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Abstract

A new dynamic system, the fractional-order Hopfield neural networks with parameter uncertainties based on memristor are
investigated in this paper. Through constructing a suitable Lyapunov function and some sufficient conditions are estab-
lished to realize the robust synchronization of such system with discontinuous right-hand based on fractional-order
Lyapunov direct method. Skillfully, the closure arithmetic is employed to handle the error system and the robust syn-
chronization is achieved by analyzing the Mittag-Leffler stability. At last, two numerical examples are given to show the
effectiveness of the obtained theoretical results. The first mainly shows the chaos of the system, and the other one mainly

shows the results of robust synchronization.
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1 Introduction

Fractional calculus, memristor and neural network are all
hot topics in the scientific community. Scientists have
obtained many results in the three fields above, respec-
tively. So now, it is well known that the study of the
combination of three, memristor-based fractional-order
neural networks, is a potential research direction.
Fractional calculus, as another branch of the calculus, is
the promotion and generation of the common integer-order
calculus, dating from about 300 years ago. Lots of scien-
tists threw themselves into fractional calculus for many
years. But due to the lack of application background and its
complexity in various fields, fractional calculus was stud-
ied only in the area of mathematics for such a long time.
But recently, facts proved that the theory of fractional-
order differential equations offers an excellent tool in
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modeling in various fields of physics, mathematics, engi-
neering and so on [I-3]. The descriptions of some
dynamical systems in the study using fractional-order
models are superior to the integer-order systems [4]. It is
not difficult for us to perceive that many researchers have
turned their attention to the fractional calculus and built
fractional-order models, proposing some good results. A
method based on the state observer design for a class of
nonlinear fractional-order systems (FOSs) with the frac-
tional-order 0 <o <1 is presented and the asymptotic sta-
bility conditions of closed-loop control nonlinear systems
are derived by Fractional Lyapunov direct method in Ref.
[5]. The synchronization method of two identical frac-
tional-order chaotic systems is developed with lower order
than the existing fractional order 3 by designing suit-
able sliding mode control and a new cryptosystem is
derived for an image encryption and decryption based on
the synchronized lowest fractional-order 2.01 chaotic sys-
tems in Ref. [6].

As far as we know, the neural networks can be con-
structed by nonlinear circuit which are designed to emulate
the function of the human brain. In recent years, the neural
networks have enjoyed a high popularity for the reason that
their widespread applications in the fields of pattern
recognition, optoelectronics, associative memory, remote
sensing, optimization, modeling and control (see [7-9]). In
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Refs [10, 11], the neural networks are applied to approxi-
mate solutions of the differential equations of fractional
orders. And as for the dynamics analysis of the neural
networks, there already have some results. In Ref. [12], the
state synchronization and the exponential synchronization
are achieved for a class of chaotic neural networks with or
without delays based on the drive-response concept and
Lyapunov stability method and the Halanay inequality
lemma, respectively. And the modified function projective
synchronization is achieved between two chaotic neural
networks with delays based on the nonlinear state observer
and the drive-response concept in Ref. [13]. In Ref. [14],
the exponential synchronization for master-slave chaotic
delayed neural network with limited communication
capacity and network bandwidth based on event trigger
control scheme is concerned. Most of all, we know that the
fractional-order systems, in comparison with the integer-
order parts, have one significant feature that is their infinite
memory based on the properties of the fractional-order
calculus. Hence, scientists start to incorporate a memory
term into a neural network model, named fractional-order
artificial neural networks. As a peculiar kind of neural
networks, the fractional-order neural networks have
received more and more attention and some important
results about the models have been investigated in Refs.
[15-18].

