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Abstract
This paper probes into the synchronization for memristor-based hybrid neural networks via nonlinear coupling. At first, a

new condition is established to judge whether quadratic functions are negative or not on a closed interval regardless of their

concavity or convexity. Then, by utilizing Legendre orthogonal polynomials, a recent extended integral inequality with

free matrices is popularized to get tighter lower bound of some integral terms. Next, based on a novel Lyapunov functional,

by applying our new integral inequality with free matrices, linear convex combination method and the new criterion, a new

delay-dependent condition is gained to reach the global synchronization for the considered neural networks. At last, an

example is presented to account for the validity of our results.

Keywords Memristive neural networks (MNNs) � Synchronization � Linear convex combination � Nonlinear coupling �
Quadratic function

1 Introduction

For the sake of retaining symmetry with capacitor, resistor,

and inductor in logicality, Chua [5] conceived there must

exist a fourth elementary circuit component that connects

flux and charge with a curvilinear relation. Chua entitled it

memristor, as a condensation of memory and resistor (cf

Fig. 1). In 2008, Chua’s conjecture was corroborated by the

Hewlett–Packard Labs [34]. This scientific research team

produced the model of memristor. Since the memristor’s

resistance relies on the charge that had previously passed

through the device, the memristor is thought as a auspi-

cious successor to simulate biological synapses in circuit

implementation of neural networks. Replacing resistors

with memristors as the connection weights of neural net-

works in the circuit realization, it will produce neural

networks called as MNNs. MNNs have a lot of applications

in image processing, brain emulation, and pattern

recognition, therefore get widespread attention from sci-

entific researchers (see [1, 3, 7, 16, 28, 38, 40, 43, 44, 51]).

As we know, since the potential paper [27] was revealed

to the world, many researchers have strenuously committed

to exploring various synchronization issues of chaos. So

far, a great variety of synchronization results have been

presented due to their potential applications in cryptogra-

phy, biological system, secure communication, information

processing, chemical reactions [15, 19, 39, 49, 50]. By

introducing linear diffusive term and sign function term,

Guo et al. [7] derived several global exponential synchro-

nization criteria for coupled MNNs (CMNNs) which are

based on some suitable Lyapunov–Krasovskii functionals

(LKFs). By the Lyapunov stability theory, Yang et al. [43]

proposed a set of global robust synchronization conditions

and a pinning adaptive coupling issue for a class of

CMNNs with nonidentical uncertain parameters a discon-

tinuous diffusive term. By using Halanay inequality and the

matrix measure method, Rakkiyappan et al. [28] estab-

lished a sufficient condition that ensures the exponential

synchronism of coupled inertial MNNs based on a state

feedback controller. Based on Lyapunov functional and

matrix inequality method, Zhang et al. [51] designed

periodically intermittent controller to ensure exponential

synchronism of CMNNs with time-varying delays. By
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means of simple feedback controllers and adaptive feed-

back controllers, the authors [3, 44] put forward sufficient

conditions to assure exponential synchronism of CMNNs

with impulsive and stochastic turbulence. Based on Lya-

punov functions, matrix inequalities, and Halanay

inequality, Bao et al. [1] obtained sufficient conditions of

exponential synchronism of stochastic CMNNs with

probabilistic delay coupling and impulsive delay. By uti-

lizing differential inclusion and Halanay inequality, Li

et al. [16] proposed some new sufficient conditions to

achieve synchronization of inertial CMNNs with linear

coupling. In order to provide deep applications, it is

important to investigate synchronization problem of MNNs

with less conservativeness.

Over the past years, Jensen integral inequality [6] has been

extensively utilized in time-delay systems because of its high

efficiency in acquiring easy-to-verify stability criteria

expressed as linear matrix inequality. To get less conserva-

tive result, the authors [13, 22, 30] presented Wirtinger-

based integral inequalities of single, double and multiple

integral forms which include the Jensen ones and obtain

greater lower bounds of integral term; by means of auxiliary

functions, Park et al. [26] presented some integral oneswhich

include those in [6, 13, 22, 30]. To further abate conserva-

tiveness, Chen et al. [4] established two general integral

inequalities which include those [6, 13, 22, 26, 30] and are

greater than all existing ones. In fact, there still exists some

space to advance with respect to integral inequality.

Stimulated by mentioned before, in this paper we dis-

cuss the global synchronization of a class of CMNNs with

linear diffusive and discontinuous sign terms. The main

devotion of this paper can be epitomized as follows:

(1) A new condition (see Lemma 5) is established to

ascertain whether quadratic functions are negative or

not on a general closed interval regardless of their

concavity or convexity, which includes Lemma 2

[12] and Lemma 4 [45] as its special cases and raises

another different confirming criterion with (i), (ii),

(iii)0.
(2) On the basis of Lemma 2 [24], a further developed

integral inequality with free matrices is established

in Lemma 4 by utilizing Legendre polynomials,

which encompasses Lemma 2 [24] and Lemma 5 [4]

as its special cases. In fact, Lemma 5 [4] can be

acquired by fixing some slack matrices of Lemma 4.

(3) Enlightened by [31] and [14], a new Lyapunov

functional is constructed based on the sector condi-

tion of the activation function. Due to this new

functional, less conservative delay-dependent syn-

chronism criteria can be obtained from linear matrix

inequality technology.

(4) Proper integration of Chen et al.’s integral inequality

(cf Lemma 3) with Lemmas 4, 5 can result in less

conservative synchronization conditions than exist-

ing ones. It is proved [4] that Lemma 3 includes the

Jensen inequality, Wirtinger-based one and auxiliary

function-based ones as its peculiar cases, and is

greater than all existing ones.

The developed results thus provide insight into hybrid

neural networks via nonlinear coupling with memristors,

which may help appreciate biological evolution and neural

learning.

Notation Throughout this paper, solution of a system is in

Filippov’s sense.Q�1;QT mean the inverse and the transpose

of amatrix separately.Q\0ð[ 0Þmeans a definite negative

(positive) symmetricmatrix, 0n; In mean the zeromatrix and

the identity matrix of n�dimension separately, 0m�n means

an m� n zero matrix, symbols aQð�ÞT ; aTQð�Þ mean aQaT

and aTQa, respectively. The expression colfQ1;Q2; . . .;Qkg
means a column matrix with the matrices Q1;Q2; . . .;Qk:

sym(Z) means Z þ ZT ; diagf�g means a diagonal or block-

diagonal matrix. For v[ 0; C
�
½�v; 0�;Rn

�
means the set of

all continuous functions / from ½�v; 0� to Rn with norm

jj/jj ¼ sup�v� s� 0 j/ðsÞj: If not declared in advance,

matrices are required to have proper dimensions.

�
A B
� C

�

means

�
A B
BT C

�
:

2 Problem description

As shown in [39], a single memristor-based recurrent net-

work can be expressed as the following simple form:

_yðtÞ ¼ �AyðtÞ þ BðyÞkðyðtÞÞ
þ CðyÞkðyðt � xðtÞÞÞ þ vðtÞ;

ð1Þ

Fig. 1 Relationship between the four fundamental circuit components

[8]
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where yðtÞ ¼ ðy1ðtÞ; y2ðtÞ; . . .; ynðtÞÞT 2 Rn denotes the

state vector of the networks at time t; n indicates the

number of neurons, A is a diagonal positive matrix indi-

cating neuron self-inhibitions, BðyÞ ¼ ðbjqðyðtÞÞÞn�n;

CðyÞ ¼ ðcjqðyðtÞÞÞn�n are the feedback connection matrix

and the delayed feedback connection matrix, respectively.

kðyð�ÞÞ ¼
�
k1ðy1ð�ÞÞ; k2ðy2ð�ÞÞ; . . .; knðynð�ÞÞ

�T 2 Rn

is the neural activation function. The bounded function

xðtÞ is unknown time-varying delay with

0�xðtÞ� �x;x1 � _xðtÞ�x2; where �x[ 0;x1 and x2 are

scalars. v(t) is an external input vector. On the basis of the

feature of memristor and the current-voltage characteris-

tics, we define

bjqðyðtÞÞ ¼
b0jq; sign

d

dt
½kqðyqðtÞÞ � yjðtÞ� � 0;

b00jq; sign
d

dt
½kqðyqðtÞÞ � yjðtÞ�[ 0;

8
><

>:

and

cjqðyðtÞÞ ¼

c0jq; sign
d

dt
½kqðyqðt � xðtÞÞÞ � yjðtÞ�

� 0;

c00jq; sign
d

dt
½kqðyqðt � xðtÞÞÞ � yjðtÞ�

[ 0;

8
>>>>>><

>>>>>>:

for j; q 2 N ¼ f1; 2; . . .; ng; where b0jq; b
00
jq; c

0
jq; c

00
jq being

known constants. Throughout this paper, we denote �B ¼
ð �bjqÞn�n;

�C ¼ ð�cjqÞn�n with �bjq ¼ maxfb0jq; b00jqg; �cjq ¼
maxfc0jq; c00jqg; and b̂jq ¼ jb0jq � b00jqj; ĉjq ¼ jc0jq � c00jqj:

As well known, because of disturbances from environ-

ment noises or modeling errors, the network parameters

often embody uncertainties. Therefore, (1) can be revised

as a more practical one

_yðtÞ ¼ �AyðtÞ þ ½BðyÞ þ DBðtÞ�kðyðtÞÞ
þ ½CðyÞ þ DCðtÞ�kðyðt � xðtÞÞÞ
þ vðtÞ;

ð2Þ

where matrices DBðtÞ and DCðtÞ indicate the parameter

uncertainties.

