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Abstract

In order to overcome the complexity of the theoretical analysis caused by using decomposition method to explore the finite-
time synchronization behavior of fractional-order quaternion-valued neural networks (FOQVNNS), we aim to deal with this
problem directly instead of decomposition. Firstly, two inequalities about quaternion are developed to broaden the current
achievements in quaternion field. Secondly, a fractional differential inequality is established by using Laplace transform
and applying the definition of Mittag-Leffler function. Then, by employing the presented inequalities and two different
quaternion control strategies, some new conditions are derived to guarantee the finite-time synchronization of the delayed
FOQVNN:Ss. Finally, two numerical examples are given to illustrate the correctness of the main results.

Keywords Finite-time synchronization - Fractional-order - Quaternion-valued neural networks - Inequalities -

Control

1 Introduction

The synchronization of fractional-order neural networks
(FONNps) is used widely in many application fields, such as
image encryption [1], cryptography [2], and secure com-
munication [3]. Recently, the synchronization of delayed
quaternion-valued neural network (QVNNs) gradually
draws researchers’ attention, as the networks carry more
information and have broad application prospects.
Exploring the field in depth is of great significance.
Compared with integer-order neural networks (IONNs),
FONNs describe the dynamic nature of neurons more
accurately with their strong memory and more degrees of
freedom. In the past few years, great progress has been
made in the synchronization of FONNs [4—-10]. Based on
the developed fractional-order Gronwall inequality, a new
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criterion is derived to guarantee the finite-time synchro-
nization of delayed fractional-order memristor-based neu-
ral networks in [4]. Under two different controllers, the
synchronization of fractional-order competitive neural
networks with reaction-diffusion terms and time delays is
explored via a new method in [6]. Several sufficient con-
ditions are deduced to ensure the global dissipativity and
quasi-Mittag-Leffler synchronization of the considered
FONNs in [8]. The non-decomposition method is
employed to investigate the finite-time cluster synchro-
nization of fractional-order complex-variable networks
with nonlinear coupling in [10]. It is noted that the above
researches are investigated in the real or complex domain.
However, the real-valued neural networks (RVNNs) and
the complex-valued neural networks (CVNNs) lose their
advantages in dealing with multi-dimensional features.

In view of the powerful processing and generalization
capabilities of quaternion neurons, QVNNs that can load
more information are introduced to handle multi-dimen-
sional feature problems. At present, the decomposition
method (decomposing the system into two CVNNs or four
RVNN5s) and the Lyapunov direct method (considering the
system as a whole) are proposed to explore the dynamic
behaviors of QVNNSs in [11-13]. For example, the expo-
nential stability conditions for an impulsive disturbed
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delayed QVNNs are derived by utilizing the real-valued
decomposition method and generalized norms in [11]. The
global Mittag-Leffler stability of FOQVNNs with leakage
and time-varying delays is studied directly in [13].
Nowadays, some researchers have concentrated on the
synchronization of FOQVNNs in [14-21]. By using the
Lyapunov direct method, some sufficient conditions are
obtained to ensure the quasi-synchronization of fractional-
order quaternion-valued discrete-time memristive neural
networks in [14]. The projective synchronization of
delayed FOQVNNSs is studied based on the Lyapunov
direct method and adaptive controllers in [16]. A vector
ordering method is proposed to explore the stability and
synchronization control of the fractional-order quaternion-
valued fuzzy memristive neural networks in [18]. The
FOQVNNSs are separated into four real-valued systems to
explore the adaptive impulsive synchronization in [20].

However, the synchronization of FOQVNNS is achieved
in an infinite time in [14-16, 18-21], which brings a lot of
time and economic consumption. Hence, finite-time syn-
chronization which has the features of fast convergence
and good robustness is proposed to shorten the synchro-
nization time. Several great results on finite-time syn-
chronization of FOQVNNSs have been reported in [22-27].
Based on the quaternion-valued sign function, some lem-
mas are established to explore the finite-time projective
synchronization of the established FOQVNNSs in [22]. The
non-separation method is used to investigate the robust
finite-time synchronization of uncertain FOQVNNS in [23].
The problem of finite-time synchronization for delayed
FOQVNNSs is addressed by applying Lyapunov direct
method in [24]. However, in [25-27], the decomposition
method is employed to explore the finite-time synchro-
nization of FOQVNNSs, which inevitably leads to a large
amount of calculations and complex analysis. It is quite
tricky to separate multiple QVNNSs in practical engineer-
ing. In [22, 23, 26], time delays are ignored in the estab-
lished FOQVNNSs, which is inconsistent with the actual
situation, since the limited signal transmission speed
between neurons inevitably leads to time delays. In addi-
tion, in [28-31], the problem of finite-time synchronization
for the considered IONNs is analyzed via integral
inequality method or maximum-value approach, instead of
finite-time stability theorems. Although the integral
inequality method and the maximum-value approach are
valid for IONNs, these methods cannot be directly applied
to FONN:S.