Menmiristor, according to the equation deduced, is first
introduced in Chuas seminal paper [19] in 1971. It is the
representative of the fourth perfect electrical element
which can describe the relationship between the flux and
the charge with alterable resistance. But it was not clearly
experimentally demonstrated until 2008, that the scientists
at Hewlett Packard Labs proudly announced the real
implementation of the memristor physically with an official
publication in Nature [20, 21]. Recently, the memristor,
serving as a nonvolatile memory, enjoys some good
properties and plays an important role in the modeling (see
[22-26]). The reason why the memristor can enjoy a high
popularity is because its nanometer dimensions and the
memory characteristic. Based on the previous work, it is
well known that the memristor performs the same as the
neurons in the human brain. If we use the memristors
instead of resistors to act as the connection weights and the
self-feedback connection weights among the neurons, then
there creates the memristor-based neural networks, which
is a state-dependent switching system. As for the dynamics
analysis of the memristor-based neural networks, there
already have some results. In Ref. [27], the existence,
uniqueness, and stability of memristor-based synchronous
switching neural networks with time delays are studied by
introducing multiple Lyapunov functions. In Ref. [28], the
paper addresses the problem of circuit design and global
exponential stabilization of memristive neural networks
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with time-varying delays and general activation functions.
By using an impulsive delayed differential inequality and
Lyapunov function, the exponential stability of the
impulsive delayed memristor-based recurrent neural net-
works is investigated in Ref. [29]. And there are more
results in Refs. [30-35].

According to the above discussion, it is significant for us
to analysis the dynamic behaviors of the memristor-based
fractional-order neural networks, which enjoy the advan-
tages of both fractional-order neural networks and mem-
ristor-based neural networks. There are already some
researches about this new system. In Ref. [36], the authors
analyze the global Mittag-Leffler stability and synchro-
nization of memristor-based fractional-order neural net-
works. And the global asymptotic stability and
synchronization of a class of fractional-order memristor-
based delayed neural networks are investigated in
Ref. [37]. In Ref. [38], the paper investigated the projec-
tive synchronization of fractional-order memristor-based
neural networks in the sense of Caputo’s fractional
derivation and by combining a fractional-order differential
inequality. In Ref. [39], by using Laplace transform, the
generalized Gronwalls inequality, Mittag-Leffler functions
and linear feedback control technique, some new sufficient
conditions are derived to ensure the finite-time synchro-
nization of a class of fractional-order memristor-based
neural networks (FMNNs) with time delays for fractional
order: 1 <o <2 and 0 <a <1, respectively. In the Ref. [40],
the synchronization error system is formulated on the basis
of the theory of fractional differential equations and the
theory of differential inclusion and by employing Hdolder
inequality, C, inequality and Gronwall-Bellman inequality,
several sufficient criteria are proposed to ensure the quasi-
uniform synchronization for the considered delayed frac-
tional-order memristor-based neural networks (FMNNSs).
However, the effect of parameter uncertainties are not
taken into consideration in the above researches, which are
unavoidable in our actual life due to some reasons, such as
external disturbance, temperature difference, measure
errors, and so on. Therefore, make certain the two chaotic
systems can also realize the stability or synchronization
with respect to these uncertainties in the design or in the
applications of neural networks is very necessary and sig-
nificant. In other words, the design neural network should
be robust under such uncertainties. It is well known that the
Hopfield neural network is a kind of rather important
nonlinear circuit networks because of their wide applica-
tions in various fields of optimization problem, associative
memory, pattern recognition, etc. There are some results
about the fractional-order Hopfield neural networks [16].
And the results of the memristor-based fractional-order
Hopfield neural network are very few. Actually, the
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memristor-based fractional-order Hopfield neural network,
compared with the common memristor-based fractional-
order neural networks, show more superiority and over-
come the defect that computationally restrictive which has
been found in some existing memristor-based fractional-
order networks. Synchronization is always a hot topic
among the neural networks and the feature of the mem-
ristor. In Ref. [41], Huang et al. focus on the hybrid effects
of parameter uncertainty, stochastic perturbation, and
impulses on global stability of delayed neural networks. In
Ref. [42], Wong et al. investigated robust synchronization
of fractional-order complex dynamical networks with
parameter uncertainties. And Wang et al. [43], studied the
exponential synchronization problem of a class of mem-
ristive chaotic neural networks with discrete, continuously
distributed delays and different parametric uncertainties.
Motivated by the above, there are few results on synchro-
nization problem of memristor-based fractional-order
Hopfield neural networks considering parameter uncer-
tainties, showing the robust of such system. So in this
letter, based on the above works, we will study robust
synchronization of the memristor-based fractional-order
Hopfield neural networks with parameter uncertainties by a
simple controller. Based on the fractional-order Lyapunov
direct method, a suitable Lyapunov function and some
sufficient conditions are presented to achieve the robust
synchronization between the two memristor-based frac-
tional-order Hopfield neural networks with the parameter
uncertainties by analyzing the Mittag-Leffler stability of
the error system. Besides, in the help of the numerical
simulations, it can be proved that the system we study is
chaotic, so the synchronization between the same master-
slave systems is meaningful.

