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Abstract

This article investigates the cooperative tracking control of multiple homogeneous uncertain nonholonomic wheeled
mobile robots with state constraints. Transforming each mobile robot system into a chained form, a cooperative learning
control scheme based on the adaptive neural network is proposed. Firstly, a virtual control law is designed for the kinematic
model of the constrained chain system combined with the barrier Lyapunov function (BLF). Then, radial basis function
neural networks (RBF NNis) are exploited to deal with the unknown nonlinear dynamics in the mobile robot system, a
robust term is introduced to compensate for the NN approximation errors and the external disturbance, and the Moore—
Penrose inverse is adopted to avoid the violation of state constraints. Communication network is used to realize the online
sharing of NN weights of each mobile robot individuals, such that locally accurate identification of the unknown nonlinear
dynamics with common optimal weights can be obtained. As a result, the learned knowledge can be reused in the
cooperative learning control tasks and the trained network model has better generalization capabilities than the normal
decentralized learning control. Finally, numerical simulation verifies the effectiveness of the control scheme.

Keywords Nonholonomic wheeled mobile robot - Neural network - State constraint - Learning - Cooperative control

1 Introduction

Multi-robot system, in which all robots cooperate to
complete the control tasks by exchanging information with
others, has broad application prospects. Due to its higher
efficiency, greater flexibility, adaptability to unknown
environments, and cooperative capability, multi-robot
system can effectively utilize resources, enhance the reli-
ability of the system, and improve the quality of per-
forming tasks than a single robot. In a multi-mobile robot
system, the function and complexity of all individuals are
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concentrated and amplified instead of simple linear super-
position, and thus, the cooperation among individuals
embodies the ability of the system. These advantages have
attracted many researchers’ attention and prompted them to
devote considerable effort to approaches on the cooperative
control of multiple mobile robots [1-6].

In the tracking control of multi-mobile robots, many
achievements have been made [7-16]. In particular, the
authors of [7] established a new framework for formation
modeling of mobile robots based on graph theory and
related the change of formation to that of graphic structure.
In [9-11], the formation control of multiple nonholonomic
mobile robots is converted into a state consensus problem,
and then the distributed kinematic controller and adaptive
dynamic controller are designed such that all robots move
along the reference trajectories and converge asymptoti-
cally to the desired geometric pattern. Despite the wealth of
literature, there still remain many challenges, one of which
is the uncertainty of nonlinear modeling. The modelling
uncertainties have a strong detrimental effect on the non-
linear distributed control systems, making the motion
control more demanding. In [17] and [18], the full
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knowledge of the system model is assumed to be known
and the nonlinear uncertainty is not considered. A dynamic
controller design method is proposed in [19] when the
robot dynamics is known, and the torque control input of
the follower includes both its own dynamics and the lea-
der’s dynamics. In [20-22], the distributed formation
control of the non-holonomic wheeled mobile robot was
realized by using neural network to solve the unstructured
and unmodeled dynamics in the robot system.

Mobile robots usually perform relatively simple but
highly repetitive tasks. From the perspective of techno-
logical development, it is a trend and inevitable to improve
their work efficiency and reduce energy consumption.
Reasonable and effective use of the knowledge acquired
from the control process can avoid many invalid behaviors
and ensure the efficient execution of control tasks, that is,
learning control methods can bring obvious social and
economic benefits in practical engineering applications. In
the aforementioned adaptive neural network control
methods, although the consensus between all the robots
could still be obtained, the weight information in the neural
network control process is not fully exploited. Determin-
istic learning theory using RBF NN has been fully
researched, such as [23-26], where the unknown closed-
loop dynamics of nonlinear system can be accurately
approximated by RBF neural network and the learned
knowledge can be recycled in learning control. However,
the learning of neural networks occurs in a completely
distributed manner when the deterministic learning theory
is used in multi-robot systems, i.e., the robot individuals
did not share the NN weights with others and each robot
achieved learning of nonlinear approximation indepen-
dently. The learned knowledge of each robot is only
applicable to the specific reference trajectory since the
diversity of reference trajectory assigned to each robot,
resulting in the generalization capability of the trained
network model, is limited. Inspired by [27], the superior
learning ability of NNs can be developed when the robots
are allowed to share the neural weights. The approximation
space of the neural network can be expanded while the
weights of all robots converge to their common optimal
values.

Additionally, considering operation safety, the physical
limitation of the actuator, the mechanical manufacture, and
other factors, there are usually various constraints in the
actual control system. Due to the consideration of the
operating performance and safety of the robot system,
restricting the operation area of some key variables (such
as system output variables) is called state constraint.
Ignoring the state constraint may lead to serious perfor-
mance degradation, system instability, and even equipment
damage. To solve the state constraint in nonlinear systems,
some decent methods have been proposed, such as model
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predictive control [28, 29], error transformation function
[30], and barrier Lyapunov function [31]. For the strictly
feedback nonlinear systems with output constraints, a
control method using tan-BLF function is proposed in [32]
to realize the asymptotic tracking for the reference trajec-
tory without violating the constraints. In [33], an adaptive
neural network controller is designed with BLF method to
address the tracking control of n-link robot with full state
constraint and uncertainty. In the cooperative control of
multiple robots, the control performance of the robot sys-
tem can be greatly improved if the stable tracking with the
state constraints of each individual satisfied can be real-
ized, thus avoiding collision and other safety accidents.

Motivated by the above discussion, the cooperative
trajectory tracking control and unknown nonlinear
dynamics learning for multiple homogeneous mobile
robots with state constraints are addressed in this paper.
Specifically, all robots in the multi-robot system are con-
sidered identical uncertain systems and assigned different
desired trajectories. Utilizing RBF NNs to approximate the
unknown nonlinear dynamics, a cooperative control
scheme is proposed, where the robots communicate with
others through an undirected topology to exchange their
estimated NN weights. In contrast to the previous results,
the contributions of the proposed cooperative learning
scheme can be summarized as follows.

1. All mobile robots realize the tracking control perfor-
mance for their own desired trajectory. Simultane-
ously, the states of each mobile robot are guaranteed
within the constraint range.

2. The unknown nonlinear dynamics of each mobile robot
is local accurately identified by RBF NNs and the
exponential convergence of the neural weights is
ensured, which means that these converged weights
can be recycled to effectively improve the cooperative
learning control of multi-robot system.

