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Abstract
This paper studies the robust exponential stabilization for a class of uncertain neutral neural networks with mixed interval

time-varying delays. The aim of the paper is to design periodically intermittent control such that the closed-loop system is

exponentially stable. By constructing a suitable Lyapunov–Krasovskii functional and by using some useful lemmas and

some new analysis techniques, the researchers generate novel exponential stabilization criteria to ensure the robust

exponential stabilization of considered uncertain neutral neural networks in terms of linear matrix inequalities. Based on

the proposed criteria, an intermittent state-feedback controller design approach is introduced. Some numerical examples

are given to show the effectiveness and benefits of the theoretical results.

Keywords Robust exponential stabilization � Uncertain neutral neural networks � Mixed time-varying delays �
Periodically intermittent control

1 Introduction

In the past decades, neural networks have been extensively

investigated as they have developed rapidly for their wide

application in a variety of fields, such as secure commu-

nication, quantum devices, pattern classification, associa-

tive memory, image processing, mathematics, ecological

system, and controlled constrained manipulators [1–4]. For

many of these applications depending on dynamical

behaviors of the network and requiring the equilibrium

point of the model to be globally stable, it is important to

consider stability problems of such kind of neural net-

works. Nowadays, the study of the stability analysis of

neural networks has gained popularity among researchers,

and some remarkable results have been reported in the

literature [5–9]. Liu et al. [5] gave improved exponential

stability criterion for neural networks with time-varying

delay. Pahnehkolaei et al. [6] investigated uniform stability

for fractional-order leaky integrator echo state neural net-

work with multiple time delays, and the existence,

uniqueness, and stability of the equilibrium point were

provided. In [7], dynamic stability analysis of fractional-

order leaky integrator echo state neural networks was

given. Elahi et al. [8] considered the problem of finite-time

H1 stability analysis of uncertain discrete-time network

control systems with varying communication delays in a

random fashion. In [9], robustly exponential stability

analysis for discrete-time stochastic neural networks with

interval time-varying delays was given.

A special kind of neural network is neutral neural net-

work. It contains delays in both the state and the deriva-

tives of the state. It is generally known that neutral neural

network has more complicated characteristics. Many real-

world systems can be fitly described by neutral-type neural

networks. Many real-world systems can be adequately

described by neutral-type neural networks, which interests

scholars to study the neutral neural networks, especially the

stability and stabilization analysis for the neutral-type

neural networks, see [10–12]. Dharani et al. [10] resear-

ched on the delay-dependent stability for switched Hop-

field neural networks of neutral type with additive time-

varying delay components. In [11], a class of delayed

neural networks described by nonlinear delay differential

equations of the neutral type was studied and a sufficient

condition for the existence, uniqueness and global

& Yali Dong

dongyl@vip.sina.com

1 School of Science, Tianjin Polytechnic University,

Tianjin 300387, China

123

Neural Computing and Applications (2020) 32:2651–2664
https://doi.org/10.1007/s00521-018-3671-2(0123456789().,-volV)(0123456789().,-volV)

http://crossmark.crossref.org/dialog/?doi=10.1007/s00521-018-3671-2&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s00521-018-3671-2&amp;domain=pdf
https://doi.org/10.1007/s00521-018-3671-2


exponential stability of an equilibrium point was derived.

Park et al. [12] gave a new criterion for the global

asymptotic stability of bidirectional associative memory

neural networks of neutral type.

Intermittent control was proposed in the seminal paper

of Craik (see [13]) and has aroused a wide range of

interests because of its extensive applications [13–15].

Measuring the output of a system intermittently, rather than

continuously, constitutes an effective control approach.

Intermittent control has been extensively studied, which

has generated an expanding body of literature in the field of

chaotic systems and the field of neural networks [14–18].

In [14], exponential stabilization of neural networks with

time-varying delay was investigated by periodically inter-

mittent control. In [16], exponential stabilization of chaotic

systems with delay was considered by periodically inter-

mittent control. Zhang et al. [17] investigated the expo-

nential stabilization for neutral-type neural networks with

mixed interval time-varying delays by using intermittent

control.

As we all know, uncertain factors such as environmental

noise, uncertain parameters, and disturbance can be very

often found in various practical systems [19]. The existence

of uncertainty causes modeling errors, parameter varia-

tions, and measurement errors, making it rather difficult to

develop an exact mathematical model [19–21]. Besides, the

existence of uncertainty always leads to poor performance

and even instability of control systems. In recent years,

there has been a growing research interest in stability and

stabilization of uncertain systems, yielding some results on

this topic in the literature [2, 19, 20]. To the best of the

authors’ knowledge, no result has been produced through

the investigation for the stabilization of uncertain neutral-

type neural networks with mixed time-varying delays via

intermittent control, which motivates our research on this

topic.

This paper studies the problem of exponential stabi-

lization for uncertain neutral neural networks with time-

varying delay via periodically intermittent control. By

employing new Lyapunov–Krasovskii functional and

introducing free-weighting matrices, we have established

new sufficient conditions of robustly exponential stabi-

lization for a class of uncertain neutral neural networks by

intermittent control. The developed stabilization criteria

are delay dependent and characterized by linear matrix

inequalities (LMIs), which can be easily calculated by

MATLAB LMI control toolbox. We also provide two

numerical examples to demonstrate the effectiveness of the

proposed stability results.

The rest of the paper is organized as follows. Section 2

first provides some preliminary details, necessary defini-

tions, and useful lemmas. Then, some new criteria are

established to guarantee the exponential stabilization of

neutral neural networks in Sect. 3. Section 4 gives two

numerical examples, illustrating the effectiveness of the

obtained results. And finally, Sect. 5 concludes the paper

with a summary of the findings.

Notations: throughout this paper, Rn denotes the n-di-

mensional Euclidean space. Rn�m is the set of all n� m real

matrices; * represents the elements below the main diag-

onal of a symmetric matrix. MT means the transpose of M;

k � k is the Euclidean norm of a vector;

M[ 0ð\0; � 0; � 0Þ means that the matrix is symmetric

positive (negative, semi-negative, semi-positive) definite

matrix; I is an appropriately dimensioned identify matrix;

kminðMÞ and kmaxðMÞ stand for the minimum and maximal

eigenvalue of a matrix M, respectively.

2 Problem statement and preliminaries

Consider the following uncertain neutral neural networks

with mixed interval time-varying delays

_xðtÞ � ðC þ DCðtÞÞ _xðt � sðtÞÞ ¼ �ðAþ DAðtÞÞxðtÞ
þ ðBþ DBðtÞÞf ðxðtÞÞ þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ
þ EuðtÞ; t� 0;

xðtÞ ¼ /ðtÞ; 8t 2 ½� �h; 0�;
ð1Þ

where xð�Þ ¼ ½x1ð�Þ; x2ð�Þ; . . .; xnð�Þ�T 2 Rn is the state vec-

tor of the neural networks associated with n neurons at time

t, f ð�Þ ¼ ½f1ð�Þ; f2ð�Þ; . . .; fnð�Þ�T denotes the neuron activa-

tion function with f ð0Þ ¼ 0, and uðtÞ 2 Rn is the control

input vector. The matrix A ¼ diagða1; a2; . . .; anÞ is a

diagonal matrix with positive entries ai [ 0; i ¼ 1; 2; . . .; n,

and C is a known constant matrix with appropriate

dimension. B and D are the connection weight matrix and
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delayed connection weight matrix, respectively. E is a

reversible matrix. DAðtÞ, DBðtÞ, DCðtÞ , and DDðtÞ are all

unknown time-varying matrices with appropriate dimen-

sions which represent the system uncertainty and stochastic

perturbation uncertainty, respectively, which satisfy:

DAðtÞ DBðtÞ DCðtÞ DDðtÞ½ � ¼ HFðtÞ X1 X2 X3 X4½ �;

where H, X1, X2, X3, X4 are known real constant matrices

with appropriate dimensions, and F(t) is unknown real

time-varying matrix with Lebesgue measurable elements

bounded by

FTðtÞFðtÞ� I:

The initial condition /ðtÞ denotes a continuous vector-

valued initial function on the interval ½� �h; 0�.

