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Abstract

This paper focuses on the exponential synchronization of memristor-based recurrent neural networks with multi-propor-
tional delays. Act as a vital mathematical model, the system with proportional delays has been widely popular in several
scientific fields, such as biology, physics systems as well as control theory. In the sense of Filippov solutions, we receive a
novel sufficient condition based on the theories of set-valued maps and differential inclusions, by constructing a proper
Lyapunov functional and taking advantage of inequality techniques. Here, the condition is easy to be verified by algebraic
methods. A couple of numerical examples and their simulations are given to illustrate the correctness and effectiveness of

the obtained results.

Keywords Memristor-based neural networks - Proportional delay - Exponential synchronization - Feedback control -
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1 Introduction

For the sake of depicting the relationship between electric
charge and magnetic flux, Chua [1] in 1971 originally
envisaged the existence of the fourth basal circuit element
which described as memristor (an abbreviation for memory
and resistor). The other three essential circuit components
are resistor, inductor and capacitor, respectively. Unfortu-
nately, as the fourth fundamental passive circuit element,
memristor was rarely valued by several researchers until
the actual memristor device was triumphantly contrived by
scientists at Hewlett-Packard Laboratories [2]. Thanks to
memristor’s distinctive properties, such as nanometer scale
dimensions, nonvolatile memory characteristics, lower
power consumption, a alterable resistance known as
memristance, and so on [3-5], a growing number of
researchers have shown solicitude for memristor. Going
one step further, scientists have explored memristor’s a
number of prospective applications in neuromorphic sys-
tems [6], programmable analog circuits [7] and so on. It has
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been expounded at length that memristor is in a position to
regard as synaptic connection weights in artificial neural
networks [8], so a great deal of researchers took advantage
of memristor to devise a novel model called memristor-
based neural networks for the purpose of emulating the
human brain. We are convinced that memristor-based
neural networks can be widely used in many fields, when
their dynamical characteristics are adequately exploited
and utilized.

It is generally known that recurrent neural networks
have blossomed into very significant nonlinear circuit
systems in virtue of their extensive application value and
prospect in solving Sylvester equation, computing the
Drazin inverse, resolving real-time price problem, dealing
with convex optimization problem and so on [9-11].
Taking fully into account the wide range of practical
applications, numerous scholars were really quite inter-
ested in researching memristor-based recurrent neural
networks (MRNNs) and have acquired many meaningful
results. In reality, MRNNs with time delays have captured
considerable attention of more and more scholars and a
great deal of valuable achievements have been reported in
[12—15]. The true cause lies in the fact that time delays are
universal phenomena in nature as a result of the limited
switching speed of amplifiers. In addition, time delays
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invariably have a marked impact on the dynamic behaviors
of neural networks, and even cause various unstable phe-
nomena, such as periodic oscillation, periodic instability,
bifurcation and so on. In recent years, scholars have
devoted a great deal of effort to investigating the delay-
dependent exponential passivity and exponential stability
of MRNNs with time-varying delays [12, 13]. Besides that,
by constructing appropriate Lyapunov functionals and
applying inequality techniques, a lot of sufficient condi-
tions were obtained to ensure the passivity of the MRNNs
with discrete and distributed delays in [14]. And Chan-
drasekar et al. [15] considered the p-stability of MRNNs
with leakage time-varying delays by establishing proper
Lyapunov-Krasovskii functionals, appropriate inequalities
and linear matrix inequalities (LMIs).

As early as 1990, Pecora and Carroll [16] reported that
chaotic systems can be synchronized by linking them with
identical signals. After the ground-breaking research, a
growing number of scholars from diverse scientific
domains have extensively studied the synchronization
owing to its several latent applications in security [17],
image encryption [18], public traffic networks [19], private
communications [20], inferring network topologies [21]
and so on. Wang et al. [22] analyzed the synchronization
conditions of coupled harmonic oscillators utilizing sam-
pled data. And researchers have discussed the synchro-
nization of many networks, containing complex networks,
directed complex networks, duplex networks and so on. For
example, see [23-25] and references therein. In [23],
scholars expounded profoundly the synchronization phe-
nomena when oscillating elements are confined to interact
in the sophisticated network topology, and its applications
from complex networks to diverse disciplines. The lower
bounds for the coupling strengths of oscillators in the
directed complex networks were given to guarantee the
global synchronization in [24]. Li et al. [25] revealed
several rules about synchronizability of the duplex net-
works comprised of two networks. In existent researching
files, a lot of synchronization problems have been
demonstrated, covering adaptive lag synchronization [26],
impulsive synchronization [27], complex function projec-
tive synchronization [28], exponential synchronization [29]
and so on. Numerous control techniques have been utilized
to investigate the synchronization of discussed systems,
which contain adaptive control, periodically intermittent
control, delayed feedback control and so on. For example,
see [30-33] and references therein. In recent years, the
synchronization of MRNNs has aroused widespread con-
cern due to its important significance in theory and prac-
tice. Taking into account the impact of time delays,
researchers focused on the synchronization of MRNNs
with time delays and have reported numerous significant
achievements. Exponential synchronization and anti-
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synchronization, non-fragile H,, synchronization of
MRNNs with time-varying delays were studied in [34, 35],
respectively. In [36], Bao received some sufficient condi-
tions to ensure the adaptive synchronization of fractional-
order memristor-based neural networks with time delay, by
utilizing the linear delay feedback control, adaptive control
as well as a fractional-order inequality. By designing
suitable controllers, several sufficient conditions were
contained to ensure the finite-time synchronization and
fixed-time synchronization of delayed MRNNS in [37, 38],
respectively. The exponential synchronization of coupled
stochastic memristor-based neural networks with proba-
bilistic time-varying delay coupling and time-varying
impulsive delay was investigated in [39]. In view of non-
smooth analysis and a feedback controller, numerous suf-
ficient conditions were achieved to guarantee the expo-
nential synchronization of MRNNs with time-varying
delays in [40].

