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Abstract

This paper addresses the tracking control problem of the tilting quadcopter with unknown nonlinearities. A novel tilting
quadcopter conception is proposed with a fully actuated version, which suggests that the translational and rotational
movements can be controlled independently. Based on the Euler-Lagrange equations, the dynamics of tilting quadcopter is
developed with uncertainties, where Neural Networks (NNs) are utilized to approximate the unknown nonlinearities in
systems. We construct a novel auxiliary filter to obtain the estimation errors explicitly to achieve better approximation
ability of NNs. By introducing new leakage terms in the adaptive scheme, the weights of identifier of NNs can converge to
their optimal values. And a simple online verification is provided to test the parameter estimation convergence, which
relaxes the requirement of persistent excitation condition. Moreover, we propose an Adaptive Finite-time Neural Control
for the tilting quadcopter, where all the tracking errors can converge to a small neighborhood around zero in finite time as
well as the estimation errors. Finally, comparative simulation results are presented to illustrate the effectiveness and

superiority of our proposed control.
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1 Introduction

Unmanned aerial vehicles (UAVs) have seen a boost in
popularity and generated great interest for both military
and civil applications [1-3]. Among various types of
UAVs, quadcopters are adopted in many fields due to their
maneuverability and simplicity [4-7]. However, the
mobility and maneuverability of the quadcopter in standard
configuration are limited since all propeller force vectors
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are limited in a single plane. Leading to only the cartesian
position and the yaw angle can be controlled independently
due to this under-actuated version [8]. With the increasing
requirements in tasks, the abilities to interact with narrow
and cluttered environments have attracted considerable
attention, such as full-actuated, fault-tolerant and maneu-
verable version [9]. This indicates that exploring fully
actuated quadcopter is preferred to greatly improve their
performance in tasks [10].

Motivated by these requirements, some actuation
strategies have constantly evolved in recent years. Con-
sidering an intuitive way by adding actuators in other
directions, Hugo in [11] propose a new configuration with
additional propellers in horizontal directions, where the
translational and rotational movements can be controlled
by two sets of rotors. Inspired by the tilt-wing in [12-14],
Ryll first proposes a novel actuation concept in [15], where
the propellers are allowed to tilt with respect to (w.r.t.)
their axes. Due to the introduction of the tilting mechanism,
the tilting quadcopter has the ability to generate arbitrary
direction force or torque, which contributes to a fully-ac-
tuated version. And flight tests, although preliminary,
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clearly show its superior capability compared with the
common quadcopter in [16]. A flight transition of the tilt-
ing quadcopter from 0 to 90° is then discussed since the
maximum torque decreases as the pitch angle increasing
[17]. To further improve the control bandwidth, a dual axis
tilting quadcopter is proposed in [18] offering a wider
range of control torques, which makes the vehicle be a
more agile vision. Moreover, compared with the conven-
tional quadcopter, the dual-axis version can still complete
the task despite of half of actuators damaged [19, 20].
However, once a rotor failure of a common one, we will
lose its control in yaw where the reliability and the sur-
vivability cannot be guaranteed [21]. As discussed, this
tilting configuration can not only achieve full controlla-
bility with 6 DOF, but also fault-tolerant ability is dra-
matically improved [22].

Recently, the control design for the tilting quadcopter is
receiving increased attention [23]. To address nonlineari-
ties, an input-output linearization is applied to track arbi-
trary trajectories and desired orientations simultaneously in
[24]. Considering external disturbances, a mixed sensitivity
H, optimal control is synthesized for the tilting quadcopter
to compensate these effects [25]. The dynamics of tilting
quadcopter with disturbances and uncertainties are studied
in [26], where a second-order sliding mode is constructed
to avoid the chattering phenomenon. In [27], the stability
and PD control of tilting quadcopter are developed upon
the failure of propeller during flight, where fully known
dynamics are assumed. Moreover, a control scheme for the
tilting quadcopter with H-configuration used for trans-
porting unknown sling loads is proposed in [13]. Based on
barrier Lyapunov functions, robust model reference adap-
tive control is employed to guarantee prior constraints on
both tracking errors and control inputs despite of poor
knowledge about vehicles and payloads. Various control
designs have exploded over the years, such as backstepping
control [28], sliding mode control [26], model predict
control [29], robust control [30] and input output lin-
earization [31]. Although the reliability and the flexibility
are improved, the tilting mechanism makes the system into
a complex nonlinear system. The additional unknown
nonlinearities from the tilting mechanisms, aerodynamic
damping and external environment should be fully con-
sidered in the control design to improve the robustness of
the control scheme.