Inspired by the above discussions, in this paper, we aim
to directly explore the finite-time synchronization of
delayed FOQVNNSs through fractional finite-time stability
theorems. The main difficulty is to directly explore the
synchronization behavior of the system without decompo-
sition. The main innovations are as follows:
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(1) Two inequalities about quaternion are developed to
avoid using the decomposition method, which
broaden the current achievements in the quaternion
field.

(2) A fractional differential inequality is established by
using Laplace transform and applying the definition
of Mittag-Leffler function. And the numerical results
show that the setting time obtained by employing the
established differential inequality is shorter than that
obtained by the estimation method in [39, 40].
Obviously, a new way is provided to achieve
stability and synchronization of FONNSs in a shorter
time.

(3) Different from the decomposition method used in
[19-21, 25-27], by applying the new inequalities,
two different quaternion control strategies and frac-
tional finite-time stability theorems, some conditions
of finite-time synchronization for FOQVNNSs are
derived, which greatly simplifies the previous
researches on synchronization for FOQVNNS.

The paper is organized as follows. In Sect. 2, some defi-
nitions and new inequalities are introduced, and a type of
delayed FOQVNNSs is established. In Sect. 3, some con-
ditions are given to ensure the finite-time synchronization
of the delayed FOQVNNS. In Sect. 4, the theoretical results
are verified by two numerical simulations. Some useful
conclusions are given in Sect. 5.

2 Preliminaries and model description

Notation: Let R, R,, C, @ and Q" denote the set of real
numbers, the set of nonnegative real numbers, the set of
complex numbers, the set of quaternion numbers and n-
dimensional quaternion space, respectively. For any
=R +id +jd + kK e, 7= —idd —ji — kX s
the conjugate of z, where ZF, 7/, 7/, ZX € R, i, j, k are
standard imaginary units and obey Hamilton rules:

P=pP =k =ik=—1, ij=—ji=k jk=—ki=i
ki=—ik=j. |z, = ||+ + 7|+ 125 el = vz
For any Z= (21,22, " ,zn)T c Q" then

n n 2.1
1zl = szl |21 [1Z]], = (Zp:l |2[2)%.
2.1 Preliminaries

Some definitions,
introduced.

lemmas and new inequalities are

Definition 1 [32] The Caputo fractional derivative of
order o € (0,1) for a function f(t) € C'([ty, +0), R) is
defined by
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1 t
C —0 el
Dif(t) = — r— d
o tf() F(l_a)/to( S‘) f(S)S7
where T'(2)is Euler's gamma function defined by
[(w) = [ e ar.

Definition 2 [32] The Mittag-Leffler functions with two
parameters and one parameter are defined as
+o0 Uk +oo Dk

o T p) ) = Lo Ta 1)

where o >0, f >0, v € C.

Eyp(v) =

Lemma 1 [33] The Laplace transform of function (t —
10)' " E, s(A(t — 10)") can be described by
st P
s — 2
where t, s are the variables in the time domain and Laplace

domain, respectively. t>ty, >0 , A PER, and
[As~*| < 1.

L{(t — 10)/ T Ey (2t — 1))} =

Lemma 2 [34] Lett>1y, 0<a<1, then E,(w(t —19)") is
monotonically non-increasing, and 0 <E,(w(t —19)") <1
and lim,_. o E,(w(t — 19)") = 0 for @ <0.

Lemma 3 [35] Assume that a, >0 for all p =1,2,...,n,
then for any 0<b <1, one has

b
p=1 p=1

Lemma 4 [36] Ler z(t) € Q is a continuously differen-
tiable function, then for 0<a <1, one has

o0: (202(0)) < ($Di2(0))2(e) + 20, Di().