In the late years, a new type of unbounded time-varying
delay which differs from distributed delay, known as pro-
portional delay, has stimulated scholars’ research interests
owing to its important position of many areas, such as
electrodynamics [41], dynamics [42], Web quality of ser-
vice (QoS) routing decision [43] and so on. On the basis of
the topological structures and inner parameters of consid-
ered neural networks, we lead into the proportional delays,
which can make the process of performance analysis more
complicated and interesting [44, 45]. It should be pointed
out that the QoS routing algorithms in view of neural
networks with proportional delays are regarded as the most
appropriate algorithms. At the same time, the proportional
delay function 7(r) = (1 — ¢)t — +o0as g # 1,1 — + o0,
where ¢ is a constant and meets 0<g<1, so it is
remarkably facilitate to dominate the operation time in the
light of the time delays of discussed neural networks.
Therefore it’s of important theory and actual meanings to
deal with the dynamic behaviors of neural networks with
proportional delays. For example, see [46-51] and refer-
ences therein. On the basis of matrix theories and proper
Lyapunov functionals, global exponential stability and
asymptotic stability of the equilibrium point of cellular
neural networks with multi-proportional delays were
studied in [46, 47], respectively. In addition to this, several
sufficient conditions ensuring the global exponential peri-
odicity and stability, exponential synchronization of
recurrent neural networks with multi-proportional delays
were reported in [48, 49], respectively. Nevertheless, it is a
significant challenge to establish suitable Lyapunov func-
tionals occasionally, researches try to deal with the prob-
lems by some other methods, for instance, by constructing
novel delay differential inequalities. By means of con-
structing proper delay differential inequalities, Zhou
[50, 51] investigated the exponential stability of hybrid
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BAM neural networks and competitive neural networks
with proportional delays, respectively. Moreover, in the
process of transferring the digital signals, security will be
enhanced by means of utilizing synchronization to com-
munication. Up to date, there has never been any results
discussing the exponential synchronization of MRNNs
with multi-proportional delays in the literature, and this
question is challenging and meaningful.

Inspired by the above discussions, this paper researches
the exponential synchronization of MRNNs with multi-
proportional delays. In the sense of Filippov solutions, we
manage to obtain a novel sufficient condition to ensure the
exponential synchronization of considered systems via a
feedback control, theories of set-valued maps and differ-
ential inclusions, proper Lyapunov functional method and
inequality techniques. Moreover, two numerical examples
and their simulations are given to clarify the improvement
and advantages of the derived theoretical results in com-
parison with some existing results.

The rest of this paper is proposed as follows. Models and
preliminaries are presented in Sect. 2. A sufficient condi-
tion is obtained in Sect. 3 for the exponential synchro-
nization of MRNNs with multi-proportional delays.
Section 4 presents two numerical examples and their sim-
ulations. Conclusions are exhibited in Sect. 5.

2 Model description and preliminaries

Consider the following class of MRNNs with multi-pro-
portional delays:

%i(1) = —di(xi(1))x; t)+zat/ x;(t f/ x/( ))

+ ZCU Xj ‘IJ xJ(qJ ))

+Zbu X P/ gJ x] PJ
Jj=1

+ It >1,
xi(t) = @i(t), 1€lg,1],
(1)
for i =1,2,...,n. where n>2 represents the number of

neurons. x;(t) is the voltage of the capacitor C;. d;(x;(t)) is
the ith neuron self-inhibitions at time
t. a;j(x;(1)), bij(xj(p;r)) and c;(xj(g;r)) are memristor-based
connection weights. f;, g; and h; : R — R denote the non-
linear activation functions. /; is an external constant input.
pj and g;,j = 1,2,...,n are proportional delay factors and
satisfy 0<pj,q;<1,q=mini <;<u{p; ¢}, and
pit =1t — (1 —pj)t,qit =1 — (1 — g;)t, where (1 — p;)t and
(1 — gj)t are the transmission delay functions, and (1 —
pj)t = +00,(1 —gq)t = +00 as pj,q#1,t — +o0.