The rest of this paper is organized as follows. Some
basic definitions and relevant lemmas are introduced firstly
in Sect. 2. Then, the fractional-order Hopfield neural net-
works with parameter uncertainties based on memristor are
given and based on the Lyapunov function, robust syn-
chronization is achieved in Sect. 3. At last, numerical
simulations are proposed to show the correctness of the
theoretical results in Sect. 4.

2 Preliminaries

To begin with, we would like to introduce some basic
definitions and relevant lemmas. The fractional-order cal-
culus is the promotion of the integer-order calculus, and it
acts as an important role in the nonlinear science. The
fractional-order calculus has three common definitions,
such as Grunwald-Letnikov, Riemann-Liouville, and
Caputo definitions [1]. As we know, the Caputo fractional-
order derivative is the improvement of the Grunwald—

Letnikov, having the same initial condition with the inte-
ger-order derivatives, which has clear physical meaning.
Thus, we employ the Caputo fractional-order derivative in
this paper.

Definition 1 The Caputo fractional-order derivative is
defined as:

N B TG R
lthf(t) - F(n _ O‘)/lo (l _ I_)oﬁlfnd ’ (1)

where n is a positive integer and meets n — 1 <a<n, ['(*)
denotes the Gamma function.

Property 1 C is any constant, then ,,D?C = 0 holds.

Property 2 There are two any constants y and v, Caputo
fractional-order derivative has the following linearity:

WwDF (f (1) +ve(1)) = 1, Df (1) + vi, D8 (2)-

Just like the role of the exponential function in the
integer-order system, Mittag-Leffler function is often used
in the solutions of fractional-order differential equations.

Definition 2 [1] The Mittag-Leffler function having two
parameters is defined as:

Eal®) = 2_Foxr gy

where o > 0, f > 0 and z € C. When § = 1, we have:
00 Zk
E,(z) = - =k, )
0=y = B

Next, some relevant lemmas will be given. Consider the
following n-dimensional Caputo fractional-order dynamic
system

{ wDix(t) = f(2,x(1)) )
x(t0) = x4,

where o« € (0,1), x = (x,x2,...,x,)" €R", 1,>0 is the

initial time and f : [0, +00) X R" — R" is piecewise con-

tinuous on ¢ satisfying locally Lipschitz condition on x.

Definition 3 (Mittag-Leffler stability [44]) The solution
of system (2) is said to be Mittag-Leffler stable in the case
X = 0 is an equilibrium point of system (2) if

le(0) 1] < [m ) Eo( = 2(1 — 10)"))"- (3)

where 1 >0, b >0, m(0) =0, || - || denotes an arbitrary
norm and m(x) > 0 satisfies locally Lipschitz condition on
x € R", my denotes the Lipschitz constant.
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Remark 1 Based on the relationship of the stability, we
can know that Mittag-Leffler stability includes asymptotic
stability i.e. ||x(7)|] — O with t — +o0.

Remark 2 The common phenomenon is that X # 0, so at
this time, the solution of system (2) is said to be Mittag-
Leffler stable if

le(r) — x| < Imlx, — DEL(=2(t — 10)")),
and x(#) — X when t — +o0.