Adaptive control has been studied for decades with
characterizing the ability of compensating uncertainties
[32-34]. A well-known assumption in many existing lit-
erature is that uncertainties should follow the linear-in-
parameter form or growth condition as supposed in
[35—45]. However, this assumption is stringent in practice
since many systems contain complex nonlinearities. To
relax this condition and handle nonlinear uncertainties,
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function approximators are incorporated into the adaptive
control, e.g., NNs [46—49] and fuzzy logic systems (FLSs)
[50-52]. Gradient descent adaptive algorithm is developed
in [32] to update the NNs weights, which may encounter a
bursting phenomenon. To remedy this issue, several mod-
ified parameter estimations are proposed, e.g., e-modifica-
tion [53] and o-modification [54]. Due to additional
damping terms in these algorithms, the closed-loop system
can be guaranteed uniformly ultimately bounded [55].
However, most adaptive laws designed in [56-60] only
concern about the overall system stability. Few consider-
ations have been given to the estimated parameters con-
vergence since the estimation errors is immeasurable or
unknown generally. According to the certainty equivalence
principle in [33], the control system performance can be
greatly improved once the estimated parameters in adaptive
laws converge to their optimal values. A well-recognized is
noted that adaptive laws prefer containing some informa-
tion on the parameter estimation error to guarantee its
convergence. In [61], a novel composite-adaptation-based
adaptive robust control method is proposed to achieve high
tracking performance and accurate parameter estimation.
This approach capturing the parameter error in the adap-
tation law can obtain better parameter estimation results
than the traditional adaptive robust control. In [62], another
parameter estimation scheme is proposed which features
the ability to reconstruct the unknown parameters within
finite time provided the PE condition being satisfied. And
this idea is incorporated into the control design in [63] to
obtain exponential convergence. Note that the above
approaches need to online test the invertibility of a
regressor-based matrix. And the designed auxiliary matrix
and vector in [61-63] with unstable integrator inevitably
increase all the time or even to infinite. Motivated by these
requirements, to explore a control scheme, incorporated
with a novel adaptive law with the ability of guaranteeing
the system stability and the estimated parameters conver-
gence, can pave the way for controlled systems with better
tracking performance. Although these existing controllers
are stable, the tracking errors converge to equilibrium
points as time to infinity [64]. Then, an extension is paid to
the fractal and fractional derivatives, where analysis and
solution have been discussed for the linear and nonlinear
fractional differential equations [65-71]. A finite-time
stability theory has attracted considerable attention, which
provides fast convergence, high-precision and better
robustness to uncertainties [72]. Up to now, homogeneous
[73], terminal sliding mode (TSM) [74] and nonsingular
terminal sliding mode (NTSM) [75] are widely developed,
where tracking errors converge to the equilibrium in finite-
time. However, the existing TSM delivers a slower con-
vergence when the system state is far away from the
equilibrium, although its convergence rate lies in
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exponential one when near the equilibrium [76—78]. Thus,
a fast finite-time theorem is proposed in [9, 79, 80], which
can perform a fast convergence during the whole tracking
process.

Motivated by the above discussion, we in this paper
propose a novel tilting quadcopter conception with the
translational and rotational movements controlled inde-
pendently. To compensate for uncertainties in systems, an
adaptive finite-time neural control is proposed, where a
novel estimation error-based adaptive scheme is intro-
duced. Compared to the existing work, the main contri-
butions of this paper include:

(1) A novel fully actuated tilting quadcopter conception
is proposed, where the push mechanism can achieve
large tilting range. Compared with
[13, 15-20, 24-31, 81-83], we establish the tilting
quadcopter dynamics simultaneously considering
uncertainties. The nonlinearities in systems do not
need to follow the linear-in-parameter for or growth
condition as assumed in [35-45], which can pave the
way for the design of more general conditions.

(2) We propose a new auxiliary filter, where parameter
estimation errors can be obtained explicitly and then
be used as new leakage terms. By introducing these
terms in the adaptive laws, compared with [56-60],
high estimation performance can be achieved since
weights of identifier NNs can converge to their
optimal values in a bounded sense. Moreover, we
provide a simple online approach to verify the
parameters convergence, a relaxed alternative to the
conventional PE-condition in [61-63].

(3) An adaptive finite-time neural control is proposed for
the tilting quadcopter to compensate for the uncer-
tainties in systems. By incorporating the new adap-
tive law into the control design, the tracking errors
can fast converge to a small neighborhood around the
equilibrium within finite time as well as the
estimated errors.

The rest of this paper is organized as follows. Section 2
presents the design of a novel tilting quadcopter and
develops its complete dynamics with uncertainties. The
main results are given in Sect. 3, where an ANC with fast
finite-time convergence is proposed for tilting quadcopter
to achieve tracking and precise estimation simultaneously.
In Sect. 4, simulation results are presented. Finally, we
draw a conclusion in Sect. 5.

Notations: Throughout this paper, let R denote the set of
real numbers and R™" denote a n x m-dimensional
matrix. Let K; = diagk;] € R*?® and K; = diag[k;] €
R3>3 denote positive-definite matrices with
i=12,---,6,j=1,2,3. Let

Z = [lal'sgn(z1), -, |l “sen(z)]" where  z=

(21, ,zn]T and sgn(-) is the sign function.

2 Dynamic modeling

In this section, we propose a novel conception of the tilting
quadcopter, which consists of four main rigid parts: the
Body, Servo, Push and Propeller as shown in Fig. 1. Servo
and Push mechanisms can be actuated to tilt about the
corresponding axes w.r.t. the main body, which suggests a
fully actuated vehicle can be obtained. Compared with [18]
and [19], the tilting mechanisms of this novel conception

can be indeed arbitrary within [—7,7] to provide more
agile and reliable abilities.

2.1 Preliminary definitions

Let Ry : {0y, Xy, Yw, 2w} and Rg : {0p, Xp, Y5, 25} denote the
World reference frame and the Body frame. Let Ry, :
{055 %505 Y0 25} and  Rp, : {Opivxpf’YPnZPi}v i=1---4
denote the Servo and Push frames associated with the i-th
propeller as shown in Fig. 2.