Assumption 1 The time delays, h(t) and sðtÞ are time-

varying differentiable function that satisfies

0� h1 � hðtÞ� h2\1; _hðtÞ� hd\1;

0� s1 � sðtÞ� s2\1; _sðtÞ� sd\1;

�h ¼ maxfh2; s2g;
ð2Þ

where h1 and s1 are the lower bound of h(t) and sðtÞ, h2 and

s2 are the upper bound of h(t) and sðtÞ, respectively, and hd
and sd are the real constants.

Assumption 2 [20] The nonlinear activation function f ð�Þ
satisfies the following condition, for any i ¼ 1; 2; . . .; n

there exist constants l�i and lþi such that

l�i � fiðxÞ � fiðyÞ
x� y

� lþi ; i ¼ 1; 2; . . .; n; ð3Þ

where x; y 2 R, x 6¼ y.

For expression convenience, we denote

L1 ¼ diag l�1 l
þ
1 ; l

�
2 l

þ
2 ; . . .; l

�
n l

þ
n

� �
;

L2 ¼ diag
l�1 þ lþ1

2
;
l�2 þ lþ2

2
; . . .;

l�n þ lþn
2

� �
;

L3 ¼ diagðmax l�1
�� ��; lþ1

�� ��� �
;max l�2

�� ��; lþ2
�� ��� �

; . . .;

max l�n
�� ��; lþn

�� ��� �
Þ:

For system (1) with initial value, we consider an inter-

mittent state-feedback controller expressed as follows:

uðtÞ ¼
KxðtÞ; t 2 ½kT ; kT þ dÞ;
0; t 2 ½kT þ d; ðk þ 1ÞTÞ;

	
ð4Þ

for any nonnegative integer k, where K is a constant control

gain, T is the control period, 0\d� T , and d is the so-

called control width.

When the intermittent state-feedback control (4) is

applied to (1), system (1) can be rewritten as follows:

_xðtÞ � �CðtÞ _xðt � sðtÞÞ ¼ �ð�AðtÞ � EKÞxðtÞ
þ �BðtÞf ðxðtÞÞ þ �DðtÞf ðxðt � hðtÞÞÞ; t 2 ½kT ; kT þ dÞ;

_xðtÞ � �CðtÞ _xðt � sðtÞÞ ¼ ��AðtÞxðtÞ þ �BðtÞf ðxðtÞÞ
þ �DðtÞf ðxðt � hðtÞÞÞ; t 2 ½kT þ d; ðk þ 1ÞTÞ;

xðtÞ ¼ /ðtÞ; 8t 2 ½��h; 0�;
ð5Þ

where �AðtÞ ¼ Aþ DAðtÞ; �BðtÞ ¼ Bþ DBðtÞ; �CðtÞ ¼ Cþ
DCðtÞ; �DðtÞ ¼ Dþ DDðtÞ:

Definition 1 System (1) is said to be robustly a-expo-

nentially stabilizable via intermittent state-feedback control

(4), if there exist a[ 0 and .[ 0 such that the solution

xðtÞ of system (5) satisfies

kxðtÞk� .e�atk/k; 8t� 0;

for all admissible uncertainties FTðtÞFðtÞ� I, where

k/k ¼ suph2½��h;0�fkxðhÞk; k _xðhÞkg:

Lemma 1 [21] For any matrix R 2 Rn�n, R ¼ RT [ 0,

scalars a and b : b\a, vector x : ½b; a�7!Rn such that the

integration concerned are well defined, then:

�
Z a

b
xTðsÞRxðsÞds� � 1

a� b
vT1Rv1;

�
Z a

b

Z a

h
xTðsÞRxðsÞdsdh� � 2

ða� bÞ2
vT2Rv2;

where

v1 ¼
Z a

b
xðsÞds; v2 ¼

Z a

b

Z a

h
xðsÞdsdh:

Lemma 2 [20] For a given matrix M[ 0; the following

inequality holds for all continuously differentiable function

x in ½a; b� �! Rn:
Z b

a

_xTðuÞM _xðuÞdu� 1

b� a
ðxðbÞ � xðaÞÞTMðxðbÞ � xðaÞÞ

þ 3

b� a
~XTM ~X;

where

~X ¼ xðbÞ þ xðaÞ � 2

b� a

Z b

a

xðuÞdu:

And that could be turned into the following matrix

inequality,

Z b

a

_xTðuÞM _xðuÞdu� 1

b� a
-T X̂-;

where
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X̂ ¼
4M 2M � 6M

� 4M � 6M

� � 12M

2

64

3

75

T

;

- ¼ xTðbÞ xTðaÞ 1

b� a

Z b

a

xTðuÞdu

 �T

:

Lemma 3 [20] For matrices Y, D and E of appropriate

dimensions, where Y is a symmetric matrix, then

Y þ DFE þ ETFTDT\0;

holds for all matrix F satisfying FTF� I, if and only if

there exist a constant e[ 0, such that

Y þ eDDT þ e�1ETE\0;

holds.

3 Main results

In this section, robustly the exponential stabilization by

periodically intermittent control is investigated. The main

result is stated as follows.

Theorem 1 Suppose that Assumptions 1 and 2 are satis-

fied. For given constants a[ 0 and c, system (1) is robustly

a-exponentially stabilizable via intermittent state-feedback

controller (4), if there exist matrices P[ 0,

Qi [ 0 ði ¼ 1; 2; 3; 4; 5; 6Þ, Rj [ 0, Sj [ 0, Vj [ 0,

Wj [ 0 ðj ¼ 1; 2Þ, U1 [ 0, Z, K and positive scalars l[ 0

and �[ 0 such that

Pj ¼
N11;j N12;j

� N22


 �
\0; j ¼ 1; 2; ð6Þ

ad� qðT � dÞ[ 0; ð7Þ

where

N11;j ¼

Wj O12 0 O14 0 0 0

� P22 0 0 0 0 0

� � O33 0 0 0 0

� � � P44 0 0 0

� � � � O55 0 0

� � � � � P66 0

� � � � � � P77

2

666666666664

3

777777777775

;

N12;j ¼

P18
�O12 Uj 0 �O15

�O16 K PH

0 0 0 0 0 �O16 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 K 0

0 0 0 0 0 0 0 0

0 L2W2 0 0 0 0 0 0

0 0 0 0 0 0 0 0

2

666666666664

3

777777777775

;

N22 ¼
N221 N222

� N223


 �
;

N221 ¼

P88 �XT
2 X4 lBTP 0 �XT

2 X3

� P99 lDTP 0 �XT
4 X3

� � P10;10 0 lPC

� � � P11;11 0

� � � � P12;12

2

666666664

3

777777775

;

N221 ¼

0 0 0

0 0 0

0 0 lPH

0 0 0

0 0 0

2

6666664

3

7777775

; N223 ¼
P13;13 0 0

� P14;14 0

� � � �I

2

64

3

75;

W1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6 þ h1R1

þ s1R2 � PA � ATPþ Z þ ZT � L1W1

� 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2 þ �XT
1 X1;

W2 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6

þ h1R1 þ s1R2 � 4e�2ah1
1

h1

V1 � L1W1

� PA� ATP� 4e�2as1
1

s1

V2 þ �XT
1 X1;

P18 ¼ PBþ L2W1 � �XT
1 X2;

U1 ¼ �lATPþ lZT ; U2 ¼ �lATP;

P22 ¼ �e�2ah1Q1 � 4e�2ah1
1

h1

V1;

P44 ¼ �e�2as1Q3 � 4e�2as1
1

s1

V2;