Lemma 5 For any z € Q, the following inequality holds
7+7=2"<2|7, <27,

Definition 3
defined by

[22] For any z € Q, the sign function of z is

7 = sign(z®) + isign(Z') + jsign(z’) + ksign(zX).

Lemma 6 [22] For any z(t) € Q, the following statements
hold:

®

Lemma 7 For any z(t),w(t),0 € Q, the following state-
ments hold:

@
w(D)Z(1) + Z(O)w(r) <2/w(1)],-
Particularly, if w(r) = z(¢), then
2(0)2(1) + 2(1)2(1) = 2[z(1)].
(ii)

— 2(1)62(t) — 2(1)dz(1)
<2()0"| +167[ + 65| = 8°)z(1)],.-

Proof For any z(r) =zR(r) +id (t) +j2’ (t) + kX (1),
w(t) = wR(t) + iw! () +jw! (t) + kwk (1) and
0 =% +id" +jo’ + k6* € Q, by Lemma 5, one has

WE(0) + Z0w(r)
=2 (Wi (t)) i
— 2w (1)sign( (1)) + w! (1)sign( (1)) m
! (1)sign(2 (1)) -+ wK (1)sign(Z (1))
<20w(1)),-
Particularly, if w(r) = z(¢), then
020 + FW2(0) = 21z(0),-

In addition,
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- (ﬂf(r) + %510))
= —2((0oz(r))*
= —23R (IR ()] + | ()] + [ ()] + [ (1))
— 20" [R()sign(2! (1)) — <! (1)sign(z (1))
& (1)sign(eX (1)) — 2 (1)sign(z’ (1))]
—-25’[ (1)sign(2’ (1)) — 2! (1)sign(X (1)) 2)
& (1)sign(zF(1)) + 2 (1)sign(2! (1))
— 205 [ (1)sign(X (1)) + & (1)sign(< (1)
— & (0ysign(Z (1)) — & (1)sign (R (1))]
< =208 [z(0)], +2(10") + 18| + 165 (1)
= 2(16"| + [0”] +10%] = 8 (o)1,
The proof of Lemma 7 is completed.

Remark 1 In order to avoid using the decomposition
method in [19-21, 25-27] to study FOQVNNs, some
useful tools for quaternion-valued functions are given in
this paper, which broaden the current research results in
quaternion field. In particular, if w(t) = z(r) € Q, Lem-
ma 7(i) is reduced to Lemma 2 in [13] or Lemma 1 in [22].
If w(t) = z(r) € C, Lemma 7(i) is reduced to Lemma 11 in
[37]. Clearly, Lemma 7 is more general than the existing
results [13, 22, 37] and supplements the non-decomposition
method for FOQVNNSs [14-18, 22-24].

Lemma 8 Ler V(t) be a continuous and nonnegative
function and satisfy

CpDrv(r) < — V(1)

10t

—p, V(1) € Ry\{0} (3)

where 0<a<l1, t>1ty, A>0, p >0, then the following
statements hold:

i) If2=0, then

V(0 < Vi) - =0 VD) € RaAO)
moreover, lim,_, V(t) =0, and V(t)=0 for

Yt > 11, the setting time t is estimated by

V(1) T (o + 1)>%.

l1§f0+<
p

(i) If 2 >0, then
V(0 < (Vi) + ) Ex=ilr = 10)) =%,
V(1) € R\{0)

moreover, lim,, V(t) =0, and V(t)=0 for
Yt > t,, the setting time t, satisfies
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E, (=Mt —19)") = m

Proof If A =0, inequality (3) is reduced to
WDIV() < —p, V(1) € RA\{0} (4)
the proof is similar to Lemma 10 in [37] and Proposition 1

in [38], which is omitted here.
If 2 > 0, there exists a H(¢) >0, such that

CDIV() +H(t) = —AV(1) — p, V(1) € Ry\{0}. (5)

Taking Laplace transform on both sides of equation (5), we
have

s*V(s) —s*'W(to) + H(s) = =V(s) — s 'p, (6)
where V(s) = L{V(¢)}, H(s) = L{H(¢)}, then
Vis) = S“s_“ —‘i/-(/tLO) B s{:]—(s )/1 Bl si_—i—p/l 7

By Lemma 1, one has
V(t) = V(o) Ex(=A(t — t9)") — H(2)
(0 = 10) Ex( =201 = 10)")] ®
— p(t = 10)"Eyu1 (At — 10)")
(t—1)""'>0  and