3. This control scheme enables multiple robots to learn

the unknown nonlinear dynamics of the system in a
cooperative manner, such that the learned knowledge
of all robots could reach consensus. The neural weights
obtained are optimal over a larger domain consisting of
the union of the tracking orbits of all robots, resulting
that the trained network model has better generaliza-
tion ability than that in the traditional decentralized
learning method.

The remains of this paper are organized as follows. In Sect.
2, some preliminaries on graph theory and problem state-
ment are presented. Section 3 describes the design proce-
dure of the adaptive cooperative control scheme in detail.
Using the experience knowledge, the static neural learning
controller is developed in Sect. 4. The numerical
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simulation results are provided in Sect. 5. Finally, Sect. 6
concludes the study.

2 Preliminaries and problem statement
2.1 Notation and graph

In this paper, we use the following notations. R and R
represent the set of real numbers and positive numbers,
respectively. I denotes the identity matrix for any dimen-
sion. 1,, is an n-dimensional column vector whose elements
are all 1. We denote Ik, k] = [k1, ki + 1, ..., k] for two
integers k; <k,. The notation A ® B represents the Kro-
necker product of matrices A and B [34].

In the context of multiple nonholonomic wheeled
mobile robot systems with interconnected communication
graphs, an undirected graph G = (V, &) is composed of a
finite set of nodes V = {1,2,...,L} and a set of edges
€ CV x V. The graph G is called undirected if for every
(i,j) € € also (j, i) € &, otherwise it is called directed. An
undirected graph with undirected paths between every pair
of distinct nodes is said to be connected. The weighted
adjacency matrix of the undirected graph G is a nonnega-
tive matrix A=[q] € REE where a; =0 and
a; > 0= (j,i) € £. The Laplacian of the graph G is
denoted by £ = [I;] € R*E, where l; = 3"} | a;; and [; =
—aj if i #j. Thereby, given a matrix A = [a;] € RM*E
satisfying a; = 0,i € I[1,L] and a; > 0,i,j € I[1,L], we
can always define an undirected graph G such that A is the
weighted adjacency matrix of the graph G and G is called a
graph of A. It is known that at least one eigenvalue of L is
at the origin and all nonzero eigenvalues of £ have positive
real parts. Moreover, according to Lemma 4 in [35], £ has
one eigenvalue at the origin and all other L — 1 eigenvalues
have positive real parts if and only if the undirected graph
G is connected.

2.2 Uniformly locally exponential
stable and cooperative uniformly locally
persistent excitation

Consider the following system
x=f(t,x), t>1o (1)

where f : [fp,00) x R" — R" is piecewise continuous in ¢
and locally Lipschitz in x, and f(¢,0) = 0. Denote the
solution of the system (1) from the initial condition (¢, xo)
as x(1).

x(l()) = X,

Definition 1 (ULES [36]) The equilibrium point x = 0 is
uniformly locally exponential stable (ULES), if there exist

constants y;,7, and r >0, for V¢ >ty and V(fo,x) €
R+ x B, (B, denotes the open ball with the radius being r,
ie., B, :={x € R":|x|]|<r}), the solution of system (1)
satisfying

le(t, 1o, x0) | < 74 [lxolle 720, 1> 14 (2)

Definition 2 (cooperative ul-PE [37]) A group of matrix-
valued functions S;(¢,x;),i = 1,...,L is said to satisfy the
cooperative uniformly locally persistent excitation (coop-
erative ul-PE) condition, if there exist positive constants «
and Ty, for every r > 0, such that, for (o, x;0) € R+ X B,
with # > ty, all corresponding solutions satisfy

t+Ty L T
/ ZSi(Tyxi(T7 t0,%i0))Si (T, xi (7, 10, Xi0) )" dt > 0l
4 i=1

(3)
Consider the following time-varying system
{x‘l] | A(,x)  B(t,x)" [xl}
X2 —C(t,x) —D(t,x) | Lx (4)
=:F(t,x)x, x(ty) = xo
where x; € R",x, € R™ are state variables and
x =T, )" A : [tg,00) X R — R™ B : [ty, )

XR'™ — R™MC : [tg,00) X R"™™ — R™" D : [tg, 00)
XR"M — R™™ are state-dependent system matrices.
Assuming that D(#, x) is positive semi-definite, to analyze
the exponential stability of (4), the following assumptions
are needed.

Assumption 1 [27] There exists » > 0 and ¢,, > 0 such
that max{|[B(r, )], D), L4} < gy for al

t >ty and (l‘o,x,’()) € R, X B,.

Assumption 2 [27] There exists r > (0 and symmetric
matrices such that P(7,x)B(t,x)" = C(t,x)", A”(t,x)
P(t,x) + P(t,x)A(t,x) + P(t,x) = —Q(t,x) for all ¢ > t
and (fo,xi0) € R+ X B,. And 3py, gm, pm, g > 0 such that
Pdn < P(t,%) < pyly, gl < O(t, %) < gl

Lemma 1 [37] Under Assumptions 1 and 2 where r > 0 is
an arbitrary fixed constant, system (4) is ULES for
V(t0,xi0) € R4 X By, if there exists positive constants o
and Ty such that

t+To
/ [B(z, x(z, 10, x0))B(1, x(1, 10, X)) "

+ D(T7 (Ta [(),)C()))]d‘[ > Odma

(5)

Vt>ty
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Lemma 2 [27] Consider a time-varying bounded block
diagonal — matrix  B(t, y(1)) : [to,00) x RE — REm=Ln
where By(t, x;(1)) : [to,00) x R™"*(i —1,..L) and the
Laplacian matrix £ € RYL of an undirected connected
graph, assuming that B;(t, y;(1)) is cooperative-ul PE, then

/t 0[B(T,X(T))B(T,X(f))T+p(/3®1m)]drzodm (6)

where p is a positive constant.