P66 ¼ �ð1 � hdÞe�2ah2Q5 � L1W2;

P77 ¼ �ð1 � sdÞe�2as2Q6;

P88 ¼ U1 �W1 þ �XT
2 X2;

P99 ¼ �ð1 � hdÞe�2ah2U1 �W2 þ �XT
4 X4;

P10;10 ¼ S1 þ S2 þ h1V1 þ s1V2 � 2lP;

P11;11 ¼ �ð1 � hdÞe�2ah2S1;

P12;12 ¼ �ð1 � sdÞe�2as2S2 þ �XT
3 X3;

K ¼ 6e�2as1
1

s1

V2;

P13;13 ¼ �h1e�2ah1R1 � 12e�2ah1
1

h1

V1;

P14;14 ¼ �s1e�2as1R2 � 12e�2as1
1

s1

V2; q ¼ c� a;

O12 ¼ �2e�2ah1
1

h1

V1;O14 ¼ �2e�2as1
1

s1

V2;

O33 ¼ �e�2ah2Q2; O55 ¼ �e�2as2Q4;

�O12 ¼ PD� �XT
1 X4; �O15 ¼ PC � �XT

1 X3;

�O16 ¼ 6e�2ah1
1

h1

V1:
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Moreover, the gain matrix in the periodically intermittent

controller (4) is K ¼ ðPEÞ�1
Z:

Proof Choose a Lyapunov–Krasovskii functional candi-

date as:

VðtÞ ¼ V1ðtÞ þ V2ðtÞ þ V3ðtÞ þ V4ðtÞ þ V5ðtÞ þ V6ðtÞ;
ð8Þ

where

V1ðtÞ ¼ xTðtÞPxðtÞ;

V2ðtÞ ¼
Z t

t�h1

e2aðs�tÞxTðsÞQ1xðsÞds

þ
Z t

t�h2

e2aðs�tÞxTðsÞQ2xðsÞds

þ
Z t

t�s1

e2aðs�tÞxTðsÞQ3xðsÞds

þ
Z t

t�s2

e2aðs�tÞxTðsÞQ4xðsÞds

þ
Z t

t�hðtÞ
e2aðs�tÞxTðsÞQ5xðsÞds

þ
Z t

t�sðtÞ
e2aðs�tÞxTðsÞQ6xðsÞds;

V3ðtÞ ¼
Z 0

�h1

Z t

tþh
e2aðs�tÞxTðsÞR1xðsÞdsdh

þ
Z 0

�s1

Z t

tþh
e2aðs�tÞxTðsÞR2xðsÞdsdh;

V4ðtÞ ¼
Z t

t�hðtÞ
e2aðs�tÞ _xTðsÞS1 _xðsÞds

þ
Z t

t�sðtÞ
e2aðs�tÞ _xTðsÞS2 _xðsÞds;

V5ðtÞ ¼
Z 0

�h1

Z t

tþh
e2aðs�tÞ _xTðsÞV1 _xðsÞdsdh

þ
Z 0

�s1

Z t

tþh
e2aðs�tÞ _xTðsÞV2 _xðsÞdsdh;

V6ðtÞ ¼
Z t

t�hðtÞ
e2aðs�tÞf TðxðsÞÞU1f ðxðsÞÞds:

It is clear that

VðtÞ� kminðPÞkxðtÞk2: ð9Þ

Calculating the time derivatives of V iðtÞ, i ¼ 1; 2; . . .; 6,

along the trajectory of system (1) yields

_V1ðtÞ ¼ 2xTðtÞP _xðtÞ
¼ � 2xTðtÞPðAþ DAðtÞÞxðtÞ þ 2xTðtÞPEuðtÞ
þ 2xTðtÞPðC þ DCðtÞÞ _xðt � sðtÞÞ
þ 2xTðtÞPðBþ DBðtÞÞf ðxðtÞÞ
þ 2xTðtÞPðDþ DDðtÞÞf ðxðt � hðtÞÞÞ;

_V2ðtÞ ¼ � 2aV2ðtÞ þ xTðtÞQ1xðtÞ þ xTðtÞQ2xðtÞ
� e�2ah1xTðt � h1ÞQ1xðt � h1Þ
� e�2ah2xTðt � h2ÞQ2xðt � h2Þ
� e�2as1xTðt � s1ÞQ3xðt � s1Þ þ xTðtÞQ3xðtÞ
þ xTðtÞQ4xðtÞ þ xTðtÞQ5xðtÞ þ xTðtÞQ6xðtÞ
� e�2as2xTðt � s2ÞQ4xðt � s2Þ
� ð1 � _hðtÞÞe�2ahðtÞxTðt � hðtÞÞQ5xðt � hðtÞÞ
� ð1 � _sðtÞÞe�2asðtÞxTðt � sðtÞÞQ6xðt � sðtÞÞ

� � 2aV2ðtÞ þ xTðtÞQ1xðtÞ þ xTðtÞQ2xðtÞ
� e�2ah1xTðt � h1ÞQ1xðt � h1Þ þ xTðtÞQ3xðtÞ
� e�2ah2xTðt � h2ÞQ2xðt � h2Þ þ xTðtÞQ4xðtÞ
� e�2as1xTðt � s1ÞQ3xðt � s1Þ þ xTðtÞQ5xðtÞ
� e�2as2xTðt � s2ÞQ4xðt � s2Þ þ xTðtÞQ6xðtÞ
� ð1 � hdÞe�2ah2xTðt � hðtÞÞQ5xðt � hðtÞÞ
� ð1 � sdÞe�2as2xTðt � sðtÞÞQ6xðt � sðtÞÞ;

_V3ðtÞ ¼ � 2aV3ðtÞ þ h1x
TðtÞR1xðtÞ þ s1x

TðtÞR2xðtÞ

�
Z t

t�h1

e2aðs�tÞxTðsÞR1xðsÞds

�
Z t

t�s1

e2aðs�tÞxTðsÞR2xðsÞds

� � 2aV3ðtÞ þ h1x
TðtÞR1xðtÞ þ s1x

TðtÞR2xðtÞ

� e�2ah1

Z t

t�h1

xTðsÞR1xðsÞds

� e�2as1

Z t

t�s1

xTðsÞR2xðsÞds;

_V4ðtÞ ¼ � 2aV4ðtÞ þ _xTðtÞS1 _xðtÞ þ _xTðtÞS2 _xðtÞ
� ð1 � _hðtÞÞe�2ahðtÞ _xTðt � hðtÞÞS1 _xðt � hðtÞÞ
� ð1 � _sðtÞÞe�2asðtÞ _xTðt � sðtÞÞS2 _xðt � sðtÞÞ

� � 2aV4ðtÞ þ _xTðtÞS1 _xðtÞ þ _xTðtÞS2 _xðtÞ
� ð1 � hdÞe�2ah2 _xTðt � hðtÞÞS1 _xðt � hðtÞÞ
� ð1 � sdÞe�2as2 _xTðt � sðtÞÞS2 _xðt � sðtÞÞ;

_V5ðtÞ ¼ � 2aV5ðtÞ þ h1 _x
TðtÞV1 _xðtÞ þ s1 _x

TðtÞV2 _xðtÞ

�
Z t

t�h1

e2aðs�tÞ _xTðsÞV1 _xðsÞds

�
Z t

t�s1

e2aðs�tÞ _xTðsÞV2 _xðsÞds;

_V6ðtÞ ¼ � 2aV6ðtÞ þ f TðxðtÞÞU1f ðxðtÞÞ � ð1 � _hðtÞÞ
� e�2ahðtÞf Tðxðt � hðtÞÞÞU1f ðxðt � hðtÞÞÞ

� � 2aV6ðtÞ þ f TðxðtÞÞU1f ðxðtÞÞ � ð1 � hdÞ
� e�2ah2 f Tðxðt � hðtÞÞÞU1f ðxðt � hðtÞÞÞ:

ð10Þ

h
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By using Lemma 1, it can be seen that

�
Z t

t�h1

e2aðs�tÞxTðsÞR1xðsÞds

� � e�2ah1
1

h1

Z t

t�h1

xðsÞds
� �T

R1

Z t

t�h1

xðsÞds
� �

;

ð11Þ

�
Z t

t�s1

e2aðs�tÞxTðsÞR2xðsÞds

� � e�2as1
1

s1

Z t

t�s1

xðsÞds
� �T

R2

Z t

t�s1

xðsÞds
� �

:

ð12Þ

Based on Lemma 2, it holds that

�
Rt

t�h1

e2aðs�tÞ _xTðsÞV1 _xðsÞds� e�2ah1
1

h1

-T
1X1-1; ð13Þ

�
Rt

t�s1

e2aðs�tÞ _xTðsÞV2 _xðsÞds� e�2as1
1

s1

-T
2X2-2; ð14Þ

where

-1 ¼ xTðtÞ xTðt � h1Þ
1

h1

Z t

t�h1

xðsÞds
� �T

" #T

;

-2 ¼ xTðtÞ xTðt � s1Þ
1

s1

Z t

t�s1

xðsÞds
� �T

" #T

;

X1 ¼
� 4V1 � 2V1 6V1

� � 4V1 6V1

� � � 12V1

2

64

3

75

T

;

X2 ¼
� 4V2 � 2V2 6V2

� � 4V2 6V2

� � � 12V2

2

64

3

75

T

:

Furthermore, for any matrices W1 [ 0 and W2 [ 0 and

utilizing Assumption 2, we have

xðtÞ
f ðxðtÞÞ


 �T � L1W1 L2W1

� �W1


 �
xðtÞ

f ðxðtÞÞ


 �
� 0; ð15Þ

xðt � hðtÞÞ
�f ðtÞ


 �T � L1W2 L2W2

� �W2


 �
xðt � hðtÞÞ

�f ðtÞ


 �
� 0:

ð16Þ

where �f ðtÞ ¼ f ðxðt � hðtÞÞÞ:
In the following, we consider two cases in calculating

the derivative of Lyapunov–Krasovskii functional: t 2
½kT ; kT þ dÞ and t 2 ½kT þ d; ðk þ 1ÞTÞ.

Case 1 For t 2 ½kT ; kT þ dÞ. The first subsystem of (5)

can be written as

_xðtÞ ¼ ðC þ DCðtÞÞ _xðt � sðtÞÞ þ ðBþ DBðtÞÞf ðxðtÞÞ
� ðAþ DAðtÞ � EKÞxðtÞ
þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ; t 2 ½kT ; kT þ dÞ:

It is easy to see that

2l _xTðtÞP½ðC þ DCðtÞÞ _xðt � sðtÞÞ � ðAþ DAðtÞ
� EKÞxðtÞ þ ðBþ DBðtÞÞf ðxðtÞÞ
þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ � _xðtÞ� ¼ 0:

ð17Þ

Setting

Z ¼ PEK; ð18Þ

and combining (10)–(17), we get that

_VðtÞ þ 2aVðtÞ� nTðtÞ ~P1nðtÞ; ð19Þ

where

~P1 ¼
~N11;1

~N12;1

� ~N22

" #

;

~N11;1 ¼

~W1 O12 0 O14 0 0 0

� P22 0 0 0 0 0

� � O33 0 0 0 0

� � � P44 0 0 0

� � � � O55 0 0

� � � � � P66 0

� � � � � � P77

2

666666666664

3

777777777775

;

~N12;1 ¼ H1 H2½ �;

H1 ¼

~P18 PðDþ DDðtÞÞ ~U1 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 L2W2 0 0

0 0 0 0

2

666666666664

3

777777777775

;

H2 ¼

PðC þ DCðtÞÞ 6e�2ah1
1

h1

V1 6e�2as1
1

s1

V2

0 6e�2ah1
1

h1

V1 0

0 0 0

0 0 6e�2as1
1

s1

V2

0 0 0

0 0 0

0 0 0

2

6666666666666664

3

7777777777777775

;

~N22 ¼
F1 F2

� F3


 �
;

F1 ¼

~P88 0 l½PðBþ DBðtÞÞ�T 0

� ~P99 l½PðDþ DDðtÞÞ�T 0

� � P10;10 0

� � � P11;11

2

6664

3

7775
;
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F2 ¼

0 0 0

0 0 0

l½PðC þ DCðtÞÞ� 0 0

0 0 0

2

6664

3

7775
;

F3 ¼ diagð ~P12;12;P13;13;P14;14Þ;
~W1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6 þ h1R1

� L1W1 � PðAþ DAðtÞÞ � ðAþ DAðtÞÞTP

þ Z þ ZT þ s1R2 � 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2;

~P18 ¼ PðBþ DBðtÞÞ þ L2W1;

~U1 ¼ ½� lPðAþ DAðtÞÞ�T þ lZT ;

P22 ¼ �e�2ah1Q1 � 4e�2ah1
1

h1

V1;

P44 ¼ �e�2as1Q3 � 4e�2as1
1

s1

V2;

P66 ¼ �ð1 � hdÞe�2ah2Q5 � L1W2;

P77 ¼ �ð1 � sdÞe�2as2Q6; ~P88 ¼ U1 �W1;

~P99 ¼ �ð1 � hdÞe�2ah2U1 �W2;

P10;10 ¼ S1 þ S2 þ h1V1 þ s1V2 � 2lP;

P11;11 ¼ �ð1 � hdÞe�2ah2S1;

~P12;12 ¼� ð1 � sdÞe�2as2S2;

P13;13 ¼ �h1e�2ah1R1 � 12e�2ah1
1

h1

V1;

P14;14 ¼ �s1e�2as1R2 � 12e�2as1
1

s1

V2:

nðtÞ ¼ nT1 ðtÞ; n
T
2 ðtÞ; n

T
3 ðtÞ

� T
;

n1ðtÞ ¼ ½xTðtÞ; xTðt � h1Þ; xTðt � h2Þ; xTðt � s1Þ;
xTðt � s2Þ; xTðt � hðtÞÞ�T;

n2ðtÞ ¼ ½xTðt � sðtÞ; f TðxðtÞÞ; f Tðxðt � hðtÞÞÞ; _xðtÞ;
_xðt � hðtÞÞ; _xðt � sðtÞÞ�T;

n3ðtÞ ¼
1

h1

Z t

t�h1

xðsÞds
� �T

;
1

s1

Z t

t�s1

xðsÞds
� �T

" #T

:

Note that ~P1\0 is not standard LMI due to the exis-

tence of parameter uncertainties, which will be further

dealt with via the following approach. ~P1 can be written as

~P1 ¼ P̂1 þ DPðtÞ;

where

P̂1 ¼
N̂11;1 N̂12;1

� N̂22

" #

;

N̂11;1 ¼

Ŵ1 O12 0 O14 0 0 0

� P22 0 0 0 0 0

� � O33 0 0 0 0

� � � P44 0 0 0

� � � � O55 0 0

� � � � � P66 0

� � � � � � P77

2

666666666664

3

777777777775

;

N̂12;1 ¼

P̂18 PD Û1 0 PC �O16 6e�2as1
1

s1

V2

0 0 0 0 0 �O16 0

0 0 0 0 0 0 0

0 0 0 0 0 0 6e�2as1
1

s1

V2

0 0 0 0 0 0 0

0 L2W2 0 0 0 0 0

0 0 0 0 0 0 0

2

6
66666666666664

3

7
77777777777775

;

N̂22 ¼

P̂88 0 lBTP 0 0 0 0

� P̂99 lDTP 0 0 0 0

� � P10;10 0 lPC 0 0

� � � P11;11 0 0 0

� � � � P̂12;12 0 0

� � � � � P13;13 0

� � � � � � P14;14

2

666666
666664

3

777777
777775

;

