is almost
equivalent to the first-order SMO [16]. Replacing the
working set selection method of step 3 in Algorithm 3 with
(18) is the computation process of the second-order SMO
algorithm.

3.4 Functional gain SMO

The coordinate index corresponding to the minimum value
of the gradient G(«) is the selected i in the second-order
SMO algorithm. There may be a problem with this selec-
tion method, namely, G;(a) may not be the most obvious
gradient component that violates the KKT condition,
namely, there may be a i that makes | G;(a)| < GA«).
Hence, Bo [18] used functional gain to select the working
set (i, j). Specifically, the selection of index i is the coor-
dinate index corresponding to the maximum value of
|G(a)|, and the selection method of index j is consistent
with the second-order SMO, namely

i = argmax|G,(«")],
¢

i argmaxd (010 =G(@)" (19)
£ 2([K} ii—i—{K} o [K} = [K} [i)

This selection method was called FGWSS (functional gain
working selection strategy). Obviously, the method of
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selecting the working set (i, j) by the second-order SMO is
only a special case of the FGWSS method. Because i =
argmin[(G[(a")) or i = argminl(—Gg(ock)) = argmax,
(G¢(o*)). In the case of the same gradient G(«), using the
working set (i, j) selected by FGWSS can always ensure
that the variation in the dual function is greater than or
equal to the MVP method. However, second-order SMO
may not have this property. The computation process of the
functional gain SMO algorithm is not significantly differ-
ent from that of the second-order SMO algorithm. It only
needs to replace the working set selection method in
Algorithm 3 with (19), and the rest of the computation
steps are exactly the same.

4 The proposed conjugate functional gain
SMO

The only difference between the three SMO algorithms
described above is the way in which the working set is

selected. The unified iteration format of the SMO algorithm
k

is af ™! = of + pyhl, where hj; = ek —
the k-th iteration of the SMO algorithm, p, is the step

length parameter, and (i, j) is the working set. Next, we

eJ’.‘ is the direction of

will use a conjugate direction sy to replace the direction hf‘l
Consider iterative format

o = ok + sk

‘ (20)
Sk = hlj + reSk-1,

where the direction hg- is determined by FGWSS, and ry, is

the conjugate parameter. Because a*!

equality constraint, namely

n n n n n
D AT =) A n ) =D Ay s =0

i=1 i=1 i=1 i=1 i=1
(21)

Hence, if Z?:l s};_l = 0 holds, then (21) naturally holds.
By the line search criterion, let ¢(p;) = D(o* + p;si),

must satisfy the

then according to ¢'(p,) = pks,ZIN(sk +5/G(a*) =0, we
can obtain the optimal step length parameter

T
L stele) (W) 66
Pr= sTKs, sTKs
()~ G(#) -
sTKsy

Note that, s;G(«*"!) =0. Hence, (22) can be further
simplified as pj = —G( oz")ThZ/ sT K s;. Since the inner

product of the direction s; and the gradient G(ozk) satisfies
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T . .
sTG(odh) = G(o) hf; <0, the direction s; is a descent Start
direction. At this time, the functional gain is l
Input dataset 7'
fo(Ad¥) =D(a) — D (") ]
1, e o (23) Initialize CFGSMO
= —Ep s, Ksi — ps; (Koz —y).
Yes
. N Tk | T T « —  Stop condition?
Substitute p; = fG(oc ) hl.]-/skKsk and sk_lG(oz ) =0 | N
X (0]
into (23) to get
Select working ~——— Compute [I~(]:J.A and [I~(]:’ P

(G(ock)Thj;)2 e

fo(0) = D) = D) = 31—
k k

where

Y(r) = sZI?sk = (hfj + rsk,l)TIN( (hZ + rsk,l).

Because there is a parameter r in the denominator (r),
fc (Aock ) can be further

W (r) = 2( sy I?h; +rsi1 K sk_l) =0, we have

maximized. Let

sT_ KR~
r=——tt (25)

SkilKSk, 1
Notice that substituting (25) into (20) yields
sl Ks;_ :s,{_lIN(hé + sl Ksy

_ sT_KhX (26)
=i Khly - —=——"s{ | Ks | =0.
S 1 Ksi—1

Because K is symmetric and positive definite, s; is conjugate
with s;_;. The above computation process is the conjugate
functional gain SMO (CFGSMO) algorithm of LS-SVM.
Algorithm 4 is the CFGSMO, and Fig. 1 shows its flowchart.

!

7, (t.k_l —t’."l)/rk‘] —— s, <hfins,

I Jk

" < [K], ~[K], +nt"'—> et —1f

o —d+ps, — p(G(ef)-G, (a"))/7

Lo O”tp‘”m G(o") < G(a"")+ prt —

solution
/!

End

Fig. 1 The flowchart of CFGSMO for solving LS-SVM

CFGSMO is an extension of the conjugate SMO
(CSMO) [28] for solving SVMs. The dual problem of
SVMs has a box constraint 0 < «; < C, Vi, which indicates
that the dual decision variable « is confined within an
interval. Whether it is the plain SMO or the CSMO, when a
exceeds the box constraint, it is necessary to strictly limit a
within the interval determined by the box constraint

Algorithm 4 Conjugate functional gain SMO

Input: training data T, stopping criterion e;

Output: dual variable o*;

1: initialize @ = 0, G (&) =0, s =, =0, 7° =1 and k = 0;
2: while Stop condition (10) not met do

3: k—k+1,

4:
5:
k—1 k—1 k—1.

6: T — (tik -t )/7’ ;
7 sp— RF +rpsp_g;

k I I E—1.
8: tk — [§]>Jkk_ [K]:,ik + T‘kt )
9: TV — 5 — b

Compute the kernel matrix elements [I~{ ].;, and [I~{ ]

Select working set (i, ji) according to (19);

Sk

10: Compute py (Gik, (Oék) -G, (ak)) /"

11:
12:

Updata dual variable o «— o*~! + ppsy;
Updata gradient G (a’“) — G (ak’l) + prt;

13: end while
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through the clipping operation. Not only that, when a are
clipped, the CSMO also needs to restart the entire algo-
rithm with the plain SMO. However, the dual problem of
LS-SVM does not contain box constraints. This means that
the CFGSMO is not affected by the boundary caused by the
box constraint, so it does not need to clip the dual decision
variables a, and it does not have the restart step of the
CSMO. Hence, the CFGSMO algorithm will be simpler.

