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Abstract
This paper addresses pricing and reverse channel selection decisions in a closed-loop supply chain (CLSC) under fuzziness

of demand function’s parameters. Despite numerous studies in which the demand is sensitive to selling price, in this paper

demand function is considered as a function of both selling price and advertising level. Decisions are made in a CLSC

consisting of a manufacturer, a retailer and a third party under centralized and decentralized decision making structures. In

the decentralized structure, three different models are examined which differ on the member who collects used products

from customers. Collection process is conducted by the manufacturer, the retailer or the third party. The problem is

formulated as a Stackelberg game model in which the manufacturer acts as a leader. Moreover, various collection

structures are deeply studied through a numerical analysis in which a real case study is provided and useful managerial

insights are presented based on numerical results. The results show that the centralized structure outperforms the

decentralized one in achieving the highest total expected profit, attaining highest demand by setting lowest selling price,

and also by considering the environmental viewpoint and resource usage (achieving highest collection rate). Finally,

sensitivity analysis on triangular fuzzy parameters is conducted to examine impact of triangular fuzzy parameters on

model’s outputs.

Keywords Closed-loop supply chain � Pricing � Advertising � Stackelberg game � Fuzzy theory

1 Introduction

Environmental issues, importance of social responsibility

and proper usage of materials, have increased the impor-

tance of recycling used products and induced firms to take

the advantages of remanufacturing process. Closed-loop

supply chain (CLSC) is a notion which arises in this area. A

supply chain network is typically composed of suppliers,

manufacturers, distributors and retailers [3]. CLSCs

include both forward Logistics (supply, production and

distribution) and Reverse Logistics (collecting and pro-

cessing returned products) (Hajiaghaei-Keshteli & Fard).

Remanufacturing process allows firms to produce products

through collected used products from customers [33].

Usually, remanufacturing cost of a used product is less than

the costs related to manufacturing a new product [12]

which would stimulate firms to apply remanufacturing

process and produce products through collecting used

products. Therefore, remanufacturing process allows firms

to increase their profit and undertake their social

responsibility.

In this paper, we adopt the concepts of the fuzzy vari-

able and possibility theory of fuzzy event defined by Liu

[31]:

1.1 Possibility theory

In order to present the axiomatic definition of possibility, it

is necessary to assign to each event A, a number poss Af g
which indicates the possibility that A will occur. Let h be a

nonempty set representing the universe space, and P hf g the

power set of h. In order to ensure that poss Af g has certain

mathematical properties, we intuitively expect the possi-

bility to have the following properties:

Axiom 1 Pos hf g ¼ 1.
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Axiom 2 Pos Hf g ¼ 0.

Axiom 3 Pos [iAif g ¼ supi Pos Aif g for any collection

Aif g in P hf g.

Axiom 4 let hi be nonempty sets on which Posi �f g satisfy

the first three axioms, i ¼ 1; 2; . . .; n, respectively, and

h ¼ h1 � h2 � � � � � hn. Then for each A 2 PðhÞ,
Pos Af g ¼ supðh1�h2�����hnÞ2A Pos1 h1f g ^ Pos2 h2f g ^ � � �
^Posn hnf g. In this case Pos ¼ Pos1 ^ Pos2 ^ � � � ^ Posn:.

The first three axioms were introduced to define a pos-

sibility measure and the fourth one was introduced to

define the product possibility measure. Note that Pos ¼
Pos1 ^ Pos2 ^ � � � ^ Posn satisfies the first three axioms.

Definition 1 Let h be a nonempty set and P hf g the power

set of h. Then, pos is called a possibility measure if it

satisfies the first three axioms.

Definition 2 Let h be a nonempty set, and P hf g the power

set of h and Poss, a possibility measure. Then the triplet

h;PðhÞ;Possð Þ is called possibility space.

Definition 3 A random fuzzy variable is a function from

the possibility space h;PðhÞ;Possð Þ to the set of random

variables.

Definition 4 Consider two fuzzy variables as ~aj ¼
aj1; aj2; aj3

� �
and ~bj ¼ bj1; bj2; bj3

� �
. Then, we will have:

~aj � ~bj ¼ aj1 � bj1; aj2 � bj2; aj3 � bj3

� �

1

~aj

¼ 1

aj3

;
1

aj2

;
1

aj1

� �

k~aj ¼
kaj1 ; kaj2 ; kaj3

� �
if k 2 Rþ

kaj3 ; kaj2 ; kaj1

� �
if k 2 R�

(

~aj: ~bj ¼
aj1bj1 ; aj2bj2 ; aj3bj3

� �
if ai [ 0; bi [ 0

aj3bj3 ; aj2bj2 ; bj1aj1

� �
if ai\0; bi\0

aj1bj3 ; aj2bj2 ; aj3bj1

� �
if ai\0; bi [ 0

8
><

>:

2 Literature review

The main decisions in a CLSC are pricing and products’

collecting policies. There is a vast body of research dealing

with different aspects of remanufacturing process in a

CLSC. Savaskan et al. [34] formulated a Stackelberg

model for determining the products’ selling price and

selecting a member who is in charge of collecting process

among members of a CLSC (i.e., a manufacturer, a retailer

or a third party). Product’s selling price and used product

collection rate in the cellular telephone industry are

determined by Guide et al. [20]. Debo et al. [10] presented

a market model which determines the pricing decisions

related to remanufactured products along with the tech-

nology to be selected for remanufacturing process.

In some studies, the member who is responsible for

collecting used products is known a priori. Chang and

Zhang [4] have studied the remanufacturing process in a

CLSC, which consists of a manufacturer, a retailer and

several customers, in which the retailer is in charge of

collecting products, while Chung et al. [8] considered a

third party to be responsible for collecting products in their

article There are studies in which the member who is

responsible for collecting used products has to be selected

between potential members. Hong et al. [23] presented a

model which aims to select the best reverse channel from

the following alternatives: (1) both manufacturer and

retailer undertake the responsibility of collecting used

products, (2) the retailer and the third party undertake the

responsibility of collecting used products and (3) both

manufacturer and third party undertake the responsibility

of collecting used products. Huang et al. [26] considered a

CLSC in which customers buy the products through the

retailer in the forward side of the supply chain, and in the

reverse side, the retailer and a third party collect used

products from customers in a competitive manner.

There are other studies which consider market compe-

tition between remanufactured and new products. Several

studies have investigated pricing strategies for undifferen-

tiated products in an unsegmented market. Ferrer and

Swaminathan [17] have presented a multi-period model

which considers competition between new products, which

are manufactured from the first time period, and remanu-

factured products, which are produced from the beginning

of the second time period. Their work is an extension to

that of Majumder and Groenevelt [32] which considers the

two-period model. The studies conducted by Atasu et al.

[1], Heese et al. [22], Zhou and Yu [49] are other studies in

this area. On the other hand, there are studies which

investigate pricing strategies for differentiated products in

a segmented market such as those presented by Chen and

Chang [5], Ferguson and Toktay [16], Wu [42]. The study

presented by Ferrer and Swaminathan [18] is another

example in this field which determines optimal pricing and

remanufacturing strategies for a producer who sells both

new products and remanufactured products in different

prices, in a monopoly environment.

Despite numerous studies on CLSCs, the majority of

these studies are done under the certainty of data. Never-

theless, there are numerous cases for which considering

certain data cannot reflect the real world’s conditions and it

is essential to incorporate uncertainty in such cases. One

way to deal with data uncertainty due to lack of knowledge

in estimating the precise values of parameters is through

fuzzy set theory which was introduced by Zadeh [46]. When
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there is lack of objective data, using fuzzy set theory allows

decision makers to estimate the values of parameters based

on subjective judgments of experts. There are few studies

on CLSCs under fuzzy uncertainty. Wei et al. [41] inves-

tigated pricing decisions in a CLSC under fuzzy uncer-

tainty. The optimal decisions are made in both centralized

and decentralized decision making structures. In this study,

parameters such as manufacturing and remanufacturing

costs, market base and price elasticity are considered as

fuzzy variables. Wei and Zhao [40] have determined the

optimal decisions such as wholesale price and selling prices

in a CLSC which is composed of a manufacturer and

multiple retailers under retailers’ competition, where cus-

tomers’ demand, products’ collection rate and remanufac-

turing costs are fuzzy variables. Zhao et al. [47] considered

a CLSC which is composed of a manufacturer and two

retailers. Decisions such as collection and pricing decisions

are made in a fuzzy environment in which parameters such

as customers’ demand, remanufacturing cost and manu-

facturing cost are considered as fuzzy variables. Ordering

and pricing decisions in a CLSC under both centralized and

decentralized decision making structures are investigated

by Song et al. [36]. This study is conducted under fuzzy

uncertainty, in which demand is a fuzzy variable.

Advertising is one of the common measures to induce

customers’ demand, which is highly invoked in the litera-

ture [38, 45]. Two prevalent manners of advertising are the

manufacturer’s advertising and local advertising. Manu-

facturer’s advertising refers to a kind of advertising that the

manufacturer pays for advertisement and the main target is

to induce the long-term demand. Local advertising refers to

a kind of advertising that the retailer pays for advertise-

ment. Usually, local advertising is performed through the

local media to induce short-term demand [25, 44]. Com-

paring the manufacturer’s advertising with local advertis-

ing, one can conclude that the former is more pervasive and

it is done in a national level while the latter is done in a

local level. Another common advertising in which the

manufacturer and retailer jointly perform and pay for

advertisement is the cooperative advertising. In the coop-

erative advertising, a portion or all of the advertisement

budget for the manufacturer’s product which is done in a

local level is paid by the manufacturer [2].

