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Abstract In this work, we concentrate on the analysis of
the time-fractional Rosenau—Hyman equation occurring in
the formation of patterns in liquid drops via g-homotopy
analysis transform technique and reduced differential
transform approach. The g-homotopy analysis transform
algorithm can provide rapid convergent series by choosing
the appropriate values of auxiliary parameters 7 and n at
large domain. The reduced differential transform technique
gives wider applicability due to reduction in computations
and makes the calculation much simpler and easier. The
proposed techniques are realistic and free from any
assumption and perturbation for solving the time-fractional
Rosenau-Hyman equation.
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1 Introduction

The theory of fractional derivatives and integral operators
has attracted a great attention of scientists due to its wide
uses and importance in mathematics, physics, biology,
economics and finance. The mathematical models, coupled
equations, linear and nonlinear equations having initial and
boundary conditions, applied in various fields and tech-
nologies, can extend and describe more general through the
fractional calculus [1-8]. An excellent literature and
hereditary properties involving fractional operators for
differential and integral equations concerning fractional
calculus were reported by number of researchers [9—16].
The Rosenau—-Hyman equation occurs in formation of
patterns in liquid drops having compaction solutions was
discovered by Rosenau and Hyman [17]. The compactons
studies of the Rosenau—Hyman equation play effective role
in applied sciences and mathematical physics [18-23].
Recently, the fractional Rosenau—-Hyman equation is
studied by Molliq and Noorani by using VIM and HPM
[24]. These techniques have some shortcomings such as
small convergence region, strongly depend on Lagrange’s
multiplier, correctional functional, calculating integrals
appear in VIM and small/large parameters assumptions
mentioned in HPM.

In this work, numerical simulation of the time-frac-
tional Rosenau—Hyman equation is conducted with the
application of g-homotopy analysis transform technique (g-
HATT) and reduced differential transform technique. The
q-HATT is a graceful combination of g-HAM and Laplace
transform, which provides multiple approximate solutions.
The g-HAM proposed by El-Tavil and Huseen [25, 26] is a
generalized form of homotopy analysis scheme firstly
discovered by Liao [27, 28] and homotopy perturbation
approach firstly given by He [29-31]. In recent years, semi-
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analytical techniques have also been coupled with Laplace
transform algorithm such as Laplace decomposition tech-
nique [32], homotopy perturbation transform technique
[33-35] and homotopy analysis transform technique
[36-38] to analyze integer and fractional differential
equations describing real-word problems arising in scien-
tific and technological areas.

The g-HATT gives us with a straightforward way to
insure the convergence of series solution with the help of the

auxiliary parameter #,

[Oﬂ (n>1), asymptotic parameter n, auxiliary function

H(x, t) and the initial guess uy(x, t) to find the series solution
in more general form. On the other hand, we illustrate the
reduced differential transform technique (RDTT) [39-41]
to examine the time-fractional Rosenau—Hyman equation
with small size computational work and provide rapidly
convergent series solution. The proposed schemes can be
performed very easily (free from any assumption or cal-
culating integrals), uniformly valid in nonlinear equations
for small/large parameters. The outline of the present article
is as follows: In Sect. 2, the definition of Caputo fractional
derivative and its Laplace transform formula are discussed.
In Sect. 3, the basic idea of g-HATT is presented. Section 4
contains the basic idea of RDTT. In Sect. 5, implementa-
tion of g-HATT on time-fractional Rosenau—Hyman
equation is discussed. In Sect. 6, RDTT is applied on time-
fractional Rosenau—Hyman equation. Numerical results
and discussion for time-fractional Rosenau—Hyman equa-
tion are presented in Sect. 7. Finally, Sect. 8 is dedicated to
conclusions.

the embedding parameter ¢ €

2 Preliminaries
Here, we present the basic definition and properties of
fractional ordered derivatives.

Definition 2.1 If f(z) be a function of #, then the fractional
ordered derivative in terms of Caputo [42] is defined and

expressed as:
/ f— T n oa— l
0

forn—l<a<n, neN, t>0.

Dif (1) = " *Df

"(1)dr, (1)

Definition 2.2 If D}f(r) is the Caputo derivative of the
function f{(¢), then its Laplace transform is presented as
[42, 43]

n—1

LIDf(1)] = s"LIF()] = > s 'f0(0),
oy (2)
n—l<oa<n.
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3 Basic idea of ¢g-HATT

To demonstrate the basic plan and solution procedure of
this approach, we take a fractional nonlinear differential
equation written as:

DY u(x,t) + Ru(x,t) + Nu(x,t) = g(x,1), n—1l<a<n.