5 Convergence

The first-order SMO, second-order SMO, and FGSMO
algorithms are proven to converge. Naturally, whether the
CFGSMO algorithm used to train the LS-SVM converges
to an optimal solution or not should also be discussed.
Hence, this section briefly discusses the convergence of
CFGSMO algorithm.

5.1 Asymptotic

Next, we will illustrate this problem through several lem-
mas and a theorem. Lemma 5.1 is only an extension of the
conclusion in [28].

Lemma 5.1 In the process of using the CFGSMO algo-
rithm to train the LS-SVM model, the functional gain
fo(Aa) oy of the CFGSMO is always greater than the
functional gain fg(Aa). of the FGSMO algorithm.

Proof Suppose that in the k-th iteration, the working set
selected by the FGSMO algorithm is (i, j), so (acf, ocjl-‘) is
the variable selected in the k-th iteration. At this time, the
functional gain is

(G (o) Thf/) ’
(h’;) "Rt

(27)

)

fo(Ax) o= 5 < ‘ — =2

(6()n, )

where hZ is a descent direction of FGSMO algorithm in the
k-th iteration. And because of

~ 2
T k
- - (s,HKhl.)
sTKsy = (hj;) Knt - N0

v s/{,IKsk—l ( )
~ \2 28
k||? (s’{*IKh;)
ij E k—1 e

2 T .
where HhSHE: (hfj) KhZ From (23), the functional gain
of the CFGSMO algorithm can be further expressed as

Adk -
fG( x )CF 2 s Ks;
T
1 (6(n) (29)
T2 2 (7 k) )
hk 1= k=12
‘ v K( 1 11

Since s7  Kh" <||h*||~||si_1||~ holds, we can therefore
k—1 ij il g K

obtain f(Aa); <fo(Ad) qf. O
Lemma 5.2 For the CFGSMO algorithm, when k > 1, the

functional gain of any two adjacent iterations of the dual
function satisfies

H“k_“kJrIHZ.

7 (30)

fG(A“k)CF >

Proof Suppose that the working set selected by the MVP
is (i, j), and the working set selected by the FGWSS is
(ir,jr). By the Lemma 5.1, it follows that

(31)
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5 5 . ks ks
As fo(Aab) . > M holds, we can therefore obtain Gir(2) = Gj, (%) :k}ﬂo (G (o) = G (o))
' (36)
= lim (A(k;) + B(k;) + C(k;)),

k 2 2
X GG 1 I
f ( o )CF = 5 SZKsk = 27 .

O

Lemma 5.3 The dual function D(a) has a lower bound

_ZZYz/ mm( )s

smallest eigenvalue of the matrix K.

where Xmm( ) >0 denotes the

Proof Obviously, the dual function satisfies inequality
l n n - n n
:EZIZLOCIOCJ {K]U—leiyiz — ZOC[)/,'. (33)
=1 j= = =

By the Cauchy inequality, we can get

S /3003 /3. (34)
i=1 i=1 i=1

Because Apin (K )oz a< o’ Ka holds, so we have 4/ ioc,-z =
vala < aTIN(oz/}vmm (I~() and

>0y < \/Ziy?\/aTI?a/imin(IN(). Note that, 0 is a fea-

sible solution of dual problem (7), it follows that

1 = ﬁ
S Ka< Zociyfﬁ /Zy? o Kot/ Zmin (K). (35)
According to (35), \/aTKa<2\/Z i /Amm K) can be

derived. Hence, >, 0y <2, 3%/ /min(K ) To sum up,
D(a)> —23,y;/

Theorem 5.1 The sequence {ak} generated by the

Amln( is true, as desired. O

CFGSMO algorithm converges to the global optimal
solution o of the dual problem (7).

Proof 1t is known from Lemma 5.2 that the dual function
D(a) is strictly decreasing in the whole iteration process,
injr 7 0. According to the

Lemma 5.3, fg(Aa*) - converges to 0. It follows that the
1

because the change G(a)'h

sequence {oc ock} also converges to 0. Because the

matrix K is a symmetric positive definite matrix, the dual
function D(a) is strictly convex, there is a unique global
optimal solution o, and {a*} C {a' | D(a') < D(«
compact set. Hence, {a’} has a subsequence {a*} with &
as the limit point. Note that, dual variable a € R". So there
are at most n> options for working set (ir,jr). Hence, there
must be an infinite number of times a working set is
selected. Without loss of generality, suppose the working
set is (ir,jr). Consider the limit

}1sa

ky—00

where A(k,) = G;, (&) — G;, (&), B(k,) = G, (o)
— Gj, (o) and C(k,) = Gj, (a""") — Gj, (a*). Because
{at — ok} converges to 0, both A(k,) and C(k,) converge
to 0 when k;— oo. Obviously, B(k;) = 0 always holds. It
follows that G;,. (&) — Gj.(&) = 0. Recalling the selection

JF
method of working set (ir,jr), we consider another limit

(6(6) - 6(@)"= ( Jim (G(#") - Gi)) ) ¥i.

(37)

Furthermore, by the conclusion of Lemma 5.1 and the
proof process of Lemma 5.2, we have

2
. ~\\2 : s (s
(60 - ()" = ((1im (=) - 6,
h[Kh;
< =
~ sTKsy

(Jim (6,6) -, ()

hiKh; X
= ;N d (Gif(“)_
5. Ksy

G;,(3))’=0,Vi,j.