In this paper, we select Euler angles to describe the
attitude, and the rotation matrix Rgyp which represents the
orientation of Ry w.r.t. Rp is given

clcy cOsyr —sb
Rpp=| —cosy + s¢pslcy cocy + spsOsy s¢pch |,
spsy + copsbcy —spcy + copsOsy cpcl

(1)

with the denotations c- = cos(-) and s- = sin(+) for clarity
and conciseness. ¢, 0 and  are roll, pitch and yaw,
respectively. The rotational equations take the form

Fig. 1 The tilting quadcopter vehicle
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Fig. 2 The reference frame of
3-th propeller group

Push3 47 P3
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0= 0 co —s¢ o | =R "o, 2)
;& 0 @ % ry
cl cl
where @), = [py, ¢y, )" is the angle velocity projected into

Rg. Let n = [¢,0,9]" be the attitude vector. From (2), we
have R;77 = w, where the inverse of matrix R, exists with

the assumption of 0 € (—5,%).

2.2 Dynamic modeling of tilting quadcopter

According to the Euler-Lagrange equations, the dynamics
of the tilting quadcopter can be described as

T)ii+ C(n, )i = ©+ 7 )
mé = RE ju+ F, + Fy,
R3X3 iS
C(n,1) € R¥3 is the Coriolis and Centrifugal force matrix,
and F, =

where J(n) € the effective inertial matrix,

m, is the mass of vehicle, &= [x,,y,,2]"
[0,0,m,g]" denote the position and the gravity vector in
Ry: v = [~gilpilpv, —2lalav, —g3ln[n]" and  Fy =
[—d %)%, —d2 |y, ]y, —d3|z'v|z'V]T are aerodynamic damp-
ing with positive coefficients g; and d;, T € R* and u € R?
are control inputs expressed in Rg. From (2), we have J =
RITIVRl where I, = diag(lyy, Iy, I-;) is the moment inertia of
the whole vehicle. If readers are interested in J(1) and
C(n, 1), more details can be found in Appendix A.

When outdoor flights, the aerodynamic damping may
dramatically deteriorate the tracking performance. The
coefficients like g; and d; in 7 and Fy are always obtained
based on the specific operation conditions. However, these
coefficients may not cover all the realistic environment
which becomes more complex than the specific conditions.
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It is impossible to capture these explicit parameters to
achieve a perfect compensation. However, such a novel
tilting conception makes the vehicle decouple the transla-
tional and rotational movements. Note that the skeleton of
tilting quadcopter is varied while mechanisms tilting. This
means that inherent parameters like the inertia of moment
I, would be different from the normal value but bounded
by [1,,1,] with positive constants I, and I,. Motivated by
the above discussions, the dynamics of tilting quadcopter is
inevitably subjected to parametric uncertainties. For our
control design, the following properties of the dynamics (3)
are proposed.

Property 1 (see [36]): There exist positive constants j

and j such that for any attitude vector # and vector ¥ =
[91, V2, 193]T with ¥;, (i = 1,2,3) being the real constants:

1. The effective inertial matrix J() is symmetric, pos-
itive definite, and is bounded from below and above,
e < <.

2. The matrix J(1) —2C(n,4) is skew-symmetric such
that 91 (J(n) — 2C(n,7))9 =0

3 Adaptive finite time neural control
3.1 Preliminaries

Lemma 1 (see [84]): Suppose a continuous positive defi-
nite function V({), and scalars a > 0, b > 0,0<f <1 and
0 > 0 such that

V()< —av(0)
Then for any given time 1y, the function V({) is bounded by

- VP +o. (4)
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a small region Q; = {{|VF({) < ;£

(176)} with 0<c<1 and

the settling time t
1-p
1 In aV'=P(Ly) + be . (5)
a(l — p) bc

where {y and ty are initial values of { and initial time,
respectively.

ts§t0+

Lemma 2 (see [85]): For
xi€R,i=1,2,---,q, 0<k <1, the following inequalities
hold

<Xq: I&-)k < Xq: il <q'* (ij |x,-|>k. (6)

i=1 i=1 i=1

Lemma 3 (see [86]): The Radial Basis Function (RBF)
networks are employed to emulate any continuous function
gX): R — R:

2u(X) = WTs(x), (7)

where the input vector X € R’, the weight vector W € R™,
the weight number m > 1 and the basis function vector

S(X) = [s51X), 52(X), -5, (X)]" with

—(x— )T (X — )

0;

5i(X) = exp : (3)

where 1, = [, iy -+ 1] is the center of the receptive
field and o; is the width of the Gaussian function. RBF NNs
can approximate any smooth function over a compact set

with convergent errors

g(X) = WIS(X) + e, 9)
where W* is the ideal weight vector, and € is the conver-
gent error, satisfying |e| < e, with a positive constant .

Lemma 4 (see [87]): For any real variables y,, y,, and
any positive constants ¢ and d, the following inequality
holds

C C d C
1] |)’2|d§ +d+c+7d|y2| . (10)

<l
c+dy1

3.2 Estimation error-based adaptive
scheme design

Following the function approximation given in (9), we can
always develop our system into a form as:

y=WIS+e, (11)

where y € R**! can be system states; W = [W, W,, W3] €

R™3 and S € R™! are augmented weight matrix and
regressor, respectively; € = [}, €2, 63]T e R¥™*! is the
residual error. Note that y always represents acceleration
information which may be sensitive to noises. A stable fil-
ter is thus adopted

by =~y +y, y(0) =0,
ISy = —S;+S, S;(0)=0, (12)
leg = —¢r +¢€  ¢(0) =0,

where yr, Sr and ¢ are the filtered variables, [/ is a positive
constant. We then introduce the following auxiliary
matrices P and vector Q

P =—6P + 55T, (13)

A T
Qi:—(SQiJrSf(yl lyﬁ) =123, (14)

where 0 is any positive constant. Based on matrices P and
Q;, a new leakage term L; can be constructed as

L = PW; — 0, (15)

where VE_/; is the estimated vector of W;. One can obtain a
solution of the differential Eq. (13) as,

t
P= /0 eSSt dr (16)

Lo oy T
0= / e 005y (M=) (17)
0
From (15) and (16), L; can be rewritten as
Li=PW;—Q;=PW,~ PW;+ C;= —PW; + C;, (18)

where C; = — f(; e“xt")Sfe}idr and W; = W; — W; is the
estimation error. Since the NNs error € and the regressor §
are both bounded, then the filtered terms e; and Sy are
bounded. Thus, the term C; is bounded by e;.