Ŵ1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6 þ h1R1

þ s1R2 � PA� ATPþ Z þ ZT � 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2 � L1W1;

P̂18 ¼PBþ L2W1; Û1 ¼ �lATPþ lZT ;

P̂88 ¼U1 �W1; P̂99 ¼ �ð1 � hdÞe�2ah2U1 �W2; P̂12;12 ¼ �ð1 � sdÞe�2as2S2;

DPðtÞ ¼
~U1

~U2

� ~U3

" #

;

~U1 ¼

� 0 0 0 0 0 0 PDBðtÞ PDDðtÞ
� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

� 0 0 0 0 0 0 0 0

2

666666
66666666664

3

777777
77777777775

;

~U2 ¼

�lDATðtÞP 0 PDCðtÞ 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

lDBTðtÞP 0 0 0 0

lDDTðtÞP 0 0 0 0

2

66666666666
666664

3

77777777777
777775

;

~U3 ¼

0 0 lPDCðtÞ 0 0

� 0 0 0 0

� � 0 0 0

� � � 0 0

� � � � 0

2

6666664

3

7777775

;

� ¼ � PDAðtÞ � DATðtÞP:

According to Assumption 1, ~P1 could be rewritten as

~P1 ¼ P̂1 þ YT
1 FðtÞY2 þ YT

2 F
TðtÞY1;

where
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By Lemma 3 and kFðtÞk� I, ~P1\0 holds if and only if

there exists a positive scalar � such that,

P̂1 þ ��1YT
1 Y1 þ �YT

2 Y2\0:

As a result, since (6) holds, it is deduced from (19) that

_VðtÞ þ 2aVðtÞ\0: ð21Þ

Then, we have

VðtÞ�VðkTÞe�2aðt�kTÞ; ð22Þ

VðkT þ dÞ�VðkTÞe�2ad: ð23Þ

Case 2 For t 2 ½kT þ d; ðk þ 1ÞTÞ. The second subsystem

of (5) can be written as

_xðtÞ ¼ ðC þ DCðtÞÞ _xðt � sðtÞÞ � ðAþ DAðtÞÞxðtÞ
þ ðBþ DBðtÞÞf ðxðtÞÞ þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ;
t 2 ½kT þ d; ðk þ 1ÞTÞ:

It is easy to see that

2l _xTðtÞP½ðC þ DCðtÞÞ _xðt � sðtÞÞ
� ðAþ DAðtÞÞxðtÞ þ ðBþ DBðtÞÞf ðxðtÞÞ
þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ � _xðtÞ� ¼ 0:

ð24Þ

From (10)–(16) and (24), we get that

_VðtÞ þ 2aVðtÞ� nTðtÞ ~P2nðtÞ þ 2cxTðtÞPxðtÞ
� nTðtÞ ~P2nðtÞ þ 2cVðtÞ;

ð25Þ

that is,

_VðtÞ � 2ðc� aÞVðtÞ� nTðtÞ ~P2nðtÞ;

where ~P2 ¼ P̂2 þ DPðtÞ, and

P̂2 ¼
N̂11;2 N̂12;2

� N̂22

" #

;

N̂11;2 ¼

Ŵ2 O12 0 O14 0 0 0

� P22 0 0 0 0 0

� � O33 0 0 0 0

� � � P44 0 0 0

� � � � O55 0 0

� � � � � P66 0

� � � � � � P77

2

666666
666664

3

777777
777775

;

N̂12;2 ¼

P̂18 PD �lATP 0 PC �O16 6e�2as1
1

s1

V2

0 0 0 0 0 �O16 0

0 0 0 0 0 0 0

0 0 0 0 0 0 6e�2as1
1

s1

V2

0 0 0 0 0 0 0

0 L2W2 0 0 0 0 0

0 0 0 0 0 0 0

2

6666
666666666
64

3

7777
777777777
75

;

N̂22 ¼

P̂88 0 lBTP 0 0 0 0

� P̂99 lDTP 0 0 0 0

� � P10;10 0 lPC 0 0

� � � P11;11 0 0 0

� � � � P̂12;12 0 0

� � � � � P13;13 0

� � � � � � P14;14

2

666666666
664

3

777777777
775

;

Ŵ2 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6 þ h1R1

þ s1R2 � PA� ATP� 4e�2ah1
1

h1

V1

� 4e�2as1
1

s1

V2 � L1W1:

According to Assumption 1, ~P2 could be rewritten as

~P2 ¼ P̂2 þ YT
1 FðtÞY2 þ YT

2 F
TðtÞY1:

By Lemma 3 and FTðtÞFðtÞ� I, ~P2\0 holds if and only if

there exists a positive scalar � such that,

P̂2 þ ��1YT
1 Y1 þ �YT

2 Y2\0:

By using the condition (6), we have

_VðtÞ � 2ðc� aÞVðtÞ ¼ _VðtÞ � 2qVðtÞ� 0; ð26Þ

where q ¼ c� a:
Then, we have

VðtÞ�VðkT þ dÞe2qðt�kT�dÞ; ð27Þ

Vððk þ 1ÞTÞ�VðkT þ dÞe2qðT�dÞ: ð28Þ

From (23) and (28), we have

Y1 ¼ HTPT 0 0 0 0 0 0 0 0 lHTPT 0 0 0 0
� 

;

Y2 ¼ �X1 0 0 0 0 0 0 X2 X4 0 0 X3 0 0½ �:
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Vððk þ 1ÞTÞ�Vð0Þe�ðkþ1Þ½2ad�2qðT�dÞ�; ð29Þ

VðkT þ dÞ�Vð0Þe�2adðkþ1Þþ2qðT�dÞk: ð30Þ

Therefore, on the one hand, for t 2 ½kT ; kT þ dÞ, from

(22) (29) and (7) we get

VðtÞ�VðkTÞe�2aðt�kTÞ

�Vð0Þe�k½2ad�2qðT�dÞ�e�2aðt�kTÞ

�Vð0Þe�k½2ad�2qðT�dÞ�

¼Vð0Þe2ad�2qðT�dÞe�ð2ad�2qðT�dÞÞðkTþdÞþðT�dÞ
T

� b1Vð0Þe
�ð2ad�2qðT�dÞÞt

T ;

ð31Þ

where b1 ¼ e
2ad�2qðT�dÞ

T
d: On the other hand, for

t 2 ½kT þ d; ðk þ 1ÞTÞ, from (27), (30) and (7), we get

VðtÞ�VðkT þ dÞe2qðt�kT�dÞ

�Vð0Þe�2adðkþ1Þþ2qðT�dÞke2qðt�kT�dÞ

�Vð0Þe�2adðkþ1Þþ2qðT�dÞke2jqj½ðkþ1ÞT�kT�d�

¼Vð0Þe
�ð2ad�2qðT�dÞÞðkþ1ÞT

T e2ðjqj�qÞðT�dÞ

� b2Vð0Þe
�ð2ad�2qðT�dÞÞt

T ;