(38)

According to (38), we can obtain the G;(&) = G;(&), Vi # J.
This implies that the KKT condition holds and the limit
point & is a global optimal solution of D(a). Since the dual
function D(a) is strictly convex, there is a unique global
optimal solution. It follows that & = a*. O

6 Numerical experiment

The main content of this section is to test the performance
of the proposed CFGSMO algorithm. Algorithms used for
comparison include first-order SMO (abbreviated as
SMO1), second-order SMO (abbreviated as SMO?2),
FGSMO, CG, and ICG. The kernel function is RBF (Radial
basis function), namely k(xhxj) = (—Hxi —xjHi/Zoz),
where ¢ is the kernel width. To compare the efficiency of
the algorithms as much as possible, the kernel width ¢ is
not set to an optimal value, but to a set of grid values.
Specifically, the value of the kernel width ¢ is
2i(=5,---—1,0,1,---5), a total of 11 different kernel
widths. The stopping condition € is uniformly set to 0.001
[18], and the penalty coefficient y is 2/(i = —1,0, 1,...12),
respectively. All algorithms are implemented using
MATLAB R2020a and executed on a personal computer
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Table 2 Basic information about the datasets

Regression Regression Classification Classification

Dataset Size Dim Dataset Size Dim Dataset Size Dim Dataset Size Dim
mg 1385 7 housing 506 14 ala 1605 123 w2a 3470 300
mpg 392 puma8NH 8192 9 ala 2265 123 w3a 4912 300
pol 15,000 50 ailerons 7154 42 a3a 3185 123 wda 7366 300
pyrim 74 28 bodyfat 252 15 ada 4781 123 w7a 24,692 300
bank32 8192 34 cpusmall 8192 13 aSa 6414 123 heart 270 13
kin8nm 8192 9 space_ga 3107 7 aba 11220 123 australian 690 14
cadata 17,887 9 triazines 186 61 aTa 16100 123 svmguidel 3089 4
cpu_act 8192 23 eunite2001 336 17 a8a 22696 123 svmguide3 1243 21
abalone 4177 9 cal_housing 20640 10 a%a 32561 123 fourclass 862 2
puma32H 8192 33 delta_ailerons 7129 6 wla 2477 300 breast_cancer 683 10

with 64 G memory, Inter(R) Xeon(R) W-2123 3.6GHz
processor and operating system Ubuntu 20.04.

6.1 Benchmarking datasets

Twenty regression benchmark datasets and twenty classi-
fication benchmark datasets in Table 2 are used to test the
efficiency of these six algorithms. Among them, except the
regression datasets ailerons, cal_housing, bank32, kinSnm,
cpu_act, puma32H, puma8NH, delta_ailerons and pol are
from LIACC,! the rest of the datasets are taken from the
LIBSVM Data.”

For the regression datasets in Table 2, all are normalized
to interval [—1, 1]. The benchmark datasets a4a, aSa, aba
and a7a, as well as w2a, w3a, w4a and w7a are also used to
observe the variation in the number of iterations with the
benchmark datasets size.

6.2 Execution time comparison

Next, we will compare the execution time of the SMOI,
SMO2, FGSMO, CG, ICG and CFGSMO on regression
and classification datasets. Tables 3, 4, 5 and 6 record the
total execution time of the six algorithms under 11 different
kernel widths ¢. Table 3 is the execution time comparison
of regression datasets ailerons, cal_housing, cart_delve
and pol. Tables 4, 5 and 6 show the execution time com-
parison for the binary datasets a4a, aSa, aba, a7a, a8a,
a9a, wla, w2a, w3a, w4a, w7a and svmguidel.

For the regression datasets ailerons, cal_housing,
cart_delve and pol, the total execution time of CG and ICG
methods is significantly more than that of SMO-type

! https://www.dcc.fe.up.pt/ ~ ltorgo/Regression/DataSets.html.

2 https://www.csie.ntu.edu.tw/ ~ cjlin/libsvmtools/datasets/.

@ Springer

algorithms. In particular, the CG method is significantly
less efficient than other algorithms. Although the efficiency
of the CG-type method is higher than that of SMO1 when
the penalty coefficient y is large, it is still lower than other
SMO-type algorithms. From the total execution time in
Table 3, it can be seen that the larger the scale of the
datasets, the lower the efficiency of the CG-type method
and the higher the efficiency of the SMO-type algorithms.
Hence, using the SMO-type algorithms to train the LS-
SVM is more efficient than the CG-type method when
dealing with large-scale datasets. The SMO-type algo-
rithms are more suitable for the LS-SVM learning task of
large-scale datasets. In addition, there are also obvious
differences between SMO-type algorithms. Note that, when
the penalty coefficient y is small, the total execution time of
SMOI is significantly less than other SMO-type algo-
rithms. However, when the penalty coefficient y is gradu-
ally increased, the total execution time of SMOI is
gradually more than other SMO-type algorithms. This
shows that the SMOI is not efficient in the face of a large
penalty coefficient y. At the same time, the efficiency of the
SMO?2 is gradually improved. However, when the penalty
coefficient y increases to a certain extent, the execution
time of SMO2 is gradually longer than that of the
CFGSMO. This shows that the CFGSMO is significantly
more efficient than other SMO algorithms when faced with
a larger penalty coefficient y. Moreover, in other cases, the
total execution time of CFGSMO is not significantly dif-
ferent from other SMO-type algorithms.