As the introduction of the leakage term L;, the unknown

estimation error W; can be abstracted, which can be used to
drive the adaptive law to improve the estimation conver-
gence. And we first give the following lemma.

Lemma 1 [fthe regressor vector S satisfies the persistently
excited (PE) condition, then the matrix Py in (13) is posi-
tive-definite, i.e., its eigenvalue  fulfills
Jmin(Py) > 6p, > 0 for a positive constant p,. Moreover,
if the matrix P is positive-definite, then S is PE.

minimum

Proof The first part is omitted here for clarity and con-
ciseness, and we provide the proof for the second part in
Appendix B. [

Remark 1 Lemma 1 indicates that the required excitation
/min(Pf) > Jp, > 0 can be obtained under the standard PE
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condition. According to [33], PE condition is necessary for
the parameter estimation convergence. However, it is dif-
ficult to test the PE condition on-line. Lemma 1 provides
an intuitive way to validate the PE condition, i.e., whether
the minimum eigenvalue of Amin(Pr) > 0 holds. Namely,
we provide a simple online approach to verify the param-
eters convergence, a relaxed alternative to the conventional
PE-condition in [61-63].

Remark 2 The gradient-based adaptive law in [88] has not
fully considered the convergence of parameter estimation.
Although the e-modified adaptive law in [50] can eliminate
the potential bursting phenomenon incurred by the gradient

scheme, it only contains the estimated parameter V?G-. And
this scheme cannot achieve the estimated parameters con-
verging to their optimal values. It should be noted that if
we adopt the leakage term L; in the adaptive law, with the
help of the estimation error W;, the estimated parameter Wi
characters the ability to converge to a small neighborhood
around its optimal value. The performance of the overall
control system can be dramatically improved. Please refer
to the following control design for more details.

3.3 Rotational subsystem control

This section contributes to develop an estimation error-
based AFTNC with for the rotational subsystem of (3). Let
n, be the desired attitude and we define z; =n — 1y, as
attitude errors. Then, a virtual control o, is given as

o =1y — Kizg — Kzzfﬂ'il, (19)

with 0 < f; <1. We then introduce an integral term

1= /OtzQ(s)ds, (20)

where zp =1 — a;. This integral term can dramatically
reduce the sensitivity to parametric uncertainties [89].
Differentiating z;, we have

Q=0 =Ny =2+ — 1y (21)

Inspired by the backstepping idea, the convergence of z; is
completely depended on the convergence of z;. This
recursive methodology provides systematic steps on
designing the control input to guarantee z; to converge.
Differentiating z, w.r.t. time leads to

Ji + Czp = Jij — Joy + Czp

. (22)
=T+ 7 — Coy —Juy,

where J and C are the abbreviations of J(y) and C(n,#).
Then the above equation can be rewritten as

@ Springer

Fi1(z) + Fia(z) = © + Fi3(2), (23)

where F11 = JZz, F12 = CZz —sz, F13 =T — CO(] —Jdl
and z = [nT, T, ol o'c]T]T. Thus, the control input 7, which
can be used to develop an estimation error-based adaptive
scheme, can indirectly reflect all uncertainties in system.
According to Lemma 3, we apply NNs to approximate the
unknown dynamics functions Fj;, Fi, and F3

Fii(z) = WilSi + e,
Fia(z) = W5 Sz + 1, (24)
Fi3(z) = Wi3813 + €13,

where W;; € R™>? is the optimal weight matrix; Sy;(z) €
R™*! s the corresponding regressor, €;; € R**! is the
estimation error bounded by |€;]| <€, with positive
constants €;;,, m; is the number of NNs node. We can
rewrite (23) as

WiTS +¢6 =1, (25)

where Wi € R™>3, 5 = {STI,STZ,—SE}TG R3¥™>*! and
€1 = €11 + €12 — €13 with ||& || < &, where €, is a positive
constant. We define the form Wy as
Wi
Wi = | Wy
Wi

= [W;l’ W:zv W:B]’ (26)

where W € R* ! According to the estimation error-
based adaptive scheme, we first construct the following
stable filters

ll’fﬁ = -1+ 1, ’L‘ﬁ(O) =0,
LSy = —Si + 81, Si7(0) =0, (27)
Liéy = —€i + &, €5(0) =0,

where 15, S|y and €5 are the filtered states. Then the fol-
lowing auxiliary matrices are established

Pl = —0,P; +S]fSF11_ﬂf’

01, = —0101; + Sy 7y, (28)
Lii=P\We — Qui,

where J; is a positive constant and Wci are the estimated
vector of W,;. From (18), we have

Ly =—PiW,+ Cy, (29)

where C]i = 7‘[5 e"s‘(””S]fe_]f;dr with HC],H Sglcis e_lci is
a positive constant and W, = W — WL.i is the estimated
error. Considering the dynamics (21) and (22), we propose
the following estimation error-based AFTNC
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T="Tel + T2 + Te3,
T,
1 = —K3zp — KSZZ)C| yar

21— 24 -1

T2 = —Kyz) — Ke¢z2 71 X1 ) (30)
T3 = —21 — X1 — Wlsl;
> _ PIL;
Wci - Fli(SIZZi_y i1—>7 i= 1u2u3u
el

where §; = [0,0,8T,]" € R**! in which §;3 € R™*!, 3,
is a positive constant and I'j; is positive-definite matrix.