7909
;(t),t €q,1],i =1,2,...,n are the initial values of sys-
tem (1), ® = (¢, (1), (1), -, @, (1)) € C([g, 1], R"), and
1 | <& _
di(x;i(1)) =C Z(Mij + Ny + W) x 35+ Ry,
b=t

M;;
aij(x;(1)) = Fj X 0y,

i

N;; W,
bij(x; (pit)) :Fj x 8y, cij(xi(git)) = ?J X 0jj,

1

in which
i #],

0 = b
T _15 l:.lv

R, and C; are the resistor and capacitor,
g}i,:L i€ N,N=1,2,...,n. Mj;, N; and W;; denote the
memductances of memristors RZ,R** and R;**,
tively. Furthermore, R; denotes the memristor between the

respec-

neuron activation function f;(x;(¢)) and x;(¢). R:* stands for
VAN ij

the memristor between the neuron activation function
gi(x;(p;t)) and x;(¢). R;™ represents the memristor between
the neuron activation function h;(x;(g;r)) and x().
According to the properties of memristor and the previous
works, here we take the threshold voltage is zero, then

di(xi(1)), ai(x;(1)), by(x;(pt)) and c;(x;(gjt)) satisfy the
following conditions:
di(xi(1))
B { d, xi(t) <0,
B d;w: xi(t) > 0>
bij (x5 (pit))

x;(1) <0,

wts) {2 1050

by x(p) <o, 0 1) <0,
=9, khi cii (% (git)) = C*]* )

b, x(pt) >0, s xlgt) >0,
where d; >0,d* > 0,i€N. For i,j €

N, %» a:;’ﬂ b;, bl*]*, cl] and c** are all constants. Before going

any further, we bring forward the following condition for
the neuron activation functions f;(-), g;(-) and h;(-):

L) =fils2) o o - &is1) —&i(s2)

=< ; ; <9F

0-'7_ S — 5 -7 ;= S — 52 _/J7

__hi(sy) — hi(s

iy < MOV e (0) = 6(0) = 1(0) =0,

(2)
in which j=1,2,....n,0;,0; ,yj,yj,é and 5j+ are
constants, f;(-), g;(-) and h;(-) don t be asked to be differ-
ential, monotonic and nondecreasing throughout this paper.

System (1) is deemed as the drive system, corresponding
response system is defined as:
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Zi(t) = "‘Z% 7(0)f; (%t

+ Z by (3 (p1t))8i (3 (pyt) )

Jj=1

+Zc,, % q,
Zi(t) = !pi(t)7 re [q7 l]7

hi(zi(gjt)) + I + wir), t>1,

(3)

where
di(zi(1))
_ 4 z(1) <0, @ z(1) <0,
- {dl**y Zi([) = 07 aij(Zj(l)) - {(l:-}*, Zj(t) > 07
by (z(pit))

b wlpt) < ay zlgr) <0,
= o Cij (ZJ (qjt)) =90

bt z(pr) >0, i mlat) >0,

and u;(t) is the state-feedback controller. ,(¢),7 €
[g,1],i =1,2,...,n are the initial values of response sys-
tem (3), ¥ = (0, (1), Y1), .+, ()" € C(lg, 1], R").

Through  appropriate  transformations:  y;(f) =
x;(e"),vi(t) = zi(e") (see [46]), drive-response systems (1)
and (3) are equivalently transformed into the following
drive-response systems with multi-constant delays and
time-varying coefficients:

yi(t) = et{

—O—ZbL] y]

1+ Zau yilt
gj(y,( ))

J;yl)

+ch, Vit =)t = <)) +Ii}7 t>0,
yi(t) :(/_Ji(t)v

te [_’730}7

and

vit) = { di(vi(t))vi(t) + Z“u vi (1)) (v(1))

n

+ ) by (vi(r = 1)) g (vt — 1))

—g)+1L +U(z)} 120,

(5)
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for i=1,2,..., —logp; >0,¢; = —logg;
>0, we et ‘C:maX]Sjgn{Tj},Q:maxlgjgn{gj}ayl

n. Where 1; =

=max{t,ch. (1) = gi(e"), V(1) = ("), @ = (9, (1),
220) o) €m0l R = ()
Vo), s, (0)" € C([=n, 0], R"), Uy(r) = wi(e"),  here
U;(t) is an feedback controller and defined as

Ui(t) = pi(vi(t) — yi(t)), (6)

where p; is a constant for all i € N, which represents the
control gain.

Remark 1 Drive-response systems (1) and (3) are equiv-
alent to drive-response systems (4) and (5). Accordingly,
for the sake of researching the exponential synchronization
of drive-response systems (1) and (3), we can research the
exponential synchronization of drive-response systems (4)
and (5).