For the 12 binary classification datasets a4a, a5a, a6a,
a7a, a8a, a9a, wla, w2a, w3a, w4a, w7a and svmguidel in
Table 2, their kernel matrices are usually sparse. We know
that SMO-type algorithms are very efficient when dealing
with sparse matrices. Hence, when dealing with classifi-
cation tasks, the learning efficiency of the LS-SVM model
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Table 3 The total execution time of the SMO1, SMO2, FGSMO, CG, ICG and CFGSMO algorithms on the regression benchmark datasets
ailerons, cal_housing, cadata and pol (Units: seconds). Boldface is used to highlight the shortest time, similarly hereinafter

ailerons cal_housing
log2’  SMOI SMO2 FGSMO CG ICG CFGSMO SMOl SMO2 FGSMO CG ICG CFGSMO
-1 526 11.45 12.64 35.84 37.51 17.27 13.54 27.69 30.69 10022 94.12 42.34
0 627 12.41 13.56 48.09 4417 18.22 16.96 28.62 31.50 130.76  112.17  43.14
1 822 14.20 15.65 63.10 52.37 19.99 23.73 30.89 33.83 173.60 137.16  45.26
2 1181 17.74 19.28 84.87 64.93 23.27 36.56 34.79 38.26 23039  173.50 4942
3 1817 22.84 25.06 112.54  81.29 28.717 61.32 41.85 46.39 311.15 22446  56.29
4 30.68 31.46 34.67 152.12 10334 37.98 110.98 55.11 60.26 419.19 29171  69.77
5 5358 45.72 50.22 20849 13798 5222 207.55 79.42 87.67 579.65  391.74  94.04
6 96.04 69.39 76.66 284.61 186.14 7597 396.71 12483  136.93 796.75  536.63  137.14
7 17343 109.72  121.12 40190 25751  114.61 779.53 21150  231.94 1091.08 739.38  217.93
8 31571 17878 19739 56220 362.14  178.63 1525.40 37143  407.74 1543.86 1034.72 362.78
9 58029 297.74 32853 78593 51590  285.66 2976.40 668.82  731.13 217478 1465.88 632.45
10 1061.32 501.39  552.14 1107.23  727.08  466.19 5821.66 1221.41 1345.80 3050.19 2076.08 1127.69
11 193831 851.41 943.71 1591.40 1033.15 773.63 1142221  2251.12 2469.47 4289.49 298297 2049.17
12 355146 1466.08 1619.64 2233.46 1470.27 1294.09 2,2350.54 4149.63 4557.02 6149.46 425750 3753.15
cadata pol
-1 1085 22.43 24.59 66.97 67.74 34.41 7.88 16.98 18.75 53.40 51.51 26.15
0 1340 22.73 24.94 86.87 78.88 34.82 9.16 17.75 19.37 70.21 61.52 26.68
1 1781 24.01 26.48 113.15 97.70 36.12 11.81 18.97 20.90 92.04 75.09 27.87
2 2636 26.33 28.87 150.60 119.53 38.18 17.16 21.59 23.60 123.09 93.02 30.41
3 43.63 30.15 32.98 199.23 149.90 42.38 27.22 26.55 29.04 167.30 119.55 34.90
4 78.03 37.87 41.58 268.99 197.51 50.26 45.63 35.70 39.22 229.93 158.44  42.86
5 14652 52.03 56.35 363.72 264.36 63.79 81.44 51.61 56.68 31591 212.96 57.18
6 284.63 76.72 83.86 502.04 350.87 87.82 149.56 80.13 87.85 436.41 295.01 81.93
7 556.95 125.24 138.89 683.06  485.04 133.32 281.70 129.44 140.58 612.26 414.12 124.37
8 1098.88 219.77 239.74 953.58 684.58 216.67 526.39 213.70 233.17 863.17 583.13 198.54
9 215833 396.83 438.23 1320.89 971.32 378.14 984.82 362.37 394.76 122295 823.54 328.43
10 4279.72 729.71 804.46 1878.30  1340.62 675.33 1853.03  624.76 683.70 1691.76  1171.89  553.22
11 8406.90 1370.17  1506.00 264440 1967.38 1236.31 3471.34 1084.68 1186.06 2439.46 1680.71 955.79
12 16550.26 2599.86 2860.40 3721.15 2773.77 2345.83 6467.86 1895.67 2076.84 347546 245136 1666.51

using the SMO-type algorithms is usually higher than that
of the CG-type algorithms. The total execution times in
Tables 4— 6 confirm this conclusion. As with the regression
datasets, when the penalty coefficient y is small, the total
execution time of the SMOL is slightly less than that of the
SMO2, FGSMO and CFGSMO and significantly less than
that of the CG and ICG algorithms. Therefore, when y is
small, it is efficient to use SMO1 to solve the LS-SVM. But
when 7y is large, the first-order SMO is no longer suit-
able for training the LS-SVM. At this time, the efficiency
of the SMO algorithm using the second-order information
is significantly higher than that of the first-order SMO.
Although the SMO2, FGSMO and CFGSMO algorithms all
use second-order information, from the numerical results in
Tables 4-6, the CFGSMO algorithm is obviously more

suitable for the case where the penalty coefficient y is large.
Hence, when the penalty coefficient y is large, using the
CFGSMO algorithm to train the LS-SVM will be faster and
more efficient. Similarly, when dealing with large-scale
binary datasets, SMO-type algorithms also have advan-
tages over CG-type algorithms. This shows that SMO-type
algorithms are usually more efficient than CG-type algo-
rithms for both classification and regression tasks. In
addition, in the SMO-type algorithms, the CFGSMO
algorithm will have more competitive advantages.

6.3 Comparison of iterative processes
Lemma 5.1 points out that the functional gain of each

iteration of the CFGSMO is greater than that of the
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Table 4 The total execution time of the SMO1, SMO2, FGSMO, CG, ICG and CFGSMO algorithms on the classification benchmark datasets
a4a, aSa,aba, and a7a (Units: seconds)