(3)

In the fractional Eq. (3), D%u(x,t) is indicating the
fractional derivative of the function u(x, f) defined by
Caputo, R is denoting the linear differential operator, N is
representing the general nonlinear differential operator and
g(x, ?) is representing a function arising from the source.

By putting up the application of Laplace transform on
fractional Eq. (3), we have

L[D!u] + L[Ru] + L[N u] = L[g(x,1)]. (4)

By employing the differentiation formula of the Laplace
transform, it gives

n—

s“Liul =) s B (x,0) + L[Ru] + L|Nu] = L|g(x,1)].
=0
(5)
On simplifying, we get the following result:
1 n—1
Llu] — — s 140 (x,0)
| 50
+ - [L[Ru] + L[Nu] — L[g(x,1)]]
=0. (6)

According to HAM, the nonlinear operator is presented
as:

n—1
NIb(e 1)) = Lble )] — 5 35160 (6, 1:9)(0%)
k=0
L ILRG(x:)] + LING (v, 59)] — Lig(x )]

(7)

InEq. (7) ¢ € [0, 1/n], and ¢(x, t;q) is indicating a real
function of x, ¢t and ¢g. In view of well-known HAM, the
homotopy is constructed in the following manner:

(1 = ng)L{p(x,1;q) — uo(x,1)] = higH (x, )N[u(x, 1)]. (8)

In Eq. (8), L is denoting the Laplace transform operator,
n>1,qe¢ [0, %] is known as the embedding parameter,
H(x, 1) indicates a nonzero auxiliary function, # # 0 is an
auxiliary parameter and ug(x, f) is an initial guess of u(x, ).
It is clear that, when the embedding parameter ¢ = 0 and
q= %, it gives

305,50) = (o). 9ty ) =), )
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respectively. Hence, as g increases from 0 to -, the solution
¢(x,1;q) varies from the initial guess uq(x, t) to the solu-
tion u(x, t) of the nonlinear fractional differential equation.
On expanding the function ¢(x,¢;q) in series form by
using Taylor’s formula about g, we have

D, 130) = o) + S . 0", (10)

m=1
where

1 8"p(x,1;q)
um(xat) :MTL}:O- (11)

If the values of ug(x, 1), n, i and H(x, ¢) are selected in a

proper manner, the series (10) converges at g = %, and then,
we get
(o @] m
u(x, 1) = uo(x, 1) + Y ttn(x, <> (12)
m=1

Equation (12) must be one of the solutions of the non-
linear Eq. (3). Using definition (12), the governing equa-
tion can be derived from the deformation equation of zero
order (8).

Now, we define the vectors as

Up = {MO(xvt)vul(xvt)v'"aum(xvt)}' (13)

Next on differentiating the zeroth-order deformation
Eq. (8) m-times with respect to g and then dividing them
by m! and finally putting g = 0, we arrive at the following
mth-order deformation equation:

Luy (x,1) — kytty—1(x,1)] = BH (x, 1) Ry (1) (14)
Using the inverse Laplace transform in Eq. (14), it gives
YH (x, )R (t—1)].- (15)

In the above Eq. (15), the values of ®,,(ii,,—1) and k,, are
presented as:

Uy (%, 1) = k1 (x, 1) + AL

1 " 'N[¢(x,1;9)]

%m(ﬁm,l):(mil)! BT l4=0, (16)
and

= {2 )
respectively.

4 Reduced differential transform technique
(RDTT)

To demonstrate the basic solution procedure of RDTT, we
take a function p(x, f) and consider that it can be expressed
as a product of two single variable functions, i.e.,

p(x,t) = 6(i)n(j). On the basis of the properties of the one-
dimensional differential transform, the function p(x, f) can
be defined as:

o0

1) = i 3@y nl i
i=0

Jj=0 i=0 j

P(i,j)x't, (18)

Mg

Il
=}

where P(i,j) = 6(i)n(j) is the spectrum of p(x, 7).

Let Rp indicates the reduced differential transform
operator and R},! the inverse reduced differential transform
operator [39]. The basic definitions and operations of the
reduced differential transform are as follows.

Definition 4.1 If p(x, 1) is analytical and continuously dif-
ferentiable about the space variable x and time variable ¢ in the
domain of interest, then the z-dimensional spectrum function

o [ (19)

Pi(x) = Tlka+ 1)

is the fractional reduced transformed function of p(x, ?),
where « is a parameter which describes the order of time-
fractional derivatives. The differential inverse transform of
P,(x) is demonstrated in the following way

SN

)t — 1o)*. (20)

On comparing Egs. (19) and (20), it can be observed
that

% rok 1

—px,0)| (1 —10)* (21)
— T(ko+ 1) koc +1) |0tk Lz,
If we set t = 0, Eq. (13) is reduced to
o) 1 'ak 7
plxt) =) ————|=—=2px1)| (22)
e I'(ko + 1) Gl I

From the above definition, it can be observed that the
idea of the fractional reduced differential transform is
obtained from the power series expansion of a function.