According to H(t) >0,

E, o (—A(t —19)*) >0, then
H(t) % [(t — 10)" " Ey(=A(t — 15)")] > 0. Furthermore,
V(t) <V(to)Ey(—A(t — 19)") 9)
= p(t = 10)"Egir (= A(t = 10)")
By Definition 2, one has
= p(t = 10) Exoi1 (=A(t — 10)")
P 00 (_;\,)kJrl(t _ to)a(kJrl)
- I; T(a(k+1)+1)
P (A — 1))
_I; F(ock+01) (10)
P [ (A= 10)Y,
i kz:; T(ak+1) 1}
= LE(~i(1 - 1)) -5
Hence,
p n P
V() < (Vi) +5) Eu(=2t = 10)") 2. )

— £, by Lemma 2,



Neural Computing and Applications (2022) 34:9919-9930

9923

D(r) is monotonically non-increasing, and
D(19) = V(to) >0, lim;_o ®(r) = —£ <0.  Therefore,
there exists a constant f, > fy, such that ®(#,) = 0, which
implies lim,_,,, V() = 0, and V(¢) = 0 for Vt > 1,, and the
setting time f, satisfies

— 1)) P

Ey,(—)v(tz = m

If the above statements are wrong, then there exists a
ty; >, such that V(z) > 0. From inequality (11),
V(t5) <D(;) <D(r,) =0, which contradicts V(z3) > 0.
Hence, V(t) =0 for Vt>1t,. The proof of Lemma 8 is
completed. U]

Remark 2 Under the condition of 4 > 0 in inequality (3),
in [39, 40], the researchers reduce inequality (3) to
gD?‘V(t) < — p to estimate the setting time. Actually, the
value of parameter / is an important factor affecting the
setting time. Hence, we introduce Lemma 8(ii) based on
the Laplace transform and the definition of Mittag-Leffler
function to explore the influence of A. And the numerical
results show that the setting time obtained by using
Lemma 8 is shorter than that given by the method used in
[39, 40] (see Example 1). Obviously, a new way is pro-
vided to achieve stability and synchronization of FONNs in
a shorter time. Besides, a novel proof idea is offered, which
is different from Proposition 1 in [38].

Lemma 9 [37] Let V(t) be a continuous and nonnegative
function and satisfy

CDIV(1) < — 2V (1), V(1) € RA{0)
where 0<a <1, t>1ty, A >0 and 0<y<a, then

v < (vt - =) v € RO

moreover, lim,_,, V() =0, and V(t) =0 for Vi > t3, the
setting time t3 is estimated by

oAV (10)B(ar, 1 — y)>%

t3§¢0+< 7

2.2 Model description

In comparison with RVNNs and CVNNs, QVNNs load
more information, and they can be directly used to encode
3D affine transformations. For example, in image com-
pression, the three imaginary parts of a quaternion-valued
neuron encode the three color channels to achieve color
image transmission. Moreover, FOQVNNSs have the ability
to describe complex dynamics more accurately based on
the infinite memory of fractional-order derivatives.

Therefore, the
established:

following delayed FOQVNNs are

,C;Dfx,,(t) = —cpxp(t) + zn:aquq(xq(t))

+ D bpa8q(xq(t — 7)) (12)

q=1
+1,(t),t>t0,p=1,2,...,n,

xp(r) = ¢,(r) € Q,r € [to — 7,10,

where 0 <o <1, x,(¢) € Q is the state variable. ¢, € Q is
the neuron self-inhibition and satisfies cf; > 0. a,, € Q and
bp, € Q are connection weights, 7> 0 is time delay,
1,(r) € Q is the external input. f,(x,(7)), g,(x,(t — 7)) € Q
are activation functions.

System (12) is regarded as the drive system, and the
response system is as follows

gD?yp(t) = —¢pyp(t) + iaquq@q(t))

3" bpuggloglt — )
q=1

+L,(t) +up(t),t>19,p =1,2,...,n,
yp(r) = QDP(V) € @,V € [fo - Tat0]7

(13)
where u,(r) € Q is a controller.

Assumption 1 For u, v € Q, there exist positive constants
Fy, Gy, such that

Ify (1) — fa()]; < Figlu — vl
lgq (1) — 84V, < Gglu — v,

where g € {1,2,...,n}, and the symbol |-|, denotes I
norm, [ = 1,2.