Many previous studies assume that demand is only

affected by product’s price and therefore they considered

the demand as a function of price. This assumption is

highly invoked in the literature [30]. There are also studies

which assume demand is only affected by advertising level.

In the study conducted by Huang et al. [27], demand is only

affected by advertisement (both local and national adver-

tising efforts) and not by price. However, there are several

other studies that assert that the amount of expenditure in

marketing activities such as marketing research and

product advertisement also affect customers’ demand. Xie

and Wei [43] have taken into account both the selling price

and advertisement effects on customers’ demand. In this

study, demand is sensitive to price and both local and

national advertisement. Esmaeili et al. [14] also considered

the effects of marketing expenditure on customers’ demand

where demand is affected by marketing expenditure along

with the price charged by the buyer. In their study, several

seller–buyer supply chain models under cooperative and

noncooperative relationships are presented. Yue et al. [45]

incorporated price effect on demand function presented by

Huang et al. [27] and considered the effects of price and

advertisement on customers’ demand and formulated

demand as increasing function of local and national

advertisement efforts and decreasing function of price.

Esmaeili et al. [13] presented four separated CLSC models

for which demand of customers are affected by both

products’ selling price and marketing efforts. The models

differ on products’ collection structure in which the man-

ufacturer, retailer or both the manufacturer and retailer

assume responsibility of collecting used products in models

1–3, respectively, and in model 4 no collection process is

carried out. Hong et al. [24] presented four models in a

CLSC that differ in a reverse channel structure and in each

model a member carries out the used products collection

process. They have considered demand to be affected by

both selling price and advertising investment and investi-

gated the optimal decisions in a deterministic environment

where all parameters are assumed to be deterministic.

Moreover, some related research can be found in the works

of Zhu et al. [50], Koç [29], Khalilpourazari et al. [28],

Hajiaghaei-Keshteli and Fard [21], Fallahpour et al. [15].

This study investigates the optimal pricing, used prod-

ucts’ collecting and advertising decisions in a CLSC which

is composed of a manufacturer, a retailer and a third party

under fuzzy uncertainty. Four models are developed by

considering different reverse structures using game theory.

One of the models is formulated as a centralized deci-

sion making model, while the others are formulated as

decentralized decision making models. Customers’ demand

is considered as a linear function of both product’s selling

price and advertising investment whose parameters are

considered as fuzzy variables to capture their inherent

epistemic uncertainty (i.e., lack of knowledge in estimating

their precise values). Accordingly, the retailer can stipulate

customers’ demand through setting the value of product’s

price and the level of investment for advertising. Thus,

pricing and advertising decisions have to be made in the

presented models. It is also assumed that the retailer is

responsible for advertising and decides about the amount of

investment in advertising. In other words, the advertising

type in this paper is the local advertising. The optimal

values of selling price, collection rate of products and level

Neural Computing and Applications (2020) 32:1195–1215 1197

123



of investment for advertising are derived so that the

expected profit of each model is maximized. To examine

the results, a numerical analysis on a real case study is

conducted whose results are investigated in depth. Besides,

a number of sensitivity analyses are conducted to show

how different parameters can influence the models’ out-

puts. Finally, several managerial insights and implications

are presented based on the numerical results.

The remainder of the paper is organized as follows. The

problem description is presented in detail in Sect. 3. In

Sect. 4, four mathematical models with different structures

are formulated. It is worth noting that for the sake of

readability and clarity, all proofs of propositions are given

in appendices. Section 5 includes a numerical analysis on

developed models from which useful managerial insights

are derived. Finally, Sect. 6 presents the concluding

remarks and some avenues for further research.

3 Problem description

In this paper, some optimal decisions are made in a CLSC

under four different structures over a single-period setting.

These CLSCs include a manufacturer, a retailer, and a third

party. There are two types of channels, i.e., the forward and

reverse channels in these CLSCs. The manufacturer pro-

duces products and sells them to customers through a

retailer in the forward channel. One of the CLSC’s mem-

bers collects the used products from customers and sends

the collected products to the manufacturer in order to be

used in remanufacturing process via the reverse channel. In

this way, the manufacturer produces products using either

new raw materials or the used products whose qualities are

assumed to be equal.

Four different CLSC structures are investigated in this

paper which mainly differ in their reverse channel structure

(see Figs. 1, 2, 3 and 4). The first structure has a centralized

decision making framework in which there is a single

decision maker who makes all the decisions. In this case,

the collection process is conducted by the integrated supply

chain (Fig. 1). In the second structure, the collection pro-

cess is directly conducted by the manufacturer (Fig. 2). In

the third structure, the collection process is conducted by

the retailer and collected products are transferred to the

manufacturer to be utilized in remanufacturing process

(Fig. 3). Finally, in the fourth structure, the collection

process is outsourced and it is conducted by a third party by

whom the collected products are transferred to the manu-

facturer (Fig. 4). As Figs. 1, 2, 3 and 4 show, the forward

channel is common at these four structures.
Fig. 1 The CLSC structure under centralized model (Model 1)

Fig. 2 The CLSC structure under decentralized model-collection by

the manufacturer (Model 2)

Fig. 3 The CLSC structure under decentralized model-collection by

the retailer (Model 3)

Fig. 4 The CLSC structure under decentralized model-collection by a

third party (Model 4)
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A supply chain with these characteristics is usually

common in different industrial sectors. For example,

Apple’s retail stores and manufacturing sites are equipped

with a reverse system for receiving old apple products

(iPods) from the customers. Samsung collects some of its

used products such as televisions from customers. Another

similar examples are Canon, Kodak and Xerox [13, 34].

Following assumptions are considered in this study:

• The products which are produced through remanufac-

turing process are of the same quality as the products

which are produced through the manufacturing process

using new raw materials. So, they are sold at the same

price at the same markets [7].

• Without losing generality, all of the collected products

can be used in the remanufacturing process (i.e., there

is no disposal) [7].

• This paper assumes a CLSC with symmetrical infor-

mation where the information is known to all members

and no member has any private information [34].

• Since customers’ total demand cannot be satisfied using

remanufactured products, the manufacturer has to fulfill

the total demand by producing products from new raw

materials in addition to remanufacturing process [34].

Table 1 presents the notations used for mathematical

formulation.

Customers’ demand is considered as a linear function

that is sensitive to the selling price (p) and the amount of

investment in advertising for the products (f )

[6, 11, 24, 39].

Dðp; f Þ ¼ ~a � ~bp þ ~c
ffiffiffi
f

p
~a; ~b; ~c[ 0; ~a[ ~bsm ð1Þ

where ~a; ~b and ~c are presented as independent nonnegative

triangular fuzzy variables to reflect their impreciseness due

to the lack of required objective data. Accordingly, these

parameters are mainly estimated based on experts’ sub-

jective judgments and professional opinions.

The manufacturing cost of a product by the new raw

material is labeled by sm and the production cost of a

product produced through the remanufacturing process is

labeled by sr. We assume that sm � sr which is commonly

considered in the literature [34]. Xerox is a good example

to approve this assumption. Producing products using

remanufacturing process saves Xerox an approximate value

of 45–60% in manufacturing costs. The expression s ¼
sm � sr expresses the money saved by producing a product

through remanufacturing process.

The percentage of total products manufactured using

collected products is shown by u. The cost of manufac-

turing a product from new raw materials is obtained by

ð1 � uÞsm and the cost of producing a product from col-

lected used products is obtained by usr. Therefore, the

average unit manufacturing cost of a product from both

new raw materials and collected products is calculated as

ð1 � uÞsm þ usr [34].

The collection process has a cost for the member who is

responsible for collecting products. As it is commonly used

in the literature, this cost is a function of remanufacturing

effort and it is formulated as Hu2 where H is a scaling

parameter. It can be easily proven that this function is

convex with respect to u [35].

Table 1 Notations

Symbol Description

~a Primary demand of product

~b selling price sensitivity of demand

~c Sensitivity of demand to investment in advertising

sm Unit manufacturing cost of a product from new raw materials

sr Unit production cost of a product through remanufacturing process

Dðp; f Þ customers’ demand for the products

p Unit selling price of a product

u Collection rate of used product (fraction of costumers demand which is supplied through remanufacturing process)

w Unit wholesale price of a product

f Amount of investment in advertising for products

k Unit payment to the collector member for each collected product which is paid by the manufacturer

p j
total

Total supply chain’s profit function under model j (j = 1, 2, 3, 4)

p j
ret

Retailer’s profit function under decentralized model j (j = 2, 3, 4)

p j
man

Manufacturer’s profit function under decentralized model j (j = 2, 3, 4)

p j
3par

Third party’s profit function under decentralized model j (j = 4)
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4 Mathematical modeling

In this section, four mathematical models are developed

considering centralized and decentralized decision making

structures. The first model is adapted for a CLSC with a

centralized structure in which the supply chain uses an

integrated (i.e., central) decision making framework and all

the members act as an integrated system. Models 2–4 are

adapted for CLSCs with decentralized structures under

different collection channels. The collection process in

models 2, 3 and 4 is conducted by the manufacturer, the

retailer and a third party, respectively.