ð32Þ

where b2 ¼ e2ðjqj�qÞðT�dÞ: Let b ¼ maxfb1; b2g. From (31)

and (32), we have

VðtÞ� bVð0Þe
�ð2ad�2qðT�dÞÞt

T ; 8t� 0: ð33Þ

Obviously, we have

Vð0Þ ¼ xTð0ÞPxð0Þ þ
Z 0

�h1

e2asxTðsÞQ1xðsÞds

þ
Z 0

�h2

e2asxTðsÞQ2xðsÞdsþ
Z 0

�s1

e2asxTðsÞQ3xðsÞds

þ
Z 0

�s2

e2asxTðsÞQ4xðsÞdsþ
Z 0

�hð0Þ
e2asxTðsÞQ5xðsÞds

þ
Z 0

�sð0Þ
e2asxTðsÞQ6xðsÞdsþ

Z 0

�h1

Z 0

h
e2asxTðsÞR1xðsÞdsdh

þ
Z 0

�s1

Z 0

h
e2asxTðsÞR2xðsÞdsdhþ

Z 0

�hð0Þ
e2as _xTðsÞS1 _xðsÞds

þ
Z 0

�sð0Þ
e2as _xTðsÞS2 _xðsÞdsþ

Z 0

�h1

Z 0

h
e2as _xTðsÞV1 _xðsÞdsdh

þ
Z 0

�s1

Z 0

h
e2as _xTðsÞV2 _xðsÞdsdhþ

Z 0

�hð0Þ
e2asf TðxðsÞÞU1f ðxðsÞÞds

� Nk/k2;

ð34Þ

where

N ¼ kmaxðPÞ þ h1kmaxðQ1Þ þ h2kmaxðQ2Þ
þ s1kmaxðQ3Þ þ s2kmaxðQ4Þ þ h2kmaxðQ5Þ

þ s2kmaxðQ6Þ þ
h2

1

2
kmaxðR1Þ þ

s2
1

2
kmaxðR2Þ

þ h2kmaxðS1Þ þ s2kmaxðS2Þ þ
h2

1

2
kmaxðV1Þ

þ s2
1

2
kmaxðV2Þ þ h2

�dkmaxðU1Þ;

�d ¼ max l�1
� �2

; lþ1
� �2

; l�2
� �2

; lþ2
� �2

; . . .; l�n
� �2

; lþn
� �2

n o
:

Hence from (9), (33) and (34), we get

kxðtÞk�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bN

kminðPÞ

s

e
�ðad�qðT�dÞÞt

T k/k; 8t� 0: ð35Þ

As a result, according to Definition 1 and (35), neutral

neural network (1) with multiple time-varying delays is

robust a-exponentially stabilization under the intermittent

controller (4). Furthermore, the state-feedback intermittent

gain matrix is K ¼ ðPEÞ�1
Z. The completes the proof of

Theorem 1.

We give the following assumption.

Assumption 3 The time delays h(t) and sðtÞ are time-

varying function that satisfies

0� h1 � hðtÞ� h2\1;

0� s1 � sðtÞ� s2\1; �h ¼ maxfh2; s2g;
ð36Þ

where h1 and s1 are the lower bound of h(t) and sðtÞ, h2 and

s2 are the upper bound of h(t) and sðtÞ respectively.

Remark 1 Theorem 1 gives the robustly a-exponentially

stabilization criterion for system (1) with

0� h1 � hðtÞ� h2\1; _hðtÞ� hd;

0� s1 � sðtÞ� s2\1; _sðtÞ� sd;

where hd and sd are given constants. In many cases, hd and

sd are unknown. Considering this case, the following cri-

teria independent of derivatives of time delays are derived

as follows.

Theorem 2 Suppose that Assumption 2 and 3 are satis-

fied. For given constants a[ 0 and c, system (1) is robustly

a -exponentially stabilizable via intermittent state-feedback

controller (4), if there exist matrices P[ 0,

Qi [ 0 ði ¼ 1; 2; 3; 4Þ, Rj [ 0, Vj [ 0, Wj [ 0 ðj ¼ 1; 2Þ,
Z, K and positive scalars l[ 0 and �[ 0 such that

�Pj ¼
�N11;j

�N12;j

� �N22


 �
\0; j ¼ 1; 2; ð37Þ

ad� qðT � dÞ[ 0; ð38Þ

where
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�N11;j ¼

�Wj O12 0 O14 0 0

� �P22 0 0 0 0

� � �e�2ah2Q2 0 0 0

� � � �P44 0 0

� � � � � e�2as2Q4 0

� � � � � �P66

2

666666664

3

777777775

;

�N12;j ¼

�P17 PD� �XT
1 X4

�Uj
�Cj

�O16 K PH

0 0 0 0 �O16 0 0

0 0 0 0 0 0 0

0 0 0 0 0 K 0

0 0 0 0 0 0 0

0 L2W2 0 0 0 0 0

2

666666664

3

777777775

;

�N22 ¼
~G1

~G2

� ~G3

" #

;

~G1 ¼

�P77 �XT
2 X4 lBTP �XT

2 X3 � lBTP

� �P88 lDTP �XT
4 X3 � lDTP

� � �P99 lPC þ lP

� � � �P10;10

2

6664

3

7775
;

~G2 ¼

0 0 0

0 0 0

0 0 lPH

0 0 �lPH

2

6664

3

7775
;

~G3 ¼ diagð �P11;11; �P12;12;��IÞ;
�W1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ h1R1 � L1W1

þ s1R2 � PA� ATPþ Z þ ZT

� 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2 þ �XT
1 X1;

�W2 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ h1R1

þ s1R2 � PA� ATP� 4e�2ah1
1

h1

V1

� 4e�2as1
1

s1

V2 � L1W1 þ �XT
1 X1;

�P17 ¼ PBþ L2W1 � �XT
1 X2;

�C1 ¼ PC þ lPA� lZ � �XT
1 X3;

�C2 ¼ PC þ lPA� �XT
1 X3;

�U1 ¼ �lATPþ lZT ; �U2 ¼ lATP;

�P22 ¼ �e�2ah1Q1 � 4e�2ah1
1

h1

V1;

P44 ¼ �e�2as1Q3 � 4e�2as1
1

s1

V2;

�P66 ¼ �L1W2; �P77 ¼ �W1 þ �XT
2 X2;

�P88 ¼ �W2 þ �XT
4 X4; q ¼ c� a;

�P99 ¼ h1V1 þ s1V2 � 2lP;
�P10;10 ¼ �lPC � lCTPþ �XT

3 X3;

�P11;11 ¼ �h1e�2ah1R1 � 12e�2ah1
1

h1

V1;

�P12;12 ¼ �s1e�2as1R2 � 2K� lPC � lCTP;

O12 ¼ �2e�2ah1
1

h1

V1; O14 ¼ �2e�2as1
1

s1

V2;

�O16 ¼ 6e�2ah1
1

h1

V1; K ¼ 6e�2as1
1

s1

V2:

Moreover, the gain matrix in the periodically intermittent

controller (4) is K ¼ ðPEÞ�1
Z:

Proof In (8), let Q5 ¼ Q6 ¼ 0, S1 ¼ S2 ¼ 0, U1 ¼ 0, and

replace (17) and (24) by the following equalities

respectively

2l½ _xTðtÞ � _xTðt � sðtÞÞ�P½ðC þ DCðtÞÞ _xðt � sðtÞÞ
� ðAþ DAðtÞ � EKÞxðtÞ þ ðBþ DBðtÞÞf ðxðtÞÞ
þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ � _xðtÞ� ¼ 0;

2l½ _xTðtÞ � _xTðt � sðtÞÞ�P½ðC þ DCðtÞÞ _xðt � sðtÞÞ
� ðAþ DAðtÞÞxðtÞ þ ðBþ DBðtÞÞf ðxðtÞÞ
þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ � _xðtÞ� ¼ 0:

The proof is similar to the proof of Theorem 1, which is

omitted. h

Remark 2 Consider the neural network (1) with

sðtÞ ¼ hðtÞ, system (1) can be written as

_xðtÞ � ðC þ DCðtÞÞ _xðt � hðtÞÞ ¼ �ðAþ DAðtÞÞxðtÞ
þ ðBþ DBðtÞÞf ðxðtÞÞ þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ

þEuðtÞ; t� 0;

xðtÞ ¼ /ðtÞ; 8t 2 ½��h; 0�;
ð39Þ

and then, we have the following corollary.