3 Main results

In this section, the conditions for FOQVNNs to complete
finite-time synchronization are derived by using the new
inequalities and two different controllers.

First, the controller u,(r) € Q is designed as follows:

”p(t) = _rpep(t) - npé\[?(t)ﬂ (14)

where e, (1) = y,(t) — x,(t), r, > 0, 7, > 0.
Combining (12)-(14), the error system is given by
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where fq(eq (1))
84(Yg(t = 7))

= fa(¥q(1))
= 84(% (1 = 7))

— fq(xq (1)), gq(eq(t —1) =

Theorem 1 Under Assumption 1 and controller (14), for
some p > 1, if

M = M] — ,LLMQ Z 0

where M, = minp:l,Z,...,n{Cg +rp— (‘CH + |C£| + |C§|

+ZS:1 |agp|\Fip)}, Mo =max,—1p, ., n{ZZ:1 bgpl1 Gy}
then system (13) is synchronized with system (12) in a finite
time.

Proof Construct the following Lyapunov function
= _le®l (16)
p=1
By Lemmas 6 and 7, one has

1 C o
= EZI [(Erren®
P

WiV (D) <

n %; ;[bpng(eq(r 0)e, (1)
+ €p(1)bpg8,(eq(t — 1))]

_ ;p"l rolep0)8,(1) + 2, (1)ey (1))
- z RAOAD

(17)

And it follows from Lemma 7 that

@ Springer

n

lep(t)Cpep(t) + ep(t)cpep(1)]
p=1 (18)

< (lepl + lepl +ley | = ¢)lep(1)]-

| =

According to Lemma 7 and Assumption 1, we have

2262 aqu eq(t))ep(1) + e,,( )aqu (eq(1))]

p=1 g=

< ZZ |al7fifq eq(t

p=1 q=

< ZZ|“M| [fq eq(t))];

p=1 g=

n
< ZZW@M Fipley(1)];-

p=1 g=

(19)

Similarly,

ZZZ pa8q(eq(t = 1))

p=1 g=1

< iDbpng (eglt— D),

p=1 q=

< ZZV’WH 184(eq(t = 1))

r=1 q=

< ZZ|qu| Giple,(t — 1)),

p=1 g=

ep(t) + €p(1)bpq84(eq(t — 7))]

(20)

By Lemma 7, one has

1 n n

32 nlee) +2,0e 0 =Y _nle®l. (21

p=1 p=1

Then, submitting (18)-(21) into (17) and combining the
conditions of Theorem 1, for V;(z) € R \{0}, we get

WDV (1)
n
- |:c +1p = <c£|+c;|+c§|+2|a,”,1F|,,>
p=1 gq=1
n
WD

+ [bgpl1 Giplep(t — 1)
=1 g=1

3

lep (1)1

Bl

=

< —MVi(1) + MaVi(t — 1) —ﬂzm?p(&

(22)

where n = min,_;, n{ﬂp}
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By fractional-order Razumikhin theorem [41], for some where 0< <20 — 1
p> 1, one has Meanwhile, the error system is given by
C n
DVt —(M M)V (t) — e,(t)e,(t 2 s
WDiVi(t) < — (My — puMa) Vi WZ p\L)€p ZCOD, e,(1) = —cpep(t) + Zaquq(eq(t))
q=1
(23) .
According to Lemma 6 and Vi(r) € R;\{0}, then + prng(eq(t - 1)) (31)
— =1
2,(1)e,(1) > 1, hence !
= B
- ) — e, ()5,
gD?VI (t) S o MV] (t) — . (24) r[’ep( ) Wpep( )‘e.”( )|2
t2107p = 1727"'7’17
When M = 0, inequality (24) is reduced to _
C oy where Faleq(1)) = fo(vg(1)) — fo(x4(2)),
DIVi(t) < —nn, Vi(t) € R \{0}, 25 ~
WDV < = Vilr) € Ry AL0) 3 Zy(ealt = 1)) = 8400l — ) ~ 2t~ 7).
and by Lemma 8, we have Theorem 2 Under Assumption 1 and controller (30), for
nn(t —1)* some v > 1, if
Vi(t) <Vi(to) — u’
T(o+1) (26)  M* =M; —vM;>0
Vi(r) € R:\{0}, . 0
’ where My = mlnp:ll-,-»»,n{z(c,lf +rp) — Zqzl(‘apﬂzFZq

moreover, lim,7, Vi(t) =0, and V() =0 for Vt>T;.
Therefore, under controller (14), system (13) is synchro-
nized with system (12) in a finite time. And the setting time
T, is estimated by