4.1 The centralized structure—Model 1

The first model introduces a case in which the supply chain

is considered as an integrated system and there is only one

controller (i.e., decision maker) with the aim of optimizing

the total system’s performance by means of maximizing

the total system’s profit. To deal with fuzziness of demand

function’s parameters, we have used expected value oper-

ator which is presented by Zhao et al. [48] as ‘‘Appendix

1.’’ The expected value of total profit is written as follows:

E p1
totalðp; u; f Þ

� �
¼ E ðp � sm þ usÞð~a � ~bp þ ~c

ffiffiffi
f

p
Þ � Hu2 � f

h i

ð2Þ

Expected value (Total supply chain’s profit) = Expected

value (gained revenue from selling products to cus-

tomers - cost of manufacturing products from new raw

materials ? cost saving from remanufacturing pro-

cess - investment in collecting used products - invest-

ment in advertising for products).

So the optimization problem is formulated as the fol-

lowing expected value model:

Maxp;u;f E p1
totalðp; u; f Þ

� �

subject to :

p � sm þ us� 0

Pos ~a � ~bp þ ~c
ffiffiffi
f

p
\0

n o	 

¼ 0

8
>>>>><

>>>>>:

ð3Þ

Since the customer’s demand is a nonnegative value, we

set Posðf~a � ~bp þ ~c
ffiffiffi
f

p
\0gÞ ¼ 0.

Proposition 1

(a) The total supply chain’s expected profit,

E p1
totalðp; u; f Þ

� �
, is strictly jointly concave in p, u,

concave in f , but not jointly concave in p, u and f .

As a result from Proposition 1(a), E p1
totalðp; u; f Þ

� �

has an optimal unique solution with respect to p and u,

while the optimal value of decision variables p, u and f

cannot be obtained only by taking the first-order partial

derivatives of E p1
totalðp; u; f Þ

� �
with respect to p, u and f .

Thus, the two-stage optimization approach introduced

by Dan et al. [9] is used in this case. Taking the first-

order partial derivatives of total expected profit with

respect to p and u, setting them equal to zero and solving

them simultaneously, we can obtain the optimal values of

p and u as functions of f . Then, two other steps are

followed to obtain the optimal value of f . First, the

optimal values of p and u are substituted in the total

expected profit function. Second, the first-order partial

derivative of total expected profit function with respect to

f is taken and is set equal to zero.

(b) The optimal values of selling price and collection

rate for any given amount of investment in adver-

tising (f ) are given by:

u�ðf Þ ¼ sEð~aÞ þ s
ffiffiffi
f

p
Eð~cÞ � sEð~bÞsm

4H � s2Eð~bÞ
ð5Þ

(c) The optimal value of investment in advertising is

given by:

f � ¼ HEð~cÞðEð~aÞ � smEð~bÞÞ
Eð~bÞð4H � s2Eð~bÞÞ � HEð~cÞ2

" #2

ð6Þ

If Posð ~a � ~bp þ ~c
ffiffiffi
f

p
\0

� �
Þ ¼ 0 holds.

In order to get a solution in which u� � 1, we have

H [ sEð~bÞðEð~aÞ�smEð~bÞþsEð~bÞÞ
4Eð~bÞ�Eð~cÞ2 and 0\Eð~cÞ\2

ffiffiffiffiffiffiffiffiffiffi
Eð~bÞ

q
.

Substituting f � into Eqs. (4) and (5), the optimal

values of selling price (p�) and collection rate (u�)
are obtained. Substituting the optimal values of

variables into Eq. (2), the total optimal expected

profit is obtained.

Proof See ‘‘Appendix 1.’’

p�ðf Þ ¼ 2HEð~aÞ þ 2H
ffiffiffi
f

p
Eð~cÞ þ 2HsmEð~bÞ � s2Eð~aÞEð~bÞ � s2

ffiffiffi
f

p
Eð~cÞEð~bÞ

Eð~bÞ 4H � s2Eð~bÞ
� � ð4Þ
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4.2 The decentralized structure (the
manufacturer’s Stackelberg model)

In the decentralized structure, each member tries to maximize

his own profit without considering other members. So, the

Stackelberg game is used to model such decision making

process. Using the Stackelberg game model, the manufac-

turer and the retailer are considered as the leader and the

follower, respectively. In this condition, at first, the manu-

facturer announces his own decisions and then, after knowing

the manufacturer’s decisions, the retailer makes his decisions.

In the decentralized structure, three cases are investi-

gated. The main difference between these cases is on the

member who is in charge of the collection process.

4.2.1 Model 2—Collection by the manufacturer

In this case, the collection process is carried out by the

manufacturer. So the manufacturer is the member who

makes decisions about the collection rate and the wholesale

price. In the next layer, the retailer decides on the amount

of investment in advertising and products’ selling price.

The expected values of the manufacturer’s and retailer’s

profit are written as follows:

E p2
manðp;w; u; f Þ

� �
¼ E ðw � sm þ usÞ ~Dðp; f Þ � Hu2

� �
ð7Þ

E p2
retðp;w; f Þ

� �
¼ E ðp � wÞ ~Dðp; f Þ � f

� �
ð8Þ

The optimization problem is then formulated as follows:

Maxw;u E p2
manðp�;w; u; f �Þ

� �

subject to :

w � sm þ us� 0

p�; f � are derived from solving the following problem

Max p;f E p2
retðp;w; f Þ

� �

s:t :

p � w� 0

Pos ~a � ~bp þ ~c
ffiffiffi
f

p
\0

n o	 

¼ 0

8
>>>>>><

>>>>>>:

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ð9Þ

Proposition 2

(a) The retailer’s expected profit function is strictly

concave in p but is not jointly concave in p and f .

(b) The manufacturer’s expected profit function is

strictly jointly concave in u and w.

(c) The optimal values of collection rate, wholesale

price and selling price for any given amount of

investment in advertising are given by:

u�ðf Þ ¼ s

8H � s2Eð~bÞ
ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � smEð~bÞÞ

ð10Þ

p�ðf Þ ¼ ð6H � s2Eð~bÞÞðEð~aÞ þ
ffiffiffi
f

p
Eð~cÞÞ þ 2HsmEð~bÞ

Eð~bÞð8H � s2Eð~bÞÞ
ð12Þ

(d) The optimal value of investment in advertising is

given by:

f � ¼ ð4H2Eð~cÞÞðEð~aÞ � smEð~bÞ
Eð~bÞð8H � s2Eð~bÞÞ2 � 4H2Eð~cÞ2

" #2

ð13Þ

If w � sm þ us� 0,p � sm þ us� 0 and

Posð ~a � ~bp þ ~c
ffiffiffi
f

p
\0

� �
Þ ¼ 0 hold.

Now, by substituting Eq. (13) into Eqs. (10–12),

the optimal values of collection rate (u�), wholesale

price (w�) and selling price (p�), are obtained.

Afterward, by substituting the optimal values of

variables into Eqs. (7) and (8), the optimal values

the members’ expected profits are obtained.

Proof See ‘‘Appendix 2.’’

4.2.2 Model 3—Collection by the retailer

In this case, the collection process is carried out by the

retailer. Collected products are sent to the manufacturer to

be used in remanufacturing process. The retailer is paid k

units of money by the manufacturer for each product he has

collected (as the buy-back payment). So, the manufacturer

is the member who makes decisions about both the buy-

back payment and the wholesale price. In the next layer,

the retailer decides about the amount of investment in

advertising, selling price and collection rate.

The expected values of the members’ profit (i.e., the

manufacturer and the retailer) are written as follows:

E p3
manðp;w; u; f ; kÞ

� �
¼ E ðw � sm þ us � ukÞ ~Dðp; f Þ

� �

ð14Þ

E p3
retðp;w; u; f ; kÞ

� �
¼ E ðp � w þ kuÞ ~Dðp; f Þ � Hu2 � f

� �

ð15Þ

w�ðf Þ ¼ 4HEð~aÞ þ 4H
ffiffiffi
f

p
Eð~cÞ þ 4HsmEð~bÞ � s2Eð~aÞEð~bÞ � s2

ffiffiffi
f

p
Eð~cÞEð~bÞ

Eð~bÞð8H � s2Eð~bÞÞ
ð11Þ
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The optimization problem is formulated as follows:

Maxw;k E p3
manðp�;w; u�; f �; kÞ

� �

subject to :

w � sm þ us � uk � 0

p�; u�; f � are derived from solving the following problem:

Max p;u;f E p3
retðp;w; u; f ; kÞ

� �

s:t :

p � w þ ku� 0

Posð ~a � ~bp þ ~c
ffiffiffi
f

p
\0

n o
Þ ¼ 0

8
>>>>>><

>>>>>>:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð16Þ

Proposition 3

(a) The retailer’s expected profit function is strictly

jointly concave in p and u but it is not jointly

concave in p, u and f .