Definition 4.2 If  u(x,1) = Ry [Uk(x)],v(x, 1) = Ry
[Vi(x)] and the convolution © indicates the fractional
reduced differential transform version of the multiplication,
then the fundamental operations of the fractional reduced
differential transform are expressed in Table 1.

5 Implementation of g-HATT
Here we show the efficiency and applicability of g-HATT

for examining the time-fractional Rosenau—Hyman equa-
tion which is characterized as

@ Springer
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Table 1 Fundamental

. . Original function
operations of the fractional £

Fractional reduced differential transformed function

reduged differential transform Rolu(x, 1)v(x, 1)]
technique
Rplow(x,t) £ pv(x,1)]

[
Rp[(@V* /" )u(x, 1))
Rp[(x"1"u(x,1)]
[
[
[

=

e

D At
Rpl[sin(wt + o))
Rplcos(wr + )]

Ui(x)OV (x) = Yoo Uilx) Vi (x)
aUi(x) = BVi(x)

[(I'(kot + Noo + 1)) /T (kot + 1)) Upsn (x)
X' Up—n(x)

A rik+1)

(w* /T (k + 1)) sin[(mk/T'(3)) + o]
(* /T (k + 1)) cos[(nk/T'(3)) + o]

(b)

Fig. 1 Fourth-order family of approximate g-HATT (for # = —1 and n = 1) and RDTT solution u(x, ¢) of Eq. (23) versus x and time ¢ at
¢ = 0.5 and o = 1: a exact solution; b approximate solution; ¢ absolute error E4(u) = litex — tappl
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u  u Ou udu 8 2(X
— = 3— 1>0, 0<x<l. uo(x, 1) = —zccos (—)
o Yo m T aae o Uses )3 s
(23) t :_h 2 o ({)[7
uy (x,1) 3 e sin(5 il
with the initial condition 2 ) x e
up(x,t) = =h(h +n)c sin(—) e
8 L /X 3 2/ I'(a+1)
u(x,0) = —=ccos (—) (24) 1 Y 2
’ * +§hZC3C°S(§) 2o+ 1)
Here, u = u(x, t) is the function of space coordinate 5 x ; 5
x and time ¢, ¢ is arbitrary constant. The time-fractional us(x,t) = = h(h + n)2c2 sin (f) v 4= hz(h + n)c3
Rosenau-Hyman equation occurs in the investigation of 3 2/ I(a+1) 3
nonlinear dispersion in the formation of patterns in liquid % cos ({) r
drops [17]. 2/ I'2u+1)
To solve Egs. (23) and (24), we apply the Laplace 1.3, . (x 13
. . . . . . . . _—— h* C Sln —_ —_— y
transform along with the initial condition, and it gives 6 2) (3o + 1)
178 2 (¥ ug(x,t) = (i + n)us(x, 1) + 7> (7 + n)*c cos (£> t2—zx
Llu(x,1)] =~ (=3 ccos (Z> ) : 2) T2a+1)
1L Ou fu ot g et Sm()f)L
Yok T T v 3 rGa+1)
= 0. 25 1 *
(25) - ﬁh“cs cos (;ﬁ) T@zs 1) (30)
The nonlinear operator is *
Using the same way, the remaining of the components
N[p(x,t;9)] = Lip(x,1,9)] — = ( 3¢ cos” > U, (x, ) for m > 4 can be obtained, and the series expansion
1 . ( ) is given as:
L 0P(x, 1 q) 3 (x,1;9) P (x,1;9)
+ ¢(x7 I8 q) ox + 3 ox axz ’ 4
(26) -0.04
and thus -0.051
1 kn\ 8 ~0.06-
Ron(lhn—1) = L(tyy—1) +— (1 === ) = ccos? (—) 0.06
3 4
L, P 4 -0074
__ u,
R s ox3
= -0.084
m—1 m—1
al'tmflfr aur 0 Up—1—r 1
+; "3 L o ] -009-
(27) —at0] £

The deformation equation of mth-order is given by:
Luy (x, 1) — kytty—1 (x,2)] = iRy (tin—1)- (28)

Using the inverse of Laplace transform operator on
above equation, we get the following result

1[%m(ﬁm—l)]-
On solving Eq. (29), it yields

U (X, 1) = kyttyy—1(x, 1) + AL~ (29)

T L} T L3 T L} T

0 02 04 06 03

—_]