Now, we discuss a system containing m identical MNNs

with nonlinear coupling

_ypðtÞ ¼ �AypðtÞ þ ½BðypÞ þ DBpðtÞ�kðypðtÞÞ
þ ½CðypÞ þ DCpðtÞ�kðypðt � xðtÞÞÞ

þ
Xm

|¼1

d1p|K1y|ðtÞ þ
Xm

|¼1

d2p|K2y|ðt � xðtÞÞ

þ
Xm

|¼1

1p|Hsgnð _y|ðtÞ � _ypðtÞÞ

þ vðtÞ; p 2 M ¼ f1; 2; . . .;mg;

ð3Þ

where ypðtÞ ¼ ðyp1ðtÞ; yp2ðtÞ; . . .; ypnðtÞÞT 2 Rn denotes the

state vector of the pth MNN. Dı ¼ ðdıp|Þm�m; ı ¼ 1; 2 and

N ¼ ð1p|Þm�m indicate outer coupling matrices satisfying

conditions: dıp| � 0; 1p| [ 0ðp 6¼ |Þ; dıpp ¼ �
Pm

|¼1;| 6¼p d
ı
p|;

1pp ¼ 0; p; | 2 M: Matrices K1;K2 and H ¼
diagfh1; h2; . . .; hng[ 0 indicate inner coupling interests

between two states. sgnðxÞ ¼
ðsignðx1Þ; signðx2Þ; . . .; signðxnÞÞT for x ¼ ðx1; x2; . . .;
xnÞT 2 Rn with

signðzÞ ¼
1; z[ 0;

0; z ¼ 0;

�1; z\0:

8
><

>:

Remark 1 Many existing results suppose the coupling

matrices being symmetric, see for instance

[17, 20, 21, 32, 36, 39, 48]. In this paper, this requirement

is deleted. Thus our conditions are more efficacious than

those results.

Similar to [43], the uncertain matrices DBpðtÞ and

DCpðtÞ are supposed as follows:

DBpðtÞ ¼ EN1pðtÞL1;
DCpðtÞ ¼ EN2pðtÞL2; p 2 M

ð4Þ

where E and L1; L2 are known real matrices, and NipðtÞ
is unknown matrix with

jjNıpðtÞjj1 � 1; ı ¼ 1; 2; p 2 M ð5Þ

and jj � jj1 is the 1-norm of a matrix.

The initial conditions of (3) are

ypðsÞ ¼ upðsÞ 2 C
�
½� �x; 0�;R

�
; p 2 M:

With different initial conditions, MNN (1) or (2) will

have different dynamical trajectories in general. But in the

coupled system (3), all MNNs’ states may be synchronized

finally although with different initial conditions.

The following suppositions are needed for our result.

Assumption 1 The activation functions are bounded, i.e.,

there is constant �kj [ 0 such that
��kjð�Þ

��� �kj; j 2 N . Fur-

thermore, there exist real constants k�j ; k
þ
j such that

k�j � kjðuÞ � kjðvÞ
u� v

� kþj ;

8 u; v 2 R; u 6¼ v:

ð6Þ

Denote K1 ¼ diag k�1 k
þ
1 ; k

�
2 k

þ
2 ; � � � ; k�n kþn

� �
; K2 ¼

1
2
diag k�1 þ kþ1 ; k

�
2

�
þkþ2 ; � � � ; k�n þ kþn

�
; K ¼ diag k21; k22;

�

� � � ; k2ng with kj ¼ maxfjk�j j; jkþj jg; j 2 N and �k ¼
Pn

j¼1
�kj:

Remark 2 In Assumption 1, k�j ; k
þ
j ðj 2 NÞ can be nega-

tive, zero or positive. Such a description was raised in [18]
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at first, which includes monotonic nondecreasing or the

Lipschitz condition as particular cases. Thus, the activation

functions satisfying Assumption 1 can be more common

than the usual sigmoid functions. Further, when utilizing

the Lyapunov theory to discuss the stability, this assump-

tion is particularly appropriate since it quantifies the acti-

vation functions that supply the feasibility of reducing the

conservativeness.

The following definition and lemmas are required.

Definition 1 The coupled networks (4) are said to be

globally robustly synchronized if limt!1 fjjypðtÞ �
ylðtÞjj1g ¼ 0; 8p; l 2 M holds for any initial values and any

parameter uncertainties DBpðtÞ and DCpðtÞ with (4) and (5).

Definition 2 (Wu et al [42]). Given a ring R̂; denote

T ðR̂; �Þ the set of matrices with entries in R̂ satisfying that

the sum of the entries in each row equals � for some � 2 R̂:

Lemma 1 (Horn et al [9]). Let 	 indicate the Kronecker

product, X, Y, Z and W are matrices with proper dimen-

sions. The following properties hold:

(1) ðcXÞ 	 Y ¼ X 	 ðcYÞ; where c is a constant;

(2) ðX þ YÞ 	 Z ¼ X 	 Z þ Y 	 Z;

(3) ðX 	 YÞðZ 	WÞ ¼ ðXZÞ 	 ðYWÞ:

Lemma 2 (Wu et al [42]). Let G be an m� m matrix in

the set T ðR̂; �Þ. Then the ðm� 1Þ � ðm� 1Þmatrix Q

defined by Q ¼ JGP satisfies JG ¼ QJ, where

J ¼

1 � 1 0 0 . . . 0

0 1 � 1 0 . . . 0

0 0 1 � 1 . . . 0

..

. ..
. ..

. . .
. . .

. ..
.

0 0 0 . . . 1 � 1

2

6666664

3

7777775

ðm�1Þ�m

;

P ¼

1 1 1 . . . 1

0 1 1 . . . 1

0 0 1 . . . 1

..

. ..
. . .

. . .
. ..

.

0 0 . . . 0 1

0 0 . . . 0 0

2

6666666664

3

7777777775

m�ðm�1Þ

;

where 1 is the multiplicative identity of R̂.

Lemma 3 (Chen et al [4]). Assume that matrix Q[ 0 and

function l : ½a;b� ! R n is continuous, the following

inequalities are correct:

(i) ðb� aÞ
Z b

a
lðtÞTQlðtÞdt�

pT1Qp1 þ 3ð�ÞTQðp1 � p2Þ þ 5�pT1Q�p1 þ 7�pT2Q�p2;

(ii) 2

Z b

a
ðt� aÞlðtÞTQlðtÞdt�

pT2Qp2 þ 8ð�ÞTQðp2 � p3Þ þ 3�pT3Q�p3;

(iii) 1

b� a

Z b

a
ðt� aÞ2lðtÞTQlðtÞdt

� 1

3
pT3Qp3 þ 5ð�ÞTQðp3 � p4Þ;

where p1 ¼
R b
a lðtÞdt; p2 ¼ 2

b�a

R b
a ðt� aÞlðtÞdt;

�p1 ¼ p1 � 3p2 þ 2p3; �p2 ¼ p1 � 6p2 þ 10p3 � 5p4;

�p3 ¼ 3p2 � 8p3 þ 5p4

with p3 ¼ 3

ðb�aÞ2
R b
a ðt� aÞ2lðtÞdt; p4 ¼ 4

ðb�aÞ3
R b
a ðt� aÞ3lðtÞdt:
Inspired by [24], we establish the following lemma.

Lemma 4 (The proof is put in ‘‘Appendix 1’’). Assume

that matrix U[ 0 and function l : ½a; b� ! R n is contin-

uous, vector v and matrices Tfðf ¼ 1; 2; 3; 4Þ are with

proper dimensions, the following inequality is correct:

�
Z b

a
lðtÞTUlðtÞdt

�ðb� aÞ
X4

f¼1

1

2f� 1
vT TfU

�1TT
f

	 

v

þ sym vT T1p1 þ T2ðp2 � p1Þ þ T3 �p1 � T4 �p2½ �
� �

;

where p1; p2; �p1; �p2 are defined in Lemma 3.