(b) The optimal values of wholesale price, collection

rate and selling price for any given amount of

investment in advertising and buy-back payment are

given by:

w�ðf ; kÞ ¼ 1

8HEð~bÞ � 2ksEð~bÞ2
ð�2ksEð~aÞEð~bÞ

� 2ks
ffiffiffi
f

p
Eð~bÞEð~cÞ þ 4HEð~aÞ

þ 4H
ffiffiffi
f

p
Eð~cÞ þ k2

ffiffiffi
f

p
Eð~bÞEð~cÞ

þ 4HsmEð~bÞ � k2smEð~bÞ2 þ k2Eð~aÞEð~bÞÞ
ð17Þ

u�ðf ; kÞ ¼ kEð~aÞ þ k
ffiffiffi
f

p
Eð~cÞ þ ksmEð~bÞ

2ð4H � sEð~bÞÞ
ð18Þ

p�ðf ;kÞ

¼ 3HEð~aÞþ3H
ffiffiffi
f

p
Eð~cÞ� ksEð~bÞEð~aÞ� ks

ffiffiffi
f

p
Eð~cÞEð~bÞþHsmEð~bÞ

ð4H�ksEð~bÞÞEð~bÞ

ð19Þ

(c) The optimal value of investment in advertising is

given by:

f �ðkÞ ¼ HEð~cÞð4H � k2Eð~bÞÞðEð~aÞ � smEð~bÞÞ
ð4H � ksEð~bÞÞ2

4Eð~bÞ � HEð~cÞ2ð4H � k2Eð~bÞÞ

" #2

ð20Þ

If w � sm þ us � uk � 0,p � w þ ku� 0 and

Posð ~a � ~bp þ ~c
ffiffiffi
f

p
\0

� �
Þ ¼ 0 hold.

In this way, by substituting Eq. (20) into Eqs. (17)

to (19), the optimal values of wholesale price (w�),
collection rate (u�) and selling price (p�) are

obtained.

(d) The optimal value of payment to retailer for each

collected product is given by:

k� ¼ s ð21Þ

Finally, by substituting the optimal values of

variables into Eqs. (14) and (15), the optimal values

of the members’ expected profits are obtained.

Proof See ‘‘Appendix 3.’’

4.2.3 Model 4—Collection by a third party

In this case, collection process is outsourced and carried

out by a third party. The third party is then paid by the

manufacturer for each collected product. In this case, the

manufacturer as a leader is the member who makes deci-

sion about the payment for collected products. He also

determines the value of wholesale price. In the next layer,

decisions are made simultaneously by both the third party

and the retailer based on Bertrand game model. In other

words, the retailer makes decisions about selling price and

amount of investment in advertising and the third party

makes decision about the collection rate.

The expected value of the members’ profit for the

manufacturer, the retailer and the third party are written,

respectively, as follows:

E p4
manðp;w; u; f ; kÞ

� �
¼ E ðw � sm þ us � ukÞ ~Dðp; f Þ

� �

ð22Þ

E p4
retðp;w; f Þ

� �
¼ E ðp � wÞ ~Dðp; f Þ � f

� �
ð23Þ

E p4
3parðp; u; f ; kÞ

h i
¼ E ðkuÞ ~Dðp; f Þ � Hu2

� �
ð24Þ

Accordingly, the optimization problem of this case is as

follows:

Maxw;k E p4
manðp�;w; u�; f �; kÞ

� �

subject to :

w � sm þ us � uk� 0

p�; f � are derived from solving the following problem:

Max p;f E p4
retðp;w; f Þ

� �

s:t :

p � w� 0

Posð ~a � ~bp þ ~c
ffiffiffi
f

p
\0

n o
Þ ¼ 0

8
>>>>>><

>>>>>>:

u� is derived from solving the following problem:

Max uE p4
3parðp; u; f ; kÞ

h in

ð25Þ
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Proposition 4

(a) The retailer’s expected profit function is strictly

concave in p and the third party’s expected profit

function is strictly concave in u.

(b) The optimal values of wholesale price, selling price

and collection rate for any given amount of investment

in advertising and buy-back payment are given by:

w�ðf ; kÞ ¼ 1

8HEð~bÞ � 2skEð~bÞ2 þ 2k2Eð~bÞ2
ð4HEð~aÞ

þ 4H
ffiffiffi
f

p
Eð~cÞ þ 4HsmEð~bÞ

� 2ksEð~aÞEð~bÞ � 2ks
ffiffiffi
f

p
Eð~cÞEð~bÞ

þ 2k2Eð~aÞEð~bÞ þ 2k2
ffiffiffi
f

p
Eð~cÞEð~bÞÞ

ð26Þ
p�ðf ; kÞ

¼ ð3H � ksEð~bÞ þ k2Eð~bÞÞðEð~aÞ þ
ffiffiffi
f

p
Eð~cÞÞ þ HsmEð~bÞ

Eð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ
ð27Þ

u�ðf ; kÞ ¼ kðEð~aÞ þ
ffiffiffi
f

p
Eð~cÞ þ smEð~bÞÞ

2ð4H � ksEð~bÞ þ k2Eð~bÞÞ
ð28Þ

(c) The optimal value of investment in advertising is

given by:

f �ðkÞ ¼ H2Eð~cÞðEð~aÞ � smEð~bÞÞ
Eð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ2 � H2Eð~cÞ2

" #2

ð29Þ

Accordingly, by substituting Eq. (29) into Eqs. (26–

28), the optimal values of wholesale price (w�), selling

price (p�) and collection rate (u�) are obtained.

(d) The optimal value of payment to the third party for

each collected product is given by:

k� ¼ s

2
ð30Þ

So, by substituting the optimal values of variables

into Eqs. (22–24), the optimal values of the mem-

bers’ expected profits are obtained.

Proof See ‘‘Appendix 4.’’

5 Computational and practical results

In this section, a numerical analysis on a real case study is

conducted to show the applicability of developed models

and to compare the results obtained in four different CLSC

structures. As explained before, remanufacturing process is

becoming noticeable and important for companies and

companies tend to incorporate remanufacturing process

into their production plan due to its benefits especially

because of the cost saving it creates for them. In this sec-

tion, one of the companies in Iran which has currently

applied remanufacturing process is investigated and related

data are gathered for our numerical analysis. This company

produces printer cartridges for domestic customers. After

several months of research and benchmarking of similar

companies done by R & D department, the company

concluded that remanufacturing process can be used as a

means to reduce costs, satisfy customers’ demand and also

optimize usage of natural resources. So, the company

decided to incorporate the remanufacturing option into the

production plan and it is currently equipped with a

remanufacturing line. The company sells the products to

customers indirectly where a retailer acts as an interme-

diate point between the manufacturer and customers.

Gathering related data from the company, the values of

deterministic parameters are as follows:sm ¼ 40;

sr ¼ 30; H ¼ 2000.

The primary demand (~a), sensitivity of demand to sell-

ing price (~b) and sensitivity of demand to investment in

advertising (~c) are assumed to be triangular fuzzy numbers

(TFNs) due to lack of objective data and relying on sub-

jective judgment of experts to estimate them. Table 2

shows the equivalent TFNs related to the different lin-

guistic expressions. Here it is assumed that demand is very

sensitive to both selling price and investment in advertising

and the primary demand is small. Using Table 2 along with

considering the following definition, the expected values of

triangular fuzzy numbers can be calculated.

Table 2 The values of triangular fuzzy variables related to different linguistic expressions

Parameter Linguistic expression Triangular fuzzy variable

~a: primary demand Large (about 800) (700,800,900)

Small (about 400) (300,400,500)

~b: selling price sensitivity of demand Very sensitive (about 1.8) (1.6,1.8,2)

Sensitive (about 1.2) (0.8,1.2,1.4)

~c: sensitivity of demand to investment in advertising Very sensitive (about 1) (0.5,1,1.5)

Sensitive (about 0.6) (0.5,0.6,0.7)
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Definition The expected value of the TFN ~a ¼ ða1; a2; a3Þ
can be derived as follows [48]: EVð~aÞ ¼ a1þ2a2þa3

4

Thus, for triangular fuzzy parameters, the expected

values are obtained as follows:

EVð~aÞ ¼ 300 þ 2 � 400 þ 500

4
¼ 400;

EVð~bÞ ¼ 1:6 þ 2 � 1:8 þ 2

4
¼ 1:8;

EVð~cÞ ¼ 0:5 þ 2 � 1 þ 1:5

4
¼ 1

The results of decision variables and expected profit

functions for models 1, 2, 3 and 4 for the numerical case

study are shown in Table 3.

From Table 3, it is concluded that:

• The total expected profit of the supply chain for the

centralized structure, where there is an integrated

decision making framework, is the highest value among

all other models because of double marginalization

problem that causes channel inefficiency in the decen-

tralized structures [19, 37].

• Comparing the total optimal demand of products in the

centralized and decentralized structures, it is observed

that the former is higher than the latter.

Regarding the decentralized structure, the following

observations are concluded:

• The expected profit of the manufacturer reaches its

highest value under model 3 in which the collection

process is conducted by the retailer, while its lowest

value is related to model 4 that the collection process is

conducted by a third party.

• The retailer achieves his highest expected profit in model

3 in which the collection process is conducted by him and

achieves his lowest expected profit in model 4 in which

the collection process is conducted by a third party.

5.1 Managerial insights

Considering the results presented in Table 3, the following

managerial implications could be inferred:

• The optimal selling price of the products under the

centralized structure is lower than those of decentral-

ized structures. Also, among the decentralized models,

the optimal selling price achieves the lowest value

under the decentralized model 3 in which the collection

process is done by the retailer.

In model 4, a third party conducts collection process and

is paid by manufacturer for each product he has collected.

However, in model 2, the manufacturer is responsible for

collection process and gains direct cost saving in manu-

facturing products from collected products. So he deter-

mines lower wholesale price to indirectly increase demand

and save more money from remanufacturing process.