Exact solution
— - a=07

oa=1

Fig. 2 Fourth-order approximate ¢g-HATT (for 7 = —1 and n = 1)
and RDTT solution u(x, t) versus time ¢ for Eq. (23) at x = 20 and
¢ = 0.5 for various values of o
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o0 1 m
1) = 1 m\ X0 =] 31
) = )+ ) (1) a1)
Equation (31) represents the family of g-HATT series
solutions for Eq. (23). The expansion of ¢g-HATT series
solution (31) directly converges to HAM when n = 1 and
RDTT, HPM, VIM solution series by putting » = 1 and
h=-—1. If we set i=—-1, n=1 and a=1 in
N m
Zm:() U (x’ t) (%)

standard exact solution given as [44]

when N — oo, it converges to the

8 1
u(x,t) = — gccos2 (4_1 (x— ct)), |x — cf] < 2m, (32)

where ¢ indicates the arbitrary constant [17].

6 Implementation of RDTT

Here, we illustrate RDTT for examining the time-frac-
tional Rosenau—Hyman equation (23) with initial condi-
tion (24)

By the application of RDTT to Eq. (23), we get the
following recurrence relation:

I'(mo+ o+ 1 " RU, N OUp,
7( ) Um+1(x) = E Ur + g Ur
r=0

I'(ma+1) g ox3 ox
" U, U,

3 — . 33
+ ; ox Ox? (33)

Using the RDTT to the initial condition (24), we get

8 X
Up(x) = — gccos2 (A_L) (34)
Using Eq. (34) in Eq. (33), we obtain the following
values of U, (x), form =1, 2,3, ..., as

_ 2, . /x 1 71 3 x 1
U(x) = 3¢ sm<2> Tat1) Us(x) =3¢ cos(z) T2t 1)
1, x 1 1o X
Us(x) =5¢ S‘“(E) Toar1y U =—13¢ C05(2) I(4a+1)

(35)

Using the above way, the rest of the components can be
found, and using the differential inverse reduced transform
of U,x),m=1,2,3, ..., we get

u(x, 1) = i U (x)t™

rln;)(zx) + U (x)f* + Uy (x) % + Us(x)£* + - - -,
(36)

@ Springer

which converges to the standard exact solution given as
below [44]:

u(x, 1) = — gccos2 <% (x— ct)) e —ct] <2m, (37)

where ¢ represents the arbitrary constant [17].

This is the same solution series obtained by ¢g-HATT, at
h = —1, n = 1. We observe that the reduced differential
transform technique is very easier to implement and
requires less computational work for convergent solution
series. The maple package is used for graphical represen-
tation of g-HATT solution series and RDTT (¢g-HATT,
h = —1, n=1) solution series of time-fractional Rose-
nau—Hyman equation.

7 Results and discussion

In this part of the article, we enumerate the results found
by using ¢-HATT and RDTT. The multiple graphical
surface solutions of Eq. (23) are depicted in Fig. 1. In
Fig. la—c, we can observe that the results obtained with
aid of g-HATT and RDTT are in an excellent agreement
with the exact solution. Figure 2 depicts the relation
between approximate solution u(x, f) and time ¢ for dis-
tinct values of o. In Fig. 2, it is to be noted that the value
of o significantly affects the displacement. Figure 3a—d
represents - and n-curves. The value of 7/ is selected,
corresponding to arbitrary n(n > 1) from the convergence
range. From Fig. 3a—-d, we can notice from A- and
asymptotic n-curves that g-HATT have great efficiency
and accuracy and gives convergent solution series at large
admissible domain. We can observe from 7#-curves that
the convergence range is directly proportional to n

8 Conclusions

In this paper, g-HATT is used for numerical simulation of
the time-fractional Rosenau—Hyman equation at large
admissible domain compared to VIM, HPM [24] and
RDTT. The h- and asymptotic n-curves show the validity
of g-HATT for infinitely many acceptable g-HATT solu-
tions and the middle point of #-curve interval, i.e.,
h = —n is a suitable choice, at this point the numerical
solution converges to the exact solution. The application of
RDTT tool to solve time-fractional Rosenau—Hyman
equation in efficient way is demonstrated. Moreover, the
computational work contained in RDTT tool is very small,
simple and attractive. Thus, it can be concluded that the
both ¢g-HATT and RDTT are highly efficient and user
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Fig. 3 h- and asymptotic n-curves show the comparative study at
x =20 and ¢ = 0.5 for fourth-order approximation ¢g-HATT solu-
tions of Eq. (23): a fi-curve at n = 1 and ¢ = 0.05 for different values
of a; b h-curve at n =10 and ¢t = 0.05 for different order

friendly to investigate nonlinear fractional differential
equations.
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