Theorem 1 Consider systems (21) and (22) with AFTNC
and learning algorithm (30). If matrix Py is a positive-
definite matrix, it can be derived that tracking errors zi,
zpand estimated error Wci converge to a small neighbor-
hood around the origin in finite-time. Moreover, the esti-
mated weight W.; converges to the region around its
optimal values, simultaneously.

Proof We first adopt the following Lyapunov function
candidate

1
Vi :EleZl- (31)

Taking its derivative, we have

Vi=zz— z,Klzl — lezzzﬁ' !
3 (32)

<ziz —k Z i~k Z(Zi’)ﬂl’

i=1 i=1

where k; = min(ky;, ), k, = min(ky, ), j1 = 1,2,3. From
the above inequality, the tracking error z; can achieve
finite-time stability once z, converges. Then we consider a

Lyapunov function

1
Vo=V +2

1 I~ T o
R R S W W (33)

2

i=1
Differentiating V, along (22) yields

5 2p3,—1
Vo =zl — 21 Kiz1 — 70 Koz b=

1 ;.
EZ;JZz + zg (7:

3 .
+ 1= Cii —Jin ) - Z WL W,

+ iz +

2,61 1

=z -7 Kiz1 — 721 Koz

+ iz + %zg (J—20)z

3 .
STWari we.
i=1

the matrix J —2C is skew-

+2(t+ Fi3) —

From the Property (2),

symmetric where z1(J —2C)z; =0 holds. Substituting

(24) and (30) into (34), we have
Vo=z2— 2Kz — lezzlﬁ' !

+ x?m +z§ (‘C + W}} S13

PTL;
1
+ 613) Z W <S1Z21 Vi ||[, ||>

=Kz — Z;FK3Z2 - Z}Kszle 11

~ 7K, zzﬁ‘ - Z2TK4z§ﬁ‘_l

’%
26,1 =T ~T
) K@zﬁ}’l/‘ + zg (W13S13 + 613) Z W ;iS22

~T P L;
+
Z lz ci ||»Cz||
= -2 TKizi — Z;Kﬂz - Z}Kszzﬂm
S R e o
W.PTPW
B 1
- Z2TK6Z2/(F1F7%[I : +Z2613 Z A TR TR CI |£ || <
3
- W P Cyi
+ ) .
Z ’ \E |
(35)

Note that P1 is a symmetrical positive-definite matrix such

WPPI ci

that Tz

> W WL, with 2; >0 bemg the minimum

TCii .
eigenvalue of matrix - ||z: H And Zl i lﬂll]\l ! is bounded

by a positive constant €;.. Since K5 and K¢ are both posi-
tive-definite matrices, we can always find positive con-

stants ks and kg such that Z;FK5Z2 >ks, and
z;FK612 > kg, V2o # 0. Then, we have

—k Zzlt —ky Z le)
3 3
- (& )R-y @)
i=1

i=1

3 3
— ks Z X%i — kg Z(X%i)ﬁ
3my

— A ZZ /1,W + 613,, + €lcs

i=1 j=

(36)

where k; = min(ks;,), ky, = min(ky;, ),j1 = 1,2,3, and a

Zj l/lt

suitable value of k; with k3 > % For term —
according to Lemma 4 yields
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3m
- /ltZW

3m 3m,

3m
,_V]IZW VliZ(Wu/) +/nZ< LU)/;,
=

J=1

3m| 3m, 3m

< —VllZW Z(Wa,> Vlzz;(ﬁlw (1= )>
Jj=1 Jj=
< _Vliil:(l BOW. /11%(“’;) +3zm1:7'lz (1=p1).

j=1 J=1

(37)

Substituting (37) into (36), we can get

3 3m

3
V)< —klzzi‘— (h“)ZZzl kSZylz_k7ZZ

i=1 i=1 j=

3 1 3 1 3 B
-k (Z Z%i) —k4 (Z Z%i) —ks <Z X%i) +€ie
i=1 i i

3 3m 3 3m
—ng(ZIW > + 22/1: E%Sn’
i=1 \j=1

i=1 j=

(38)

where k7 = min(4;7,;(1 — ,)) and kg = min(4,y;;). The
effective inertial matrix J satisfies Property (1), and thus
we have,

3 3
2
- E O = E Z21 > -
i= i=1
3m 3my

—k7ZW ZMW < kWl W,

where 1, is the minimum eigenvalue of positive-definite
matrices I'j;. Substituting (39) into (38) and applying
Lemma 2 yields

—a1< ZZ1,+ zszz

-z2 Iz
(39)

1< 1
— by <§l§_:zl,+2z21@+ Zyl, (40)