2.3 Problem statement

Considering a multi-robot system composed of L (L > 1)
nonholonomic wheeled mobile robots with the same
mechanical and electrical structure (see Fig. 1), each of
which can be modeled as [38]

g; = S(qi)n; (7)

M(qi)n; + C(qi, g:)n; + X(qi)n; + G(q:)

+ F(qi) + tai = B(qi)ui (8)

where i € I[1,L], g; = [xci,vei, 0] and n; = [v;, ;]" rep-
resent the pose and velocity vector of the ith mobile robot
system, respectively. S(g;) € R**? represents the kine-
matic matrix, M(g;) € R**? denotes the bounded positive
definite symmetric matrix, C(g;, g;) € R**? is the vector of
Coriolis and centripetal forces, X(g;) € R*** is the
velocity transformation matrix, G(g;) € R**! denotes the
vector of gravitational torque, F(g;) € R**! is the friction
vector, T4 € R>! is the bounded external disturbance,
B(g;) € R*! represents the input transformation matrix
and u; = [u;, u,-z]T is the voltage input.

Assume that all mobile robots are homogeneous, for
each i€ 1I[l,L], the detailed relevant parameters and
matrices in (7) and (8) are as follows

cosO; O
S(gi) = | sinb; 0 ’M(qi):];l{rg 3}7

0 1
clad)=[g o] X =2 M L a] O
G(qi) = {8]’ B(qi) = [;;Z _lér/r]’

kul = ngkr/raa kuZ = ngkbkul

where m is the mass, J denotes the moment of inertia of the
robot, r denotes the radius of driving wheels , 2R denotes
the distance between the driving wheels, 74, k;, kp,n, are
the armature resistance, the motor torque constant, the back
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Fig. 1 The sample model of a NWMR

electromotive force coefficient, and the gear ratio of the
actuator, respectively.

Property 1 The matrix M(q;) — 2C(q;,q;) is skew sym-
metric, that is x” [M(g;) — 2C(gi, d;)]x = 0,Vx € R".
Assumption 3 All physical parameters of each mobile

robot model including actuator dynamics are unknown
constants and lie in a compact set.

Assumption 4 In the feedback control, the pose g; and the
velocity #; of the mobile robot are measurable and
available.

To facilitate processing, choosing the following differ-

ential homeomorphism mapping x; = [Xil,xiz,xB]T =
Q(q) € R®? and state transformation
i = nna)” = AMg)é € R?
xi = 0;
. xz  1][&
Xip = X €08 0; + yeisin0;, ;=
. 1 0]lén
Xi3 = X¢i sin0; — y; cos 0;
(10)

system (7) and (8) can be converted into the following
chained form

X =&y
Xp =E&p (11)
X3 = xpné;

My ()& + Ci (i, %) &+ Xi ()& + G (x;)

! (12)
+ F1(x;) + Tai = B1(x;)u;

where i € I[1,L], x; is the state vector, & = [&;, fiz]T is the
new velocity vector of the transformed system and
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M, (xi = AT(%‘)M(‘I!)A(%)
Ci(x,%) = A"(q:)[M(q:)Alq:) + C(q:)A(g1)]
Gi(xi) = A"(9:)G(q:)
Fi(x) = AT(q:)F(q:) (13)
Xi(x) = AT (g)X(q1)Aa)
Bi(x;) = A"(¢:)B(q:)A(g;)
Tai = N (qi)Tai

Remark 1 The interested reader may find a necessary and
sufficient condition for existence of the mentioned trans-
formation in [39].

Property 2 According to property 1, it can be known that
My(x;) —2Ci(x;,%;) is  skew
XT[MI ()C,') — 2C1 (x;,x';)]x = 0, Vx € R".

symmetric, ie.,

Assumption 5 The external disturbances of each mobile
robot are bounded satisfying ||7|| <J; with J; being an
unknown positive constant.

The desired trajectory of each mobile robot is required
to satisfy the nonholonomic constraint, i.e., there is a
desired velocity vector n;, satisfying ¢; , = S(qia)W;q-
Therefore, there exists a similar transformation x;4 =
Q(giq) € R’ and a state feedback 1, = A(gia)&;q such
that we can obtain the following desired trajectory and
reference dynamics for generating the desired trajectory

Xitg = Ena
Xna = Cna
o ’ 14
Xi3a = X2.ali1a (14)
éi,d =fia(tia:t) Vi€I[l,L]
where x4 = [xilﬁdaxi2,daxi3,d]T, Lid = [xz?:dvxiT,d]T’ and

fia(2iat) represents a vector of known continuous non-
linear function.

Remark 2 The diversity of reference trajectories assigned
to each mobile robot is to excite different unknown
dynamics, thereby expanding the search space for optimal
RBF NN weights.

Given the multi-robot system represented in (11 and 12)
and the reference dynamics in (14), there exists a non-
negative  matrix called the adjacency matrix
A = [a;],i,j € I[1,L], such that all the elements repre-
senting the connected relationship between robots in A are
arbitrary nonnegative numbers satisfying
a; =0,i €I[1,L]. Let G = (V,€) be an undirected graph
about A, and V = {1,...,L} correspond to nodes repre-
senting L mobile robots, then (i,j) € £ if and only if
a;; > 0. For the desired trajectory, the reference dynamics
(14), and the communication topology graph G, the fol-
lowing assumptions are considered.

Assumption 6 All the states in the reference model (14)
remain  uniformly  bounded, ie., Viel[l,L],
Zia = Wl 4T,)" € Qi where ©Q; C R is a compact set. In
addition, the correlated desired trajectory ¢(y; 4(f)) starting
from ¢(y; 4(0)) is periodic. '

Assumption 7 The communication topology G is undi-
rected and connected.

The above assumption is made without loss of gener-
ality. Assumption 6 helps to prove the partial PE condi-
tions, the system stability, and the convergence of
estimated parameters of the proposed distributed control
network. Assumption 7 contributes to verifying the gen-
eralization ability of the neural network model.

Cooperative tracking objective: Given a multi-robot
system consisting of L identical wheeled mobile robots
(11) and (12), the system operates in an undirected con-
nected and weighted network topology G. The control
objective of this paper is to design a cooperative learning
control scheme, such that

1. Each mobile robot can track its own desired trajectory
and the designed virtual velocities, while ensuring that
all signals are bounded and the state constraints are not
violated, i.e.,

Ixiz| < i, |xin| <lis2,
1Ein| <ligi,|En| <lisn

15
vV, >0,e1[1, L) (15)

where [ 51,li 2, li 31, li ;32 are positive constants.