From the view of mathematics, memristor-based dif-
ferential equations obey Bernoulli’s nonlinear differential
equations (see [33]), and drive-response systems (4) and
(5) are discontinuous systems. In this case, the solutions of
(4) and (5) are considered in Filippov’s sense, we recom-
mend several definitions and lemmas.

Definition 1 [14] Let E C R", then y—G(y) is called a
set-valued map from E<—R", if there is a nonempty set
G(y) C R" for each point y of a set E C R". A set-valued
map G with nonempty values is described as upper-semi-
continuous at y, € E C R", if for any open set N contain-
ing G(y,), there exists a neighborhood M of y, such that
G(M) C N. G(y) is said to have a closed (convex, com-
pact) image if to each y € E,G(y) is closed (convex,
compact).

Definition 2 [52] For the following differential system
7(t) = g(t, %), in which g(¢, %) is discontinuous at y € R".
The set-valued map is described as

=N ﬂ colg(r, B(, 0)\N));

()>0y =0

where co[-] denotes the closure of the convex hull. B(y, 9)
is the ball of center y and radius ¢. u(N) is Lebesgue
measure of set N. A vector-value function x(z) which
defined on a non-degenerate interval / C R is addressed as
a Filippov solution of this system, if y(¢) is an absolutely
continuous function on any subinterval [t;, 7] of 1, and for
almost all ¢ €[, y(¢) fulfills the differential inclusion
(1) € G(t, 7).

According to Definitions 1 and 2, drive-response sys-
tems (4) and (5) can be written as:
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yi(t) € e’{—CO[di(y (1))]yi(t) )15 0(0))
+ i colby (y;(r

+Zcoc,,y, I ))+L}, 0,
(7)

S el
- 1))t - 1))

and

+ Zco aj; v/
5))]& (vt = 7))

vi(t) € e’{co ]3 vj( ))
+Zco i v,

+;co[cy(v]‘(t7;j))]h](vj( ))+I+U()} 130,

(8)

where

d;, yi(t) <0, dr, vi(1) <0,
cold;(yi(1))] =14 co{d;,d;*}, yi(1)=0, cold;(vi( co{d;.d;*}, vi(1)=0

", (1) >0, i, vilt) >0,

a;, yj(1) <0, ay, vi(1) <0,
cofay(1(1)] =4 cofajay }, 3(0)=0, colay(vy(1))] =3 cofa.ay’}, v(n=o0,

a;’, y(t) >0, ai’, vi(t)>0,

by, yi(t—1;) <0,
co{b?j,bfj*}, yi(t—1) =0,

by, yi(t—17) >0,

u

b, vj(tfr,v) >0,

u

¢ ¥i(t=g) <0,

co{cjcy o wlt=5) =0,
;s yi(1=¢) >0,
¢ vilt=5) <0,

cofcici }. wle—5) =0,

ity vy (,, g/) >0.

u

bw v_,(t r_,)<0
co[b[/(v/(tfrj))] = { co{b;}.bfj‘}, Vj(l‘*‘fj) =0,
Then, we give the definition of the synchronization error
w(t) :w(t) = (wi(£),wa(1),...,wa(1))", where w;(r)=vi(t)
—y;(t). By using Definitions 1 and 2, from drive-response

systems (4) and (5), we can obtain the following syn-
chronization error system:

t>0.
9)

—co_[cij(yj(t =) (it = )] + Ui) },

Definition 3 [14]
1(2), y2(1), ..

A vector-value function y(f) =
Lya(1))" is a solution of drive system (4)
with the initial condition ® = (&, (1), @5(1),. .., §,(1))"
€ C([-n,0], R"), if y(¢) is an absolutely continuous func-
tion and satisfies Definition 2.

Lemma 1 [14] If condition (2) holds, then the solution
y(&) of drive system (4) with initial condition ® =
(@,(1), By (1), ..., ,(1))" € C([—n,0], R") exists and it can
be extended to the interval [0, +00).

Lemma 2 [40] If condition (2) holds, then the following

inequalities

@ {eold; (v (1)) vi(t) — cold: (yi(1)yi(r)}

sgn(wi()) = Dilwi(1)],

(i) |cofay; (v;(1))Jf; (v(1)) —

< Ajaj|w;(1)],

colay (v (£) i (v(1))|

D eolby (41 — 1)1g (v
(t—17)) — colby(y;(t — 7))]g (it — 7))
< Byy;lwi(t — )],

) Jeoley (vt — g)I(v(r — )
— coleyi(yi(t — ¢))]hi(y;(t — )

< Cyoj|wi(t — )|
hold. Where ;= max{a7 . |o} |},; = max{[;|, |51},
9 = max{|0; |16, [},i,j € N.
Definition 4 [40] For V¢ >0, drive-response systems (4)

and (5) are said to be exponentially synchronized if there
exist constants M > 1 and x > 0 such that

1
P
[Z vi(t) — yi( ”] <Me™||¥ — |
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holds, in which x is described as degree of exponential
synchronization.

