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Abstract

This paper focuses on the finite-time lag synchronization (F7LS) of uncertain complex networks involving impulsive
disturbance effects. By designing two different controllers, some Lyapunov-based conditions are established in terms of
linear matrix inequalities to ensure the FTLS of impulsive systems, where the upper bound of the synchronizing times can
be estimated via constructing Lyapunov functions. It is interesting to discover that the synchronizing time depends not only
on the initial value but also on the impulse sequences, which implies that different impulses will lead to different
synchronization times. Finally, a numerical example is given to illustrate the feasibility and effectiveness of the proposed

FTLS criterion.

Keywords Finite-time lag synchronization - Lyapunov method - Uncertain complex networks - Impulsive disturbance -

Linear matrix inequality (LMI)

1 Introduction

Since Huygens discovered that the pendulum oscillates
synchronously, the synchronization phenomenon has been
widely concerned and continuously studied. In 1990, Pec-
ora and Carroll [1] of the US Navy laboratory put forward
the drive-response synchronization method, which further
triggered the research upsurge of synchronization and
control for dynamic systems in various fields, such as
signal processing, engineering, combinatorial optimization,
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modeling brain activity, and secure communication [2-5].
Up to now, many studies on several types of synchro-
nization including complete, generalized, anticipated, lag,
and phase synchronization have been proposed [6-10].
Among them, lag synchronization is very common in the
implementation of electronic networks, which requires the
current state of one node to be synchronized with the past
state of another node; that is to say, there is a time shift on
synchronization between these two nodes [11, 12]. In the
telephone communication network, for example, the voice
received by the receiver at time ¢* is sent by the sender at
time 1 — p, where p is the time shift. That is to say, the
real-time transmission cannot be realized in many real
models, i.e., complete synchronization cannot be effec-
tively realized. In this case, it is natural to consider the lag
synchronization. In addition, from the practical engineering
application of parallel image processing and secure com-
munication, this is a reasonable synchronization strategy.
Therefore, the lag synchronization research has been
applied to many practical systems, such as laser, neural
networks, and electronic circuit [7, 13-16].

As we all know, synchronization performance is a key
performance index in the synchronization of dynamical
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systems. However, in most closed-loop system control
design methods, the fastest synchronization rate is in
exponential form, which is why better synchronization
performance cannot be achieved. The fundamental reason
is that Lipschitz continuity of the closed-loop system needs
to be satisfied. Therefore, these control analysis methods
belong to the synchronization control problem over the
infinite time. In addition, since the life span of human and
machine is limited, people want to realize synchronization
in finite time as much as possible. Especially in the field of
engineering technology and economic management, if the
goal of synchronization can be achieved within a certain
period of time, it will greatly improve economic benefits.
Based on above motivations, a synchronization called
finite-time synchronization has attracted attention. It
requires synchronization within a finite time. The
improvement in this performance not only ensures the
fastest convergence time of network synchronization, but
also has better robustness against disturbance and uncer-
tainty [17, 18], in which robustness refers to the ability to
keep synchronization performance unchanged under
uncertain interference. Therefore, network synchronization
based on finite-time stability theory has been studied in the
field of physics and engineering, and there have been a lot
of researches on finite-time stability and chaos synchro-
nization [18-27]. For example, by periodic intermittent
control and impulsive control, Mei et al. [18] studied the
finite-time synchronization (FTS) of complex networks
(CNs) with delayed and non-delayed coupling; in [25],
authors studied the FTS of hierarchical delayed neural
networks by using Lyapunov—Krasovskii functional meth-
ods; Jing et al. [26] adjusted and designed a periodically
intermittent strengths and feedback controller, respectively,
to realize finite-time lag synchronization (FTLS) of delayed
CNs. Therefore, it is necessary to study FTS for different
types of network systems via different methods.