Remark 3 Letting

vTT1 ¼ � 1

b� a
pT1U; vTT2 ¼ � 3

b� a
ðp2 � p1ÞTU; vTT3

¼ � 5

b� a
�pT1U

and vTT4 ¼ 7
b�a �p

T
2U yields
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� ðb� aÞ
�
ðb� aÞ

X4

|¼1

1

2|� 1
vT T|U

�1TT
|

	 

v

þ sym vT T1p1 þ T2ðp2 � p1Þ þ T3 �p1 � T4 �p2½ �
� �

�

¼ � pT1Up1 þ 5�pT1U �p1
�

þ 3ð�ÞTUðp1 � p2Þ þ 7�pT2U �p2
�
:

Then Lemma 4 reduces to Lemma 3 (i). Thus, Lemma 4

encompasses Lemma 3 (i). That is, Lemma 3 (i) is a par-

ticular case of Lemma 4 and can be acquired by fixing

some slack matrices. Thus, Lemma 4 is less conservative

due to additional freedom from the slack matrices.

Lemma 5 (The proof is put in ‘‘Appendix 2’’). Define a

quadratic function f ðxÞ ¼ a2x
2 þ a1xþ a0; where

a0; a1; a2 2 R: if

ðiÞ f ðaÞ\0; ðiiÞ f ðbÞ\0, ðiiiÞ � ðb� aÞ2a2 þ
f ðaÞ\0; or ðiiiÞ0 � ðb� aÞ2a2 þ f ðbÞ\0; then

f ðxÞ\0; 8x 2 ½a; b�.

Remark 4 Lemma 5 presents a condition to ascertain

whether quadratic functions are negative or not on a closed

interval ½a; b� taking no account of their concavity or

convexity, which includes Lemma 2 [12] and Lemma 4

[45] as its special cases. This lemma will play important

role in establishing our main result.

3 Main result

For a clear presentation, we define

yðtÞ ¼ colfy1ðtÞ; y2ðtÞ; . . .; ymðtÞg;
vðtÞ ¼ colfvðtÞ; vðtÞ; . . .; vðtÞg;

kðyðtÞÞ ¼ colfkðy1ðtÞÞ; kðy2ðtÞÞ; . . .; kðymðtÞÞg;
eBðypÞ ¼ BðypÞ þ DBpðtÞ;
eBðyÞ ¼ diag

� eBðy1Þ; eBðy2Þ; . . .; eBðymÞ
�
;

eCðypÞ ¼ CðypÞ þ DCpðtÞ;
eCðyÞ ¼ diag

� eCðy1Þ; eCðy2Þ; . . .; eCðymÞ
�
:

By means of the Kronecker product, the coupled neural

networks (3) can be changed into a compact form:

_yðtÞ ¼ �AyðtÞ þ eBðyÞkðyðtÞÞ
þ eCðyÞkðyðt � xðtÞÞÞ
þ D1yðtÞ þ D2yðt � xðtÞÞ
þ vðtÞ þ e;

ð7Þ

where A ¼ Im 	 A; Dı ¼ Dı 	 Kı; ı ¼ 1; 2; and

e ¼

Pm
j¼1 11jHsgnðyjðtÞ � y1ðtÞÞ

Pm
j¼1 12jHsgnðyjðtÞ � y2ðtÞÞ

..

.

Pm
j¼1 1mjHsgnðyjðtÞ � ymðtÞÞ

2

666664

3

777775
2 Rnm:

For simplicity, denote

J ¼ J 	 In; yt ¼ yðtÞ; yx ¼ yðt � xðtÞÞ; y �x ¼ yðt � �xÞ; _yt
¼ _yðtÞ; _yx ¼ _yðt � xðtÞÞ; _y �x ¼ _yðt � �xÞ;

where J is defined in Lemma 2 with R̂ ¼ R: Define

nt ¼ col



Jyt; Jyx; Jy �x; JkðytÞ; JkðyxÞ;

Jkðy �xÞ; J _yt; J _yx; J _y �x; s1; s2; s3; s4; s5; s6;
Z t

t� �x
ð2t� 2t þ �xÞJytdt

�
;

where

s1 ¼
1

xðtÞ

Z t

t�xðtÞ
Jyudu;

s2 ¼
1

�x� xðtÞ

Z t�xðtÞ

t� �x
Jyudu;

s3 ¼
2

x2ðtÞ

Z t

t�xðtÞ
½u� t þ xðtÞ�Jyudu;

s4 ¼
2

½ �x� xðtÞ�2
Z t�xðtÞ

t� �x
ðu� t þ �xÞJyudu;

s5 ¼
3

x3ðtÞ

Z t

t�xðtÞ
½u� t þ xðtÞ�2Jyudu;

s6 ¼
3

½ �x� xðtÞ�3
Z t�xðtÞ

t� �x
ðu� t þ �xÞ2Jyudu:

From the integral mean-value theorem, we have that

lim
xðtÞ!0

þ
s2g�1 ¼ Jyt; lim

xðtÞ! �x�
s2g ¼ Jy �x:

Therefore s1; . . .; s6 are well defined if we set

s2g�1jxðtÞ¼0 ¼ Jyt; s2gjxðtÞ¼ �x ¼ Jy �x; g ¼ 1; 2; 3:

Denote n0 ¼ ðm� 1Þn and
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eTq ¼
�
0n0�ðq�1Þn0 ; In0 ; 0n0�ð16�qÞn0

�
;

q ¼ 1; 2; . . .; 16;

H ¼ Im�1 	 H; A0 ¼ Im�1 	 A; K ¼ Im�1 	 K;

D0
ı ¼ ðJDıPÞ 	 Kı; Kı ¼ Im�1 	 Kı;

Y1 ¼ ½ Y1; Y2;Y3; Y4 �; Y2 ¼ ½ Y5; Y6;Y7; Y8 �;

.p ¼
Xn

l¼1

2 �klb̂pl; #p ¼
Xn

l¼1

2 �klĉpl; p 2 N ;

li ¼ 1i;iþ1 þ 1iþ1;i �
Xm

s¼1;s 6¼i;iþ1

ð1is þ 1iþ1;sÞ;

i ¼ 1; 2; . . .;m� 1;

Q1 ¼ diagfQ1; 3Q1; 0n0 ; 0n0 g;

Q ¼
�
Q1 Q3

� Q4

�
; Q3 ¼ ½ Q2; Q3 �;

Q4 ¼
�
Q4 Q5

� Q6

�
;

Ql ¼ diagfQl; 3Ql; 5Ql; 7Qlg; l ¼ 7; 8; 9; 10;

U ı ¼
�
WıK� UıK1 UıK2

� � Uı �Wı

�
; ı ¼ 1; 2;

F ı| ¼
�
Rı|K� Fı|K1 Fı|K2

� � Fı| � Rı|

�
; | ¼ 1; 2; 3;

� 1 ¼ e1; e2; e10½ �; � 2 ¼ 0ð16n0Þ�ð2n0Þ; e1 � e2
� �

;

� 3 ¼ e2; e3; e11½ �; � 4 ¼ �xe8; �xe9; e2 � e3½ �;
� 5 ¼ e7; e8; 0ð16n0Þ�n0

� �
;

� 6 ¼ e8; e9; 0ð16n0Þ�n0
� �

;

� 7 ¼ 0ð16n0Þ�ð2n0Þ; e2 � e10
� �

;

� 8 ¼ � �xe8; 0ð16n0Þ�n0 ; e11 � e2
� �

;

� 9 ¼ 0ð16n0Þ�n0 ; e8; 0ð16n0Þ�n0
� �

;

� 10 ¼ e8; 0ð16n0Þ�ð2n0Þ
� �

;

� 11 ¼ e7; e1; 0ð16n0Þ�n0
� �

;

� 12 ¼ e1; e4½ �; � 13 ¼ e3; e6½ �;
� 14 ¼ e2; e5½ �; � 15 ¼ e1; 0ð16n0Þ�n0

� �
;

� 16 ¼ e2; e1 � e2½ �; � 17 ¼ e3; e1 � e3½ �;
� 18 ¼

�
e1 � e2; e1 þ e2 � 2e10; e1 � e2 þ 6e10

� 6e12; e1 þ e2 � 12e10 þ 30e12 � 20e14
�
;