ada aSa
log2’ SMOI1 SMO2 FGSMO CG ICG CFGSMO  SMOI SMO2 FGSMO CG ICG CFGSMO
-1 1.35 3.04 3.27 2.27 3.83 3.96 2.23 5.02 5.35 4.61 6.76 6.74
0 1.55 3.10 3.33 2.97 4.10 4.07 247 5.09 542 5.88 7.55 6.69
1 1.83 3.47 3.62 4.05 4.73 4.32 2.95 5.64 5.99 7.41 8.72 7.26
2 2.32 3.89 4.11 5.20 5.49 4.68 391 6.58 6.82 9.75 10.03 7.97
3 3.28 4.61 4.83 6.51 6.50 5.35 527 7.55 7.99 12.24 11.96 9.14
4 476 5.70 6.04 8.71 8.13 6.26 7.87 9.30 10.00 15.97 14.80 10.91
5 7.27 7.34 7.82 1091  9.71 7.74 12.32 12.00 12.91 21.13 18.36 13.22
6 11.19 9.74 10.33 14.31 1199  9.86 19.80 16.06 17.30 27.58 23.74 16.97
7 18.08 13.36 14.03 17.95 15.11 1297 32.20 22.26 23.98 36.20 29.92 2213
8 29.83 18.58 19.70 22.87 1941 1725 53.46 31.49 33.68 46.51 38.19 30.12
9 49.32 26.12 27.93 30.54 2484 2332 91.59 45.08 48.05 59.46 49.12 40.64
10  84.81 36.66 38.44 39.37 3179  30.92 158.57  64.60 69.02 77.68 64.03 55.73
11 148.33  50.99 54.34 49.64 4155 4148 280.72  92.03 98.26 100.10  84.53 75.88
12 264.05 70.46 74.60 65.61 5622 5537 509.87  129.81 138.95 12742 108.70  103.26
aba a7a
-1 5.95 13.95 15.41 17.18 22.35 21.21 10.79 24.86 26.82 40.37 48.10 37.55
0 6.49 14.20 15.69 22.52 25.70 21.58 12.41 26.55 28.50 53.40 56.29 39.50
1 8.03 15.99 17.59 29.22 29.82 23.11 15.50 29.60 31.78 69.99 66.98 42.21
2 10.58 17.64 19.65 38.25 3547 25.16 20.58 31.93 35.06 91.26 81.52 45.26
3 14.84 20.65 22.96 49.34 43.79 28.34 30.02 38.89 42.48 118.24 100.59 52.59
4 22.58 25.53 28.42 64.57 55.23 33.58 46.11 48.63 53.22 155.59 128.67 63.65
5 36.17 33.15 36.69 85.15 69.88 41.51 74.51 63.77 69.87 203.81 164.61 79.09
6 60.22 45.11 50.18 113.74  89.69 53.45 124.80 87.64 95.90 266.64 216.13 102.31
7 99.81 63.29 70.43 147.27 11779 71.12 212.29 12392  136.35 358.97 288.55 138.18
8 169.27 91.96 102.07 193.30  156.50  97.78 365.05 181.89  198.88 470.46 376.72 191.11
9 293.33 134.98 149.96  251.99  204.49 136.29  639.01 270.10 29745 635.89 516.79 268.39
10 522.70 199.64 22172 33835 276.13 19156  1150.24  406.70 44441 831.40 683.26 383.34
11 946.96 294.62  329.04 43725  367.85 26941 212140 609.36  666.82 1087.84  885.29 54741
12 1733.70 43143  480.78 57446 47775 37620 3903.18 912.49 1008.44  1425.06 1184.29  787.72

Boldface is used to highlight the shortest time

FGSMO. Naturally, it is also larger than other SMO-type
algorithms. Because the functional gain of the SMO?2 is
greater than that of the SMO1. And SMO?2 is a special case
of FGSMO, which naturally satisfies the case of Lemma
5.1. Figures 2 and 3 show the iterative process of regres-
sion dataset pol and classification dataset wla under dif-
ferent kernel width o, respectively. Notice that, the results
in Figs. 2 and 3 are only the results of the first 2000 iter-
ations. The “Dual” in Figs. 2 and 3 denotes the function
value of the dual objective function (7). It can be clearly
seen from Figs. 2 and 3 that the convergence speed of the
CFGSMO algorithm is significantly faster than that of the
other three SMO algorithms. Second only to the CFGSMO
are SMO2 and FGSMO, and the slowest convergence
speed is SMO1. No matter in the regression dataset pol or

@ Springer

the classification dataset wla, the functional gain of the
CFGSMO algorithm is significantly more than that of other
SMO-type algorithms. However, with the continuous
increase in the kernel width g, the gap between the four
SMO algorithms is gradually narrowed, because in the
process of gradually reducing the ¢, the SMO2 will grad-
ually degenerate into the form of the SMOI.

Figure 4 compares the average number of iterations for
the four SMO-type algorithms with different training set
sizes and different kernel width . Hence, according to the
basic information of the datasets in Table 2, we selected
two groups datasets. The first group is a4a, a5a, aba and
a7a, and the second group is wla, w2a, w3a, w4a and w7a.
Note that, the sample sizes of both datasets do not grow
strictly linearly.
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Table 5 The total execution time of the SMO1, SMO2, FGSMO, CG, ICG and CFGSMO algorithms on the classification benchmark datasets

a8a, a9a, svmguidel, and wla (Units: seconds)