On the other hand, the key to realize FTS for CNs is to
design a suitable controller. In recent years, there are var-
ious kinds of controllers to realize FTS for many kinds of
systems, such as observer-based controller, sliding mode
controller, adaptive controller, impulsive controller, and
feedback controller [18, 28-34]. When designing the con-
troller, we should not only consider whether the controller
can achieve FTS successfully, but also consider the
excellent performance of the designed controller. Hence,
the design of controller should be simple in structure and
easy to implement, and moreover, it should be continuous
to avoid the chattering phenomenon. However, when
designing FTS controllers, these two points are rarely fully
considered in many cases. For example, the boundedness of
controllers designed in [18] is hard to guarantee due to the
special structure of the controllers; the proposed controllers
in [33] are not precise and need to be further improved.
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Based on above discussions, it is very necessary to
design a proper controller to study the problem of lag
synchronization in finite time. Moreover, in practical
application, when the control input is transmitted, it is often
affected by frequency change, switching phenomenon, or
other burst noise in impulse form. Therefore, considering
the impulse noise interference in the real control is a very
normal thing in many cases. This paper considers the FTLS
of uncertain drive-response systems involving impulsive
disturbances. There are several main contributions as
follows.

(1) Unlike previous papers [24-26, 35-37], impulse
noise interferences for FTLS of CNs are fully
considered. When system is involved in impulse
disturbances before reaching the synchronization
time, the obtained results show that the synchroniz-
ing time is related to the impulses and will be
delayed. Furthermore, for impulse, we do not impose
restriction on lower bound of two consecutive
impulse disturbances and the size of impulse inter-
vals does not affect FTLS for addressed system.

(2) Different from the designed controllers in
[24, 33, 36], the boundedness problem of the
controllers is overcome, and it is easier to implement
through LMI toolbox.

The rest of the paper is organized as follows. Section 2
presents some preliminaries. By designing two different
control laws, in Sect. 3, we establish some FTLS criterion
for uncertain drive-response systems. A numerical example
is given in Sect. 4. Section 5 shows the conclusion of this

paper.

2 Preliminaries

Notations Let Z. denote the set of positive integer num-
bers, R the set of real numbers and R” the n-dimensional
real spaces equipped with the Euclidean norm |-|. B >0
(B <0) denotes that B is symmetric and positive (negative)
definite matrix. @ = {1,2,...,N} and [ is an identity
matrix. For H C R, set W C R"(1<m<n),C(H,W) =
{w:H — W is a continuous function} and PC(H,W) =
{w : H — W is a continuous function everywhere except at
finite number of instances ¢, at which w(t"), w(r™) exist,
and moreover, o(tt) =w()}. K={b() e
C(Ry,Ry)| b(0) =0, b(5) > 0for é > 0, and b is strictly
increasing in d}.

Consider the CNs composed of N coupled nodes and
each of the nodes is an n-dimensional network. The
dynamic of the ith networks is described by
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Xi(t) = Ax;(t) + Bf (x;(t +th,jij i€ 0, (1)
where x;(t) = (xi1(£), xi2(£), . . ., xin(1))" € R" is the ith
network state; A = A + AA, B= B+ AB, in which A, B €
R™" are the connection weight matrices, and AA, AB €
R"™" are parametric uncertainties; ¢ > 0 is the coupling
strength;

fGi(@) = (il (1), falxia(r)), .

denotes nonlinear function and satisfies |fj(¢1) —
fi(02)| <9 — 9| for any 9y, ¥, € R, where [; > 0 are
constants for j = {1,2,...,n}; the coupling configuration
H = (hjj)yyy is defined as: for element h;, if there is a
connection from node j to node i, then h; > 0, or else
— S i by The
inner coupling matrix I' = diag{y,, y,, --.,7,} > 0 and
x;(0) = x;9 denotes initial value of the network (1).

In order to study the lag synchronization, we refer to
system (1) as the drive system without losing generality. In
addition, it is assumed that during the transmission of the
input signal, the state may suddenly jump at some discrete
time, that is, the impulse phenomenon is generated [4, 38].
Hence, this paper considers the following CNs involving
impulse as response system:

Yi(t) = Ayi(t) + Bf (yi(1))

-afn(xin(t)))T

hjj = 0, and the diagonal elements h; =

e Ty + ), 1€ .5, @
j=1
Avi(n) = DOi(ty) = xilty = ), k€ Z,,

with the initial value y;(6) = yis, | € @, where y;(f) =
(yir (1), y2(1), . . ., yin(1))" € R" and o is a positive constant;
the control input u;(r) will be designed later; Ay;(#) =
yi(te) — vi(t; ); D represents the impulse matrix. The time
sequence {f,k € Z.} is the set of impulse sequences
which is strictly increasing on R,.. We denote such
sequence by set F for later use. The rest parameters in
system (2) are the same as in system (1).