Notations Solutions of all the considered systems are
intended in Filippov’s sense in the whole paper. R"” and
R™™ denote the n-dimensional Euclidean space and the
space of n x m real matrices, respectively. C([g, 1], R") and
C([-n,0],R") denote the set of all functions ¢ : [g, 1] —
R" and ¢ : [-75,0] — R" such that ¢ and ¥ are continu-
ously differential and bounded, respectively. Let K =
(kij) pxn € R stands for real square matrix. For any
h=(h,hy,... . h,) €R", the defined by
Al =C2h, |hi|p)f'l, where p > 1 is a positive integer. We
define || @ = SUngzgo[Z?:l |(Z’i(t)|p}’%’ for V& = (¢, (1),
92(1),--, @,(1)" € C(1-
the convex hull of {¢,, &;}. For a continuous function p(z) :
R — R,D'p(t) is called to be the upper right dini
derivative and defined as D*p(r) = limj—o+ + (p(t + h)—
p(1)). Let D; = min{d;,d;*},A; = max{|au|7 |au |}, Bij =

177

max{|by|, by}, Cj = max{|cj], [cj[}-

norm is

n,0],R"). co{¢,, &} represents

3 Main results

Theorem 1  Under condition (2), if there exist constants
o; >0 and p > 1, such that

OC
L Ajia}
o

+Z{ —1)(A; + By + Cy) +
(10)

JBﬂy” +2 Cj,bp} <0
holds for i,j =1,2,...,n, then drive-response systems (4)
and (5) are exponentially synchronized with control input (6).

Proof Fori,j=1,2,...,
such that

n, we can choose a small & > %

p(e—D; + p;) +Z{ (p— 1)(Ay + By + Cy) + ZA,,-O{.’
- l (11)

+ —JCPHB/,"/{I + —Je"ggcjiéi’} <0.
% %

Consider the following Lyapunov functional

@ Springer

1
n n
(1) = o | e Iwi(e)P e + e > By / |w;(s)|"e"ds
i=1 j=1 21,

t
+eI”'§5§’ZCij / |wj(s)|pe”‘"""ds.
=
(12)

Under condition (2), by calculating the upper right
derivation DTV(¢) of V(¢) along system (9), we obtain

DV(1)
,Z%

+pe” wi(n)|" e (1)

oy (1) e + pre (1) P

-sgn(wi(t) + €7 Y Bylwi(t)] e

J=1

_ epst,}ﬁ_) ZBU’W] (f o Tj) !Pep(;(tf‘tj)

J=1

+e]71:;5§7 Z C;j|Wj(l‘) }1’61)1:1‘ _ epx:;(sf ZCU’W/ (l‘ _ gj) }Peps(l—g,)]
J Jj=1

<e””zpm[ el (1) P (1) (1)sgn v 1)

+ e Z Z e a By [[wi (1) —e 7 w; (1 — 7)) ']

=1 j=

e’mzze" a,&pC,] }WJ | 7eip£;’|wf(t*9/)|p]

i=1 j=

€& po ohu) i sen(o1)
o)) —eold 00
. z feoay (1) 15 (1)
,co[aif{yja))m(yﬂﬂn

n
+ by(vi (1 — 1)) ] & (vi(t — 1))
j:l

{—[cold:(vi(t

—colby(y(t = 7)) & (7 — 7))
+ - [coeq (vi(r =) [mi(vi(r — )
—co ey (v (r = )]s (1 = )]
+Ui(1)}]

+ e NS e By [|wi () —e 0 wi(r — 1) ]
=1 j=1
YN b Cy fwi ()] —e P wy (e — o) 7]

i=1 j=1

(13)
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It follows from Lemma 2 and (13) that R
n D+V(l) Sepx:t ZP%’{@ —D; + Pi)|Wi(f)|h
DYV(r) <™ poylwi(r)"!
i= " o > p—1
{ 1 n + ZA@/' [—] i) +‘DT\w[(z)|”}

(6 = Di+ p)wi(0)| + > Ajjoj|w;i(2) -
12:1: ! J‘ ! | +ZB’![ }w]t—r,)|p+pTl|wi(t)\”}

+ ;Bij“/j|wj (r—7)|+ Z Cydj|w;(r — ¢;) }} + ZCU{ [wj (1 — 1”+’%llwf(t)|”} }
+ ePét ZZ% i |:epery1 |W] |P yl |W]( )|Pi| Jref’“zzaiBij {ep }W] ! =% |w/ t—‘rj)| ]

i=1 j=1
i=1 j= n_n
YN 0y i (1) = Jwi (1 — o) |
eSS )] 22| e
e —emzai{l’(ﬁDi+ﬂi)|wi(f)|p
i=1
= e Z{Pai(ﬁ =D+ p)wi(1)’

i=1

E3 A+ - Diwor ]