To analyze Mittag-Leffler stability of system (2), the
fractional-order Lyapunov direct method is introduced as
follows.

Lemma 1 (Fractional-order Lyapunov direct method
[44]) For the initial time ty =0, the fractional-order
dynamic system (2) is Mittag-Leffler stable at the equilib-
rium point x = 0 if there exists a continuously differen-
tiable function V(t, x(t)) satisfies

ol < V (1, (1)) < |, (4)
0DPV (1,x(1)) < — s x| (5)

where V(t,x(t)) : [0,00) X D — R satisfies locally Lips-
chitz condition on x; D C R" is a domain containing the
origin; t>0, f € (0,1), ay, o, 03, a and b are arbitrary
positive constants. On the other hand, if the assumptions
hold globally on R", then x = 0 is globally Mittag-Leffler
stable.

Remark 3 According to Ref. [44], the conditions in
Lemma I can be weakened, that is if inequality (5) holds
almost everywhere, the result of Lemma 1 is also correct.

Lemma 2 [36]. If h(t) € C'([0,+0),R) is a continu-
ously differentiable function, then the following inequality
holds almost everywhere.

oD?|h(1)| < sgn(h(1)),D*h(t), 0<u<l. (6)

3 Robust synchronization of memristor-
based fractional-order Hopfield neural
networks with parameter uncertainties

In this section, two chaotic memristor-based fractional-
order Hopfield neural networks with parameter uncertain-
ties are given firstly. The systems we introduced are ideal
models and frequently encountered in applications and in
life. Then, a suitable Lyapunov function and some suffi-
cient conditions on robust synchronization of the systems
are established by using fractional-order Lyapunov direct
method.

Consider the following two n-dimensional memristor-
based Caputo fractional-order Hopfield neural networks
with the parameter uncertainties:

@ Springer

oD[x(t) = — (A + AA(1))x(1) + (B + AB(1))f (x(1)) + w,

aj, (0| <T by, pa()|<T
a; = " b,’j = ”
a;, |xi(8)] > T. by, |xi ()] > T.
(7)
oD}y(1) = —(A + AA(2))y(1) + (B + AB(1)f (y(1)) +w + u(?),
. { wol<T {biw bl <T
l a;,7 |yl(l)| >T ! b;ﬂ |yl(t)‘ >T.
(8)
where o€ (0,1), x(t) = (x1(2),x2(), ..., x.(2))" € R",

W(6) = 0n(0),y2(), o) €RY flx(r) = (fix),
), fala)” € RLF(0) = (). 02), -

f,,(yn))T € R", A =diag{a;,as,...,a,}, and B = (b;),,-
For i,j = 1,2,...,n, x;(t), y:(t) are the state of the ith unit
at time 7 of the system (7) and the system (8), respectively,
fi(x:), fi(yi) denote the activation function of the ith neuron,
a; > 0 denotes the charging rate for the ith neuron, and b;;
is the constant connection weight of the jth neuron on the
ith neuron. AA(r) = diag{Aa(¢),Aax(t),...,Aa,(t)} and
AB(t) = (Abj(1)),, are matrices with time-varying para-

. .. T .
metric uncertainties. w = (wl, wa, .. .,wn) is the constant

nxn

external input vector, u(t) = (u (1), uz(1), . . ., un(1))" is the
control law:

u(t) = —k(y(1) = x(2))-

where k is a positive constant.
In the rest of this paper, ||Q| denotes the 1-norm of

corresponding vector @ or matrix Q. When Q=
(01,05,...,0)" €R™ is a vector, |Q| =0+
Q2]+ ...+ |0n|- If Q€R™™ is a matrix, ||Q] =
sup{||Ox|| : Vx € R™, ||x|| < 1}.