Define the lag synchronization error
(i(t) = yi(t) — xi(t — 0). Then, we can obtain the following
error system between drive-response system (1) and (2)

C( ) = ALi(1) + Bg(Li(1))

+th,,FC +ui(1), t>0, t # 1, (3)
Ali(t) =D(i(t), ke Zy,
where  g((i(1)) =f(i(t)) —f(xi(t — o)) and  AL(#) =

(i(te) — (i(ry) for i€ @. For convenience,

(0.5,

let {(r) =
O and

G(L(1) = (87(L1),87(La), -, 8" (Ln))". Then, the Kro-
necker product form of the error system (3) can be trans-
formed into

() = (Ilve A+ c(H®I)(1)

+v®@B)GU(1) + U, t>0, t # 1, (4)
(1) = (Ive I+ D)), ke,
where U = (ul,ul,...,u})", and the initial value {(c) =
lo= ({108 C00) " Lio = Yie — X0, i € O.
Definition 1 [35] For given impulse sequence {#;} € F

and constant ¢ > 0, the system (1) and (2) is said to be
FTLS if there exists a constant 7 > 0 such that

dim |60 = Tim [(0) =5t — )| = 0

and

. D=0 if t> ;
t~1>171:20|C1(t)| 0,if t>T+o,ic0O,
where T called synchronizing time depends on the initial
value (;; and impulse sequences F.

Remark 1 From the description of lag synchronization
error system, the response system does not receive the
information from the driver system from time O to ¢. Thus,
in Definition 1, we describe this characteristic for FTLS,
that is, synchronization time of the drive-response systems
is delayed due to the constant ¢ which is named trans-
mission delay. Due to the existence of transmission delay
o, the real synchronization time of the drive-response
systems is T + o, where T represents the synchronizing
time starting from the time ¢ and depends not only on the
initial value {;, but also on the impulse sequence F. In
particular, assume that a special case of ¢ = 0 is consid-
ered, and then, we can realize the complete synchronization
of the systems (1) and (2) with synchronizing time
T. Hence, there is a wide applicability in our results.

Definition 2 [32] For any vector v = (vy, va,. .., vn)T eR"

and constant u, we define
S(v) = (sign(v1),sign(v2), . ., sign(va))"
D(v) = diag([vi[", [val" ..., [val").

Assumption 1 There exist constants ¢;, & > 0 such that
uncertainties AA, AB € R™" satisfy the following
conditions:

ATAA < g1, ABTAB<el.

@ Springer
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Before giving the main results, we first introduce the
theoretical results of impulsive systems, which plays an
important role in our proof.

Consider the following nonlinear impulsive system:

X(t) =f(x), t # te, 1210,
x(1) =g(x(17)), t=1t, ke Zy, (5)
x(0) = xo.

Li et al. [22] provide the detailed descriptions for functions
f, g and impulse sequence S, which are omitted here. For
system (5), the following lemma can be obtained.

Lemma 1 [22] Let U, = {x € R" : |x| < p} with p > 0.
System (5) is FTS over the class S of impulse sequences if
there exist constants f§ € [1,00), n € (0,1), o > 0, func-
tions wy, wy € K, and locally Lipschitz continuous function
V(x) : R" — Ry such that

@D wi(jx]) <V(x) <wy(lx]), Vx € R,
(i) V(g(x) <PriV(x), Vx € R",t = 1,
(i) DTV —aV'(x), VxeR", t £, and the
impulse sequences {t.} € S satisfy

1—-n
) L wy, "(p) | .
mln{]€Z+. ﬁf—l‘lzm} =Ny < + o0.

In addition, the settling time is bounded by

1—p
Tl () < % 2200 i € U, vin) €5,

where Ny depends on {t}.

3 Main results

In this section, we focus on the design of controllers to
ensure the FTLS of systems (1) and (2), where desyn-
chronizing impulses are considered.