2. In the adaptive cooperative tracking control, all mobile

robots can obtain the local accurate approximation of
the unknown nonlinear dynamics and the estimated
weights of neural network convergence to their com-
mon optimal weights. The acquired knowledge can be
reused in subsequent cooperative control tasks to avoid
re-adaptive computation and obtain better control
performance.

Remark 3 When the kinematics model (7) of the non-
holonomic mobile robot is converted into the chained
model (11), x;; = 0; represents the orientation angle of the
mobile robot and the position coordinates x;, y; is converted
to the corresponding new state variables x;,x;3 by an
orthogonal transformation. Therefore, it is reasonable to
consider the case that state variables x;,, x;3 are constrained
but x;; is free.
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3 Adaptive cooperative control
scheme based on RBF NN

Lemma 3 [40] For any positive constant vector l, € R",
the following inequality is applicable for any vector x € R"
satisfying |x| < |l,|:
7 xTx
In e ¢ < 16
T, —xTx = ITl, — xTx (16)

3.1 Kinematic controller

We define the state tracking error as x; () = x; 4(¢) — x;(¢);
the error dynamics of each chained mobile robot system
can be obtained from (11) and (14) as

Xite = Cina — Cin

Xne = Ena — Cn (17)

X¥i3e = XpeCitg +Xx2(Ena — i)
It is necessary to design appropriate feedback laws ¢&;; and
&, to asymptotically stabilize the kinematic model (11)
without the state constraints being violated. For this pur-
pose, assuming that the designed control law ¢&;; can
guarantee the stability of x;; .-subsystem, the remaining

error dynamics Xj ., X3, are considered.
Introduce the following variables

Zil = Xi3,d — Xi3 (18)
Zp = O — Xi2 (19)

where «; is a virtual variable to be designed.
Choose the following BLF candidate

L

Vy = ] e 1 L 20
2—52 nl2 +nl,‘2,gz_1122 (20)

i=1 iel

where Lo =lig — Xits lie2 = liso — Xizo  |¥ia3] < Xt
|oi] <Xi2, X1 and Xj; are positive constants, then differ-
entiating V, with respect to time leads to

ZilZil ZpZi
-+
2 2 2
(lz el — 1 li,eZ )

[Zil[xiZ,e£11d+xi2( Eita — Cin)l

Vo=

-] M~

12

el — il

L zp(a; — 5;‘2)1

2 2
li,eZ —

%+ zi2) it d)
12

2
iel — %l

[
™~

[Zil [(xi2.g — zpp (0 — éiZ)]
2 )
15 z;

1 ie2 i2

=~ 0

I ZZ“XI§2(§11 d— 6‘1)

i=1 iel

We design «; and ¢&;, as follows

@ Springer

o =xpa + (I ol Dkinzinina (22)
12 ) Z22

En = di+ (B0 — 2h)knznlh 4+ g (23)
iel — zl

where k;; > 0, kjp > 0 are design constants.
Substituting (22) and (23) in (21), one can write

L
. Zi th él fi
VZ = — Z[(kzlzll + klZle ,1 d + Z l 12 Ld 1)

i=1 =1 iel _Zil

(24)

Now, designing the kinematic tracking control law &;; for
Xj1 .-Subsystem as

i = Cira + kiaxi e (25)
with k;3 > 0 being a design constant.
Considering
1L
=52 % (26)
i1

and differentiating V;, we have
L
- kiaxg <0 (27)
i=1

Then, it is easy to obtain that lim,_., x;; .(f) = 0, which
means that lim,_,»(&;; 4 — &) = 0. As a consequence, the
kinematic tracking problem can be solved based on the
following Lemma [41].

Lemma 4 Under Assumptions 6 and the designed control
laws (23 and 25), the equilibrium point x,, = 0 of the
closed-loop system obtained from the error dynamic system
(17) is ‘globally asymptotically stable’ with exponential
convergence, i.e., there exist a class k-function y and a
constant ¢ >0 such that, for any tioc>0 and any
Xie(ti0) € R3, the solutions x;,(t;) exist for every t; >tio
and satisfy

|xie (2:)| < 0y(|xie (ti0) | Jexp(—a(t; — ti0)) (28)
with a constant & = 8(#;9) >0 which only depends on #;.

In addition, according to Lemma 3, we have that
|zij| <liej, ¥Vt > 0,7 =1,2 when the initial conditions sat-
isfying z;;(0) <l;,j,j = 1, 2. Then it is straightforward that
xa(t)<ligt + X =lig, xp(t)<lip+Xip=1lp from
X3 =z + X34, X2 =2+, |l <X, o] <X
Therefore, the designed control laws (23) and (25) can
prevent the state variables violating the state constraints in
(15).
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3.2 Cooperative neural network controller
design

Defining the velocity tracking error as
3 =8y — & (29)

where &;, = [&;,1, éivyz]T with &;,; and &, , representing the
virtual velocity control laws designed in (25) and (23),
respectively.

The control objective now is to design the control input
u; for the dynamic system (12) so that the actual velocity &;
can track the virtual velocity control law &;, with the state
variables ¢&;, &, being within the constraints.

The dynamics of the chain system (12) can be rewritten
as

¢ = M () [Br(xi)ui — Co (3, %) & — Xo () &
—Gi(x) — Fi(x;) — Tai) = ¢

l

(30)

where Ci(x;,%;),X1(x;), Gi(x:), F1(x;) are uncertain, and

T
9 = [Qi,lvgi,Z]

Combining (29) and (30), the error dynamics of the
robot system can be expressed as

MZn =f(X;) — Cizz + T — Biw;, Viel[l, L] (31)

where f(X;) = Mi&, + C1&, + Xi& + Gy + F) represents
the unknown nonlinear dynamics of the mobile robot. We
use RBF NN to estimate f(X;) as

fX) = wToi(X) +¢, Vielll,L] (32)

where  ®;(X;) = [y (X), i (X))]" with ¢ (X;) ~
¢,y (X;) being the Gaussian radial basis functions, N being
the RBF NNs node number, X; = [E,Tv,fﬁ,x,-g,x,g]T being
the input vector of NNs, W* being the common ideal

weight matrix and ¢; being the approximate error satisfying
leill <€

Lemma 5 [42] Considering the functionf = (f — /;)T(p —
ﬁ), b, [3, p € R", {; < B; <V; where i denotes the ith element

of the vector, if f=wx((,0,p)p where k((,9,p) is a
diagonal matrix composed of

07 lf BiSCivpiSO
K(giaﬁiapi) = 07 lf ﬁizﬁiapizo (33)

1, otherwise
then f <O0.