� 19 ¼ e10; e1 � e10½ �; � 21 ¼ e11; e1 � e11½ �;
� 20 ¼

�
e2 � e3; e2 þ e3 � 2e11; e2 � e3 þ 6e11

� 6e13; e2 þ e3 � 12e11 þ 30e13 � 20e15
�
;

P1 ¼ �xe7
n
Q7 þ �xQ8 þ

1

2
�x2Q9 þ

1

3
�x3Q10

o
eT7 ;

P2 ¼ �sym
n
ðe1 � e2Þ

�
ð �xQ2 þ G1ÞeT10

þ ð �xQ3 � G1Þðe1 � e10ÞT
�
þ 3ðe1 þ e2

� 2e10Þð �xQ2 � �xQ3 þ 2G1Þðe10 � e12ÞT
o
;

P3 ¼ �3 �xðe10 � e12ÞðQ4 � 2Q5 þ Q6Þð�ÞT ;

P4 ¼ �sym
n
ðe2 � e3Þ

�
ð �xQ2 þ G2ÞeT11

þ ð �xQ3 � G2Þðe1 � e11ÞT
�
þ 3ðe2 þ e3

� 2e11Þð �xQ2 � �xQ3 þ 2G2Þðe11 � e13ÞT
o
;

P5 ¼ �3 �xðe11 � e13ÞðQ4 � 2Q5 þ Q6Þð�ÞT ;
P6 ¼ �2ðe1 � e10ÞQ9ð�ÞT

� 4ðe1 þ 2e10 � 3e12ÞQ9ð�ÞT

� 6ðe1 � 3e10 þ 12e12 � 10e14ÞQ9ð�ÞT ;
P7 ¼ �2ðe2 � e11ÞQ9ð�ÞT

� 4ðe2 þ 2e11 � 3e13ÞQ9ð�ÞT

� 6ðe2 � 3e11 þ 12e13 � 10e15ÞQ9ð�ÞT ;
P8 ¼ �3ðe1 � e12ÞQ10ð�ÞT

� 5ðe1 þ 3e12 � 4e14ÞQ10ð�ÞT ;
P9 ¼ �4ðe1 � e10ÞQ10ð�ÞT

� 8ðe1 þ 2e10 � 3e12ÞQ10ð�ÞT

� 12ðe1 � 3e10 þ 12e12 � 10e14ÞQ10ð�ÞT ;
P10 ¼ �3ðe2 � e13ÞQ10ð�ÞT

� 5ðe2 þ 3e13 � 4e15ÞQ10ð�ÞT ;
P11 ¼ sym

�
e7
�
HD0

2e
T
2 �HeT7 �HðA0 � D0

1ÞeT1
þ ðIm�1 	 H �BÞeT4 þ ðIm�1 	 H �CÞeT5

��
;

P12 ¼ �2ðe10 � e11Þ X23 þ XT
23

� �
ðe10 � e11ÞT

þ sym
�
ð�2e10 þ e12 þ e13ÞMeT16

�
;

X 1 ¼ ðXijÞ3�3;

D1ðrÞ ¼
�
e1; re10 þ ð �x� rÞe11; e16

�
;

D2ðrÞ ¼
�
e7; e1 � e3;

�xðe1 þ e3Þ � 2re10 � 2ð �x� rÞe11
�
;

D3ðrÞ ¼ rð �x� 2rÞe10 þ r2e12

þ ð �x� rÞ2e13 � �xð �x� rÞe11 � e16;

Nðr; sÞ ¼ sym D1ðrÞX 1D2ðrÞT þ D3ðrÞMeT16
� �

þ r
	
� �xP3 þ sym � 1X2�

T
5 � � 3X 3�

T
6

� �

� �x� 19Q4�
T
19 þ � 12F 11�

T
12 þ � 14F 12�

T
14

þ P8 þ � 13F 13�
T
13



þ ð �x� rÞ

	
� �xP5

� �x� 21Q4�
T
21 þ � 18Q10�

T
18 þ � 12F 21�

T
12

þ P9 þP10 þ � 14F 22�
T
14 þ � 13F 23�

T
13




þ rs
�
sym �� 1X 2�

T
9 þ � 3X3�

T
10

� ��

þ s
�
� 1X 2�

T
1 þ sym � 1X2�

T
7 þ � 3X 3�

T
8

� �

� � 3X 3�
T
3

�
� ð1� sÞ� 14ðU1 � U2Þ� T

14

þ sym � 1X2�
T
2 þ � 3X 3�

T
4

� �
þP1 þP2

þ �x2� 11Q� T
11 þP4 þP6 þP7 þP11

þ � 12U1�
T
12 � � 13U2�

T
13 þ � 15G1�

T
15

� � 16G1�
T
16 þ � 16G2�

T
16 � � 17G2�

T
17

þ � T
18

�
Y1 þ YT

1

�
� 18 þ � T

20

�
Y2 þ YT

2

�
� 20

�
�
� 18; � 20

��Q1 þQ8 Q2

� Q1 þQ8

��
� T

18

� T
20

�
:
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Next we derive the following synchronism result for sys-

tem (7).

Theorem 1 (The proof is put in ‘‘Appendix 3’’). Under

Assumption 1 is satisfied. Given scalars �x[ 0;x1;x2; the

system (7) is globally robustly synchronized for

0�xðtÞ� �x; x1 � _xðtÞ�x2; if there exist positive defi-

nite matrices X |;Q;Qlðl ¼ 7; 8; 9; 10Þ; positive diagonal

matrices Uı;Wı;Fı|;Rı| ð| ¼ 1; 2; 3Þ;H ¼
diagfh1; h2; . . .; hng; symmetric matrices Gıðı ¼ 1; 2Þ; real
matrices Q2;M; Ypðp ¼ 1; 2; . . .; 8Þ of appropriate dimen-

sions such that
�Q1 þQ8 þQ9 þ �xQ10 Q2

� Q1 þQ8

�
� 0; ð8Þ

rij ¼ .j þ #j � hjli þ 2 �kjjEjj1 jjL1jj1 þ jjL2jj1ð Þ
� 0; i ¼ 1; 2; . . .;m� 1; j 2 N ;

ð9Þ

and one of the following two groups of inequalities holds:

(1) eNqı\0; q ¼ 1; 2; 3; ı ¼ 1; 2;

(2) eNqı\0; q ¼ 1; 2; 4; ı ¼ 1; 2;

where

eNqı ¼
Nqı � T

20Y2

� � Q7

" #

; q ¼ 1; 3; ı ¼ 1; 2;

and

eNqı ¼
Nqı � T

18Y1

� � Q7

" #

; q ¼ 2; 4; ı ¼ 1; 2;

with N1ı ¼ Nð0;xıÞ; N2ı ¼ Nð �x;xıÞ; N3ı ¼ N1ı � �x2P12;

N4ı ¼ � �x2P12 þ N2ı:

Remark 5 For continuous networks, there are a lots of

skills to get less conservative result, for instance delay

partitioning technique, triple integrals term, quadruple

integrals term, and multiple integrals terms. All these skills

can also be applied for delayed memristive neural networks

to cut down conservatism. To present a concise result, we

utilize a simple Lyapunov–Krasovskii functional in this

paper.

Remark 6 Noting that stochastic disturbances, impulsive

perturbations, bounded and unbounded distributed delays

can be embedded into MNNs. To emphasize our new

analysis technique, this paper considers networks (3) such

that the obtained results are not too intricate.

4 Illustrative example

This section proposes an example to reveal the effective-

ness of Theorem 1.