Corollary 1 Suppose that Assumption 1 and 2 are satis-

fied. For given constants a[ 0 and c, system (39) is

robustly a -exponentially stabilizable via intermittent state-

feedback controller (4), if there exist matrices P[ 0,

Qi [ 0 ði ¼ 1; 2; 3; 4; 5; 6Þ, Rj [ 0, Sj [ 0, Vj [ 0,

Wj [ 0 ðj ¼ 1; 2Þ, U1 [ 0, Z, K and positive scalars l[ 0

and �[ 0 such that

�Pj ¼
�N11;j

�N12;j

� �N22

" #

\0; j ¼ 1; 2; ð40Þ

ad� qðT � dÞ[ 0; ð41Þ

where

�N11;j ¼

�Wj � 2T1 0 0

� �P22 0 0

� � � e�2ah2ðQ2 þ Q4Þ 0

� � � �P44

2

6664

3

7775
;

�N12;j ¼

�P15 T2
�Uj PC � �XT

1 X3 6T1 PH

0 0 0 0 6T1 0

0 0 0 0 0 0

0 L2W2 0 0 0 0

2

6664

3

7775
;

�N22 ¼

�P55 �XT
2 X4 lBTP �XT

2 X3 0 0

� �P66 lDTP �XT
4 X3 0 0

� � �P77 lPC 0 lPH

� � � �P88 0 0

� � � � �P99 0

� � � � � � �I

2

666666664

3

777777775

;
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�W1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6

þ h1ðR1 þ R2Þ � PA� ATPþ Z þ ZT

� 4e�2ah1
1

h1

ðV1 þ V2Þ � L1W1 þ �XT
1 X1;

�W2 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6

þ h1ðR1 þ R2Þ � PA� ATP

� 4e�2ah1
1

h1

ðV1 þ V2Þ � L1W1 þ �XT
1 X1;

�P15 ¼ PBþ L2W1 � �XT
1 X2;

�U1 ¼ �lATPþ lZT ; �U2 ¼ �lATP;

�P22 ¼ �e�2ah1ðQ1 þ Q3Þ � 4e�2ah1
1

h1

ðV1 þ V2Þ;

�P44 ¼ �ð1 � hdÞe�2ah2ðQ5 þ Q6Þ � L1W2;

�P55 ¼ U1 �W1 þ �XT
2 X2; T2 ¼ PD� �XT

1 X4;

�P66 ¼ �ð1 � hdÞe�2ah2U1 �W2 þ �XT
4 X4;

�P77 ¼ S1 þ S2 þ h1ðV1 þ V2Þ � 2lP;

�P88 ¼ �ð1 � hdÞe�2ah2ðS1 þ S2Þ þ �XT
3 X3;

�P99 ¼ �h1e�2ah1ðR1 þ R2Þ � 12e�2ah1
1

h1

ðV1 þ V2Þ;

T1 ¼ e�2ah1
1

h1

ðV1 þ V2Þ; q ¼ c� a:

Moreover, the gain matrix in the periodically intermittent

controller (4) is K ¼ ðPEÞ�1
Z:

Remark 3 Consider the neural network (1) without para-

metric uncertainty, system (1) can be written as

_xðtÞ � C _xðt � sðtÞÞ ¼ �AxðtÞ þ Bf ðxðtÞÞ
þDf ðxðt � hðtÞÞÞ þ EuðtÞ; t� 0;

xðtÞ ¼ /ðtÞ; 8t 2 ½� �h; 0�;
ð42Þ

and then, we have the following corollary.

Corollary 2 Suppose that Assumption 1 and 2 are satis-

fied. For given constants a[ 0 and c, system (42) is a-
exponentially stabilizable via intermittent state-feedback

controller (4), if there exist matrices P[ 0,

Qi [ 0 ði ¼ 1; 2; 3; 4; 5; 6Þ, Rj [ 0, Sj [ 0, Vj [ 0,

Wj [ 0 ðj ¼ 1; 2Þ, U1 [ 0, Z, K and positive scalars l[ 0

and �[ 0 such that

�Pj ¼
�N11;j

�N12;j

� �N22

" #

\0; j ¼ 1; 2; ð43Þ

ad� qðT � dÞ[ 0; ð44Þ

where

�N11;j ¼

�Wj O12 0 O14 0 0 0

� �P22 0 0 0 0 0

� � O33 0 0 0 0

� � � �P44 0 0 0

� � � � O55 0 0

� � � � � �P66 0

� � � � � � �P77

2

666666
666664

3

777777
777775

;

�N12;j ¼

�P18 PD �Uj 0 PC �O16 6e�2as1
1

s1

V2

0 0 0 0 0 �O16 0

0 0 0 0 0 0 0

0 0 0 0 0 0 6e�2as1
1

s1

V2

0 0 0 0 0 0 0

0 L2W2 0 0 0 0 0

0 0 0 0 0 0 0

2

666666
666666664

3

777777
777777775

;

�N22 ¼

�P88 0 lBTP 0 0 0 0

� �P99 lDTP 0 0 0 0

� � �P10;10 0 lPC 0 0

� � � �P11;11 0 0 0

� � � � �P12;12 0 0

� � � � � �P13;13 0

� � � � � � �P14;14

2

6666666666664

3

7777777777775

;

�W1 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6 þ h1R1

þ s1R2 � PA� ATPþ Z þ ZT

� 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2 � L1W1;

�W2 ¼ 2aPþ Q1 þ Q2 þ Q3 þ Q4 þ Q5 þ Q6

þ h1R1 þ s1R2 � PA� ATP

� 4e�2ah1
1

h1

V1 � 4e�2as1
1

s1

V2 � L1W1;

�P18 ¼ PBþ L2W1; �U1 ¼ �lATPþ lZT ;

�U2 ¼ �lATP; �P22 ¼ �e�2ah1Q1 � 4e�2ah1
1

h1

V1;

�P44 ¼ �e�2as1Q3 � 4e�2as1
1

s1

V2;

�P66 ¼ �ð1 � hdÞe�2ah2Q5 � L1W2;

�P77 ¼ �ð1 � sdÞe�2as2Q6; �P88 ¼ U1 �W1;

�P99 ¼ �ð1 � hdÞe�2ah2U1 �W2;

�P10;10 ¼ S1 þ S2 þ h1V1 þ s1V2 � 2lP;

�P11;11 ¼ �ð1 � hdÞe�2ah2S1;

�P12;12 ¼ �ð1 � sdÞe�2as2S2;

�P13;13 ¼ �h1e�2ah1R1 � 12e�2ah1
1

h1

M;

�P14;14 ¼ �s1e�2as1R2 � 12e�2as1
1

s1

N; q ¼ c� a:

O12 ¼ �2e�2ah1
1

h1

V1;O14 ¼ �2e�2as1
1

s1

V2;

O33 ¼ �e�2ah2Q2; O55 ¼ �e�2as2Q4;

�O16 ¼ 6e�2ah1
1

h1

V1:

Moreover, the gain matrix in the periodically intermittent

controller (4) is K ¼ ðPEÞ�1
Z:

Remark 4 For given a[ 0 and c, we note that (6), (37),

(40), and (43) are linear matrix inequalities which can be

solved efficiently by MATLAB LMI Toolbox.

Remark 5 The proposed intermittent state-feedback con-

troller can ensure robustly a-exponential stabilization of
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system (1) in Theorem 1. If a[ 0 and c are given, the

feasibility problem of LMI can be solved to get a suit-

able stabilization controller gain.

4 Numerical examples

In this section, we will provide numerical examples to

illustrate the effectiveness and the merits of the obtained

results.