Since B; contains unknown parameters, we use lfl to
estimate it and apply Lemma 5 to restrict B, in an appro-
priate range so that it is invertible.

Defining Bju; = AT U;f; and using ﬁi to estimate f3;, we
can get that

Biu; = Biu; — Biu; = AUip, — ATU.B; (34)
where f§; = ; — B, is the estimation error and

uil + up 0
U,' = )
0 )

B =1/, Rifri]"
According to (34), the error dynamics can be acquired as
Mz = f(X;) — Ciza + Tai — Biu; + ATUp, (35)

for all i € I[1, L].
According to the Moore—Penrose inverse, we have that

rorv_ )0 ZiSZ[OvO]T
23(23)" = {1 2 # [070]T (36)

Then, we design the control input for system (12) as

w; = By W] ®i(X;) + Kizis + kesign(zi3)

n (ZT)+ <Zi3,1(éiv,l - Qi,1) n Zi3-,2(éiv,2 - Qi,z)
i3

2 2 2 2
L1 — 231 I3 — 23 (37)
2 2
ki4,lZi3ﬁ1 ki4.,21i3,2 viell
ie3l T30 liesn T 432

where W; is employed to estimate the common optimal
weight W*, ki1, kiap, ks > 0 are design constants, K,; is
the gain matrix, and kysign(z;3) is the robust term with

17 23, >0
sign(z,-3J-) = —1, Zi3,j<0 ] = 1,2, (38)
0, z3,;=0

Assumption 8 Each wheeled mobile robot individual can
exchange its estimated weights with its neighbor robot.

Using the consensus theory and the communication
topology among the mobile robot individuals, we design

the weight update law of WiT as

L
Wi =00 (Xi)zz — p > ag(Wi — W) (39)
=

where i € I[1,L], p > 0 is a design parameter and T',, is a
design positive definite diagonal gain matrix.

Remark 4 When p =0, the weight update law (39) of
cooperative learning degenerates to

W, = [,07 (X)zs, Vielll,L] (40)

which is called the weight update law of decentralized
learning. Since there is no information exchange among
mobile robots through communication network, the decen-
tralized learning control results that each robot can realize
local accurate identification of unknown nonlinear dynamics
for its own system; however, the experience knowledge
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acquired by independent learning is limited and it does not
have good generalization ability.

Meanwhile, the following parameter adaptive laws are taken
[31- = K,-F,-;Ul-TZB (41)
where I'j; is a design positive definite diagonal gain matrix.

Theorem 1 Given the closed-loop dynamics composed of
the multi-robot system (11) and (12), the reference model
(14), the designed control input (37), the weight update law
(39), and the parameter adaptive law (41), for the recur-
rent orbit \; of the input vector X;, if there exists a suffi-
cient large compact set B; such that X; € B;,Vi € I[1,N],
then, for any initial conditions Z;(0) satisfying the state
constraint and W;(0), we have that: (i) all signals in the
closed-loop system are uniformly bounded, and by select-
ing proper parameters, each mobile robot can track its own
desired trajectory and the corresponding virtual velocity
control law without violating state constraints ; (ii) along
the recurrent orbit Y, (Xi(t))|, - 1., the estimated weights W,
partially converge to a small neighborhood of their com-
mon optimal value W*, then for all i € 1[1, L], the unknown
nonlinear dynamics f(X;) can be obtained by W!®;(X;)
and WI'®;(X;) in the form of

_ . 1

i
W; = mean W, = / Wi(o)da (42)
1€[tir 1] Ip —tit Jy,

where [t;1,1](tn >t > T;) is a time interval.

Proof (i) Consider the following BLF candidate

1231 1'232
V= V2+22< SIS 2)

2
bzt — <31 li e32 %32

2ZZ13M12’3+ Ztr WTF W Z,BTFlﬁlﬁ
(43)

where liez1 = li 31 — X3, lienn = li 30 — Xiza,
[Eiv 1] < Xizt, [Eiv 2] < Xisz, Xz and Xiz; are positive con-
stants, W; = W; — W represent the weight estimation error.
Differentiating (43) with respect to time leads to

L . .
; Zi1Zil Zi2Zi2
V= § : 12 2 + l2 _ 2
i1 Zi1 ez T 42

iel

L . .
2i3,12i3,1 2i3,22i3,2 Ty 1 7.
+ § : 2 + [ 5~ +zaMidis + EZiSMIZﬁ
i=1 ie31 Zt'% 1 i,e32 Zt?x,2

M“

(e{WIT, Wi} + BT £)

@ Springer

Substituting (23), (25), (30), (35), (37), (39), (41) in (44)
and combining Property 2, we can get

V== lkaz + kozp) & 4 + 2hKuiza]

-

i=1

2i3\&j3

'P|1~

2 2
7ot | kisnzig kiapz3 5
(z3) :

11'2632 - Z1'23,2
T, T Zz%](élvlfg 1)
(1 —z5(z;3) )<—lz —2 .
ie3l %31
+ Zi3,2(é' 2 Q',z)
(1 —z5(zh) )(#
i ie32 T 32

Zl-xl 1 1
D% (G 51+z (6 + ) — kallzs )

lel - Zzl

L
_ pz u}iTl—‘w—l [Z aij(Wi — W])]
i=1 J=1

2 2
li,e31 — 43

+

-

Il
—

+

-

1

~ |

Note that

where W = [WI,WZ,....WI]" and £ is the Laplacian
matrix associated with the communication graph G, of
which all nonzero eigenvalues have positive real parts.