a8a a9a
log2’  SMOI SMO2  FGSMO CG ICG CFGSMO SMOl SMO2  FGSMO CG ICG CFGSMO
-1 2022 46.76 50.65 88.30 100.81  69.49 38.01 88.80 95.03 211.55  218.88 130.23
0 2291 49.55 53.20 11840  118.86  71.93 43.70 95.86 100.71 28098  265.10  136.22
1 28.80 54.44 59.11 154.99 14243  78.30 55.82 106.28 110.71 373.10  318.59  146.31
2 3891 61.40 67.04 203.13 17841  86.11 76.39 119.75 126.58 485.14  395.66  165.18
3 5728 71.83 78.89 264.64  222.84  97.89 113.75 142.35  151.78 641.72 50340  188.21
4 89.12 88.10 96.77 35253 27750  114.82 180.77 177.47  189.59 858.86  653.03  227.39
5 14637 11545 12621 462.84  366.80  144.07 301.92 23398 24854 1137.99 857.76  281.77
6 24692 15984 175.22 614.29 48542  189.28 517.83 32596 34453 1512.93 1141.98 369.77
7 426778  230.66  253.43 820.70  641.57  259.48 896.59 47415  501.49 2013.71 1548.24 508.64
8 73496  341.06 374.07 1073.52 857.24  358.55 1600.47  722.14  755.49 2733.10 211899 721.00
9 1309.10 51350 564.49 1425.43 113550 515.29 2883.69  1105.86 1153.90 3706.57 2839.44 1040.62
10 2391.88 78133  854.28 1914.71 1569.48 1738.75 5329.66  1705.49 1775.86 4898.03 3764.89 1528.19
11 441257 1189.24 1308.61 2510.24 2068.94 1083.15 9955.06  2581.12 271947 6371.45 5119.19 2210.63
12 824948 1808.33 198543 326598 2699.80 1576.62 18716.80 3994.65 4194.80 8575.02 6931.60 3273.39
svmguidel wla
-1 0.93 1.82 1.84 0.53 1.43 2.20 0.40 0.77 0.79 0.58 0.99 0.93
0 0.90 1.79 1.87 0.68 1.52 2.27 043 0.75 0.76 0.75 1.08 0.88
0.92 1.91 1.92 0.86 1.61 2.36 0.46 0.76 0.77 0.88 1.18 0.91
2 0.96 1.87 1.97 1.12 1.66 2.33 0.51 0.78 0.80 1.13 1.33 0.93
3 1.19 1.94 2.04 1.29 1.86 2.46 0.69 0.87 0.88 1.43 1.49 0.98
4 1.26 2.05 2.14 1.67 222 2.56 0.85 0.91 0.97 1.68 1.69 1.04
5 1.62 2.18 2.28 2.03 2.29 2.69 0.85 1.03 1.06 2.05 1.92 1.14
6 1.85 2.32 2.46 295 2.79 2.70 1.16 1.16 1.18 2.57 2.32 1.24
7 222 2.56 2.68 3.34 3.42 2.88 2.74 1.32 1.37 3.16 2.69 1.37
8 2.67 2.86 3.00 4.30 3.97 3.13 3.98 1.57 1.59 3.82 3.26 1.57
9 3.49 327 3.46 5.89 454 341 3.23 1.80 1.87 5.08 4.16 1.75
10 4.60 3.79 4.02 7.13 5.70 3.80 8.95 2.10 2.16 6.07 5.00 1.97
11 6.12 4.47 4.71 9.02 6.88 417 5.63 2.46 2.52 7.78 6.18 2.16
12 8.01 5.24 5.55 11.30 8.45 477 23.59 2.88 293 9.14 7.48 250

Boldface is used to highlight the shortest time

From the results shown in Fig. 4, we can know that with
the gradual increase in the training datasets size, the
average number of iterations of the four SMO-type algo-
rithms increases approximately linearly. Among them, the
growth rate of SMOI is the fastest, and the growth rate of
CFGSMO algorithm is the slowest. This is because, in each
iteration, the functional gain of the CFGSMO algorithm is
greater than that of the other three SMO-type algorithms.

6.4 Comparison of accuracy

In this section, we will test the accuracy of CFGSMO.
Similarly, the choice of kernel function is still RBF. The
range of y is 275,273, ... 2% 2! and the range of kernel

width gis 2711, 279 ..
classification is

-, 21 23 The evaluation criterion for

Number of correctly predicted labels

Acc = x 100%.

total testing labels
(39)

The mean squared error (MSE) is used to evaluate the
performance of the regression, that is

n

1 <12
MSE = -3 (3 — )2,
=D =)

i=1

(40)

where y; denotes the predicted target value. Tables 7 and 8
are the result of fivefold cross-validation.
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Table 6 The total execution time of the SMO1, SMO2, FGSMO, CG, ICG and CFGSMO algorithms on the classification benchmark datasets

w2a, w3a, w4a, and w7a (Units: seconds)

w2a w3a
log2’ SMO1 SMO2 FGSMO CG 1CG CFGSMO SMOI1 SMO2 FGSMO CG ICG CFGSMO
-1 0.80 1.57 1.65 1.30 1.92 2.08 1.29 2.97 3.14 2.92 3.94 3.84
0 0.86 1.60 1.69 1.69 2.18 2.00 1.48 3.09 3.20 347 4.26 3.89
1 0.95 1.69 1.72 2.07 2.34 2.04 1.64 3.11 3.28 4.32 4.98 3.97
2 1.02 1.81 1.80 2.66 2.70 2.13 1.85 3.25 3.42 5.58 5.64 4.16
3 1.36 1.86 1.95 3.22 3.13 2.23 2.36 3.53 3.75 6.85 6.88 441
4 1.65 2.18 2.20 4.04 3.71 2.50 2.70 3.91 4.14 8.68 8.17 4.81
5 1.79 232 2.40 5.15 4.42 2.63 3.30 4.36 4.64 10.86 9.63 5.28
6 3.09 2.60 2.76 6.35 541 2.92 5.00 5.08 5.36 14.38 11.76 5.92
7 6.34 3.02 3.14 7.83 6.49 3.32 10.77 6.02 6.18 17.41 14.58 6.64
8 7.49 3.60 3.73 9.63 8.23 3.74 15.53 711 7.51 22.78 17.55 7.67
9 12.74 4.23 4.45 13.03 10.51 4.27 16.87 8.66 9.06 28.73 23.35 8.77
10 20.46 5.09 5.32 15.26 13.03 4.87 36.84 10.42 10.94 36.92 29.81 10.14
11 18.22 6.00 6.31 20.21 16.05 5.54 36.65 12.51 13.10 46.39 37.52 11.75
12 16.42 7.07 7.42 24.17 19.56 6.38 40.48 15.03 15.74 56.64 48.12 13.69
wéa w7a
-1 2.37 5.65 5.82 6.87 9.14 7.44 20.32 48.08 52.07 118.33 127.15 72.10
0 2.55 5.67 6.00 8.51 10.16 7.70 21.86 48.05 51.44 153.37 147.72 71.13
1 2.82 5.89 6.24 10.90 11.96 7.92 24.80 50.39 54.35 201.08 178.55 74.13
2 342 5.94 6.36 13.70 13.65 8.00 28.75 54.38 59.29 263.19 218.80 79.97
3 417 6.39 6.82 17.54 16.48 8.49 36.44 59.47 64.52 340.39 272.35 85.97
4 5.36 7.07 7.49 22.28 20.04 9.09 43.59 67.20 72.69 44421 339.26 94.52
5 5.81 8.09 8.54 29.25 25.38 10.17 56.10 77.75 84.84 574.94 439.50 105.82
6 9.13 9.59 10.08 36.56 29.88 11.35 100.52 93.64 101.51 758.17 574.96 121.70
7 14.31 11.52 12.13 47.16 38.63 13.27 147.37 116.73 126.99 978.69 733.77 144.97
8 19.79 14.16 14.82 61.10 47.60 15.14 181.07 148.33 162.89 1293.99 985.21 175.18
9 22.09 17.57 18.10 77.30 60.28 17.86 245.04 190.92 209.30 1694.07 1310.89 210.94
10 49.05 21.83 22.77 100.38 78.82 21.25 387.07 252.60 274.72 2250.34 1746.16 260.26
11 46.71 27.06 28.53 127.03 99.51 2542 516.75 331.51 357.90 2968.53 2363.92 326.27
12 93.26 33.37 34.89 161.41 128.57 29.83 798.13 432.46 464.82 3801.45 3080.61 409.29