Jj=1

+ D Agpaiogwi (1) [ wi (1) £ 3Byl - )40 - D)
j=1 j=1

+ ZB,-jpoc,-){i‘wj (t— ) [wi()]" +;C,-j [5f|wj(t - )"+ - 1)|w,-(t)|1'} }
j=1

” : £ 323 ey )~ e =)
+ Z Cijpaiéj]wj(t — gj)“Wi(t) |p7 ;zl jjl

F Y3 aly [ w0 - )] =
i=1
ePStZZOQ ij {CPSTVP’WJ ’ '})Jp’WJ(t— TJ) ‘p:| {

=1 j=1

p(e = Di+ p)wi0)+ Y Az [ w0 +(p = DIwi ()]

i=1 j=
=
t c p V4 ~\I|P n n
+ eps ZZOC;’C['J‘ |:f:p‘g 55”wj(t)’ _5j ‘Wj([ - 5j)| j|, +ZBij(P_ 1)|Wi(t)|p+zcij(]7— 1)|W,’(l‘)p}
i=1 j=1 = =1
(14) +epz:tzzai3ijepmy§l|wj(t) 14
=1 j=1
by using Young inequality ab < %aﬁl —i—ibﬁ% where !
a,b >0, > L;s%*‘ﬁ =1, we get ep”;;u’cve 207w (0] = e"“Z o wi(1) ,,{ (e = Di+p;)
o’ { _
1 + 1)(A; + B + Cy)
0P < 2 o)+ 0, > |o-neena

/ Y puo? + Berp p 4 B e .i(;z_l}
mwrj>||wi<t>|f~s§|wj<t )!”+—\w,<>| 7 o B G }<°

o
1 P
it = ) [wi()P " < I; wi(r =) +£ p |W’( e thus, V(¢) <V(0). Since

which together with (11), we obtain
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n
=D
i=1

0
[9:0) = 9:(0) "+ 57 3 _ By / [wj(s)["e"ds
Jj=1 ;I,

0
A

<

n
4 P raPtT ) B
]rga%(n{a,} + 'z ; o lrélﬁ%(n{B,_/}

sup OZ}‘/;I'(I) a0,
—n<r<052]

where y = max;<;<,{7;},0 = max; <;<,{d;}. And from
(12), for t >0, we have

n
0> e wi(t)Per >
i=1

n
+0Pcel* Z o; max {Cy}
£ i<j<n

n
i e lpe=1)t E (DI
lg]l.lgn{o‘l}e - wi(1)

(17)
It follows from (15)—(17) that

1 1

{wa y,zw>|] <Me ™ sup {imi@_%mr]’,

-n<t<0|5

where K = 21
P

holds, then drive-response systems (4) and (5) are expo-
nentially synchronized with control input (6), where
i,j=1,2,...,n

Remark 2 Drive-response systems (4) and (5) are distinct
from the drive-response systems in [40]. The coefficients in
[40] are bounding time-varying, while the coefficients in this
paper are unbound time-varying as a result of containing e,
so the exponential synchronization results in [40] cannot be
straightly applied to drive-response systems (4) and (5).

Remark 3 If p; = g; = 1, drive-response systems (1) and
(3) become the following drive-response systems

X(t) = +Zlu (1)) (1)) +
and

n

—d;(zi(1))zi(t) + Z U(ZJ( ))ﬁ (ZJ( )) + I + ui(1),

=

121, 15(xj(1)) = a(x;(1)) + by (x;(1)) + c;(x(1)),
6(1( 4(1)) + bij((1)) + €i(z(0) fi(x:(1)) = g%
iL,j=1,2,...,n.

(t) =

where

lj(z(1) =
(1)) = hi(x

1
_ [maX1<i<n{0€i} +yPTel Y umaxy <<, { By} + 0 ceP Yl oymaxy <<, {Cy ]

min; <;<,{o;}

21,

this is to say,

[Zlv, il ”] <Me™|¥ — of|.

From Definition 4, we derive that drive-response systems
(4) and (5) are exponentially synchronized with control
input (6). The proof of Theorem 1 is completed. O

Now, basing on 2-norm, we present the following
Corollary.

Corollary 1 Under condition (2), if there exists constant

o; > 0, such that
—2(D; — p; +Z{AU+B,,+C,,+ < Ajio} +¥ B,,}, +-2 C,,éz

} (18)

@ Springer

Above drive-response systems are MRNNs without
delays, the result in this paper is equally true of above
drive-response systems.

4 Numerical example

In this section, we will present two numerical examples
and their simulations to clarify that the obtained conclusion
is correct.