Since p >0 and I',, is positive diagonal matrix, this
implies that

L L

pY w'r,™ lz a; (Wi — VV])] <0 (47)
i=1 =1

Considering the following inequality

zh(ei + Tai) < ||z llei + il (48)

and simplifying (45), we can obtain
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L
V< - Z[(knzizl + kizzé)if, at Zng'Ziz]

—_

L
leth Cit d 51‘1)
= (ki — e+ TalDllzall + ) —F 55—
12:1: Z lel - Zi21
L
4 (23 (& 1~ Q',l)
+> 11— z5(25) )<I2W_Z2, ]
pa ie31 — 31
. .
4 [232(Eva — i)
F3i- e (2
= ie32 %32
L ki4,1Z,-23,1 ki4,21i23.,2
+ ZZB (z3) 2 2 TR 2
) ie3l T30 lie32 T 232

(49)

where kg > ||¢; + Tai|-
When z; = [0, O}T, we have V =V, and the globally
asymptotically stability of the system can still be drawn.
Otherwise, when z;3 # [0, O]T, we have
L
V< — Z[(kilzizl + kinzh)Eh 4 + 25Kz
i=1

L
le-th ézl d éil)
5k — lle + Eall) ||zzs\|+2—_
i=1 tel <1
L (" kiaazh, kis 225 5
+ s 1403, + 52%03,
; <ll2,e3l - Z1‘2:«5,1 liz,esz - Z1‘23‘2
(50)

With the help of Lemma 4 and the fact of
lim; oo (i1 — &i1.g) = 0, one can conclude that V is non-
increasing and converges to a limiting value Vjj, >0, and

Zil5 225 2i3,1, 23,2, Wi, f are bounded. By Assumption 6 and

the error dynamics (35), Zi1,Zn, 23,1, 232, Wi, f are boun-
ded, which implies that V' is bounded and V is uniformly
continuous. Thus, by Barbalat’s lemma, lim,_ V(t) =0,
which means that tllglo Zil = %2 = 231 = 232 = 0and x, —

0 from the definition of z;;, z;», z;3. Due to the existence of
the robust term kg;sign(z;3), the tracking error will converge
to a small neighborhood of zero.

From Lemma 3, we have that
lzi31| <liear, |zina| <liesa, Ve > 0 when the initial condi-
tions satisfying z;31(0) <lie31,2i32(0) <lie32. Combined
with & = &1 — 231, = S — 232, 1€l < Xiat, [Sivol
< Xj32, it can be obtained that

[€0 ()] <Xiz1 + lies1 = ligar, [En(t)| <Xizz + liesz = L

. Therefore, the designed control input u; can guarantee the
state variables &;; and &, not violating the constraints.

(i1) Based on the localized property of RBF NN, for all

i €I[1,L], the error dynamics of system (35) can be
expressed as
Z3 =M WT0i(X) + e — (K + C1)zi3
— W (%) + 9]
= M [WT0,(X) + € — Wi D3 (X;) — WiEDi(X;)
— (Kyi + C1)ziz + 7]
=M [-W] D, (Xi) — (Kyi + C1)zi3 + 7]
(51)
whete 7, = 2+ i/ — kasign(za) — (ch)* [t
'3122 :2 22;2'2) + ,.4,/:111,;?31 —+ ,’zk; ;Zi’;’jz] + ATUB,. Along the

union of the tracking orbits Y, = ;U ... Uy, after T}, the

subscript 1 and 7 represent the regions close to and far away
from the tracking orbits V,,,, ..., ;. respectively; W

and W;, are the local estimated weights and the corre-
sponding estimation error of each mobile robot, respec-

tively; €/ =¢, — WI®,(X;) =O(;,) is the NN
approximation error along the tracking orbits;
€ = leits€n]’s and  WTd,(X))= (Wi (X:), W,
@;,0(X:)])"

Along the tracking orbits lﬂ,|r>Ti, the neural weight
update law (39) can be rewritten as

Wll_Wll_F (D( )Zl3
3= )

Since

VielI[l, L 52

p > ay(Wy, — Wy)
=

=p(LRDW, (53)

L ~ ~
p - a(We —Wj))
j= l
where W, = (W, ... WI']".
Introduce a state transformation E; = z;3/9, where g is a
design constant for handling the bounded perturbations,

and the overall closed-loop adaptive learning system can be
described by

. o M 1
E -MK ——®' [E _%/,
i | = N I

' ol @ —p(L&I) I 0,
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where E=[ET,. . ET),
K = diag{(K,1 + C11), ..., (K + C1 1)},
l - dlag{q)],(X]), "'7(DL1(XL)}’ = [’yln ooy VLI]T'

Remark 5 The introduced state transformation E; = z;3/0
is used to guarantee the perturbations —My,/¢ arbitrarily
small by choosing a large ¢, and then system (54) can be
regarded as a small perturbed system.

=M,

Assumption 1 can be verified based on the boundedness
of V, and Assumption 2 can be verified by choosing
P=T,1,0=T,(MK +K'M"). From the proof of the
boundedness of E;, for i € I[1, L], there exists finite time 7;
such that the state tracking errors z;1, 2, 23,1, 232 tend to a
neighborhood of zero for # >T7;. Moreover,
Xi3,dr Xi3.d> Sids é,-yd are periodic according to Assumption 6,
and then we have & ; — &, &y — fi,d,)izs — X34, Xi3 —
x,gd after T;, i.e., for V¢t > T;, the input of RBF NN X; =
[ ins fw,xl3,x,3] is periodic. According to Definition 2, the
cooperative ul-PE condition of ®@,(X;) is satisfied. On the
basis of Lemma 1, the nominal part of (54) is ULES, which
means that (E, W,) converges to a neighborhood close to
zero. From the definition of W;, = W,-, — W, all robots
converge to a neighborhood close to the common optimal
weight W and a consensus between all the robots is
achieved. The convergence of W, — WY implies that,
along the periodic trajectory ¥, (Xi)|,~ 7, for all i € I[1, L],
we have

f(Xi) = W;FT(DI(XI‘) tea= Wqu)l(Xi) - WIT(Dl(Xi) +e
= W D,(X)) + €1 = WO,(Xi) + €2
(55)
where ¢, = ¢, — W/ ®,(X;) = O(||e,||) (WT — 0). The last

equality is obtained according to (42), where W, is the
corresponding sub-vector of W along the periodic trajec-
tory ¥,(Xi)|,> 7, and € is the approximation error using
WI®,(X;). It is apparent that €,, =
sient time.