Example 1 Consider system (3) with following

parameters:

xðtÞ ¼ 0:4þ 0:4 cosð2tÞ; A ¼ 8I2; vðtÞ ¼ 0;

kqðsÞ ¼ ðjsþ 1j � js� 1jÞ=2; q ¼ 1; 2;

b11ðy1ðtÞÞ ¼
(
0:38; sign _k11ðtÞ� 0;

0:77; sign _k11ðtÞ[ 0;

b12ðy2ðtÞÞ ¼
(
0:98; sign _k12ðtÞ� 0;

1:45; sign _k12ðtÞ[ 0;

b21ðy1ðtÞÞ ¼
(
2:05; sign _k21ðtÞ� 0;

1:62; sign _k21ðtÞ[ 0;

b22ðy2ðtÞÞ ¼
(
3:53; sign _k22ðtÞ� 0;

4:07; sign _k22ðtÞ[ 0;

c11ðy1ðsÞÞ ¼
(�0:29; sign

d

dt
k11ðt � xðtÞÞ� 0;

�0:55; sign
d

dt
k11ðt � xðtÞÞ[ 0;

c12ðy2ðsÞÞ ¼
(�3:07; sign

d

dt
k12ðt � xðtÞÞ� 0;

�3:76; sign
d

dt
k12ðt � xðtÞÞ[ 0;

c21ðy1ðsÞÞ ¼
(
2:31; sign

d

dt
k21ðt � xðtÞÞ� 0;

1:78; sign
d

dt
k21ðt � xðtÞÞ[ 0;

c22ðy2ðsÞÞ ¼
(�1:79; sign

d

dt
k22ðt � xðtÞÞ� 0;

�2:04; sign
d

dt
k22ðt � xðtÞÞ[ 0;

where kjqðtÞ ¼ kqðyqðtÞÞ � yjðtÞ; kjqðt � xðtÞÞ ¼ kqðyqðt �
xðtÞÞÞ � yjðtÞ; j; q ¼ 1; 2: The parameter uncertainties are

supposed as DBpðtÞ ¼ 0:1 sinðtÞI2; DCpðtÞ ¼
0:1 cosðtÞI2; p ¼ 1; 2; . . .; 9: Set E ¼ I2; Lı ¼ 0:1I2;N1p ¼
sinðtÞ;N2p ¼ cosðtÞ; then DBpðtÞ; DCpðtÞ can be expressed

as (4). Therefore, we have jjEjj1 ¼ 1; jjLıjj1 ¼ 0:1, and

jjNıpjj1 � 1; ı ¼ 1; 2; p ¼ 1; 2; . . .; 9: Then condition (5) is

satisfied. The inner coupling gains are given by

Kı ¼ I2; ı ¼ 1; 2;H ¼ 9I2:

Calculation yields that �x ¼ 0:8;x1 ¼ �0:8;x2 ¼
0:8; .1 ¼ 1:72; .2 ¼ 1:94; #1 ¼ 1:9; #2 ¼ 1:56;

�B ¼
0:77 1:45

2:05 4:07

� �
; �C ¼

�0:29 � 3:07

2:31 � 1:79

� �
;
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and Assumption 1 is satisfied with k�ı ¼ 0; kþı ¼ 1; �kı ¼
1; ı ¼ 1; 2: Thus, K1 ¼ 0;K2 ¼ 0:5I2;K ¼ I2; �k ¼ 2:

Furthermore, outer coupling matrices are taken as

Dı ¼

�2 1 1 0 0 0 0 0 0

1 � 3 1 1 0 0 0 0 0

1 1 � 4 1 1 0 0 0 0

0 1 1 � 5 1 1 1 0 0

0 0 1 1 � 5 1 1 1 0

0 0 1 1 1 � 5 1 1 0

0 0 0 0 1 1 � 4 1 1

0 0 0 0 0 1 1 � 3 1

0 0 0 0 0 0 1 1 � 2

2

66666666666666664

3

77777777777777775

;

ı ¼ 1; 2;

N ¼

0 13:7 0:1 0:1 0:1 0:1 0:1 0:1 0:1

0:1 0 12 0:1 0:1 0:1 0:1 0:1 0:1

0:1 0:1 0 10:3 0:1 0:1 0:1 0:1 0:1

0:1 0:1 0:1 0 8:6 0:1 0:1 0:1 0:1

0:1 0:1 0:1 0:1 0 6:9 0:1 0:1 0:1

0:1 0:1 0:1 0:1 0:1 0 5:2 0:1 0:1

0:1 0:1 0:1 0:1 0:1 0:1 0 3:5 0:1

0:1 0:1 0:1 0:1 0:1 0:1 0:1 0 1:8

0:1 0:1 0:1 0:1 0:1 0:1 0:1 0:1 0

2

66666666666666664

3

77777777777777775

:

Computation gives that li ¼ 0:5; ri1 ¼ �0:08; ri2 ¼
�0:20; i ¼ 1; 2; . . .; 8: Therefore, condition (9) holds. Seek-

ing the solutions of the inequalities in Theorem 1 by utilizing

the Matlab LMI Toolbox, we can get a feasible solution.

Portion of the decision matrices are made a list as follows:

H ¼ diag 0:3712; 0:1254f g;
U1 ¼ diag 0:2702; 1:2704; 0:4493; 0:2419;f

1:5288; 1:5583; 1:3358; 4:3973; 5:2856; 5:1382;

4:3175; 4:1147; 3:1181; 0:3483; 0:5947; 0:3250g;
U2 ¼ diag 2:8234; 0:7107; 1:4356; 2:8723;f

1:3831; 1:7874; 0:3616; 0:2420; 1:1100; 1:9953;

0:7582; 1:3567; 0:5577; 0:5509; 0:4005; 0:3457g;
W1 ¼ diag 0:3053; 0:3431; 0:2927; 2:7834;f

1:2356; 2:8723; 9:9873; 5:7513; 5:0724; 6:0720;

4:5918; 6:2468; 8:8097; 1:8041; 2:0695; 5:0804g;
W2 ¼ diag 0:4695; 10:0951; 0:5100; 0:3440;f

0:4195; 0:4248; 0:5998; 0:5539; 0:3463; 0:2232;

1:2769; 0:3351; 1:6033; 0:1860; 0:9534; 0:9816g;
F11 ¼ diag 0:6231; 0:2336; 0:3824; 0:5015;f

0:1137; 0:9230; 0:5988; 0:5785; 0:8674; 1:8495;

0:4480; 1:2405; 0:9220; 0:2360; 2:0413; 0:7994g;
F21 ¼ diag 0:4373; 0:3224; 0:1311; 2:6117;f

0:8428; 0:4852; 1:2352; 0:3253; 0:2474; 1:1734;

0:3394; 0:5325; 0:9164; 0:3788; 0:5179; 0:2775g:

To simulate numerically, we select nine values at random

in ð�0:2; 0:2ÞT and ð�0:5; 0:2ÞT , respectively, as the initial
states. The state curves y(t) are drawn in Fig. 2 and the

synchronism error e1ðtÞ; e2ðtÞ are drawn in Figs. 3 and 4,

respectively, where

ejðtÞ ¼ ðypjðtÞ � y1jðtÞÞ; p ¼ 2; . . .; 9; j ¼ 1; 2.

It has been verified that none of the conditions in

[1, 3, 7, 43, 51] can testify whether system (3) is syn-

chronized or not for this example.

However, the conditions of

[2, 10, 11, 33, 35, 37, 39–41, 46, 47] were all established

under the following representative hypotheses:

½B; �B�kðxðtÞÞ � ½B; �B�kðyðtÞÞ

 ½B; �B�ðkðxðtÞÞ � kðyðtÞÞÞ;
½C; �C�kðxðtÞÞ � ½C; �C�kðyðtÞÞ

 ½C; �C�ðkðxðtÞÞ � kðyðtÞÞÞ:

It is easy to verify that the above hypotheses are not sat-

isfied by this model. That is, none of these conditions can

be applied to justify the synchronism of this example.

Therefore we may say that the result of this paper is less

conservative than the conditions in

[1–3, 7, 10, 11, 33, 35, 37, 39–41, 43, 46, 47, 51].

5 Conclusion

This paper inquires into the synchronism of a class of

CMNNs with linear diffusive and discontinuous sign terms.

The proposed conditions are expressed in terms of linear

matrix inequalities (LMIs) which can be checked numeri-

cally very efficiently by using the interior-point algorithms,

such as the Matlab LMI Control Toolbox. In the future,

there are some issues that deserve further investigation,

such as (1) the adaptive synchronization control of MNNs

because adaptive control can avoid high control gains

effectively, (2) synchronization of the MNNs with mis-

match features since nonidentical characteristics often exist

between the drive and response systems, (3) investigations

other control schemes, such as pinning control, event-

triggered control, sample-data control, intermittent control,

quantized control and event-based control.