Ty <ty + (V](l‘o)l;’sa-f—l))_ (27)

When M > 0, according to Lemma 8,

Vi(t) < (VI (to)
Vi(r) € R:A\{0},

moreover, lim,_z, V() =0, and V,(¢t) =0 for Vt>T>.

Therefore, under controller (14), system (13) is synchro-

nized with system (12) in a finite time. And the setting time
T, satisfies

n ay N
Fag)BCME— 0 =G

o nn
E,(—M(T, —t =
(M2 = 10)") = 39,0y + )
The proof of Theorem 1 is completed. O

Remark 3 For controller (14), two control parameters are
designed, and r, is used to control the response system to
synchronize with the drive system, see the conditions of
Theorem 1. While 7, is used to estimate the setting time,
see (27) and (29) in the proof of Theorem 1.

Then, the controller u,(f) € Q is designed as follows:

up(1) = —rpep(1) — Wp?p(f)lep(t)lg (30)

+Hagpl,Fop + |bpgl,Gog) } > M; =

n
maxp:l,Z-,m,n{Zqzl bgpl,G2p}
chronized with system (12) in a finite time.

then system (13) is syn-

Proof Construct the following Lyapunov function
n
=2 _eplt)ep() (32)
p=1

By Lemma 4, one has

" ——cC
CoVa(1) < Y [0, Diep(n) + (e

p=1

**E :ep Jepep(t

e (0)er(1)]

)+ ep( Jepep(1)]

-2 Z rpep(1)ep(1)

+ Z Z[ Dapaf 4 (€4(1)) + apaf y(e4(1))ep 1)
+ leqZ[e,, bpaZy(eq(t — 1))

+ bpg g eq(t = 7))ep (1)

) + ep(1)ep(1)]n,lep (1)

_Zep

By Assumption 1 and Lemma 5,
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n n

SN len(apaf 4(eq(1) + apaf 4(eg(1))ep(1)]

p=1 g=1

= ZZZ(ep e y(e(1))

r=1 q=

<222 ep (1) alanglo (g (1)) (34)

p=1 q=

SZZZ lep (1) |2 |apg| 2| F2qleq (1)

p=1 g=
n n
< Z Z(|a,,q|2F2q + lagy |, Fap)ep(1)ep (1)
p=1 g=1
Similarly,

ZZ%

p=1 g=

< Z Z |bpq|2G2qep Jep(1)

r=1 q=

+ Z Z |bgp |, Gapey(t

p=1 g=1

png ey(t—1)) + bpng(eq(t —1))ep(t)]

)ep(t - 1)
(35)

According to Lemma 3, Lemma 5 and Lemma 7,

= 2020+ 2,@ep(0) e (05
S - 2an|el7 1+ﬁ

-2 z”:] My (ep(t)ep(t

15 (36)
)’

144
2

<y (Z ep<r>ep<r>> ,

where 1 = minp:m,,_,’n{r]p}.
Then, submitting (34)-(36) into (33) and combining the
conditions of Theorem 2, for V,(¢) € Ry\{0}, we have

@ Springer

“DIVy (1)
< - Z{z + 1)

n
- Z(|a1ﬂq|2F2q + lagplyF2p + |bpglrGag) bep (1)ep (1)
q=1

+ Z Z [bgp|,Gapep (t — T)ep(1 — 1)

p=1 g=

g (Z e 0ey (1)
p=1

< —MTVz(l‘) +M;V2(t — ‘L')

L4
Pl

— vy ()
(37)

By fractional-order Razumikhin theorem [41], for some
v > 1 and V,(¢) € Ry\{0}, one has

148
WDIVa(t) < — (M} = vM3)Va(t) = 20V57 (1)

ﬁ (3)

1+
< =2Vy7 (1),

l+/)’

Due to O<f<2x—1, it follows that 0<

According to Lemma 9,

<da.