However, from the definition of the localization of the
Gaussian RBF NN, after time 7; along the tracking orbit

¥,(Xi)|, > 7,» we have

Wid(X;) = W, (X;) + WId(X)),

O(]l€.1]]) after a tran-

Vielll,[] (56)

for the neurons with centers far away from the trajectory
¥, (Xi)|,> 7, the value of [|®:(X;)| is very small and it
activates the relevant neural weight only slightly. Thus,
both WT and W/ ®(X;), as well as W! and W/ ®,(X;),
remain small along the periodic trajectory ¥, (X;)|, - 7. This

@ Springer

means that, for all i € I[1, N], along the periodic trajectory
¥,(X;)|,~ 7, the entire RBF NN W’ ®(X;) and W' ®(X;) can
be used to cooperatively approximate the unknown non-
linear dynamics f(X;) accurately as

(X)) = Wo(Xi) + e = WOX) + e
(57)
—WT(D( )+6,2—WT(D( ,) €
with €1 = €1 —

WI®i(X;) = O(e,1) = O(e)  and
& =€ — WIO(X;) = O(e,2) = O(e).
This ends the proof.

Remark 6 1In a connected graph, some node is separate and
unable to accept any information from other nodes. The
learning processes of these nodes are independent of each
other, resulting that the neural weights only converge to
their neighborhood within local optimal values rather than
the domain consisting of the union of all state orbits, which
means that a neural network with good generalization
ability could not be obtained.

Remark 7 Theorem 1 shows that the mobile robot indi-
viduals achieve consensus by exchanging weights infor-
mation. Consequently, optimal estimate of the unknown
nonlinear dynamics of the robot is obtained, such that
cooperative tracking control and locally accurate nonlinear
identification with learning knowledge consensus can be
achieved simultaneously. The learned knowledge can be
used in the control task of the reference trajectory within
the orbital union without the retraining process of the
neural network.

4 Cooperative learning controller design

This section focuses on using the experience to obtain
accurate control performance in cooperative control tasks
without re-adjusting the neural weights. To do this, we
design a static neural network learning controller using the
learned knowledge W ®(X;) as

s = B, (%) <WT(I>(X[) + Kyizia + kysign(z)

Zi3,2(éiv,2 - Qi,Z)

F (D) [ZiS,l(éiv.l — Qi) n

73
' liz,e31 - Z123,1 11‘2,932 - Zi23,2 (58)
kig 12> kig 22>
Bl TR ) vie I, 1)
li,e31 — 43 li7632 — 432
where W d(X;) = [VF/IT(I)I(X,»)7 WQT(DQ(X[) }T is the

accurate approximation of RBF NN to unknown nonlinear
dynamics along the periodic trajectory W/, (X;)|,> .-
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Theorem 2 Given the closed-loop dynamics composed of
the multi-robot system (11) and (12), the reference model
(14), the designed learning controller can guarantee the
tracking performance of the system.

Proof Consider the following BLF candidate

1 L llzel ltg,eZ
174 ZEZ 1nl2 — +1nl§e2 —2

i=1 iel <

le llze
4= Z( _” +1n— ’_322> (59)

2
I 31 113 1 li,e32 <32

1 T 1 ATr—17
-‘rE;Z,ngZB +§;ﬁi riﬁ B

Differentiating (59), it yields

L
VIS—Z

i=1

2 22 T
kinzyy + kinzp) &y g + 2i3Koizin)

lezfui 5'1
(kyi — lleai + Zai) |\z,3||+Z”’—_z’)

zel i1

+ Zi3,1(fiv,1 - Qi,1)
(1 — z53(z5) )(lz—z
ie3l — %31

+ Zi3,2(éiv‘2 - Qi,Z)
(1 -z5() )|~
li,e32 — %32

2 2
T+ [ kia 1233 1 kia 2773 ]

Ml\

+

+
-

+

-

+

Mh

T
g i3 (ZB 2 2 2 2
1 liest — i3a li,e32 — 32

(60)

where ky; > ||y + Tai|| (€2 is close to ¢ since the accurate

approximation in the learning period).

Similar to Theorem 1, it can be easily obtained that all
signals in the closed-loop system are bounded and the
tracking errors tend to zero without violating the state
constraints.

5 Numerical simulation

To verify the effectiveness of the proposed cooperative
learning control scheme, numerical simulations of a multi-
mobile robot system, which is composed of L uncertain
wheeled mobile robot subject to state constraints, are car-
ried out.

The associated matrices of all homogeneous mobile
robots are as follows

24+ J S 0
Ml(xi)Zkull{mxl3+ mX3],G1=[ ],

mxp3 m 0
) [ mxizxiz O] x3 1
Ci(xi, %) = ky| { i O],Tdi = [ 1 0:|Tdia
2k,» x-zg +R? Xi3 xp3 1
Xi(x;) = " JF = F
(kar®) | xi3 1 1 0

B, — {(XB :-/f)/r (xi3 ;/f)/r]

(61)
with physical parameters being m = 9Kg, J = 5Kgm?,
2R=04m, 2r=0.1m, r,=1.6Q, k,=0.019V,
k. = 0.2639Nm/A, ng = 10,

Fy = [30v; + 4sign(v;), 30w; + 4sign(wi)]r,

=k, '[0.1sinz,0.1cos7]".

For simplicity, L = 3 mobile robots are employed to
perform the cooperative tracking control task by
exchanging weight information via communication net-
works. The desired trajectories of mobile robots are given

as
_ /2 2
Vid = \/Xc1qa T Yera

y.c-l,dxc‘l,d - ).C.c]ﬁd);cl,d
) %)
X4 TYe1a

Xe1,g = 0.8 cost

Vel d = sint

0, 4 = arctan(y, /x,) O1d =

X2 d = COSt
Ye2,a = 0.8sint?