Example 1 Consider the following uncertain neutral neu-

ral networks with mixed time-varying delays

_xðtÞ � ðC þ DCðtÞÞ _xðt � sðtÞÞ ¼ �ðAþ DAðtÞÞxðtÞ
þ ðBþ DBðtÞÞf ðxðtÞÞ þ ðDþ DDðtÞÞf ðxðt � hðtÞÞÞ
þ EuðtÞ; t� 0;

ð45Þ

where

A ¼
2:8 0

0 2


 �
; B ¼

0:1 1

0 0:9


 �
;

C ¼
� 0:01 0

0 � 0:01


 �
;

D ¼
0:04 0

0:5 0:08


 �
; E ¼

2 0

0 2


 �
;

f ðxðtÞÞ ¼ ð0:12 tanhðx1ðtÞÞ; 0:12 tanhðx2ðtÞÞÞT ;
hðtÞ ¼ 0:05 sinðtÞ þ 0:2; sðtÞ ¼ 0:05 cosðtÞ þ 0:2:

The parametric uncertainties are given by

DAðtÞ DBðtÞ DCðtÞ DDðtÞ½ � ¼ HFðtÞ X1 X2 X3 X4½ �;

where

H ¼
0:1 0:3

0 0:2


 �
; X1 ¼

0:1 0

0:7 0:1


 �
;

X2 ¼
0:1 0:2

0 0:1


 �
;

X3 ¼
0:1 0:4

0 0:1


 �
; X4 ¼

0:1 0:6

0:8 0:1


 �
;

and F(t) is unknown real time-varying matrix with

Lebesgue measurable elements bounded by

FTðtÞFðtÞ� I:

We have that l�1 ¼ l�2 ¼ 0; lþ1 ¼ lþ2 ¼ 0:12; h1 ¼
0:15; h2 ¼ 0:25; hd ¼ 0:05; s1 ¼ 0:15; s2 ¼ 0:25; sd ¼
0:05. Take T ¼ 2; d ¼ 1:95; l ¼ 0:7; a ¼ 0:001; c ¼ 0:027.

By utilizing the MATLAB LMI Toolbox solving (6) and

(7), feasible solutions can be obtained as follows:

P ¼
4:9163 0:0484

0:0484 7:3599


 �
;

Qi ¼
0:9855 0:0751

0:0751 0:7639


 �
; i ¼ 1; 2; 3; 4; 5; 6;

R1 ¼ R2 ¼
23:1202 � 7:6185

� 7:6185 14:7255


 �
;

S1 ¼ S2 ¼
3:8705 0:7055

0:7055 5:7581


 �
;

V1 ¼
16:2639 � 2:7538

� 2:7538 16:6249


 �
;V2 ¼

16:2639 � 2:7538

� 2:7538 16:6249


 �
;

W1 ¼
543:3057 � 83:0160

� 83:0160 573:2388


 �
;

W2 ¼
242:7700 � 67:0821

� 67:0821 91:9672


 �
;

U1 ¼
110:7938 � 20:7812

� 20:7812 74:2520


 �
; Z ¼

4:1438 � 1:0334

� 1:0334 3:4752


 �
:

Furthermore, a desired intermittent feedback gain matrix is

derived by utilizing Theorem 1:

K ¼ ðPEÞ�1
Z ¼

0:4222 � 0:1074

� 0:0730 0:2368


 �
:

The intermittent feedback controller is

uðtÞ ¼

0:4222 � 0:1074

� 0:0730 0:2368


 �
x1ðtÞ
x2ðtÞ


 �
;

t 2 ½2k; 2k þ 1:95Þ;
0; t 2 ½2k þ 1:95; 2ðk þ 1ÞÞ:

8
>>><

>>>:

In the simulation, we take FðtÞ ¼ 0:5I: The trajectories of

x1ðtÞ and x2ðtÞ of the closed-loop system (45) are shown in

Fig. 1. The results show that the exponential stability of the

closed-loop system can be achieved by using the proposed

method of this paper.

0 1 2 3 4 5 6 7 8
−6

−4

−2

0

2

4

6

time (sec)

 x
(t)

x1(t)
x2(t)

Fig. 1 The trajectories of x1ðtÞ and x2ðtÞ of system (45) via

intermittent control
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Remark 6 In [14], the system is not neutral type and has

no regard for the uncertain factors. So, the conditions in

[14] cannot deal with this problem in Example 1. However,

in practical neural networks, it is necessary to take

parameter uncertainties into account. Compared with [14],

the results obtained in this paper have a greater range of

applications.

Example 2 Consider the following neutral neural net-

works with mixed time-varying delays

_xðtÞ � C _xðt � sðtÞÞ ¼ �AxðtÞ þ Bf ðxðtÞÞ
þDf ðxðt � hðtÞÞÞ þ EuðtÞ; t� 0;

ð46Þ

where

A ¼
2:8 0

0 2


 �
; B ¼

0:1 1

1 0:9


 �
; C ¼

� 0:01 0

0 � 0:01


 �
;

D ¼
0:04 0

0:6 0:08


 �
; E ¼

1 0:2

0 0:5


 �
;

f ðxðtÞÞ ¼ ð0:12 tanhðx1ðtÞÞ 0:12 tanhðx2ðtÞÞÞT ;
hðtÞ ¼ 0:05 sinðtÞ þ 0:2: sðtÞ ¼ 0:05 cosðtÞ þ 0:2:

We have that l�1 ¼ l�2 ¼ 0, lþ1 ¼ lþ2 ¼ 0:12, h1 ¼
0:15; h2 ¼ 0:25; hd ¼ 0:05; s1 ¼ 0:15; s2 ¼ 0:25; sd ¼0:05.

We take T ¼ 2; d ¼ 1:95; l ¼ 0:7; a ¼ 0:01; c ¼ 0:027.

By utilizing the MATLAB LMI Toolbox solving (43)

and (44), feasible solutions can be obtained as follows:

P ¼
1011:7 � 115:4

� 115:4 1028:8


 �
;Qi ¼

307:8868 � 29:1719

� 29:1719 277:9632


 �
;

i ¼ 1; 2; 3; 4; 5; 6;

R1 ¼ R2 ¼
543:1801 � 45:7232

� 45:7232 506:7260


 �
;

S1 ¼ S2 ¼
157:5384 � 23:6084

� 23:6084 210:0452


 �
;

V1 ¼
6:0984 0:1734

0:1734 6:2745


 �
;U1 ¼

450:6355 � 31:1552

� 31:1552 356:8329


 �
;

W1 ¼
1673:8 484:6

484:6 1799:0


 �
;W2 ¼

681:3510 38:4059

38:4059 530:1901


 �
;

V2 ¼
6:0984 0:1734

0:1734 6:2745


 �
; Z ¼

1000:4 � 236:9

� 236:9 323:9


 �
:

Furthermore, a desired intermittent feedback gain matrix is

derived by utilizing Corollary 2 :

K ¼ ðPEÞ�1
Z ¼

1:0234 � 0:3177

� 0:2418 0:5847


 �
:

The intermittent feedback controller is

uðtÞ ¼

1:0234 � 0:3177

� 0:2418 0:5847


 �
x1ðtÞ
x2ðtÞ


 �
;

t 2 ½2k; 2k þ 1:95Þ;
0; t 2 ½2k þ 1:95; 2ðk þ 1ÞÞ:

8
>>><

>>>:

The trajectories of x1ðtÞ and x2ðtÞ of the closed-loop

system (46) are shown in Fig. 2. From Fig. 2, it is easy to

see that the closed-loop system is exponentially stable.

5 Conclusion

This paper has addressed the problem of robust exponential

stabilization for a class of uncertain neutral neural net-

works with multiple time-varying delays via periodically

intermittent control. Based on Lyapunov–Krasovskii

functions method and some useful lemmas, the sufficient

conditions are derived to guarantee the exponential stabi-

lization of considered uncertain neutral neural networks in

terms of linear matrix inequalities technique. The obtained

sufficient conditions use more information of the upper and

lower delay bounds and can be easily solved using any of

the available standard software. Finally, numerical exam-

ples are given to show the effectiveness of the proposed

method.
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