Theorem 1 Under Assumption 1, if there exist constants
>0, p>0, fel,00), pe(—1,1), nxn matrices
P >0, O>0,n x ndiagonal matrices S >0, R > 0, and
n X n real matrix W such that

I Iy@P Iy ® (PB) Iy®P
« —Iy®O0 0 0
<0,
* * —Iy®R 0
* * * —Iy®S
(6)

(I+D)"P(I+ D) < friP, (7)
where

I=1Iy®(ATP+ PA+ LRL)+
2eH® (PI) — Iy @ W — Iy @ WT, L =diag(ly, b, . . .,1,).

@ Springer

Then, the drive-response system (1) and (2) is FTLS over
the class F under the controller given by

U=—(Iy®P ") [(Iy @ W){(t) + 0.5 (Zmax (Q)&1]

+ Zmax (S)&2LL){ (1) + O‘Soc)vﬁX (P)D(L(1)S(L(1))],

(8)
where impulse sequences {t;} € F satisfy
1—u
) t 2iax (P)p' =+
ez, L > E L= N, .
mm{je + ﬁ/*l— (1 — ) <+ 00
9)
In addition, the synchronizing time is bounded by
1—u
1 2aiax (P)p'
T CG? tk SﬁNO 177 (10)
(¢ () iR
Vi, € Uy, Y{tx} € F, where Ny depends on {1;}.
Proof Choosing Lyapunov function as
V() = (1) (Iy @ P)(0). (11)

Taking the derivative of V(f) over the time interval f €
[tx—1,1), t> o along the solution of (4), we have
DV (1) = 2L (1)(Iy @ P){(1)
=20"(1)(Iy ® P){Iy ® [A + 2A]((r)
+ Iy ® [B+ AB]G({(1)) + c(H® I){(1) + U}
=(0)[Iv® (ATP+ PA)[L(1)
+20 (1) [(Iv ® P)(Iy ® AA)|L(1)
+207(1)(Iy ® P)[Iy ® (B + AB)|G(((1))
+ 20" (1) [cH® (PD)]{ (1) + 2L (1) (Iv@P)U.

(12)
From Assumption 1, it is easy to derive
207(1) [(Iy @ P)(Iy @ 8A)] (1)
<{"(n)liv @ (PQ'P))L(1)
+(0)[Iv ® (AT @A) (1) (13)

<)y ® (PQ™'P)IL(r)
+ Jmax (Q) T (1) [Iy ® (DAT AA)L(2)
<"1 [Iy ® (PQ'P) + Jmax (Q)er 1) L(2)

and
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207(1)(Iy @ P)[Iy ® (B + AB)|G({(1))
= 20" (1)[Iy ® (PB)|G({(1))
+207 (1) ® (PAB)|G(L(1))
<" (0)[Iy ® (PBR™'BTP))((1)
+ GT(C( 1)(In @ R)G({(1))
' (0liy © (PS™'P)JL(1)
+GT(C( )lIn@(aB'SAB)G(L(1))
<’ ( )[Iv ® (PBR™'B"P + PS™'P)]((t)
(0 lIve (LRL))C(1)
+ CT(t) [Iv ® (Zmax(S)e2LL)] (1)
={"(t)[Iy® (PBR"'B"P+ PS™'P+ LRL
+ Jamax (8)e2LL) | £ (1).

Substituting (13)—(14) into (12) and considering condition
(6), it holds that

D+V(t) < CT(t) [IN [ (ATP + PA + PQ71P

+ )Lmax(Q)gll
+PBR'B"P+ PS™'P + LRL
+ Amax (S)eoLL)
+2cH @ (PT)]((t) (15)
+20"(1)(Iy © P)U
< — am(PYC (OD((0)S(L(1)
< —a({ (v @ PYU(D) T
= 2V ().
In addition, when ¢t = #;, k € Z., one obtains that
V(n) = (1) (Iy ® P)C(1)
= ") {Iv @ [(1 + D) P(I + D) } (1) (6)

< BT (6 ) (Iv @ P)C(1;)
< BTV (i)

Then, we see that it is easy for inequalities (15) and (16) to
satisfy Lemma 1. Thus, the FTLS of systems (1) and (2)
under the controller (8) over the class F of impulse
sequences given in (9) is achieved. Moreover, the syn-
chronizing time (10) is derived. This completes the
proof. O