Example 1 Consider two-dimensional MRNNs with mul-
ti-proportional delays:
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synchronization error, here we take
X(t) = 1) + Zav x(0))f5(x(2) p = —16.9,p, = —10.9. Through calculating, we get
1 0 1.5 25
2 D= A= :
+ ) bi(x(pit)) g (xi(pit)) 0 1 2 27
J=1 1 0.05 1.5 0.05
- B=Vos 1 ) los  11)
+ Cij xj qj xj(qj ))—i—l,-, i=1,2, ) ) :
J=1 Furthermore, let «; = 1,4, = 2, we obtain
(19) 5By, By 5C
—35.8 42411 + A + 24y + 4 By +— 4 1
where c 4 2 4
21 .
+Cip +—=-0.0250<0,i =1
aw={ 5 M= wee = {1 200 S l
1.5, xi(1) >0, 1, x2(1) >0, 5By, Cp
(lll()Cl(t)) _238—|—7—i-A21—‘y—2A22—"—?—|—B21—’—T_i_T
(=15, x(n)<0, g [20 =<0, %
= { Lm0, an(x(r) = {257 x(f) >0, +Cy + Tzz =—-0.1625<0, i=2.
bu(xi(pi1))
:{ -L #1(pr1) <0 bio(xa(pat)) = { —003, x(p) <0, The condition of Theorem 1 and Corollary 1 is satisfied.
—0.8, xl(pll) > 0, —0.05, Xz(pzl) >0, .
en(n(@in) Thus, drive-response systems (19) and (20) are exponen-
136 w(git) <0 —0.03 o(gat) <0 tially synchronized, their simulations are shown in Figs. 1
:{ —1.5’ () ;0’ c(x(qt)) = {_005' (1) -0 and 2. Figure la depicts the chaotic behavior of drive
azn (x1(t)) system (19) in phase space with initial value
{ -2, xi(1) <0, (1) = {27 x(f) <0, x(t) = [—20,0.5]". Without control input, Fig. 1b shows
= ann (X
~18, x>0, 7 25 x(t) >0, the chaotic behavior of response system (20) in phase space
P y p P
bai(x1(pr1) with initial value z(¢) = [20,2.5]". Figure lc displays the
= { —05, wlpn) < by (xa(pat)) = { —07, =m0, chaotic behavior of response system (20) in phase space
—0.1, xi(pit) >0 -1, x2(pat) >0, e T .
en(n(@it) with initial value z(¢) = [20,2.5] . Figure 2 describes the
—06 (i) <0, 1L w(gn<0 time response curve of synchronization error e;(¢) between
= { —01,  x(q) - 0" en(xn(gat)) = { _ 0.6: % (gat) -0 drive-response systems (19) and (20) with initial conditions
x(t) = [~ 20,0.5]" and z(r) = [20,2.5]", respectively.
_ T () = N o) =1 N hi(x;
ancll ['=(0,0)",fi(x;) = tanh(x;), g (x;) - ptanh (), hi(x;) Example 2 Consider three-dimensional MRNNs with
=g(xi+ 1| =[x —1]),i=1,2. The drive system (19)  muylti-proportional delays:

satisfies condition (2) and ¢; =1, y;, = %,5; = %,i: 1,2.
For the sake of achieving exponential synchronization, the
responding response system is devised as

4i(t) = — di(zi(1)zi(1)

2
+ > ay(5(0)5(z ()
=1
2

+ Z bi(z(pit))gi(z(pit))

=1

+Zc,] Zj q,

h(zi(gjt)) + I 4+ ui(1),i = 1,2.

(20)

The control inputs are defined as u;(¢) = p,;e;(z), in which
ei(t) = zi(t) — xi(1),i = 1,2, representing the

)&,‘(I) = — Zalj X] f]‘ xJ ))
3
+ Z; b (x; (pit) ) 8 (i (pit))
+ch:f(xj(qﬂ))h/‘(xj(qﬂ)) +h, =123,
j=1
(21)
where
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Fig. 1 The phase plots of drive- 25 T 3 T 25
response systems (19) and (20)
2t . 2t .
1.5 1 15F 1
1+ . 1+ .
0.5 1 0.5 1
= o0 1 = 1= 0 .
x N N
-0.5 1 -0.5 1
AF 4 Atk J
1.5 1 15F 1
2 4 b |
25 ! -2.5 :
-50 0 50 50 -50 0 50
X, (1) z,(t)
(a) (c)
xl(t)<0 3.5 XZ(Z‘)SO
d 1) = d 1) =
1bn(6) {15 n( >0, PEOI=1{; x(1) > 0 e
@) [ i
05, X3(t) <0, -22, XQ(I) <0,
= ap(x() =
0.7, x3(1) >0, -2, x2(f) >0,
ai3(x3(t)) -
—24, x3(1) <0 —15 xa(t) <0, N~
= a22(x2(t)) = n_
—21.5, x3(t) >0, —-0.5 x(t) >0, o
az(xa(t))
_77 x2(l)§07 _087 x3(t)§07
= az3(x3(t) =
-55,  x(t)>0, -0.5 x3(1) > 0,
1111()61([)) ES 147 le](xl([)) = —3,(123()63(1‘)) = 8, (131()61 ([)) = 4,
bi3(x3(p3t))
05, x(par) <O, {—o.s, xi(pit) <0, ]
= by (x 1)) = 1 11 12 13 14 15 16 17 18 19 2
{ 0.3, X3(p3t) >0, 21( l(pl )) —-0.3, xl(plt) >0, Time(sec)
by (x2(pat))
0.4, xa(pat) <0, 1.5, x2(pat) <0, Fig. 2 The time response curve of synchronization error e;(f)
= { by (xa2(pat)) = {
0.1, XQ(pzl‘) >0, 1, )Cz(pgt) >0,
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02,  x3(psr) <0,
b33 (x3(pat)) = {0 4 x3(pat) >0
0.5, xi(qit) <0,
cu(n(qu)) = {03 xi(qit) >0