13 By
~T —l ~

— wW.I"W,
SRS

1 3m1

2513,[""51("‘/%22?]1 7

i=1 j=
. 2k, —1

where a, = mln(2k,,%,2k5,2k7), b, =

@ Springer

min(Zﬁ'lgz,Zﬁ'k 2Pk, Zﬁ'ks) where kg = -}-. Referring to

2
Lemma 1 yields,

V)< —a1V2—b1V/}‘+Q17 (41)

where 01 =365, + €1c + A1 Z, . 2]3”',‘ (1= PB)).
According to the Lemma 1, the function V, is bounded by

a small region Q = {Vf < m} with 0<c¢; <1. This

suggests that z;, zp and Wci converge to a small neigh-
borhood around the equilibrium within finite-time and this

completes Note that

o o
scheme parameters, €13, represents the boundary of resid-
ual error, and €. is related to Cy; as described in (35). If the
number of NN nodes is sufficiently large, the residual error
€1i, (i = 1,2,3) can be zero in the ideal case, which means
€13, = 0 holds. Due to the stable filters in (27) and the
leakage term L; in (29), we can also derive Cy; to be zero in
this case and lead to ¢;. = 0. As the above condition, the
item g, related to the ultimate convergence region €

becomes ¢, = 41 o0, 37 (1
ately select the control parameters, the final region can be
arbitrary small. Moreover, although the number of NN
nodes cannot be infinity, €13, and €. are only small residual
errors, and little effect on the final region . [J

the proof. 0 = %e%n + €10 +

— fB,) where y,; and f3;, are control

p). If we appropri-

Remark 3 For the existing gradient law or the modified
adaptive law used in [88] and [50], the adaptive laws are
established to guarantee the tracking errors convergence.
However, the convergence of the estimated parameters to
their optimal values may be difficult due to the uncer-
tainties and damping effect in adaptive laws. This paper
proposes a novel way to guarantee this convergence by
introducing a new leakage item L; in the adaptive law,
where the estimation errors can be obtained explicitly to
achieve the convergence of the parameter estimation.

Remark 4 The adaptive scheme (30) contains the esti-

mated error W; in the new leakage term L;, which con-
tributes to the convergence of the estimated parameter to
its optimal value. In order to clearly illustrate the superi-
ority of the adaptive law in (30), we adopt the e-modified
adaptive law design scheme and let the adaptive law be

Wi = I'i(S1z2i — 7;Wei), (i = 1,2,3).  Although finite-
time stability can be achieved, due to the introduction of
the damping term, the ultimate convergence region Q
depends not only on the residual error €;;, but also the
optimal value W}, of the unknown NN weights. For its
ultimate convergence region proof, we omit here for clarity
and conciseness. As discussed above, the ultimate region
under e-modified adaptive law is much larger than Q2 under
the estimation error-based adaptive law (30). Thus the
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estimated parameters of e-modified cannot achieve con-
verging to their optimal values. In other words, the esti-
mation error-based adaptive scheme (30) can get better
results in estimating, and the overall control system can be
greatly improved.

3.4 Translational subsystem control

Incorporated with the estimation error-based adaptive
scheme, an ANC is then developed for the translational
subsystem. We first define e; = & — &; where &, is the
desired position. A virtual control input is developed as,

Oy = éd - 15161 - K2€%ﬂ2717 (42)

where 0<f}, <1. Similar to the rotational control, an
integral term y, = jg ex(s)ds is developed where
ey = é — ap. Differentiating e; and e, yields,

ép=exy+ o — -

.1 ..2 . 2 —&a (43)
€y =< — o =fo(n,u) + Fae),

where f(1,u) = .- (Rf,pu + Fy), Fa(e) = ;- Fy — d with
e= [|f €, o'czr. And we employ NNs to estimate the
uncertain term F,(e) as,

Fy(e) = W;TS, + &, (44)

where  W; = [W;, W;,, W3] € R is the optimal
weight matrix, & € R**! is bounded by a positive constant

&, and S, € R™*1 ig regressor. Then stable filters are
given as,

Léyi = —exi + ez, e2(0) =0,
lzf:zﬁ = —foi + /o, fou(0) =0, (45)
Sy = —Sy + 82, Sy(0) =0,
héy = —éypi + &, €5(0) =0,

where [, is a positive constant. Employing the estimation
error-based adaptive scheme, the following auxiliary
matrices are developed,

Pz = —0,Py + SszF{f

T
3 €2 — €
Oy = — 6209 + Sy (% _f2fi> (46)

Lo = PyWyi — Qi

where 0, is a positive constant. According to (18), we have,

Ly = =P, Wy, + Cy, (47)
where W, = W — Wy, are estimated errors and
Chi = — f(; e"32<”’)S2f€2ﬁdr. Then, we propose an estima-

tion error-based ANC with fast finite-time convergence as,

15995
U= Uy + Uy + Uz
Ui = Hz(flgsez - Ksezlglz)
= 28,— = 2B,—
ure = Hp (—1(492/12 ' Keean 1 1)
(48)

1 AT
us. = Hy (—61 — X2 — m_Fg - W252>
v

Pgﬁz") i=1,23

Wy = Iy (Szezi - ”/zl'm

where I'y; and y,; are positive-definite matrix and constant
respectively; and H, = m,Rp>p. Similar to the rotational
subsystem, the following theorem can be obtained.

Theorem 2 Consider the translational subsystem (43)
with the estimation error-based AFTNC (48). If the matrix
P, is positive-definite, tracking errors ey, e, and estimated
errors Wy; converge to a small region around zero in finite-
time. Moreover, estimated weights of RBF NNs can con-
verge to the vregion around their optimal values
simultaneously.