25(t — 1)

VZ(Z)<<V;W(“’) 2B, D)

) Va(t) € Ry \{0},

(39)

moreover, lim,_z, V»(t) =0, and V,(¢t) =0 for Vi >T;.
Therefore, under controller (30), system (13) is synchro-
nized with system (12) in a finite time. And the setting time
T; is estimated by

1
2a—1-p F

V, * (to)B(o, 5t
Ts < 1o+ aVy * (to)B(o,55) . (40)
2
The proof of Theorem 2 is completed. O

Remark 4 The decomposition method provided in
[19-21, 25-27] is quite complicated since both the original
system and the controller need to be decomposed. There-
fore, in this paper, two inequalities about quaternion are
established and two different quaternion-valued controllers
are designed, which complements the direct exploration of
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synchronization of FOQVNNs and avoids the complex
decomposition process. Especially for multiple multi-di-
mensional systems, our method has the advantages of
simple operation, easy analysis and less calculation.

4 Numerical simulations

In this section, in order to verify the validity of the theo-
retical results, we simulate two examples based on the
quaternion-valued recurrent neural networks model applied
to image compression [42].

Example 1 Consider the following delayed FOQVNNSs as
the drive system:

2
0 Dfxy (1) = — ¢pxp (1) + Zaquq(xq(l))

+ prng(xq(t = 1)) +1,(1),
q=1

where t>0,p =1,2, 0 =0.96, t = 1.8, [,(t) =0,
falxg(2)) = tanh(xs(t)) + itanh(x! (1)) +jtanh(x6]1(t))

+ ktanh(xf (1)) !
and
8a((1)) = sin(R(1)) + isin(xd (1)) + jsin( (1)
+ ksin(xg((t))

, the initial values ¢ =2+i—j—2k and ¢, =12 —
2.5i — j + 3.5k for t € [—1.8,0], and

C = diag(cy, c2)
32+0.5—0.7+ 1.4k 0
B 0 34 12i+0.1j— 0.6k )
A = (apg)rsr
0.4+0.3i 4+ 0.8 + 1.5k
—05+1.1i —0.1+ 0.1k
B = (bpq)zxz
< 0.7+i—0.5] — 0.5k

0.9 —i—0.1j — 1.3k
02+0.1i —j+k

03—i+08 —0.1k
0.1 +1.5i — 0.8 — 0.4k "

1.4 +0.5i — 0.8 — 0.2k

The response system is described as follows

2
0 Dyp(1) = = cpyp(t) + Z apafa(Vq (1))
. - (42)

+ bpa8q(yq(t — 7)) + I,(t) + up(1),

q=1

R,1J.K,p=1,2

(t).Q=!

eQ
P

0 10 20 30 40 50 60 70 80
Fig. 1 Synchronization error evolution for four parts without control

where the initial values ¢, = —0.5—1.4i+j—k and
@y = —1+41.2j4+ 2.3k for r € [-1.8,0].

If u, (1) = 0, the synchronization error evolution for four
parts is depicted in Fig. 1, which indicates system (42) is
not synchronized with system (41).

The parameters are set to satisfy the conditions of
Theorem 1, as shown below. By calculation, for g = 1,2,
we have qu = qu =1. V1 (O) = 16,
25:1 lagi| F11 = 4.8, 25:1 lag|,Fi2 = 5.6,
of = (et + lef| + lef ] + g lagi | Fun) = —4.2,
cf — (Ie5] + 3] + 5] + 2og laga Fiz) = —4.5,

M, = min{r; —4.2,r, — 4.5}, St bt G = 5.5,
25:1 |bg2| G2 = 5.1, M = max{5.5,5.1} = 5.5. Fixing
w=11, to ensure M =M, — uM, >0, we choose
ri=r,=11, then M;=min{6.8,6.5} =6.5 and
M = 0.45. According to the conditions of Theorem 1, at
this time, we only need to ensure that the parameters #, and
1, are greater than 0. Hence, we choose the special case of

1, = n, = 0.1 and estimate the corresponding setting time
T, =~ 10.45. Therefore, under controller (14), system (42)

3( T T T T T T T
R | J K R | J K

L o el e —efo —efo—dy—en—en |
N ]
u
X
20
g /
&
S T,~ 1045 J
T a
)

2+ i

3 I I I I I I I I I

0 2 4 6 8 10 12 14 16 18 20

Fig. 2 Synchronization error evolution for four parts under controller
(14)

@ Springer
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is synchronized with system (41) at 7, ~ 10.45, which is
shown in Fig. 2. However, when this set of parameters is
fixed, the estimation method in [39, 40] is used, and the
setting time is estimated as 7, ~ 94.4. Obviously, our
results are more accurate.