While in model 4 third party is the member who benefits

directly from investment in collection process and the

investment has an indirect effect on manufacturer’s gain

and his wholesale price. The selling price is affected by

wholesale price and investment in collection process. Thus,

considering model 2 in comparison with model 4, the lower

wholesale price leads to the lower selling price and model 2

has lower optimal selling price than model 4. Comparing

model 3 with these two models and by considering co-

reaction between retailer and manufacturer decisions that

exists in model 3, the retailer would set a lower selling

price to increase his saving from product selling because he

can directly affect costumer’s demand and his total saving.

• The optimal collection rate under centralized structure

is higher than decentralized structures, and among

decentralized models, model 3 has the highest collec-

tion rate.

Table 3 Results of expected profits and decision variables under four CLSC models

Decision variables Model 1 Decentralized structure

Model 2 Model 3 Model 4

f � 2950.9474 145.8906 145.9298 142.4990

p� 143.7562 181.162 180.6128 181.3735

u� 0.4889 0.215 0.2174 0.1068

w� – 133.3914 134.4667 133.8929

Dðp; f Þ 195.5614 85.987 86.9770 85.4651

E p�man

� �
– 8122.8684 8216.4324 8070.2119

E p�ret

� �
– 3961.7545 3962.2864 3915.4328

E p�3par

h i
– – – 22.8259

E p�total

� �
17817.8205 12084.6229 12178.7188 12008.4706
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In each decentralized model, a member of a supply

chain is responsible for collection process. This member

has to spend some money for collection process and gains

some. The more the money gained from remanufacturing

process, the more the tendency to collect used products. In

model 2 the collection process is carried out by the man-

ufacturer, and for each product he collects he gains s units

of money from remanufacturing cost saving. In model 3,

the collection process is carried out by the retailer, and for

each product he collects he gains s units of money (as

explained in properties 3(d)). In model 4 the collection

process is outsourced and carried out by a third party, and

for each product he collects he gains s=2 units of money (as

explained in properties 4(d)).

Comparing decentralized models considering above-

mentioned statements, the collection rate in model 2 and 3

is higher than the collection rate in model 4. Comparing

model 2 and 3, the collection rate under model 3 is higher

than model 2. Collection rate is affected by customers’

demand. In model 2 the manufacturer can partially and

indirectly increase demand through offering lower whole-

sale price while in model 3 the retailer is able to increase

demand directly through offering lower selling price and

achieves higher demand and collection rate in comparison

with model 2.

• The optimal investment in advertising under centralized

structure is higher than decentralized structures and

among decentralized models; the optimal investment in

advertising achieves its highest value under decentral-

ized model 3.

From Eq. (1), it is concluded that selling price has an

inverse effect on total demand. Besides, amount of money

the retailer invests in advertising is affected by his gain.

Comparing model 2 and 4, model 4 has the higher value of

selling price, so lower demand and lower profitability. This

condition makes the retailer decide to reduce his invest-

ment in advertising in model 4. Comparing model 2 and 3,

model 3 has the lower value of selling price, so higher

demand and higher profitability. This condition makes the

retailer decide to increase his investment in advertising in

model 3. Thus, model 3 has the highest optimal investment

in advertising between decentralized models.

As it mentioned, centralized structure has an integrated

decision making framework that aims to maximize the total

system’s expected profit. This avoids double marginaliza-

tion problem. In the other words, the supply chain can

make all decisions simultaneously and coordinately. So the

selling price of products is set at the lowest value (among

all models), and as a result demand is the highest value. In

this condition, the investment in advertising and collection

rate takes their highest value. Considering Table 3, one can

conclude that the centralized structure outperforms

decentralized structures in:

• Collection rate: As used product Collection rate under

centralized model is the highest rate among all models,

the centralized model is the best model from the

environmental viewpoint and resource usage.

• Customers’ demand: As centralized model has an

integrated decision making framework that seeks

optimality for the whole supply chain, it can attain

highest demand by setting lowest selling price.

• Total expected profit of the supply chain: Again, as a

result of the integrated decision making framework of

the centralized structure, which seeks optimality for the

whole supply chain not only for one member, avoiding

double marginalization problem, the supply chain can

attain highest total expected profit.

5.2 Sensitivity analyses

In this section sensitivity analyses are conducted and the

effects of triangular fuzzy variables ~a, ~b and ~c on total

expected profit, investment in advertising, collection rate

and selling price are investigated. In Sects. 5.2.1–5.2.3, the

effects of triangular fuzzy variables on decision variables

are investigated. In each section, the value of one fuzzy

variable is changed while the other parameters remain

unchanged equal to their values in numerical example. In

each figure, ‘‘C’’ and ‘‘D’’ refer to centralized and decen-

tralized structures, respectively. Besides, ‘‘M1’’ to ‘‘M4’’

refer to model 1 to model 4 that are discussed in Sect. 4. In

Sect. 5.2.4, the impact of fuzzy variables on total expected

profit is investigated. In this section, each time the value of

two fuzzy variable are changed and corresponding value of

total expected profit is plotted. Plots of several models are

not given in some figures for the sake of clarity.

5.2.1 Impact of primary demand (~a)

The impact of primary demand (~a) on investment in

advertising, collection rate and selling price for centralized

and decentralized structures are shown in Figs. 5, 6 and 7.

From Figs. 5, 6 and 7, it is inferred that:

• Investment in advertising increases as the primary

demand increases. An amount of investment in adver-

tising for centralized structure is more sensitive to

primary demand compared to decentralized structures.

• Collection rate increases as the primary demand

increases. Collection rate under centralized structure

is higher than decentralized structures. So from the

environmental viewpoint, centralized structure outper-

forms all three decentralized structures.
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• Selling price increases as the primary demand

increases. Figure 7 shows that the centralized structure

has lower selling price in comparison with decentral-

ized structures. Thus, from the costumer’s viewpoint,

the centralized structure benefits him more. This

remark is discussed in detail in Sect. 5.1.

5.2.2 Impact of selling price sensitivity of demand (~b)

The impact of selling price sensitivity of demand (~b) on

investment in advertising, collection rate and selling price

for centralized and decentralized structures is shown in

Figs. 8, 9 and 10. From Figs. 8, 9 and 10, it is inferred that:

• Investment in advertising decreases as ~b increases.

Amount of investment in advertising for centralized

structure is more sensitive to ~b compared to decentral-

ized structures.

• Collection rate decreases as ~b increases. Collection rate

under centralized structure is higher than decentralized

structures.

Fig. 5 Investment in advertising of centralized and decentralized

CLSCs for different values of ~a

Fig. 6 Collection rate of centralized and decentralized CLSCs for

different values of ~a

Fig. 7 Retail price of centralized and decentralized CLSCs for

different values of ~a

Fig. 8 Investment in advertising of centralized and decentralized

CLSCs for different values of ~b
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• Selling price decreases as ~b increases. Figure 10 shows

that the centralized structure has lower selling price in

comparison with decentralized structures.

5.2.3 Impact of sensitivity of demand to investment
in advertising (~c)

The impact of sensitivity of demand to investment in

advertising (~c) on investment in advertising, collection rate

and selling price for centralized and decentralized struc-

tures are shown in Figs. 11, 12 and 13. From Figs. 11, 12

and 13, it is inferred that:

• Investment in advertising increases as ~c increases.

Amount of investment in advertising for centralized

structure is more sensitive to ~c compared to decentral-

ized structures.

• Collection rate increases as ~c increases. Collection rate

of centralized structure is very sensitive to ~c and

changes significantly by changing ~c while collection

rate of decentralized structures change slightly by

changing ~c.

Fig. 9 Collection rate of centralized and decentralized CLSCs for

different values of ~b

Fig. 10 Retail price of centralized and decentralized CLSCs for

different values of ~b

Fig. 11 Investment in advertising of centralized and decentralized

CLSCs for different values of ~c

Fig. 12 Collection rate of centralized and decentralized CLSCs for

different values of ~c
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• Selling price increases as ~c increases. Figure 13 shows

that the centralized structure has lower selling price in

comparison with decentralized structures.

5.2.4 Impact of fuzzy variables on total expected profit

The impact of triangular fuzzy variables on optimal value

of total expected profit for centralized and decentralized

structures are shown in Figs. 14, 15 and 16.

From Figs. 14, 15 and 16, it is inferred that:

• Total expected profit for both centralized and decen-

tralized structures increase as ~a increases. When

primary demand increases, the centralized structure

makes more profit compared to decentralized

structures.

• Total expected profit for both centralized and decen-

tralized structures decrease as ~b increases. When ~b

increases the centralized structure makes more profit

compared to other decentralized structures.

Fig. 14 Total expected profit of centralized and decentralized CLSCs

for different values of ~a and ~b

Fig. 16 Total expected profit of centralized and decentralized CLSCs

for different values of ~b and ~c

Fig. 13 Retail price of centralized and decentralized CLSCs for

different values of ~c Fig. 15 Total expected profit of centralized and decentralized CLSCs

for different values of ~a and ~c
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• Total expected profit for both centralized and decen-

tralized structures increase as ~c increases.

6 Conclusion

This paper integrates the major decisions such as pricing,

collection rate and investment in advertising in a CLSC in

an uncertain triangular fuzzy environment. Demand func-

tion parameters are considered as triangular fuzzy numbers.