bi(xi(pir)) =1, bi(xa(pat)) =0,

by3(x3(pat)) = 0.5, b3 (xi(p1t)) = 0.5,
0.4, X 0,

e (gst) = {0_5' 3((;’;)) - o

-0.5, x1(q11) <0,

cau(xi(qit)) = { -03,  xi(qit) >0,

~03, 0
ca(x3(qat)) = { ,0,5, J):j((;]::)) i 0
cxn(x2(qat)) = {0:57 XZ(qzr)i 7

and 1= (0,0,0)", f( i) = sin(x;), gi(x;) =1 arctan(%x;),
hi(x;) = tanh(3x;) + Jx;,i = 1,2,3. The drive system (21)
satisfies condition (2) and ¢; = 1,7, = 2,(5, = 5,1 =1,2,3,
and the responding response system is

(1) = +Zau 5(0)f (2 (1))
3
+ 2 le g PJ g] 21(171 )) (22)
3
+ > cilzi(gn)hi(zi(git)) + L+ wi(2),
j=1
i=1,2,3.

Taking the control inputs u;(t) = p,e;(t),i =1,2,3, in

which p, = —-18.7,p, = —10.5,p3 = —24.1. Through
calculating, we obtain

1 0 0 1.4 22 24
p=|0 3 o, a=]|3 1.5 8 |,

0 0 0.5 4 7 0.8

1 0 0.5 0.5 0 0.5
B=1]05 0.4 05], C=105 0.4 0.5

05 1.5 0.4 0.5 0.5 0.4

In addition, let oy = o = o3 = 2, we get

— 394424, +An +A13 + Ay + Az

B BB B2

4 12 13 4

B31 5C11 C21
Sl L O+ O+ 2
+ n + n +Ci2+ Ci3 + 1
Cs;

+o = —00250<0, i=1,

— 274+ An+Ay +2An +Axn +Asx

By 5By
—+B —+B
+ 1 + By + 1 + B3
By Cpp 5C22
24+ 24+ C C
+ n + 2 + (o + n + Ca3
Cs

+,=—03000<0, i=2,

— 492+ A3+ Ay + Az + Az + 2453

Bz B3
— 4+ —+B B
+ n + n + B31 + B3
5B C C.
e TR

4 4 T4
+5%3=—0.1000<0, i=3.

The condition of Theorem 1 and Corollary 1 is satisfied.
Obviously, drive-response systems (21) and (22) are
exponentially synchronized, their simulations are shown
in Figs. 3 and 4. Figure 3a depicts the chaotic behavior of
drive system (21) in phase space with initial value

x(t) = [5,1,1.5]". Figure 3b shows the chaotic behavior
of response system (22) in phase space without control
input with initial value z(r) = [10,0, 1.5]". Figure 3c shows
the chaotic behavior of response system (22) in phase space
with initial value z(¢) = [10,0, 1.5]". Figure 4 describes the
time response curve of synchronization error ¢;(f) between
drive-response systems (21) and (22) with initial conditions

x(t) = [5,1,1.5]" and z(z) = [10,0, 1.5]", respectively.

Remark 4 The change of memductances Mj;, N;;, W;; will
lead to the change of d;(x;(f)), yet the scholars only
reflected on d;(x;(r)) =d; > 0,i € N in the literatures
[37, 38]. So, the conclusions in this paper are more general
than [37, 38].

5 Conclusions

The exponential synchronization of MRNNs with multi-
proportional delays is investigated via a feedback control.
The nonlinear transformations change the problem of
unbounded time delays into bounded time delays, which
can make the problem easier. However, the time-varying
coefficients are asked to be bounded in the prior literatures,
so how to research the unbounded coefficients becomes the
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Fig. 3 The phase plots of drive-
response systems (21) and (22)

) ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
1 11 12 13 14 15 16 17 18 19 2

Time(sec)

Fig. 4 The time response curve of synchronization error e;(f)

key challenge. In this paper, by constructing a suit-
able Lyapunov functional and utilizing inequality analysis
techniques, a fresh sufficient condition is received for the
exponential synchronization of the drive-response systems.
We can also apply the research methods here to deal with
the stability, passivity and anti-synchronization of MRNNs
with multi-proportional delays in the future.
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