The proof of Theorem 2 is similar to Theorem 1, we
omitted its proof process for clarity and conciseness. If
readers are interested in proof, please refer to the stability
analysis in the rotational subsystem.

4 Simulation

In this section, we conduct comparative simulations to
illustrate the effectiveness of our proposed control
scheme for the tilting quadcopter with unknown nonlin-
earities. The vehicle is commanded to track the transla-
tional and rotational trajectories simultaneously. More
details about the simulation designs are elaborated as
follows.

4.1 Rotational simulation results

The initial attitude states of the tilting quadcopter are set to
zero. The value selections of the inherent parameters,
adaptive laws and control parameters are given in Table 1.
To verify the robustness to the uncertainties, note that the
moment inertia and damping parameters exist unknown
nonlinearities as shown in Table 1. Moreover, the vehicle
is commanded to track the desired rotational trajectories as
na(t) = [cos(t — 1),cost,cost 4+ 0.5]". To illustrate the
superiority of our scheme, we adopt the following Adaptive
Neural Control (ANC) without finite-time convergence and
estimation error-based adaptive law as the comparative
method

@ Springer
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Table 1 Parameters for

Rotational Simulations Parameters Values Parameters Values
V1 0.1 Iy; 0.4
my 512 b %
I 0.01 I 100
L 0.04463 + 0.01 sin 2t & 0.5+ 0.2sin(2r — 1)
I 0.04463 + 0.01 sin(4¢ + 1) 8 0.6
I, 0.08844 + 0.02sin(37 — 2) K, diag(0.6,0.6,0.6)
g1 0.5+ 0.1sin(5¢ +2) K diag(1.6,1.6,1.6)
K; diag(0.4,0.4,0.4) Ky diag(1.6,1.6,1.6)
Ks diag(0.4,0.4,0.4) Ks diag(2.0,2.0,2.0)

=1, — Kizi

t= Ky — 21 — W, S, (49)
Wei = T'i(Siz2i — 1 Wei),i = 1,2,3,

where the above control parameters are the same to Table 1
to guarantee the reasonable results. The comparative sim-
ulation results are shown as follows.

The tracking performance is exhibited in Figs. 3, 4, 5
and 6. We use the abbreviation AFTNC as the proposed
control scheme (30) and ANC as the results of (49). Fig-
ure 3 depicts the rotational tracking trajectories. AFTNC
can not only enjoy better transient performance with fast
convergence to the desired trajectories within finite-time,

but also robustness rejection ability to the uncertainties.
ANC can only achieve infinite-time stabilization, which
leads to a long transient response. The estimation perfor-
mance of neural networks with estimation error-based
adaptive laws is shown in Fig. 4. Compared with ANC
results, AFTNC can fast and well estimate the unknown
nonlinearities F3, where RBF NN can converge to a small
range around their real values. Let

We=[w
shown in Fig. 5. The estimated weights of AFTNC can
converge to a region around their real values in finite-time.
Additionally, according to the estimation error-based
adaptive scheme (29), the term L;; contains the

T

T
AT _AT NI
' We, Wl , and the norm value of W, is

Fig. 3 The tracking
performance of attitude

¢ (rad)

‘—‘0--¢ AFTNC — — ¢ ANC — ¢ Ref ||

6 (rad)

¢ (rad)
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Fig. 4 The estimation
performance of Fi3

I I I I I I
~0-- F31 AFTNC — — Fj5; ANC —— Fi3, |

-1 ‘F,

;qaj’“{h"‘ﬁ-

"'<>"-FH32 AFTNC = - jﬁ32 ANC ""--‘FH&2"

—o——w“?’\&—e—-e—-j 7\&\_9_9,..&3'

i“*«e--e- »ﬁ—-e——e\ P .
\\wl W B\f |

4 6 8 10 12 14 16 18 20
time (s)

Fig. 5 The weight W, with '
error-based adaptive scheme

0.5

[[We]

T T T T T
|—e— [W.]| AFTNC = = ||W.| ANC|

12 14 16 18 20
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Fig. 6 The profile of auxiliary

The profile of auxiliary vector Ly

vector Ll T T T T T T T T
— il
2 | - -
15| a
=

nl |
0.5 | 4

Or{ . NN AN
0 2 4 6 8 10 12 14 16 18 20

information of estimated error W,;. Thus, £; should con-
verge to a small neighborhood around zero, which depends

on the estimation error €. Let L; = [L‘ITI,EITZ,KHT and
the norm value of L; is shown in Fig. 6. Note that L;
converges to a small range around zero which further
represents the estimated weights can converge to their
optimal values. All simulation results have illustrated the
effectiveness and superior performance of AFTNC with
estimation error-based adaptive law.

4.2 Translational simulation results

The initial position &(0) is set to zero and the vehicle is
commanded to track the trajectories
&y = [cos(t — 0.8), cos(r),cos(r) + 0.3]". All simulation
parameters used in dynamics and control are listed in
Table 2. As the rotational simulation design, we adopt the
aerodynamic damping coefficient d; with uncertainties as
shown in Table 2 to demonstrate the robustness of the
proposed control scheme. Moreover, the comparative ANC
is designed as

Oy = éd - 15161,
_ 1 AT
u:Hz—K3€2+H2<—€1 —mFg_W2S2>7 (50)

Wi = Ii(Saeai — yiWei),i = 1,2,3,

@ Springer

time (s)

where all the above control parameters are set the same to
Table 2 to guarantee reasonable simulation results. The
translational tracking results are shown as follows.