Remark 2 In Theorem 1, some sufficient conditions for
synchronization control of systems (1) and (2) are pre-
sented. Note that it is necessary to ensure LMIs (6)—(7)
hold simultaneously, that is to say, some decision matrices
P, O, W, S, R are solved to ensure LMIs (6)—(7) feasible
for some given parameters at the same time. Moreover, in
implementation, it can be seen from the derivation of
inequality (16) that for given p, it is desirable to find

smallest constants f§ to ensure the term (I + D)" P(I + D)

is as close as possible to ﬁﬁP. Therefore, when solving
(6)—(7), the MATLAB LMI toolbox is used to find the
smallest f§ so that the above inequalities hold.

In what follows, another FTLS result for the drive-re-
sponse system (1) and (2) is derived based on a new
Lyapunov function, in which a special case that the
impulse matrix D = diag{d;,dy, .. .,d,} > 0 is considered.

Theorem 2 Under Assumption 1, if there exist constants
>0, p>0, pe[l,0), ue(=1,1), ki, ka, k3 >0,
n X n diagonal matrix P > 0, n X n real matrix W such
that

(H)Iy ® (ATP+PA+ T+ L+ L) +2cH®
(PI)—Iy@W — Iy W' <0,

(H2) 2man (1 + D) < 71,

where L = diag(ly, by, ...,1,). Then, the drive-response

system (1) and (2) is FTLS over the class F under the
controller given by

U=U+U, (17)
with
Ui = —0.5{[Iy ® (P"'W)](r) + [Iy ® (P~'W)){(r)

+ (Iy ® P)S(L(1)) - kT (1)S(L(1))

+ Iy @ (BB'P)]S(L(1)) - kol (1) (Iy ® L)S(L(1))

+ (Iv ® P)S(L(1) - ksl (1) (Iy @ L)S(L(1)) }.
Uy = —0.5a(Iy ® P~)SL(0) ¢ () (Iy ® P)S(C(1)] =
where impulse sequences {t;} € F satisfy
min{j Sy #Z%} =Ny < + o0.
(18)
In addition, the synchronizing time is bounded by
No— 12215)(([)) ki 19
(£a7{tk})<ﬁ O((l _'u) ’ ( )

Vi, € Uy, Y{tx} € F, where Ny depends on {1;}.
Proof Consider the Lyapunov function
V(1) = 20" (1) (Iy ® P)S(L(1))- (20)

Taking the derivative of V(f) over the time interval t €
[tx—1,1), t > o along the solution of (4), one has that

@ Springer
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DV (1) = 2L (1) (Iy ® P)S({(1))

+20" (1) (Iv ® P)S(L(1))

= 28"(L(1)) (v ® P)L(1)

= S"(¢(1)){Iy ® [ATP + PA]
+2cH @ (PI') }{(1)
+28"(L(0) [(Iv @ P)(Iy @ £A)]L(1)
+287(¢(1) [Iv ® (PB + PAB)|G(L(t))
+ 28T (¢(1))(Iy ® P)U.

Note that
(1) Iy @ (LL)E) < [ (1) Iy ® L)SE()]
From Assumption 1, one obtains that when |{(7)| # O,

25T (L(0) [(Iv @ P)(Iv ® pA)]((t)
<ST(L(0) [Iv ® (PP)]S((1)) - ki I (1)S(L (1))

(t
’ 1
+ (1) [Iv @ (6AT AA)|L(1) m (22)
(

(
<L) [ty @ (PP)]SE(D) - kil (1)S(L(1)
+kTCT() (@)

and

287 (L(1))[Iv ® (PB + PAB)|G({(t))
<S"({(n) [Iv © (PBBP)]S(L(r))
ol (1) (Iv@L)S(L(1))
+GT(L(1)GE) k!
1
{(0)(Iy @ L)S(C(1))
+ ST(L() [Iv © (PP)]S(L(r))
k3" (1) (Iy ® L)S(L(1))
+G"((1) [Iv ® (aB" AB)]G(L(1)) (23)
. 1
(0)(Iy ® L)S(L(1))
<S"(¢(1)) [Iv ® (PBBTP)]S({(
szT()(1N® L)S(L(1))
+k () Iy @ L)S(L (1))
+ ST [Iv ® (PP)]S((1))
k3" (1) (Iy ® L)S(L(1))
+ 0y © DS(E).