4 CLSC structures which are mainly different in collecting

process and collector member are studied. The first struc-

ture is a centralized decision making framework in which

all members act as an integrated whole. The other struc-

tures are considered in decentralized decision making

framework where the manufacturer, the retailer and a third

party conduct collection process, respectively. After con-

ducting experiments on CLSCs with these features, it is

concluded that the centralized structure outperforms

decentralized structures from the customers’, environ-

mental and whole system’s point of view. In other words,

the centralized structure can achieve the highest total

expected profit, the highest demand by setting lowest

selling price, and also the highest collection rate in com-

parison with decentralized structures. However, where the

centralized structure is not applicable, comparison of

decentralized models led to the following implications:

From the manufacturer’s perspective, giving the responsi-

bility of collection process to retailer is more effective and

profitable than outsourcing the collection process or col-

lecting used products by himself. Also, the retailer prefers

to collect the products by himself in order to achieve the

highest profit. When collection process is done by the

retailer, selling price of products is lower and as a result,

market demand is higher than other collection models, so

from the customers’ perspective collection by retailer is

more preferred. Under third model where collection pro-

cess is carried out by the retailer, higher quantities of used

products are collected, so this structure is preferred from

the environmental viewpoint. Finally, sensitivity analyses

are conducted on fuzzy parameters to illustrate the impacts

of triangular fuzzy parameters on optimal values of deci-

sion variables. There are several extensions to the proposed

model and guidelines for future research based on our

considered assumptions. First, the linear demand function

which is considered in this paper can be modified and

extended to include other forms of functions such as non-

linear functions. Second, in this research only the demand

function parameters (~a, ~b and ~c) are considered as trian-

gular fuzzy numbers. Future studies can incorporate

fuzziness in other model’s parameters such as unit manu-

facturing and remanufacturing cost of products. Third, the

single-period setting can be modified to a two-period or

generally multi-period setting. Third, this paper assumes a

CLSC with symmetric information where the information

is known to all the members. Future studies can incorporate

asymmetric information condition in proposed supply

chain. The asymmetric information is a condition in which

members have some private information. Moreover, con-

sidering dual channel and competition between the mem-

bers would be of interest.
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Appendix 1: Proof of Proposition 1

(a) It follows from Eq. (2) together with lemmas 3–5 of

Zhao et al. [48] that:

E p1
totalðp; u; f Þ

� �
¼ 1

2

Z1

0

ðp � sm þ usÞð~a � ~bp þ ~c
ffiffiffi
f

p
Þ � Hu2 � f

h i	 U

a

þ ðp � sm þ usÞð~a � ~bp þ ~c
ffiffiffi
f

p
Þ � Hu2 � f

h iL

a

�
da

¼ pEð~aÞ � p2Eð~bÞ þ p
ffiffiffi
f

p
Eð~cÞ � smEð~aÞ þ smpEð~bÞ

� sm

ffiffiffi
f

p
Eð~cÞ þ usEð~aÞ � uspEð~bÞ þ us

ffiffiffi
f

p
Eð~cÞ � Hu2 � f

ðA-1Þ

The first- and second-order partial derivatives of

E p1
totalðp; u; f Þ

� �
with respect to p, u and f are:

oEðp1
totalÞ

op

� �
¼ Eð~aÞ � 2pEð~bÞ þ

ffiffiffi
f

p
Eð~cÞ þ smEð~bÞ

� usEð~bÞ
ðA-2Þ

o2Eðp1
totalÞ

op2

� �
¼ �2Eð~bÞ ðA-3Þ

oEðp1
totalÞ

ou

� �
¼ sEð~aÞ � spEð~bÞ þ s

ffiffiffi
f

p
Eð~cÞ � 2Hu

ðA-4Þ

o2Eðp1
totalÞ

ou2

� �
¼ �2H ðA-5Þ

oEðp1
totalÞ

of

� �
¼ 1

2
ffiffiffi
f

p ðpEð~cÞ � smEð~cÞ þ usEð~cÞÞ � 1

ðA-6Þ
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o2Eðp1
totalÞ

of 2

� �
¼ �1

4
ffiffiffiffi
f 3

p ðpEð~cÞ � smEð~cÞ þ usEð~cÞÞ ðA-7Þ

o2Eðp1
totalÞ

opou

� �
¼ o2Eðp1

totalÞ
ouop

� �
¼ �sEð~bÞ ðA-8Þ

o2Eðp1
totalÞ

opof

� �
¼ o2Eðp1

totalÞ
ofop

� �
¼ Eð~cÞ

2
ffiffiffi
f

p ðA-9Þ

o2Eðp1
totalÞ

ouof

� �
¼ o2Eðp1

totalÞ
ofou

� �
¼ sEð~cÞ

2
ffiffiffi
f

p ðA-10Þ

o2Eðp1
totalÞ

op2

o2Eðp1
totalÞ

opu

o2Eðp1
totalÞ

oup

o2Eðp1
totalÞ

ou2























¼ 4HEð~bÞ � s2Eð~bÞ2 [ 0

ðA-11Þ

According to Eqs. (A-1), (A-5) and (A-11), it is con-

cluded that E p1
totalðp; u; f Þ

� �
is strictly jointly concave in p

and u.

o2Eðp1
totalÞ

ou2

o2Eðp1
totalÞ

ouf

o2Eðp1
totalÞ

ofu

o2Eðp1
totalÞ

of 2























¼ H

2
ffiffiffiffi
f 3

p ðpEð~cÞ � smEð~cÞ

þ usEð~cÞÞ � s2Eð~cÞ2

4f

ðA-12Þ

Equation (A-12) may be negative for large enough

values of f , so E p1
totalðp; u; f Þ

� �
is indefinite with respect to

u and f , and is not jointly concave in p, u and f .

(b) As E p1
totalðp; u; f Þ

� �
is strictly jointly concave in p

and u. Setting Eqs. (A-2) and (A-4) equal to zero and

solving them simultaneously, we obtain Eqs. (4) and (5).

(c) Substituting Eqs. (4) and (5) into Eq. (2), we have:

E p1
totalðf Þ

� �
¼ HðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � smEð~bÞÞ2

Eð~bÞð4H � s2Eð~bÞÞ
� f ðA-13Þ

Taking the first-order partial derivative of Eq. (A-13)

with respect to f , and setting it equal to zero, the optimal

value of f is obtained as it is shown in Eq. (6).

Appendix 2: Proof of Proposition 2

(a) It follows from Eqs. (7) and (8) and lemmas 3–5 of

Zhao et al. [48] that:

E p2
manðp;w; u; f Þ

� �
¼ wEð~aÞ � wpEð~bÞ þ w

ffiffiffi
f

p
Eð~cÞ

� smEð~aÞ þ smpEð~bÞ � sm

ffiffiffi
f

p
Eð~cÞ þ usEð~aÞ

� uspEð~bÞ þ us
ffiffiffi
f

p
Eð~cÞ � Hu2

ðB-1Þ

E p2
retðp;w; f Þ

� �
¼ pEð~aÞ � p2Eð~bÞ þ p

ffiffiffi
f

p
Eð~cÞ � wEð~aÞ

þ wpEð~bÞ � w
ffiffiffi
f

p
Eð~cÞ � f

ðB-2Þ

The first- and second-order partial derivatives of retai-

ler’s expected profit (E p2
retðp;w; f Þ

� �
) with respect to p and

f can be shown as:

oEðp2
retÞ

op

� �
¼ Eð~aÞ � 2pEð~bÞ þ

ffiffiffi
f

p
Eð~cÞ þ wEð~bÞ ðB-3Þ

o2Eðp2
retÞ

op2

� �
¼ �2Eð~bÞ ðB-4Þ

oEðp2
retÞ

of

� �
¼ 1

2
ffiffiffi
f

p ðpEð~cÞ � wEð~cÞÞ ðB-5Þ

o2Eðp2
retÞ

of 2

� �
¼ 1

4
ffiffiffiffi
f 3

p ðwEð~cÞ � pEð~cÞÞ ðB-6Þ

o2Eðp2
retÞ

opof

� �
¼ o2Eðp2

retÞ
ofop

� �
¼ Eð~cÞ

2
ffiffiffi
f

p ðB-7Þ

o2Eðp2
retÞ

op2

o2Eðp2
retÞ

opf

o2Eðp2
retÞ

ofp

o2Eðp2
retÞ

of 2























¼ Eð~bÞEð~cÞðp � wÞ
2
ffiffiffiffi
f 3

p � Eð~cÞ2

4f

ðB-8Þ

It follows from Eq. (B-4) that the retailer’s expected

profit is concave with respect to p while Eq. (B-8) may be

negative for large enough values of f . So E p2
retðp;w; f Þ

� �
is

indefinite with respect to p and f , and is not jointly concave

in p and f . As the retailer’s expected profit is concave with

respect to p. Setting Eq. (B-3) equal to zero and solving it

with respect to p, we obtain following result:

p�ðw; f Þ ¼ 1

2Eð~bÞ
ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ þ wEð~bÞÞ ðB-9Þ

(b) Substituting Eq. (B-9) into Eq. (7), we have:

E p2
manðw; u; f Þ

� �
¼ ðw � sm þ usÞ Eð~aÞ � wEð~bÞ þ

ffiffiffi
f

p
Eð~cÞ

2

� �
� Hu2

� �

¼ 1

2
ðwEð~aÞ þ w

ffiffiffi
f

p
Eð~cÞ � w2Eð~bÞ � smEð~aÞ � sm

ffiffiffi
f

p
Eð~cÞ

þ smwEð~bÞ þ usEð~aÞ þ us
ffiffiffi
f

p
Eð~cÞ � uswEð~bÞÞ � Hu2

ðB-10Þ

The first- and second-order partial derivatives of

E p2
manðw; u; f Þ

� �
with respect to u and w can be shown as:

1210 Neural Computing and Applications (2020) 32:1195–1215

123



oEðp2
manÞ

ow

� �
¼ 1

2
ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � 2wEð~bÞ þ smEð~bÞ � usEð~bÞÞ

ðB-11Þ

o2Eðp2
manÞ

ow2

� �
¼ �Eð~bÞ ðB-12Þ

oEðp2
manÞ

ou

� �
¼ s

2
ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � wEð~bÞÞ � 2Hu

ðB-13Þ

o2Eðp2
manÞ

ou2

� �









 ¼ �2H ðB-14Þ

o2Eðp2
manÞ

ouow

� �
¼ o2Eðp2

manÞ
owou

� �
¼ �sEð~bÞ

2
ðB-15Þ

o2Eðp2
manÞ

ow2

o2Eðp2
manÞ

owu

o2Eðp2
manÞ

ouw

o2Eðp2
manÞ

ou2





















¼ 2HEð~bÞ � s2Eð~bÞ2

4
[ 0

ðB-16Þ

It follows from Eqs. (B-12), (B-14) and (B-16) that

E p2
manðw; u; f Þ

� �
is jointly concave in w and u.

(c) As E p2
manðw; u; f Þ

� �
is jointly concave in w and u.

Setting Eqs. (B-11) and (B-13) equal to zero and solving

them simultaneously, we obtain Eqs. (10) and (11).

Substituting Eq. (11) into Eq. (B-9), Eq. (12) can be

obtained.

(d) Substituting Eqs. (11) and (12) into E p2
retðp;w; f Þ

� �
,

we have:

E p2
retðf Þ

� �
¼ ð4H2ÞðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � smEð~bÞÞ2

Eð~bÞð8H � s2Eð~bÞÞ2
� f

ðB-17Þ

Taking the first-order partial derivative of Eq. (B-17)

with respect to f , and setting it equal to zero the optimal

value of f is obtained as it is shown in Eq. (13).

Appendix 3: Proof of Proposition 3

(a) It follows from Eqs. (14) and (15) together with lemmas

3–5 of Zhao et al. [48] that:

E p3
manðp;w; u; f ; kÞ

� �
¼ wEð~aÞ � wpEð~bÞ þ w

ffiffiffi
f

p
Eð~cÞ

� smEð~aÞ þ smpEð~bÞ � sm

ffiffiffi
f

p
Eð~cÞ þ usEð~aÞ

� uspEð~bÞ þ us
ffiffiffi
f

p
Eð~cÞ � ukEð~aÞ þ ukpEð~bÞ

� uk
ffiffiffi
f

p
Eð~cÞ

ðC-1Þ

E p3
retðp;w; u; f ; kÞ

� �
¼ pEð~aÞ � p2Eð~bÞ þ p

ffiffiffi
f

p
Eð~cÞ

� wEð~aÞ þ wpEð~bÞ � w
ffiffiffi
f

p
Eð~cÞ

þ kuEð~aÞ � kupEð~bÞ þ ku
ffiffiffi
f

p
Eð~cÞ

� Hu2 � f

ðC-2Þ

The first- and second-order partial derivatives of

E p2
retðp;w; u; f ; kÞ

� �
with respect to p, u and f can be shown

as:

oEðp3
retÞ

op

� �
¼ Eð~aÞ � 2pEð~bÞ þ

ffiffiffi
f

p
Eð~cÞ þ wEð~bÞ

� kuEð~bÞ ðC-3Þ

o2Eðp3
retÞ

op2

� �
¼ �2Eð~bÞ ðC-4Þ

oEðp3
retÞ

ou

� �
¼ kEð~aÞ � kpEð~bÞ þ k

ffiffiffi
f

p
Eð~cÞ � 2Hu ðC-5Þ

o2Eðp3
retÞ

ou2

� �
¼ �2H ðC-6Þ

oEðp3
retÞ

of

� �
¼ Eð~cÞ

2
ffiffiffi
f

p ðp � w þ kuÞ � 1 ðC-7Þ

o2Eðp3
retÞ

of 2

� �
¼ �Eð~cÞ

4
ffiffiffiffi
f 3

p ðp � w þ kuÞ ðC-8Þ

o2Eðp3
retÞ

opou

� �
¼ o2Eðp3

retÞ
ouop

� �
¼ �kEð~bÞ ðC-9Þ

o2Eðp3
retÞ

opof

� �
¼ o2Eðp3

retÞ
ofop

� �
¼ Eð~cÞ

2
ffiffiffi
f

p ðC-10Þ

o2Eðp3
retÞ

ouof

� �
¼ o2Eðp3

retÞ
ofou

� �
¼ kEð~cÞ

2
ffiffiffi
f

p ðC-11Þ

o2Eðp3
retÞ

op2

o2Eðp3
retÞ

opu

o2Eðp3
retÞ

oup

o2Eðp3
retÞ

ou2























¼ 4HEð~bÞ � k2Eð~bÞ2 [ 0

ðC-12Þ

According to Eqs. (C-4), (C-6) and (C-12),

E p3
retðp;w; u; f ; kÞ

� �
is strictly jointly concave in p and u.

o2Eðp3
retÞ

ou2

o2Eðp3
retÞ

ouf

o2Eðp3
retÞ

ofu

o2Eðp3
retÞ

of 2























¼ HEð~cÞ
2
ffiffiffiffi
f 3

p ðp � w þ kuÞ � k2Eð~cÞ2

4f

ðC-13Þ

Neural Computing and Applications (2020) 32:1195–1215 1211

123



Equation (C-13) may be negative for large enough

values of f , so E p3
retðp;w; u; f ; kÞ

� �
is indefinite with respect

to u and f , and is not jointly concave in u and f .

(b) As E p3
retðp;w; u; f ; kÞ

� �
is strictly jointly concave in p

and u. Setting Eqs. (C-3) and (C-5) equal to zero and

solving them simultaneously, we obtain Eqs. (C-14) and

(C-15).

u�ðw; f ; kÞ ¼ kEð~aÞ þ k
ffiffiffi
f

p
Eð~cÞ � kwEð~bÞ

4H � k2Eð~bÞ
ðC-14Þ

p�ðw; f ; kÞ

¼ 2HEð~aÞ þ 2H
ffiffiffi
f

p
Eð~cÞ þ 2HwEð~bÞ � k2

ffiffiffi
f

p
Eð~cÞEð~bÞ � k2Eð~aÞEð~bÞ

ð4H � k2Eð~bÞÞEð~bÞ
ðC-15Þ

Substituting Eqs. (C-14) and (C-15) into Eq. (14) we

have:

E p3
manðw; f ; kÞ

� �
¼ ðEð~aÞ � wEð~bÞ þ

ffiffiffi
f

p
Eð~cÞÞ

ð4H � k2Eð~bÞÞ2

� ð8H2w � 2HkswEð~bÞ þ 2Hks
ffiffiffi
f

p
Eð~cÞ

� 2Hk2
ffiffiffi
f

p
Eð~cÞ � 8H2sm

þ 2Hk2smEð~bÞ þ 2HksEð~aÞ � 2Hk2Eð~aÞ
ðC-16Þ

The first- and second-order partial derivatives of man-

ufacturer’s expected profit, E p3
manðw; f ; kÞ

� �
, with respect to

w can be shown as:

oEðp3
manÞ

ow

� �
¼ 2H

ð4H � k2Eð~bÞÞ2
ð�2ksEð~aÞEð~bÞ

� 2ks
ffiffiffi
f

p
Eð~bÞEð~cÞ þ 4HEð~aÞ � 8HwEð~bÞ

þ 4H
ffiffiffi
f

p
Eð~cÞ þ 2kswEð~bÞEð~bÞ

þ k2
ffiffiffi
f

p
Eð~bÞEð~cÞ þ 4HsmEð~bÞ

� k2smEð~bÞEð~bÞ þ k2Eð~aÞEð~bÞÞ
ðC-17Þ

o2Eðp3
manÞ

ow2

� �
¼ 2H

ð4H � k2Eð~bÞÞ2
ð�8HEð~bÞ þ 2ksEð~bÞ2Þ

ðC-18Þ

According to Eq. (C-18), E p3
manðw; f ; kÞ

� �
is strictly

concave in w.

As E p3
manðw; f ; kÞ

� �
is concave in w. Setting Eqs. (C-17)

equal to zero and solving it with respect to w, we obtain

Eq. (17). Substituting Eq. (17) into Eqs. (C-14) and (C-15),

we obtain Eqs. (18) and (19).

(c) Substituting Eqs. (17)–(19) into Eq. (15) we have:

E p3
retðf ; kÞ

� �
¼ HðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � smEð~bÞÞ2ð4H � k2Eð~bÞÞ

ð4H � ksEð~bÞÞ2
4Eð~bÞ

� f

ðC-19Þ

Taking the first-order partial derivative of Eq. (C-19)

with respect to f , and setting it equal to zero the optimal

value of f is obtained as it is shown in Eq. (20).