The tracking performance of comparative results is
exhibited in Figs. 7, 8, 9 and 10. We define AFTNC as the
performance of the proposed control scheme and ANC as
(50). Fig. 7 shows the translational tracking results. ANC
can only achieve infinite-time convergence, and there
exists obvious over-shoot leading to a long transient
response. However, AFTNC can fast converge to the
desired commands within finite-time and achieve well
tracking performance to uncertainties. The estimations of
unknown nonlinearities F,; are shown in Fig. 8. With the
help of estimation error-based adaptive law, it can be
demonstrate that AFTNC can well approximate the smooth
nonlinearities in high precision. Denote

W, = [Wh, Wh, WE]". And compared with ANC, NNs
weights of AFTNC can fast converge to a smaller neigh-
borhood around their optimal values as shown in Fig. 9,
which can support the superior estimation results in Fig. 8.
Moreover, let L, = [L3;, L5, E;]T, which contains the
estimated error information W,;. According to the rigorous
theoretical analysis, L, should converge around zero which
suggests that W, can estimate their optimal value W;;. And
Fig. 10 can demonstrate the above convergence of Wb,-,
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Table 2 Parameters for

Translational Simulations Parameters Values Parameters Values
Vai 0.01 I'y; 0.1
ny 125 I %
m, 2.878 I 0.01
0s 100 d; 0.7 + 0.2 cos 5¢
dy 0.7 + 0.3 sin(5¢ — 3) d; 0.7 +0.2sin(2r — 1)
K diag(2.1,2.1,2.1) K> diag(3.0,3.0,3.0)
K3 diag(1.4,1.4,1.4) K, diag(3.0,3.0,3.0)
Ks diag(1.4,1.4,1.4) Ks diag(3.0,3.0,3.0)
Fig. 7 The tracking ‘ ‘ ‘ ‘ ‘ ‘
performance of position 2 —-0--z AFTNC = — x ANC z Ref ]

—-0--z AFTNC = — 2z ANC z Ref| |

where L, converges to a small region around the equilib-
rium within finite-time.

According to the above simulation results, the tilting
quadcopter can provide a fully actuation version with
rotational and translational movements controlled inde-
pendently. In comparison with the existing ANC, the pro-
posed AFTNC can not only perform robustness ability to
the uncertainties, but also guarantee finite-time conver-
gence of tracking errors leading to a fast transient response.
Furthermore, with the help of estimation error-based
adaptive law, AFTNC enable NNs weights W,; and W),

converge to a smaller neighborhood around their optimal
values in finite-time, which contributes to achieve better
tracking performance.

5 Conclusion

In this paper, we first propose a novel conception of a
tilting quadcopter with fully-actuated version, which sug-
gests that the translational and rotational movements can be
controlled independently. The dynamics of the tilting

@ Springer
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Fig. 8 The estimation of Fi,(e) 10 — ‘ ‘ = : ‘ f
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Fig. 10 The profile of auxiliary 1.2

vector L,

0.8 |-

0.6 |

e, 1

0.4 |+

0.2

— LI

quadcopter is developed based on Euler-Lagrange equa-
tions and NNs are utilized to approximate the unknown
nonlinearities in systems. An estimation error-based
AFTNC is then proposed, where a new auxiliary filter is
constructed to obtain the estimation errors explicitly as new
leakage terms into the adaptive law. This indicates that not
only the tracking and estimation errors converge to a small
neighborhood around zeros, but also the estimated weights
of NNs can converge to their optimal values simultane-
ously. Finally, the simulation results have been provided to
demonstrate the effectiveness of our proposed ANC. In our
future work, we will extend our approach to practical sit-
uations, such as states constrains, external disturbance and
fault-tolerant control.

Appendix A

The matrices J(#) and C(n,#) are given as follows:
J(n) = i) e R, C(n, 1) = [ey) € R, (51)

with

15 20 25 30 35 40
time (s)

Ji = Laijin = 0;j13 = —Lusb;jor = 052 = Lyc* ¢ + L.s°¢
Jo3 = (Iy — Iz)edsdpel; jz1 = —Lis0; jzo = (Iyy — Iz)cdspel;
33 = Lus?0 + Ly s> pc*0 + I .2 pc?0;

%(1}1\’ - Izz)(952¢ - ¢02¢09)
1

c13 = —Llch — 3 (Lyy — Izz)(902¢c9 + ¢s2¢>020);

ci1=0; cp =

1 = %Ixxl/./ce; €31 = _Ixxé(:@;
. 1 .

Cn = 7(1)'y — 1) ps2¢ + 2 (Iyy — I, )Yrchsest;
x5 = Iy — 1) (e2epet) — 3 seapst) + 5 Lugped — (1

— 1y — L p)eOs0;
e = (Iyy — Izz)(({bczfﬁcg - éS¢C¢S@);
33 = I,.0s20 + (Iyy — Izz)és2¢c26 - (Iyyszd) + Izzczqﬁ)@sZG.

(52)

Appendix B

The matrix P is positive-definite such that P =

Joe 2"SySFdr > 741 where Jy > 0. Then we have,

@ Springer



16002

Neural Computing and Applications (2021) 33:15987-16004

t =T
/ eSSl dr = / eSSt dr
0 0
+

t
/ eSSt dr (53)
=T
e—éT ) t .
<SS [ sstar
We can further have,
t T ef(sT )
[ sispar= (5= <5 Isii )1 54)
i

g—fi'l'

If we set T'and 6 in reason, A — 5~ ||Sf||iC can be positive.
Since the filter in (13) is stable, then the regressor S is PE.
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