Boldface is used to highlight the shortest time

The results in Tables 7 and 8 show that the cross-vali-
dation accuracy of SMO1, SMO2, FGSMO and CFGSMO
is not much different. Although the accuracy of CFGSMO
is sometimes lower than one of SMOI1, SMO2 and
FGSMO), it is not the worst one. In Table 8, CFGSMO has
the smallest MSE on the bodyfat, delta_ailerons, mpg,
puma8NH, pyrim and triazines datasets, and the accuracy is
not bad on other datasets. In terms of the hyper-parameters,
the results of y* and ¢* selection for four SMO algorithms
are mostly the same, especially for the regression datasets.
Overall, the accuracy of CFGSMO is not much worse than
SMO1, SMO2 and FGSMO.
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6.5 Short summary and discussion

At the k—th iteration, SMOI1 and SMO2 need 2n flops
(floating point operations) to update the working set, and
the update of gradient G(a) requires n flops, which requires
about 3n iteration costs. Different from the SMOI1 and
SMO2, FGSMO needs to compute the absolute value of
gradient G(a) when updating the working set. If
ne(0 <n, <n) is used to represent the number of elements
less than O in the gradient G(a), the FGSMO update
working set requires 2n + n, flops, and the update of the
gradient G(a) requires n flops. In total, about 3n + n, flops
are required. For CFGSMO, updating the working set
requires 2n + n, flops, and updating the gradient G(a)
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Fig. 4 Variation in the number
of iterations with training set
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Table 7 Cross-validation results for hyper-parameters. y* and ¢* (log2-scale) denote the optimal hyper-parameters, and Acc* denotes the best

accuracy for cross-validation (classification)

Datasets SMO1 SMO2 FGSMO CFGSMO
y* a* Acc* (%) y* a* Acc* (%) p* a* Acc* (%) y* a* Acc* (%)

ala 5 3 82.368 7 3 82.928 7 3 82.741 7 3 82.492
ala 5 1 81.413 5 1 82.252 5 1 81.634 5 1 82.119
a3a 7 3 82.983 7 3 83.579 5 1 83.234 5 1 83.862
ada 5 1 84.124 5 1 83.686 5 1 83.874 5 1 82.744
aSa 5 1 83.942 5 1 84.004 5 1 84.050 5 1 83.645
australian 1 -1 86.667 1 -1 86.377 1 3 85.797 1 -1 87.246
breast_cancer 11 -5 97.656 9 -7 97.369 9 -7 97.363 11 -5 97.514
fourclass -5 3 98.726 -5 3 98.956 -5 3 98.839 -5 3 98.957
heart 1 1 84.074 3 -1 85.185 5 1 84.444 7 1 84.074
wla 5 -1 97.618 5 -1 97.577 5 -1 97.336 5 -1 97.496
w2a 7 -1 97.349 7 -1 97.262 7 -1 97.205 7 -1 97.205
w3a 5 -1 97.252 5 -1 97.252 5 -1 97.272 5 -1 97.252
wéa 5 -1 97.122 5 -1 97.095 5 -1 97.108 5 -1 97.095
svmguidel -3 1 94.982 -3 1 94.723 -3 1 94.756 -3 1 94.755
svmguide3 1 3 83.265 1 3 83.669 1 3 83.912 1 3 83.269

requires n flops. If ny and n, are used to represent the
number of nonzero elements in the vectors s and ¢,
respectively, then the update of the vectors s and a requires
2ng flops, and the update of the vector ¢ requires n, flops.
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Since the number of nonzero elements in the vector s is
much less than n, n; = n. Hence, the cost of each iteration
of CFGSMO is about 3n + ny + 2ng + n; = 4n + n,. Note
that, 4n <4n + n, < 5Sn. Compared with SMO1, SMO2 and
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Table 8 Cross-validation results