0 5 10 15 20 25 30

−0.4

−0.3
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−0.1

0

0.1

0.2

Fig. 2 The state curves t � yðtÞ:
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6 Appendix 1: Proof of Lemma 4

Take the first four Legendre orthogonal polynomials on

½a; b� ([29]):

l0ðtÞ ¼ 1; l1ðtÞ ¼
1

b� a
ð2t� a� bÞ; l2ðtÞ

¼ 1

ðb� aÞ2
½6t2 � 6ðaþ bÞtþ ða2 þ 4abþ b2Þ�; l3ðtÞ

¼ 1

ðb� aÞ3
½20t3 � 30ðaþ bÞt2

þ 12ða2 þ 3abþ b2Þt� ða3 þ 9a2bþ 9ab2 þ b3Þ�:

Simple calculation derives

Z b

a
liðtÞljðtÞdt ¼


 0; i 6¼ j;

b� a
2iþ 1

; i ¼ j;
i; j ¼ 0; 1; 2; . . .:

For continuous function xðtÞ and continuous differentiable

function f ðtÞ; calculation on the basis of integration by

parts gives

Z b

a
f ðtÞxðtÞdt

¼ f ðaÞ
Z b

a
xðtÞdtþ

Z b

a

_f ðtÞ
Z b

t
xðsÞdsdt;

Z b

a
f ðtÞ

Z b

t
xðsÞdsdt

¼ f ðaÞ
Z b

a

Z b

t
xðsÞdsdt

þ
Z b

a

_f ðtÞ
Z b

t

Z b

u

xðsÞdsdudt;

and

Z b

a
f ðtÞ

Z b

t
xðsÞdsdt

¼ f ðaÞ
Z b

a

Z b

t

Z b

u

xðsÞdsdudt

þ
Z b

a

_f ðtÞ
Z b

t

Z b

u

Z b

w

xðsÞdsdwdudt:

Then the following equalities are derived

Z b

a
l1ðtÞlðtÞdt ¼ p2 � p1;

Z b

a
l2ðtÞlðtÞdt ¼ �p1;

Z b

a
l3ðtÞlðtÞdt ¼ ��p2:

Denote l̂ðtÞ ¼ colfl0ðtÞ; l1ðtÞ; l2ðtÞ; l3ðtÞg; T ¼
colfT1; T2; T3; T4g; the following equality is derived

Z b

a

�
l̂ðtÞv
lðtÞ

�T� T U�1T T T
� U

��
l̂ðtÞv
lðtÞ

�
dt

¼
Z b

a
lðtÞTUlðtÞdt

þ ðb� aÞ
X4

f¼1

1

2f� 1
vT TfU

�1TT
f

	 

v

þ sym vT T1p1 þ T2ðp2 � p1Þ þ T3 �p1 � T4 �p2½ �
� �

:

Due to U[ 0; by Schur Complement, the following

inequality holds

�
T U�1T T T

� U

�
� 0;

thus

0�
Z b

a
lðtÞTUlðtÞdt

þ ðb� aÞ
X4

f¼1

1

2f� 1
vT TfU

�1TT
f

	 

v

þ sym vT T1p1 þ T2ðp2 � p1Þ þ T3 �p1 � T4 �p2½ �
� �

;

which completes the proof.
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Fig. 3 The synchronism error of t � e1ðtÞ:
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Fig. 4 The synchronism error of t � e2ðtÞ:
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7 Appendix 2: Proof of Lemma 5

The group of conditions (i), (ii) and (iii) is Lemma 4 ([45]).

Now we prove the group of conditions (i), (ii) and (iii)0: For
a2 � 0; f ðxÞ is convex. So, (i) and (ii) ensure f ðxÞ\0; 8x 2
½a; b�: Otherwise, a2\0; f ðxÞ is concave. _f ðxÞ ¼ 2a2xþ
a1; _f ðaÞ ¼ 2a2aþ a1; €f ðxÞ ¼ 2a2\0: By Maclaurin for-

mula, there exists real scalar h between x and a such that

f ðxÞ ¼ f ðaÞ þ _f ðaÞðx� aÞ þ 1

2
€f ðhÞðx� aÞ2

� f ðaÞ þ _f ðaÞðx� aÞ
¼ a0 � a2a

2 þ ð2a2aþ a1Þx :¼ gðxÞ:

Notice that g(x) is convex about x. Thus gðaÞ ¼ f ðaÞ\0

follows from (i) and gðbÞ ¼ �ðb� aÞ2a2 þ f ðbÞ\0 from

(iii)0. Thus we have gðxÞ\0; 8x 2 ½a; b�: From f ðxÞ� gðxÞ;
this completes the proof of Lemma 5.

8 Appendix 3: Proof of Theorem 1

Based on Assumption 1, the following inequality is correct

for any j 2 N and 1; f 2 R with 1 6¼ f

0�
�
kjð1Þ � kjðfÞ � k�j ð1� fÞ

�

� kjð1Þ � kjðfÞ � kþj ð1� fÞ
h i

:

Thus, for any positive scalar uıpjðı ¼ 1; 2; p ¼ 1; 2; . . .;m�
1; j 2 NÞ the following inequalities hold

0� � uıpjk
�
j k

þ
j ½ypjðtÞ � ypþ1;jðtÞ�2

� uıpj½kjðypjðtÞÞ � kjðypþ1;jðtÞÞ�2 þ ðk�j þ kþj Þ
uıpj½ypjðtÞ � ypþ1;jðtÞ�½kjðypjðtÞÞ � kjðypþ1;jðtÞÞ:

Denoting Uı
p ¼ diagfuıp1; uıp2; . . .; uıpngðı ¼ 1; 2; p ¼

1; 2; . . .;m� 1Þ; the following inequalities are derived

0� � ½kðypðtÞÞ � kðypþ1ðtÞÞ�T

� Uı
p½kðypðtÞÞ � kðypþ1ðtÞÞ� � ½ypðtÞ

� ypþ1ðtÞ�TUı
pK1½ypðtÞ � ypþ1ðtÞ� þ 2½ypðtÞ

� ypþ1ðtÞ�TUı
pK2½kðypðtÞÞ � kðypþ1ðtÞÞ�:

Summing both ends of the aforementioned inequalities

from p ¼ 1 to m� 1 gives

uıðtÞ :¼ �ðJkðytÞÞTUıJkðytÞ � ðJytÞTUıK1Jyt

þ 2ðJytÞ
TUıK2JkðytÞ� 0;

ð10Þ

where Uı ¼ diagfUı
1;U

ı
2; . . .;U

ı
m�1gðı ¼ 1; 2Þ: Similarly

the following inequality is true

wıðtÞ : ¼ ðJytÞ
TWıKJyt � ðJkðytÞÞ

TWıJkðytÞ
� 0;

ð11Þ

with Wı ¼ diagfW ı
1;W

ı
2; . . .;W

ı
m�1g;W ı

p ¼ diagfwı
p1;

wı
p2; . . .;w

ı
png[ 0 ðı ¼ 1; 2; p ¼ 1; 2; . . .;m� 1Þ:

Stimulated by [14] and [31], we consider the following

Lyapunov functional

Vðt; ytÞ ¼
X3

g¼1

Vgðt; ytÞ;

where

V1ðt; ytÞ ¼ cTt X 1ct

þ xðtÞgTt X 2gt þ ½ �x� xðtÞ�mTt X 3mt;

V2ðt; ytÞ ¼
Z t

t� �x
ðs� t þ �xÞð�ÞTðQ7 þ �xQ8ÞJ _ysds

þ �x
Z t

t� �x
ðs� t þ �xÞð�ÞTQvðt; sÞds

þ 1

2

Z t

t� �x
ðs� t þ �xÞ2ð�ÞTQ9J _ysds

þ 1

3

Z t

t� �x
ðu� t þ �xÞ3ð�ÞTQ10J _ysds;

V3ðt; ytÞ ¼
Z t

t�xðtÞ
½u1ðsÞ þ w1ðsÞ�ds

þ
Z t�xðtÞ

t� �x
½u2ðsÞ þ w2ðsÞ�ds

¼
Z t

t�xðtÞ
dTs U1dsdsþ

Z t�xðtÞ

t� �x
dTs U2dsds;

with

ct ¼ col Jyt;

Z t

t� �x
Jysds;




Z t

t� �x
ð2s� 2t þ �xÞJysds

�
;

gt ¼ colfJyt; Jyx; s1g;
mt ¼ col Jyx; Jy �x; s2f g;

vðt; sÞ ¼ col J _ys; Jys;

Z t

s

J _yvdv


 �
;

ds ¼ colfJys; JkðysÞg:

It follows from the assumptions and inequalities (10)–(11)

that Vðt;xtÞ� 0 for any t� 0 with 0�xðtÞ� �x:
The time derivative of Vðt; ytÞ along the system (7) can

be calculated as

_Vðt; ytÞ ¼
X3

g¼1

_Vgðt; ytÞ; ð12Þ

where

2882 Neural Computing and Applications (2021) 33:2873–2887

123



_V1ðt; ytÞ ¼ nTt

	
sym D1ðxðtÞÞX1D2ðxðtÞÞT

� �

þ sym � 1X2�
T
2 þ � 3X 3�

T
4

� �

þ xðtÞsym � 1X 2�
T
5 � � 3X 3�

T
6

� �

þ xðtÞ _xðtÞsym �� 1X 2�
T
9 þ � 3X 3�

T
10

� �

þ _xðtÞ
�
sym � 1X2�

T
7 þ � 3X3�

T
8

� �

þ � 1X 2�
T
1 � � 3X 3�

T
3

�

nt;