Definition 4 (Robust Synchronization). If the error sys-
tem e(r) = y(¢) — x(¢) between the two systems tends to 0
as the time ¢t — 400, then the two systems are said to
realize robust synchronization, that is:

im_le(n)]] = tim_[[y(t) — x(1)]| =0,

In order to achieve robust synchronization between the
two systems (7) and (8), the following four assumptions are
given:

(A1) There exist two constants M4, Mg > 0, the time-
varying parameter uncertainty matrices AA(¢) and AB(t)
are both bounded and the inequalities hold ||AA(z)|| < My
and ||AB(1)|| < Mp.

(A2) The activation functions f; are continuous and
satisfy Lipschitz condition on R with Lipschitz constant
l; >0, 1e.,
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Ifi(x) = fi(y)l < lilx = yl. -
=3 Bleito)l. (12)
forall x,y€ Randi=1,2,...,n i=1
(.A3) There exist  positive ) anStants' 4 and Tt is obvious that the Lyapunov functional (12) satisfies the
Bi(i=1,2,...,n), k, and the following inequality holds condition of inequality (4). Then, we are going to prove

Bi 1
1
(KI + A — L|Byax|") | 2 (Ml + MBILITAL+2) ] .
B 1
9)

where A = diag(ay, as, ..., an), a; = min{a;, a; }.
|Bmax| = (max{|b,|, [b;[}),,» L= diag(l1,hs,...,1,) and
ﬁ = diag(ﬁl? ﬁ2a RS ﬁn)
(A4) Fori,j=1,2,....,n
ai(yi(1))yi(t) — ai(xi(2))xi(1) € [ai, @) (yi(t) — xi(1)),
by (yi()f (1)) — by (i (0))f (x:(1)) < [byg, byl (f (3;(2))
—f(x(1)))-

a; = mln{al, l} a; =
by = max{bl], u}

max{al, l} b = rnin{b;j,b;-},

Theorem 1 The robust synchronization can be realized
for the systems (7) and (8), if the assumptions (A1)—(Ay4)
are satisfied.

Proof Firstly, for system (7) and system (8), the error
system can be derived,

oDi(t) = = (@) (1) = (1)) = Aai(1) (1)
=50+ Y OO By
BB ~ 5500~ K — ()

by (A4), the error system can be simplified as

oDei(1) € ~las,alei(r) = Aay(r)ei(r)

+ Z 3 Bl 5(0) = £iC5(1)
By 600) ~ (0] — e

Now let 0; € [a;, @], vj € [b,j,bj] we have

oD%ei(t) = — (k+ 0; + Aa;(1))ei(r) + Z Vi
+ Aby(1)) (fi (v;(2)) — j(xj(f))) (10)
oDe(t) = — (kI + 0+ AA())e(t) + (v + AB(1))

(FO(1) —F(x(1))). (11)

According to the fractional-order Lyapunov direct method,
a Lyapunov function is constructed as

that the Lyapunov functional (12) also satisfies the condi-
tion of inequality (5) almost everywhere.

From Definition 1 and ¢;(t) € C'(]0,+oc),R), by (A;)-
(A3) and Lemma 2, the following inequality holds almost
everywhere:

OD?V(t’ ( )) Zﬁ OD“|€, ‘ < Zﬁ Sgn

i=1

—Zﬁsgn

+ Z(wf' + Aby (1)) (fi (v (1)) = i (1)))]

(1)oD7eilt)

—(k+ 0; + Aag;(1))e; (1)

) = Olei(1)] + [Aai(1)]ei(1)]

<> Bl-Kles
i=1

+ i:l,-(\vlﬂ +1Aby(1)])|e;(1)]]

j=1
_Zﬁ

+ Z Z Bili(1vjil + [Abji(1)])ei(1)]

=1 =1
== Z <kﬂi + 0ip; — Z |viil Bili — |Aai(1)|B;
i=1 j=1
- Z |Abji(t)|[))jli> lei(t)]
=
= <kﬁi 08— sl — 1AM
=1

i=1

= Oilei(1)] + |Aa;(1)][ei(1)])

—IﬂAB(t)LH) lei(1)]