(d) Substituting the optimal values of variables into

Eq. (14) we have:

E p3
manðkÞ

� �
¼ 8HEð~bÞð4H � ksEð~bÞÞ3ðEð~aÞ � smEð~bÞÞ2

ð4H � ksEð~bÞÞ2
4Eð~bÞ � HEð~cÞ2ð4H � k2Eð~bÞÞ

h i2

ðC-20Þ

The manufacturer decides about the amount of payment

to the retailer for collection of used products. Taking first-

order partial derivatives of E p3
manðkÞ

� �
with respect to k, it

is obvious that this value is always positive.

oEðp3
manÞ

ok

� �
[ 0 ðC-21Þ

As said the optimal value of payment to retailer for each

collected product which is decided and paid by the man-

ufacturer is given by k� ¼ s. In other word, the manufac-

turer’s profit is maximized when k ¼ s. Here, the reason is

intuitively explained.

When the manufacturer increases the value of k to be

equal to s, the average unit cost of manufacturing decreases

(ð1 � uÞsm þ usr). This is because of that by increasing k,

the retailer tends to increase level of investment in adver-

tising to stimulate customers’ demand. As demand

increases the collection process becomes more prof-

itable for the retailer so he tends to increase investment in

collection process and as a result the value of u increases

and cause more cost saving for the manufacturer.

Appendix 4: Proof of Proposition 4

(a) It follows from Eqs. (22)–(24) and lemmas 3–5 of Zhao

et al. [48] that:

E p4
manðp;w; u; f ; kÞ

� �
¼ wEð~aÞ � wpEð~bÞ þ w

ffiffiffi
f

p
Eð~cÞ

� smEð~aÞ þ smpEð~bÞ � sm

ffiffiffi
f

p
Eð~cÞ

þ usEð~aÞ � uspEð~bÞ þ us
ffiffiffi
f

p
Eð~cÞ

� ukEð~aÞ þ ukpEð~bÞ � uk
ffiffiffi
f

p
Eð~cÞ
ðD-1Þ
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E p4
retðp;w; f Þ

� �
¼ pEð~aÞ � p2Eð~bÞ þ p

ffiffiffi
f

p
Eð~cÞ � wEð~aÞ

þ wpEð~bÞ � w
ffiffiffi
f

p
Eð~cÞ � f

ðD-2Þ

E p4
3parðp; u; f ; kÞ

h i
¼ kuEð~aÞ � kupEð~bÞ þ ku

ffiffiffi
f

p
Eð~cÞ

� Hu2

ðD-3Þ

The first- and second-order partial derivatives of

E p4
retðp;w; f Þ

� �
with respect to p and f can be shown as:

oEðp4
retÞ

op

� �
¼ Eð~aÞ � 2pEð~bÞ þ

ffiffiffi
f

p
Eð~cÞ þ wEð~bÞ ðD-4Þ

o2Eðp4
retÞ

op2

� �
¼ �2Eð~bÞ ðD-5Þ

oEðp4
retÞ

of

� �
¼ 1

2
ffiffiffi
f

p ðpEð~cÞ � wEð~cÞÞ ðD-6Þ

o2Eðp4
retÞ

of 2

� �
¼ 1

4
ffiffiffiffi
f 3

p ðwEð~cÞ � pEð~cÞÞ ðD-7Þ

o2Eðp4
retÞ

opof

� �
¼ o2Eðp4

retÞ
ofop

� �
¼ Eð~cÞ

2
ffiffiffi
f

p ðD-8Þ

According to Eq. (D-5) E p4
retðp;w; f Þ

� �
is strictly con-

cave in p.

o2Eðp4
retÞ

op2

o2Eðp4
retÞ

opf

o2Eðp4
retÞ

ofp

o2Eðp4
retÞ

of 2























¼ Eð~bÞEð~cÞðp � wÞ
2
ffiffiffiffi
f 3

p � Eð~cÞ2

4f

ðD-9Þ

Equation (D-9) may be negative for large enough values

of f , so E p4
retðp;w; f Þ

� �
is indefinite with respect to p and f ,

and is not jointly concave in p and f . As E p4
retðp;w; f Þ

� �
is

concave in p, Setting Eq. (D-4) equal to zero and solving it

with respect to p we obtain Eq. (D-10).

p�ðw; f Þ ¼ 1

2Eð~bÞ
ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ þ wEð~bÞÞ ðD-10Þ

The first- and second-order partial derivatives of

E p4
3parðp; u; f ; kÞ

h i
with respect to u can be shown as:

oEðp4
3parÞ

ou

 !

¼ kEð~aÞ � kpEð~bÞ þ k
ffiffiffi
f

p
Eð~cÞ � 2Hu

ðD-11Þ

o2Eðp4
3parÞ

ou2

 !

¼ �2H ðD-12Þ

According to Eq. (D-12) E p4
3parðp; u; f ; kÞ

h i
is strictly

concave in u. As E p4
3parðp; u; f ; kÞ

h i
is concave in u, Set-

ting Eq. (D-11) equal to zero and solving it with respect to

u, we obtain Eq. (D-13).

u�ðp; f ; kÞ ¼ k

2H
ðEð~aÞ � pEð~bÞ þ

ffiffiffi
f

p
Eð~cÞÞ ðD-13Þ

(b) Substituting Eq. (D-10) into Eq. (D-13) we have:

u�ðw; f ; kÞ ¼ k

4H
ðEð~aÞ � wEð~bÞ þ

ffiffiffi
f

p
Eð~cÞÞ ðD-14Þ

Substituting Eqs. (D-10) and (D-14) into Eq. (22) we

have:

E ðp4
manðw; f ; kÞ

� �
¼ 1

8H
ðEð~aÞ � wEð~bÞ þ

ffiffiffi
f

p
Eð~cÞÞ

� 4Hw � 4Hsm þ skEð~aÞ � skwEð~bÞ
�

þsk
ffiffiffi
f

p
Eð~cÞ � k2Eð~aÞ þ k2wEð~bÞ � k2

ffiffiffi
f

p
Eð~cÞ




ðD-15Þ

The first- and second-order partial derivatives of

E ðp4
manðw; f ; kÞ

� �
with respect to w can be shown as:

oEðp4
manÞ

ow

� �
¼ 1

8H
ð4HEð~aÞ þ 4H

ffiffiffi
f

p
Eð~cÞ � 8HwEð~bÞ

þ 4HsmEð~bÞ � 2ksEð~aÞEð~bÞ
� 2ks

ffiffiffi
f

p
Eð~cÞEð~bÞ þ 2skwEð~bÞEð~bÞ

þ 2k2Eð~aÞEð~bÞ þ 2k2
ffiffiffi
f

p
Eð~cÞEð~bÞ

� 2k2wEð~bÞEð~bÞÞ
ðD-16Þ

o2Eðp4
manÞ

ow2

� �
¼ 1

8H
ð�8HEð~bÞ þ 2skEð~bÞEð~bÞ

� 2k2Eð~bÞEð~bÞÞ ðD-17Þ

According to Eq. (D-17) E ðp4
manðw; f ; kÞ

� �
is strictly

concave in w.

As E ðp4
manðw; f ; kÞ

� �
is concave in w, Setting Eq. (D-16)

equal to zero and solving it with respect to w, we obtain

Eq. (26). Substituting Eq. (26) into Eqs. (D-10) and (D-14)

we obtain Eqs. (27) and (28).

(c) Substituting Eqs. (26–28) into Eq. (23) we have:

E p4
retðf ; kÞ

� �
¼ H2ðEð~aÞ þ

ffiffiffi
f

p
Eð~cÞ � smEð~bÞÞ2

Eð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ2
� f

ðD-18Þ

Taking the first-order partial derivative of Eq. (D-18)

with respect to f , and setting it equal to zero the optimal

value of f is obtained as it is shown in Eq. (29).

(d) Substituting the optimal value of variables into

Eq. (22) we have:
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E p4
manðkÞ

� �
¼ HEð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ3ðEð~aÞ � smEð~bÞÞ2

2 Eð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ2 � H2Eð~cÞ2
h i2

ðD-19Þ

The manufacturer decides about the amount of payment

for used products to the third party. Taking the first-order

partial derivative of manufacturer’s expected profit

(E p4
manðkÞ

� �
) and setting it equal to zero, the optimal value

of k which maximizes the manufacturer’s expected profit is

obtained.

oEðp4
manÞ

ok

� �

¼ HEð~bÞ2

2ðEð~bÞð4H � ksEð~bÞ þ k2Eð~bÞÞ2 � H2Eð~cÞ2Þ3

ðEð~aÞ � Eð~bÞsmÞ � ð4H � ksEð~bÞ
þ k2Eð~bÞÞ2ðs � 2kÞð3H2Eð~cÞ2 þ Eð~bÞð4H � ksEð~bÞ
þ k2Eð~bÞÞ2Þ

ðD-20Þ

As it is obvious for k ¼ s
2

we have:

k ¼ s

2
! oEðp4

manÞ
ok

� �
¼ 0;

0\k\
s

2
! oEðp4

manÞ
ok

� �
[ 0;

k[
s

2
! oEðp4

manÞ
ok

� �
\0

So the optimal value of k is achieved when k ¼ s
2
.
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