ð13Þ
_V2ðt; ytÞ ¼ nTt �x2� 11Q� T

11 þP1

� �
nt

�
Z t

t� �x
ð�ÞTðQ7 þ �xQ8ÞJ _ysds

�
Z t

t� �x
ðs� t þ �xÞð�ÞTQ9J _ysds

�
Z t

t� �x
ðs� t þ �xÞ2ð�ÞTQ10J _ysds

� �x
Z t

t� �x
ð�ÞTQvðt; sÞds;

ð14Þ

_V3ðt; ytÞ ¼ nTt � 12U1�
T
12 � � 13U2�

T
13

�

� ½1� _xðtÞ�� 14ðU1 � U2Þ� T
14

�
nt:

ð15Þ

Based on the fact that
R b
a
_f ðsÞds ¼ f ðbÞ � f ðaÞ; the equality

Z b

a

d

ds
qðsÞTGqðsÞ
� �

ds ¼ qðbÞTGqðbÞ � qðaÞTGqðaÞ;

holds for any symmetric matrix G, where qðsÞ is a vector

function (see [23]). Thus, the following equality is also true

0 ¼ nTt � 15G1�
T
15 � � 16G1�

T
16

� �
nt

�
Z t

t�xðtÞ

d

ds
ð�ÞG1wðt; sÞT
� �

ds

¼ nTt � 15G1�
T
15 � � 16G1�

T
16

� �
nt

�
Z t

t�xðtÞ
ð�ÞG1vðt; sÞTds;

ð16Þ

0 ¼ nTt � 16G2�
T
16 � � 17G2�

T
17

� �
nt

�
Z t�xðtÞ

t� �x

d

ds
ð�ÞG2wðt; sÞT
� �

ds

¼ nTt � 16G2�
T
16 � � 17G2�

T
17

� �
nt

�
Z t�xðtÞ

t� �x
ð�ÞG2vðt; sÞTds;

ð17Þ

where

wðt; sÞ ¼ col Jys;

Z t

s

J _yvdv


 �
;

Gı ¼
" 0 Gı � Gı

� 0 0

� � 0

#

; ı ¼ 1; 2:

For 0\xðtÞ\ �x; applying Wirtinger-based integral

inequality (see [30]) to Q� and G1� dependent integral

terms gives

�
Z t

t�xðtÞ
ð�Þð �xQþ G1Þvðt; sÞTds

� � 1

xðtÞ ð�Þ
Tð �xQþ G1Þcol

�
Jyt � Jyx;xðtÞs1;

xðtÞðJyt � s1Þ
�
� 3

xðtÞ ð�Þ
Tð �xQþ G1Þcol

�
2s1

� Jyt � Jyx;xðtÞðs1 � s3Þ; xðtÞðs3 � s1Þ
�

¼ nTt

n
� �x
xðtÞ� 18Q1�

T
18 þP2

� �xxðtÞ
�
� 19Q4�

T
19 þP3

�o
nt:

ð18Þ

Similarly, for 0\xðtÞ\ �x; we get

�
Z t�xðtÞ

t� �x
ð�Þð �xQþ G2Þvðt; sÞTds

� � 1

�x� xðtÞ ð�Þ
Tð �xQþ G2Þcol

�
Jyx � Jy �x;

½ �x� xðtÞ�s2; ½ �x� xðtÞ�ðJyt � s2Þ
�

� 3

�x� xðtÞ ð�Þ
Tð �xQþ G2Þcol

�
2s2 � Jyx � Jy �x;

½ �x� xðtÞ�ðs2 � s4Þ; ½ �x� xðtÞ�ðs4 � s2Þ
�
¼

xiTt

n
� �x

�x� xðtÞ� 20Q1�
T
20 þP4

� �x½ �x� xðtÞ�
�
� 21Q4�

T
21 þP5

�o
nt:

ð19Þ

Utilizing Lemma 4 and the Leibniz-Newton formula to

Q7� dependent integral term gives
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�
Z t

t�xðtÞ
ð�ÞTQ7J _ysds

� nTt �
T
18



Y1 þ YT

1 þ xðtÞ

�
X4

l¼1

1

2l� 1
YlQ

�1
7 YT

l

�
� 18nt;

ð20Þ

�
Z t�xðtÞ

t� �x
ð�ÞTQ7J _ysds

� nTt �
T
20



Y2 þ YT

2 þ ½ �x� xðtÞ�

�
X8

l¼5

1

2l� 9
YlQ

�1
7 YT

l

�
� 20nt;

ð21Þ

For 0\xðtÞ\ �x; utilizing Lemma 3 to Q8� dependent

integral term derives

� �x
Z t

t�xðtÞ
ð�ÞTQ8J _ysds

� � �x
xðtÞ n

T
t �

T
18Q8� 18nt;

ð22Þ

� �x
Z t�xðtÞ

t� �x
ð�ÞTQ8J _ysds

� � �x
�x� xðtÞ n

T
t �

T
20Q8� 20nt:

ð23Þ

It is easy to verify the following equations
Z t

t�xðtÞ
ðs� t þ �xÞð�ÞTQ9J _ysds

¼
Z t

t�xðtÞ
½s� t þ xðtÞ�ð�ÞTQ9J _ysds

þ ½ �x� xðtÞ�
Z t

t�xðtÞ
ð�ÞTQ9J _ysds

þ
Z t�xðtÞ

t� �x
ðs� t þ �xÞð�ÞTQ9J _ysds;

ð24Þ

Z t

t� �x
ðu� t þ �xÞ2ð�ÞTQ10J _ysds

¼ 2½ �x� xðtÞ�

�
Z t

t�xðtÞ
½s� t þ xðtÞ�ð�ÞTQ10J _ysds

þ
Z t

t�xðtÞ
½s� t þ xðtÞ�2ð�ÞTQ10J _ysds

þ
Z t�xðtÞ

t� �x
ðs� t þ �xÞ2ð�ÞTQ10J _ysds

þ ½ �x� xðtÞ�2
Z t

t�xðtÞ
ð�ÞTQ10J _ysds:

ð25Þ

For 0\xðtÞ\ �x;, applying Lemma 3 to Q9� and Q10�
dependent integral terms gives

�
Z t

t�xðtÞ
½s� t þ xðtÞ�ð�ÞTQ9J _ysds

� nTt P6nt;

ð26Þ

� ½ �x� xðtÞ�
Z t

t�xðtÞ
ð�ÞTQ9J _ysds

� � �x� xðtÞ
xðtÞ nTt � 18Q9�

T
18nt;

ð27Þ

�
Z t�xðtÞ

t� �x
ðs� t þ �xÞð�ÞTQ9J _ysds

� nTt P7nt;

ð28Þ

�
Z t

t�xðtÞ
½s� t þ xðtÞ�2ð�ÞTQ10J _ysds

�xðtÞnTt P8nt;

ð29Þ

� 2½ �x� xðtÞ�
Z t

t�xðtÞ
½s� t þ xðtÞ�ð�ÞTQ10J _ysds

� ½ �x� xðtÞ�nTt P9nt;

ð30Þ

� ½ �x� xðtÞ�2
Z t

t�xðtÞ
ð�ÞTQ10J _ysds

� ½ �x� xðtÞ� � �x
�x� xðtÞ
xðtÞ


 �

� nTt � 18Q10�
T
18nt;

ð31Þ

�
Z t�xðtÞ

t� �x
ðs� t þ �xÞ2ð�ÞTQ10J _ysds

� ½ �x� xðtÞ�nTt P10nt:

ð32Þ

Denote � ¼ xðtÞ
�x ; for 0\xðtÞ\ �x; the following inequality

holds based on condition (8) ([25])

0� nTt

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=ð1� �Þ

p
� T

18

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� �Þ=�

p
� T

20

�T

�
�Q1 þQ8 þQ9 þ �xQ10 Q2

� Q1 þQ8

�
ð�Þ:

Therefore, for 0\xðtÞ\ �x; we get

nTt ð�Þ
T

�Q1 þQ8 Q2

� Q1 þQ8

��
� T

18

� T
20

�
nt �

nTt
1

�
� 18 ðQ1 þQ8Þ þ ð1� �ÞðQ9 þ �xQ10Þ½ �� T

18




þ 1

1� �
� 20ðQ1 þQ8Þ� T

20

�
nt:

ð33Þ

Also from
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Z t

t� �x
ð2s� 2t þ �xÞJysds

¼
Z t

t�xðtÞ

�
2½s� t þ xðtÞ� þ 2½ �x� xðtÞ� � �x

�
Jysds

þ
Z t�xðtÞ

t� �x
½2ðs� t þ �xÞ � �x�Jysds

¼ xðtÞ½ �x� 2xðtÞ�s1

� �x½ �x� xðtÞ�s2 þ x2ðtÞs3 þ ½ �x� xðtÞ�2s4;

for any matrix M with proper dimension we get

0 ¼ 2nTt D3ðxðtÞÞMeT16nt: ð34Þ

Similar to (10)–(11), we propose

fgðs; tÞ :¼ dTðsÞ
��FgðtÞK1 FgðtÞK2

� � FgðtÞ

�
dðsÞ� 0;

rgðs; tÞ :¼ dTðsÞ
�
RgðtÞK 0

0 � RgðtÞ

�
dðsÞ� 0;

with FgðtÞ ¼ xðtÞF1g þ ½ �x� xðtÞ�F2g;RgðtÞ ¼ xðtÞR1gþ
½ �x� xðtÞ�R2g; g ¼ 1; 2; 3:

Thus the following inequalities are acquired

0� f1ðt; tÞ þ f2ðt � xðtÞ; tÞ þ f3ðt � �x; tÞ

þ r1ðt; tÞ þ r2ðt � xðtÞ; tÞ þ r3ðt � �x; tÞ

¼ nTt

n
xðtÞ

�
� 12F 11�

T
12 þ � 14F 12�

T
14

þ � 13F 13�
T
13

�
þ ½ �x� xðtÞ�

�
� 12F 21�

T
12

þ � 14F 22�
T
14 þ � 13F 23�

T
13

�o
nt:

ð35Þ

Noticing networks (5), the following zero equality holds

for any positive matrix H

0 ¼ 2 _yTt J
THJ

�
� Ayt þ eBðyÞkðytÞ þ eCðyÞkðyxÞ

þ D1yt þ D2yx þ vðtÞ þ e� _yt
�
:

ð36Þ

By Lemmas 1 and 2, we have: JA ¼ A0J
¼ J 	 A; JvðtÞ ¼ 0:

As D1;D2 2 T ðR; 0Þ; applying Lemma 2 yields that

JDı ¼ ðJDıPÞJ; ı ¼ 1; 2: On the basis of Lemmas 1 and 2,

the following equalities are correct:

JDı ¼ ðJ 	 InÞðDı 	 KıÞ ¼ ðJDıÞ 	 Kı ¼ ½ðJDıPÞJ�
	 ðKıInÞ ¼ ½ðJDıPÞ 	 Kı�ðJ 	 InÞ ¼ D0

ıJ:

Note that

_yTt J
THJeBðyÞkðytÞ

¼
Xm�1

i¼1

�
_yiðtÞ � _yiþ1ðtÞ

�T
H
� eBðyiðtÞÞkðyiðtÞÞ

� eBðyiþ1ðtÞÞkðyiþ1ðtÞÞ
�

¼
Xm�1

i¼1

�
_yiðtÞ � _yiþ1ðtÞ

�T
H
n
�B½kðyiðtÞÞ � kðyiþ1ðtÞÞ�

þ
�
BðyiðtÞÞ � �B

�
kðyiðtÞÞ þ

�
�B� Bðyiþ1ðtÞÞ

�

� kðyiþ1ðtÞÞ þ E½N1iðtÞL1kðyiðtÞÞ

� N1;iþ1ðtÞL1kðyiþ1ðtÞÞ�
o
;

ð37Þ

and

Xm�1

i¼1

�
_yiðtÞ � _yiþ1ðtÞ

�T
H �B½kðyiðtÞÞ � kðyiþ1ðtÞÞ�

¼ _yTt J
T Im�1 	 H �Bð ÞJkðytÞ;

ð38Þ

Xm�1

i¼1

�
_yiðtÞ � _yiþ1ðtÞ

�T
H
��
BðyiðtÞÞ � �B

�

� kðyiðtÞÞ þ
�
�B� Bðyiþ1ðtÞÞ

�
kðyiþ1ðtÞÞ

�

¼
Xm�1

i¼1

Xn

j¼1

�
_yijðtÞ � _yiþ1;jðtÞ

�
hj

�
Xn

l¼1

n�
bjlðyiðtÞÞ � �bjl

�
klðyilðtÞÞ

þ
�
�bjl � bjlðyiþ1ðtÞÞ

�
klðyiþ1;lðtÞÞ

o

�
Xm�1

i¼1

Xn

j¼1

hj
Xn

l¼1

2 �klb̂jlj _yijðtÞ � _yiþ1;jðtÞj

¼
Xm�1

i¼1

Xn

j¼1

hj.jj _yijðtÞ � _yiþ1;jðtÞj;

ð39Þ

Xm�1

i¼1

�
_yiðtÞ � _yiþ1ðtÞ

�T
H

� E½N1iðtÞL1kðyiðtÞÞ � N1;iþ1ðtÞL1kðyiþ1ðtÞÞ�

� 2
Xm�1

i¼1

�kjjEjj1jjL1jj1jjH½ _yiðtÞ � _yiþ1ðtÞ�jj1

¼ 2
Xm�1

i¼1

�kjjEjj1jjL1jj1

�
Xn

j¼1

hjj _yijðtÞ � _yiþ1;jðtÞj:

ð40Þ

Similarly we obtain
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_yTt J
THJeCðyÞkðyxÞ

� _yTt J
T Im�1 	 H �Cð ÞJkðyxÞ þ

Xm�1

i¼1

Xn

j¼1

hj

� ð#j þ 2 �kjjEjj1jjL2jj1Þj _yijðtÞ � _yiþ1;jðtÞj:

ð41Þ

In addition

_yTt J
THJe

¼
Xm�1

i¼1

Xn

j¼1

hjhj
�
_yijðtÞ � _yiþ1;jðtÞ

�Xn

l¼1

n
1ilsign

�
_yljðtÞ � _yijðtÞ

�
� 1iþ1;lsign

�
_yljðtÞ � _yiþ1;jðtÞ

�o

¼
Xm�1

i¼1

Xn

j¼1

hjhj



� ð1i;iþ1 þ 1iþ1;iÞj _yijðtÞ � _yiþ1;jðtÞj

þ
�
_yijðtÞ � _yiþ1;jðtÞ

�
� Xn

l¼1;l6¼iþ1

1ilsign
�
_yljðtÞ

� _yijðtÞ
�
�

Xn

l¼1;l6¼i

1iþ1;lsign
�
_yljðtÞ � _yiþ1;jðtÞ

�
��

� �
Xm�1

i¼1

Xn

j¼1

hjhjlij _yijðtÞ � _yiþ1;jðtÞj:

ð42Þ

Applying inequalities (9) and (37)-(42) to equality (36)

yields

0� nTt P11nt: ð43Þ

Combining (12)-(35) and (43) gives

_Vðt; ytÞ� nTt
�
NðxðtÞ; _xðtÞÞ þ CðxðtÞÞ

�
nt; ð44Þ

where CðrÞ ¼ ð �x� rÞC1 þ rC2 with

C2 ¼ C4 ¼ � T
18

X4

l¼1

1

2l� 1
YlQ

�1
7 YT

l � 18;

C1 ¼ C3 ¼ � T
20

X8

l¼5

1

2l� 9
YlQ

�1
7 YT

l � 20:

From Lemma 3, it is easy to verify that inequality (44) still

holds for xðtÞ ¼ 0 or xðtÞ ¼ �x:
As NðxðtÞ; _xðtÞÞ þ CðxðtÞÞ is linear in _xðtÞ; condition

NðxðtÞ; _xðtÞÞ þ CðxðtÞÞ\0 is equal to two boundary ones

NðxðtÞ;xıÞ þ CðxðtÞÞ\0 ðı ¼ 1; 2Þ; one for _xðtÞ ¼ x1;

and the other for _xðtÞ ¼ x2: Obviously, for fixed ı ¼ 1; 2;

NðxðtÞ;xıÞ þ CðxðtÞÞ is a quadratic matrix function of

xðtÞ; based on Lemma 5, condition NðxðtÞ;xıÞ þ
CðxðtÞÞ\0 can be assured by any one of the two groups of

conditions: one is Nqı þ Cq\0 with q ¼ 1; 2; 3; and the

other one with q ¼ 1; 2; 4:

From Schur complement Lemma, for allocated ı ¼ 1; 2;

Nqı þ Cq\0 is equal to inequality eNqı\0; q ¼ 1; 2; 3; 4:

Thus, the criteria of Theorem 1 mean _Vðt; ytÞ\0 for all

t� 0: Therefore system (7) is globally robustly synchro-

nized. This finishes the proof of Theorem 1.
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