- Z (kﬁf + 0i; — Z |viil Bili — Mal| Bl
=

i=1

— Mg||L| |[>’II> lei(t)]-

According to the assumption (A3), we have

kB + @i = > IBjilmaxliB: = (Mal| BIl + M [ILI[IB]| + 7).
=1
Then
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kp; + 0:p; — Z Liviil B; > kB; + aifp; — Z Lilbjil max B
= =

> Mal| Bl + M||LI[[| Bl + -

Thus

i=1

oDV (1, e(r)) < — Z (kﬁi +0:p — Z |viil Bjli
=1
— M|l = M| LI B]})]e:(2)]
< = Ale@)]-

By the Lemma 1, the error system (10) is Mittag-Leffler
stable, that is

le()] <V(0,e(0))Ex(—2r%). (13)

Then, the equilibrium point of the error system, e = 0 is
Mittag-Leffler stable, which imply asymptotic stability, so

Jim [le(@)[| = 0. (14)

To sum up, according the definition 4, the robust syn-
chronization between the systems (7) and (8) is achieved.
The proof completes. O

4 Numerical simulations

In this section, two examples are given to demonstrate the
above results.

4.1 Chaos numerical simulation

The first example is given to display that the memristor-
based fractional-order Hopfield neural networks with
parameter uncertainties are the chaotic systems.

For system (7) and system (8), n =3, w= (0,0, O)T,
f(x) = (tanh(x,), tanh(x,), tanh(x3))”,
A= diag(al,az,ag), B = (bij)
and

AA = AB =0.1e7'I,

nxn’

@ Springer

{1.00, MOIES { L0, ()<
ay = ap; =
1.05,  |x(0)]>1. 0.95, |n(1)]>1.
{1-007 ks (r)] <1 b {2-007 ()] <1
as = =
70095, ()] >1. 1205, n()] > L
_127 |xl(t)|§1 07 |X1(t)|§1
b|2: b13:
1.1, |x(@0)]>1. 0, [|x()]>1.
1.80, |m(n)]<1 1.710,  |x(0)]<1
by = by =
175,  |x(f)| > 1. 1715, |x(r)] > 1.
L15,  n()|<1 —475,  |u()l<1
by = by =
1.10, |x2(2)| > 1. —4.70,  |x3(1)] > 1.
0, |1 110,  [x(n)]<1
b3 = b3 =
0, |x(r)]>1. 1.05,  |xs(r)| > 1.

The corresponding master-slave systems can be obtained:
oDIx1 = —(a1 + 0.1 ")x; + (b11 + 0.1e7")tanh(x,)

+ byptanh(x,),

oDxy = —(az + 0.1e™")xy + byytanh(xy) + (b
+0.1e ")tanh(x2) + bystanh(x3),

oD¥x3 = —(az + 0.1e™")x3 + b3 tanh(x;) + (b33

+0.1e ")tanh(x3).

the chaos of the system

0 -05 -1 45
y2

Fig. 1 The states of systems (15) and (16) with chaotic behaviors
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master system master system
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Fig. 2 The state of the master system (15) Fig. 5 The state of the master system (17)
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v v ' -5t N |
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t
. Fig. 6 The state of the slave system (18)
Fig. 3 The state of the slave system (16)
15 error system 6 error system
‘ ‘ r-et(t) ‘ ‘ r-el(t)
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10} d
24 |
5 1 \
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Fig. 4 The state of the error system between (15) and (16)