When [{(¢)| = 0,, it can be derived that

@ Springer

287 (¢(1)) [(Iy ® P)(Iy @ £A)] (1)
=Sl [Iv (PP)] (@)
" (DS(E(0) + =L ()SE),

28T (L) [Iv @ (PB+PAB )G(L(1)
S(é(»[n«®<PBBTPﬂS<a>>
kol (1) (Iy®L)S(L (1))

+ k') (Iy ® L)S(L(1))
+ST((0) [Iv ® (PP)]S(L(1))
(1) (Iv © L)S(L(1))

+ U0y ® LS(E).

Thus, assertion Eqgs. (22) and (23) hold for any {(r) € R™".
Moreover, from the definition of S(v) , we have

{ 0, |€(t)| =0,
Me{l,..Nn}, (L) #0.

Combining this with (21)—(23) over the time interval
t € [tx—1,%), t>0,, one has that

ST(L)SE(r) =

DV (1)
<ST(L(@){Iy ® [A"P + PA] + 2cH ® (PT) }{(1)
+8T(L(0) [Iv @ (PP)]S(C(1)) - ka LT (1)S(L(7))
+S"(L(1)) [Iv ® (PBB"P)]S({(1))
kLT (1) (Iy ® L)S(L(1))
+8T(L(0) [Iv ® (PP)]S(L(r))
kalT (1) (Iy ® L)S(L(1))
1
m<o>(g

)(MM®M(KD

+287(2(0) (Iy @ P)U
<28T(L(1)(Iy ® P)U,
7

—~
- —

T

I+p

N|

= —ocST( 0)SLE) 28" (1) (Iv @ P)S(L(1))]

]+

f).
(24)
In addition, when t =, k€ Z,
V(1) = 20" (t) (Iv ® P)S(C (1))
=20 (1,) (Iv ® (1 + D))" Iy @ P)
S((Iv ® (I +D)){(5,)) 25)

< 2 [+ D) (1) Iy @ P)S(L(87))
<275 (1) (Iy @ P)S(E(5))
= BTV (1)
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According to Lemma 1, the FTLS problem of systems (1)
and (2) under the controller (17) over the class F of
impulse sequences given in (18) is achieved, and moreover,
the synchronizing time (19) is derived. The proof is
completed. O

Remark 3 In recent years, there are many results dealt
with the problem for FTLS of CNs [24, 35-37]. However,
note that the controllers in [24, 36] needed state feedback
with special structure when the lag synchronization error is
not zero, i.e., C,»/|Ci|2 when {; # 0, which is named frac-
tional state feedback. The obvious disadvantage of this
kind of controllers is that although u; is defined when
{i =0, when (; is close to 0, it is difficult to determine
whether u; is bounded or not, which indicates that these
controllers are difficult to apply in finite-time sense when
considering the synchronization problem. In our results, the
controllers (8) and (17) can effectively solve the problem
of boundedness in [24, 36] and are easier to implement in
applications. In addition, it should be noted that these
researches are all based on continuous state dynamics.
When considering a system with impulses, there are many
difficulties and challenges, such as when the FTLS system
is affected by impulse disturbance, the FTLS property may
changed and the synchronizing time may increase or even
tend to infinity. Hence, some FTLS conditions of drive-
response systems with impulse effects are presented in our
results, which generalizes the previous results.

Remark 4 1In Theorems 1 and 2, by constructing different
Lyapunov functions, the FTLS criteria of CNs involving
impulsive disturbance are obtained, respectively. The pro-
posed results show that different impulses will lead to
different synchronization times. If the system is subjected
to impulse disturbance with large disturbance strength or
more frequent impulse sequence, the convergence rate will
slow down, and then, the synchronization time will be
delayed. Conversely, when smaller disturbance strength or
less frequent impulse sequence is involved to the system,
the convergence speed will speeded up and then the

25

=1,2,3,4

). i

Fig. 1 Trajectories of drive system (26)

synchronization time will be shortened. This observation
can be found from (10) and (19).