0,4 = arctan(y, /x,)

_ |2 2
V2.4 = \[X2a T Vera

Ver,aXe2d — Xe2,dYeo.d

_ /2 2
V3d = \/X34 T V34

Ye3,aXedd — Xe3.dVe3.d
2 2
X34t V34

Wy g = 5 5
XooatYora
X34 = 1.2cost

Ve3,d = sint

034 = arctan(y, /x,) @34 =

In accordance with the differential homeomorphism
mapping x; = Q(qs) € R® and state transformation
g = A(ga)&y, for i =1,2,3, the reference model of the
chain system can be obtained as

Xing=0ig
Xi2.d = Xcid €08 0 + yciasin 0

Xi3d = Xcig Sin0; g — YejacosOq

{ ézl d Wid
$nd = —X3,4Wid + Vig
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and the desired trajectories of the corresponding states
satisfy that |x,-3,d| <X =0.2, |OC[| <Xjp =1,
[E01] < Xia1 = 1.25, [&,,] <Xj32 = 0.45. The state con-

straints are selected as |xi3| <lis1 = 0.55,
|xio| <ligp = 1.35, |Eq| <lig1 = 2.75, |Ep| <ligo = 1.65,
and then the state error constraints are |z

<lie1 = lisi —Xit = 0.35, |z|<lier = li o — Xip = 0.35,
|zis1] <lies1 = lig31 — Xiz1 = 1.5,
Xizz = 1.2

Firstly, we exploit the designed cooperative tracking
controller (37) with the communication topology graph
shown in Fig. 2, and then, the elements of A = [a;j]y, v are

|zi32| <liesr = liszn—

given as djp = ap) = axz = adszp = 1, ajp = apz =daxp =
az; = a3 = 0. We construct the RBF NNs WiT(I)i(X,-)
[WId, (X;); WE®,(X;)],i €I[1,3] to approximate the
unknown nonlinear dynamics f(X;) = [f1(X;);/2(X;)] using
N=4x5x%x3x4x3x3=2160 neurons with the cen-
ters evenly spaced on [—1.5,1.5] x [-2,2] x [0,2]x
[-1.5,1.5] x [-1,1] x [0,2] and the width being
bj=1.4,j=1,2. The control parameters are chosen as:

ki =13, kn=15 kz=15 ks =2, kysr=2,
K,; = diag{60, 60}, kg =0.1, Vi e I[1, 3],
I', = diag{50,50}, p=2. The initial states are
x1(0) = [0.57,0,1],  &(0) =[0,0]", x2(0) = [0.57,0,

5: O—0—0B

Fig. 2 The communication topology graph

1.2]", &(0) = [0,0]", x(0) = [0.57,0, 1.4]", &(0) =
[0,0]", and the neural weights W;;, Wi, i € I[1,3] are ini-
tialized to zero.

From Fig. 3, the tracking errors of each mobile robot
converge to a neighborhood of zero, indicating that each
robot realized the tracking of its own desired trajectory.
Figure 4 shows that the constructed RBF NNs achieve good
approximation of the unknown nonlinear dynamics. In
Figs. 5 and 6, partial weights converge (only the weights of
robot 2 are displayed due to the space limited) and the
curve of HWZ'JH, | W,-,2||,i =1,2,3 is bounded and con-
verges to a common values, reflecting the consensus of
weights. To verify the learning capability of the obtained
NN models, the learned knowledge W; = mean
1€[450,500] Wi(t),i € I[1,3] are obtained as the experience of
cooperative control period. The initial conditions and
control parameters remain the same, and the simulation
results with the learned weights are shown in Figs. 7 and 8.

To further prove the generalization ability of trained
network model, the order of the three mobile robots is
exchanged as seen in Fig. 11. At this time, mobile robots
no longer need to communicate with others to share and
obtain information. Under the same initial conditions and
control parameters, the simulation results are shown in
Figs. 9 and 10. It can be seen that all robots can still
achieve the trajectory tracking with small errors and the
nonlinear uncertain dynamic f(X;) is approximated well by
WI®(X;), illustrating the generalization ability of trained
network model, which is the result of all robots reaching a
consensus on the estimations of optimal weights.
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Fig. 3 The tracking errors of cooperative tracking control
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Fig. 6 The norm of NN weights
in cooperative tracking control
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To compare the proposed cooperative learning
scheme with the traditional decentralized learning control
method, the weight update law (40) is utilized for
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numerical simulation. Keeping all design parameters and
initial conditions, the convergent weights can still be
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a finite

time, but

the curves

of



Neural Computing and Applications (2021) 33:17551-17568

17565

100 150 250

t(s)
(al) T1,e

300 350

Fig. 9 The tracking errors with position exchanged using learned knowledge

450

50 0

s 100 0 20 250 a0 @0 400 450 o 0 20 20 %0 w0 a0 0 50
t(s) t(s)
(@2) &1e (b1) z2,e
o
005
04
03
008
02
o1
o1
o1
02
o1
o o s 20 o0 %0 w0 0 w0 o o 0 20 20 w0 w0 a0 a0 0
t(s) t(s)
(c]) z3.¢ (€2) &3,e

465 470 475

t(s)
(al) Wi b11(X1)

480 485 490

495

500

465 470 475

t(s)

480 485 490

(a2) Whd12(X1)

495

500

475

t(s)
(b1) Wi P21 (X2)

455

460 465 470 475

t(s)
(Cl) ng@31 (X3)

480 485 490

495

500 450

455

460 465 470 475

t(s)
(C2) V_Vg;@gg (Xg)

480 485 490 495 500

Fig. 10 The approximation performance with position exchanged using learned knowledge

Wil [ Wi

,i=1,2,3 converge to different values as
shown in Fig. 12. Likewise, exchanging the positions of
mobile robots according to the order in Fig. 11 and using

455 460 465 470 475

t(s)

(b2) WhLdaa(X2)

480 485 490 495 500

the learned knowledge in decentralized control to perform
the tracking task, the simulation results are shown in
Figs. 13 and 14. It can be seen that the tracking errors are
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Fig. 11 The exchange order of
the three mobile robots

much larger than that in the cooperative learning control,
and nonlinear uncertain dynamic f(X;) cannot be well
approximated. The above simulation results fully declare
that the cooperative learning control scheme has better
generalization ability than the decentralized learning con-
trol method.

6 Conclusions

This paper investigates the cooperative control of multiple
uncertain mobile robots with state constraints. Using the
consistency theory, adaptive neural networks and the BLF
approach, a cooperative learning control scheme is
designed to guarantee each mobile robot accomplish the
tracking for its own desired trajectory and the learning of
unknown nonlinear dynamics simultaneously. The knowl-
edge of cooperative learning can be stored and reused for
robots to perform the same collaborative control tasks, and
the trained neural network also has good generalization
capability when performing the control task over a domain
consisting of the union of tracking orbits.

Fig. 12 The norm of NN
weights in decentralized
tracking control
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Fig. 13 The tracking errors of decentralized tracking control
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Fig. 14 The approximation performance of decentralized tracking control
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