Fig. 7 The state of the error system between (17) and (18)
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OD;yl (611 + O.le_t)yl + (b“ + O.le")tanh(yl) ()D?‘xl = —(al + 0.5 sin(t))x1 + b“tanh(xl)
+ bystanh(ys) — k(y; — x1), + (b12 + 0.2 cos(z))tanh(x,),
D%xy = — b 0.1 sin(#))tanh
0D7y2 = —(az +0.1e™")ys + baytanh(yy) + (b oDfxs = =azxz + (bay + 0.1 sin(r))tanh(x1) (17)
O.le 0 b h . +by + tanh(xz) + b23tanh(x3),
+0.1e )tan (yz) + bostan (y3) B (yz B x2)7 0D?X3 (a3 + 0. ZSIH( )))Q + b;ltanh(xl)
oD?ys = —(a3 + 0.1e™")ys + b3itanh(y;) + (b33 + (b33 4 0.3 cos(t))tanh (x3).
+0.1e7")tanh(y3) — k(y3 — x3). oD%y = —(a; + 0.5sin(r))y; + byytanh(y;)
(16) + (b12 — 0.2 cos(¢))tanh(y;) — key,
Choose  the  initial  value  x(0) = (2,—5,3), 0D}y2 = —azys + (b1 + 0.1sin(t))tanh(y,) (18)
¥(0) = (10,8,-9)", L = diag(1,1,1), IL|| =1, + bytanh(yz) + bystanh(ys) — kea,

p=diag(3,1,1), ||f]| =3, k=5, A=1.7, 2 =0.98 to get
Figs. 1, 2, 3, 4.

Figure 1 displays that the memristor-based fractional-
order Hopfield neural networks with parameter uncertain-
ties are chaotic, which means that it is significant to study
the synchronization between the systems. And the next
three figures show that the synchronization is realized
(Figs. 5, 6, 7).

4.2 Synchronization numerical simulation

Next, this example can further prove that the robust syn-
chronization is realized for the two memristor-based frac-
tional-order Hopfield neural networks with parameter
uncertainties.

For system (7) and system (8), n =3, w= (0,0, O)T,

f(x) = (tanh(x,), tanh(x,), tanh(x3))”,
a; = { 1.0, ‘tf‘((l))”: i A = diag(a;, a2, a3).

()] <1
‘X3 ‘ > 1.
d1ag(0 5sin(t),0,0.2 cos(t)),

byz =

()] <1 by — - 11, (<1
{ ey (1)) > 1. 12_{—1.2, x1(£)] > 1.
@<t (180, |n@|<I
{ by (1) > 1. - { 175, |ou@)] > L
1 @l<t (LIS e@l<]
_{170 (6] > 1. 23_{1.10, I (6)] > 1.
475, u@l<t 0 lu()<]
{ 470 s (1)] > 1. 32*{0, s ()] > 1.

0.2 cos(r) 0
0.1sin(t 0 0
0 0.3 cos(1)

The master-slave system are also obtained:

@ Springer

ODt V3 = (613 +0.2 sin(t))y3 + b31tanh(y1)
+ (b33 + 0.3 cos(z))tanh(y3) — kes.
Choose  the initial  value  x(0) = (3,—4,2)",
¥0)=(=4,1,-1)",  L=diag(1,1,1), |L]=1,

o =0.98, f=diag(3,1,1), ||f]| =3, for the control law,
k=5, 4=0.69, it is obvious that the assumptions (A;)—
(A3) hold, then get the following figures:

From the figures above, we can further know that the
robust synchronization is truly realized for two memristor-
based fractional-order Hopfield neural networks with
parameter uncertainties and the control law is effective.

5 Conclusion

The memristor, as a new fourth electrical element, is a hot
topic in the science since its the real implementation. Many
scientists focus much attention on it and try to build the
relevant model with memristor. Fractional calculus and
neural networks both enjoy high popularity because of their
widespread applications in various fields. The dynamics
behaviors of the memristor-based neural networks and the
fractional-order neural networks are both the hot topic in
the scientific community. So in this paper, it is necessary
for us to analysis the dynamics of the memristor-based
fractional-order neural networks which can accurately
emulate the human brain. Moreover, the fractional-order
Lyapunov direct method is employed to achieve the robust
synchronization between the two memristor-based frac-
tional-order Hopfield neural networks with parameter
uncertainties which needs less calculation, and finally, the
numerical simulations show the systems we argued are
chaotic and the control law in the slave system is effective.

The memristor-based fractional-order neural networks
are meaningful. It is necessary for us to do more future
work about it and explore better method to handle the error
system, to make it more accurate, which is an ongoing
topic in research area.
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