4 Numerical examples

In this section, a example is given to illustrate the FTLS of
the drive-response system with impulse disturbance under
the control design.

Example 1 CNs often arise in the modeling of practical
systems, such as digital communication network, urban
public transportation, epidemic spreading phenomena. In
view of this, we consider the following 3D uncertain CNs
as drive system

%) = (A + 2A)xi (1) + (B + AB)F(xi(1))

l : (26)
+ed hilx(n), i=1,2,3,4,
j=1
with
—1 2 0
A= 1 -1 1],
-7 1
—-0.1 0.2 0.1
A =] 0.1 —0.1 0.1 |,
0.1 0.1 —-0.1
2 0 0
B=]02 -0l 1
7 0 0.1
0.1 0.1 0.2
AB=] 0.1 0.2 -0.1 |,
01 -01 -02
-2 0 1 1
1 -1 0 0
H= ,
0 1 —1 0
0 1 1 -2
I' = diag{0.3,0.4,0.5},
15
T lel
i le,|
o —mm eyl
R le,l 4
< " :
|
2ok
AT
= A
- \sfi 1
ek 2.8797
N 1.2
ok Lt

3

Fig. 2 Trajectories of error {; = y;(t) — x;(t — o) with ¢ = 1 under
controller (17)
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<«Fig. 3 Trajectories of systems (26) and (27) with ¢ = 1 without/with

controller (17) in Example 1

c=02 and f(v) =), L0),0), where
fi(v)=05(v+1|—|v—1]), j=1,2,3.

Consider the initial condition x;o = (1,2, —l)T, Xo0 =
(3,-1,2)", x30 = (5,3, —1)", x40 = (—=1,2,1)". Then,
state trajectories of drive system (26) are shown in Fig. 1.

Considering the response system involving impulses
disturbance in the form of

Yi(t) = (A + 8A)yi(t) + (B + AB)f (vi(t))

N
e Y hylyi(0) + wi(t), 1€ [t ), (27)
=1

Ayi(ty) =D(yi(ty) — xi(ty —a)), ke Zy,
where impulses matrix

0.8 0 0

and impulse sequences tae = 3k, ty1 =
3k — 1, tg4g—p = 3k — 1.98, ty_3 = 3k — 1.99.

In simulation, the lag synchronization with ¢ =1 is
considered. In what follows, we choose o =2, =
13, u=02, ky =ky=k;=1and note that L =1, ¢ =
0.1, &, =0.1. According to Theorem 2, the following
feasible solution is derived by MATLAB LMI toolbox

0.0388 0 0
P= 0 0.0388 0 ,
0 0 0.0388
0.5254 0.0405 0
W =] 0.0525 0.5244 —0.0981
0 —0.0879 0.5855

Then drive-response system (26) and (27) can achieve
FTLS under the controller (17), where synchronizing time
is bounded by T((,,{#})<1.8797. Under same condi-
tions, when considering system without impulses, we can
estimated the synchronizing time 7({,, {#}) <0.8556. It
shows that due to the existence of impulse disturbances in
response system, the synchronization time is delayed. The
lag synchronization errors of CNs with impulse disturbance
and the synchronizing time with ¢ = 1 are shown in Fig. 2.
Correspondingly, the state trajectories without/with con-
troller are shown in Fig. 3, where the initial condition is

chosen as yio = [1,3, _2]T, yae = 2,1, 1}77
vie =3, =1, 1", y4o = [-3,1,1]".
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5 Conclusion

This paper studied the FTLS of uncertain CNs subjecting to
impulsive disturbances, and some criteria on synchroniza-
tion control were established by employing different Lya-
punov function in two theorems. In particular, the
synchronizing time for addressed impulsive system was
estimated, which shows that different impulses will lead to
different synchronization times. Finally, the effectiveness
of the proposed results was verified by a numerical
example. The development for systems involving delayed
impulses with synchronizing-time estimation is an inter-
esting topic in the future, and moreover, further interesting
research topic is the case that synchronization time is
independent of the initial value, i.e., the problem of fixed-
time synchronization. In addition, inspired by [39, 40], our
another future work will concern with controller design for
finite-time problems of practical system.
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