Example 2 Consider the following delayed FOQVNNS as
the drive system:
2

§DYxy (1) = = cpxp (1) + Y apgfy(x4(1))

q=1

, (43)
> bpggq (g (t — 1)) + 1 (),
q=1

where 1>0,p = 1,2, 0 = 0.98, 7 = 1, I,(¢) = 0, the initial
values ¢, =1—i+j+k and ¢,=-1—i—k for
t € [—1,0], and
Ja(xq(1)) = 84(x4(1))

11— e

14 N0 -

1=

JrJl + e kl +e (0’

1—e 5l

‘1 + e

10

C = diag(c, c2)

1—i+03—k 0
B 0 12—i+0.1k )’

A= (apq)zxz

ik —14itjtk
S \0S—i+2—k  —2+j—k
B:(bpq)zxz

2i 4242k —242i—24j
S\ c1—id2k —15i+j+k )

The response system is described as follows

2
gD?)’p(t) =—cpyp(t) + Zaquq(yq(l))

g=1

5 (44)
+ bpa8q(yg(t — 7)) + I,(1) + up(1),
q=1
where the initial values ¢, = —1+i—jand @, =1 +1i —
jforte[-1,0].

The parameters are set to satisfy the conditions of
Theorem 2, as shown below. By simple calculation, for

g=1,2, we have Fy, =Gy, =05. V,(0) =23, 2cF —

@ Springer

3 T T T T T T

—ef() e €] —ef() —el) —elt) —elt) —el(t)

Q
2().Q=RILIK,

R,1,J.K,p=1,2
o < -
——— —
o L
‘

Fig. 3 Synchronization error evolution for four parts under controller
(30)

60

Fig. 4 Evolution of setting time 75 versus f§ for o = 0.98

Yo i(larghhFag + lagi,Far  +bighGag) = —5.84,  2ck
=0 (Jazg |y Fag + laga |y Far + |baglyGag) & —4.56,

Mt = min{2r — 5.84,2r, — 4.56}, S |bgi],Gan
~ 296, Yo |bplyGor ~ 289, Mj = max{2.96,2.89}
= 2.96. Fixing v = 2, to ensure M* = M} — vM; >0, we
choose r =6, r, =5.5, then M} = min{6.16,6.44} =
6.16 and M* = 0.24. According to the conditions of
Theorem 2, at this time, we only need to ensure that the
parameters #; >0, 17, >0 and 0<f<0.96. Hence, we
choose the special case of ; =1, = 0.5 and § = 0.4, and
estimate the corresponding setting time 73 ~ 8.27. There-
fore, under controller (30), system (44) is synchronized
with system (43) at 75 ~ 8.27, which is depicted in Fig. 3.
Particularly, when fractional order o and other parameters
are fixed, the evolution of setting time 73 versus f3 is shown
in Fig. 4. As shown in Fig. 4, the setting time 73 first
decreases and then increases with the increase of ff. Hence,
we can properly adjust parameter f3 to get a smaller setting
time.
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5 Conclusion

In this paper, the finite-time synchronization of delayed
FOQVNN:E is explored by using some new inequalities and
control strategies. First, two inequalities about quaternion
are developed and a fractional differential inequality is
established by using Laplace transform and applying the
definition of Mittag-Leffler function. Then, by applying
new inequalities and two different controllers, some con-
ditions are derived to guarantee the finite-time synchro-
nization of the delayed FOQVNN. Finally, the theoretical
results are verified by two numerical examples. The results
of numerical example 1 show that the setting time is more
accurate than that obtained by the estimation method in
[39, 40]. The results of numerical example 2 suggest that if
fractional order o and other parameters are fixed, the set-
ting time first decreases and then increases with the
increase in fractional-order power law f in controller (30).
Hence, the parameter f§ can be adjusted appropriately to
obtain a smaller setting time. Regrettably, the estimation of
the setting time is affected by the initial values of the
system, and the initial values are difficult to know in
advance. Therefore, discussing the fixed-time synchro-
nization of delayed FOQVNNs that does not depend on the
initial values will be our future research topic.
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