for hyper-parameters. 7 and 0" Datasets SMO1 SMO2 FGSMO CFGSMO

(log2-scale) denote the optimal p* MSE* y* o* MSE*  y* o* MSE*  y* ot MSE*

hyper-parameters, and MSE*

denotes the minimum MSE for abalone -5 3 0263 -5 3 0266 -5 3 0263 -5 3 0.266

cross-validation (regression) ailerons 9 30138 9 30137 9 30132 9 30135
bank32 5 1 0.043 5 1 0.056 5 1 0.044 5 1 0.046
bodyfat 1 1 0013 1 3 0.009 1 3 0.010 1 3 0.008
cpu_act 1 3 0.010 1 =3 0.010 1 =3 0.010 1 =3 0010
cpusmall 1 1 0.008 1 —1 0.007 1 —1 0010 1 —1 0.009
delta_ailerons 1 1 0007 -1 —3 0.007 1 —1 0.007 1 —1 0.006
eunite2001 1 1 0.034 I —1 0034 1 —1 0033 1 —1 0033
housing 1 3 0.024 1 3 0.025 1 3 0.025 1 3 0.028
kin8nm 1 1 0.023 1 1 0.023 1 1 0.022 1 1 0.022
mg -3 1 0125 -3 -1 0127 -3 -1 0125 -3 —1 0.126
mpg 3 1 0.038 3 —1 0038 3 —1 0.039 3 —1 0038
puma32H 3 3 0.077 1 3 0.078 3 3 0.082 3 3 0.080
puma8NH 1 1 0.081 1 1 0.084 1 1 0.083 1 1 0.081
pyrim 3 3 0.054 3 3 0.065 3 3 0.057 3 3 0.049
space_ga -1 3 1.020 -1 3 1.025 -1 3 1.027 -1 3 1.033
triazines 5 3 0.245 5 3 0.224 5 3 0235 5 3 0.213

FGSMO, the cost of each iteration of CFGSMO increases
about 25% to 40% of the computation. This shows that the
advantages of CFGSMO are only evident when the total
number of iterations of CFGSMO is less than 60% to 75%
of the other three SMO algorithms.

From the numerical results in Table 3 to Table 6, it can
be seen that the SMO-type algorithm with second-order
information is more suitable for training the LS-SVM
model than the CG-type method. As the penalty parameter
increases gradually, the efficiency of SMO2, FGSMO and
CFGSMO gradually increases, while the efficiency of
SMOI1 and CG-type algorithms gradually decreases. Note
that, equation (14) can be further rewritten as

(Gi(#) — Gi (“k))z’
2(2+ x(i))

K(i.j) = K], + K], — [K], — [K],, The SMOI
algorithm ignores the influence of x(i, ;) on fg (Aak ) When

fo(Adt) = (41)

where

7 is small, k(i j) has less influence on fg(Aa), and «(i,j)
can be ignored at this time. When y is large, if x(i,j) is
ignored, fg (Aak) will be severely affected. Hence, the
SMOL1 algorithm is effective when 7 is small and gradually
becomes less efficient when y becomes large. However, the
FGSMO and SMO?2 algorithms consider the influence of
k(i,j) on fg(A«t). When 7 gradually becomes smaller,
FGSMO and SMO2 are gradually equivalent to SMO1, but
FGSMO and SMO?2 increase some kernel evaluation, so
the computational efficiency is slightly lower than that of
SMOI1. When 7 is large, f5(Aa¥) is greatly affected by

Kk(i,j). At this time, the functional gain f¢ (Aack) of FGSMO
and SMO?2 far exceeds that of SMOI.

For the CFGSMO, when y is small, the efficiency of this
algorithm will be slightly lower than other SMO algo-
rithms, but for larger ), the efficiency of CFGSMO algo-
rithm is the highest. This may be because CFGSMO uses
the descent direction of FGSMO to construct a feasible
conjugate descent direction in the iterative process and
retains the algorithm characteristics of FGSMO under
different parameters y. But CFGSMO increases the func-
tional gain of FGSMO. Therefore, in the face of larger 7,
the efficiency of CFGSMO is higher than that of FGSMO
and SMO?2. This indicates that the execution time of the
program will be drastically reduced if CFGSMO is used for
a wide range of cross-validation.

7 Conclusion

This work proposes a fast training algorithm for LS-SVM,
namely the conjugate functional gain SMO algorithm, and
theoretically proves its asymptotic convergence. This
algorithm is based on the conjugate direction method and
the SMO-type algorithm, which is a combination of these
two algorithms. Theoretically, at each iteration, the func-
tional gain of this algorithm is greater than or equal to that
of the SMO1, SMO2 and FGSMO algorithms.

From the numerical results, the CFGSMO algorithm is
indeed more efficient, especially when 7y is large. The larger
y, the more obvious the advantage of CFGSMO. When 7y is
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small, the efficiency of CFGSMO is slightly lower than that
of other SMO algorithms. It may be because the cost of
each iteration of CFGSMO is higher than that of other
SMO algorithms. In contrast, the efficiency of SMOI is
highest when 7 is small, and the smaller y is the higher the
efficiency of SMO1. SMO2 and FGSMO are suitable for
moderately sized y (no more than about 1000). In addition,
on large-scale datasets, the efficiency of SMO-type algo-
rithms is significantly higher than that of CG-type, espe-
cially CFGSMO. For small- and medium-sized datasets,
the efficiency of CG and SMO is not much different. Since
CG needs to manipulate the entire kernel matrix every
iteration, SMO only needs to manipulate two columns of
the kernel matrix. Therefore, SMO-type algorithms may be
more efficient than CG-type when training large-scale LS-
SVM. In terms of hyper-parameter selection, the optimal
hyper-parameters determined by cross-validation of the
four SMO algorithms are consistent in most cases, and the
performances (Acc and MSE) are not much different.

Since the dual problem of LS-SVM does not contain the
box constraint 0 <o; < C,Vi. Therefore, CFGSMO does
not have a clipping and restart step like CSMO. In com-
parison, the iterative format of CFGSMO will be simpler
and easier to implement and will not suffer from the effects
of the bounds of inequalities.

Reviewing the computation flow of CFGSMO, it can be
seen that the working set selection strategy of CFGSMO is
not strictly limited to FGWSS. This suggests that the effi-
ciency of CFGSMO may be further improved if other more
efficient working set selection strategies are used instead of
FGWSS. In addition, CFGSMO increases the computa-
tional cost by about 1/4-2/5 compared with plain SMO-
type algorithms. Therefore, how to reduce the computa-
tional cost of CFGSMO on the premise of ensuring the
efficiency of CFGSMO is also one of the work that needs
to be further studied in the future. Besides, extending the
conjugate SMO to other support vector machine models is
also the next work to be considered.
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