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Abstract This paper investigates a class of non-au-

tonomous cellular neural networks with mixed delays.

Based on the basic theory of the weighted pseudo-almost

periodic functions, several sufficient conditions are estab-

lished to ensure that every solution of the addressed model

exponentially tends to a weighted pseudo-almost periodic

solution as t ! þ1, which generalize some existing ones.

In particular, some numerical examples are also given.
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delay

Mathematics Subject Classification 34C25 � 34K13

1 Introduction

Recently, neural networks have gotten more and more

attention because of its widespread application in a variety

of areas, such as optimization problems, pattern recogni-

tion and signal and image processing [1–7]. In many

practical problems, the periodic solution of the model is

often required to be either globally asymptotically stable or

globally exponentially stable [8–13]. In fact, there are a

few pure period phenomena in nature, so the research on

almost periodic phenomenon or pseudo-almost periodic

phenomenon is more practical. In the past few decades,

many research results have been obtained for the existence,

uniqueness and stability of periodic solutions, almost

periodic solutions, asymptotically almost periodic solutions

and pseudo-almost periodic solutions of the following

cellular neural networks (CNNs) with mixed delays

[14–20]:

x0iðtÞ ¼ � aiðtÞxiðtÞ þ
Xn

j¼1

�bijðtÞ �FjðxjðtÞÞ

þ
Xn

j¼1

bijðtÞFjðxjðt � sijðtÞÞÞ

þ
Xn

j¼1

dijðtÞ
Z 1

0

rijðuÞ ~Fjðxjðt � uÞÞduþ IiðtÞ;

i 2 N ¼ f1; 2; . . .; ng:
ð1:1Þ

Here xiðtÞ is the ith neuron state, aiðtÞ represents the rate of
decay, �Fj, Fj and ~Fj are the activation of the ith neuron.

The detailed biological description on the input IiðtÞ, the
coefficients �bijðtÞ, bijðtÞ, dijðtÞ and delays sijðtÞ; rijðuÞ can
be found in [15–17].

Most recently, as mentioned by Al-Islam et al. [21],

compared with pseudo-almost periodic phenomenon,

weighted pseudo-almost periodic (WPAP) phenomenon

which can be accounted as an almost periodic process plus

a weighted ergodic component is more frequent. As far as

we know, the WPAP problem for CNNs with mixed delays

has not been sufficiently studied.

Inspired by the above discussions, in this manuscript, we

aim to challenge the analysis problem on the existence and

exponential stability of WPAP solutions for (1.1).
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2 Definitions and preliminary lemmas

Throughout this paper, U denotes the collection of func-

tions (weights) l : R ! ð0; þ1Þ, which are locally inte-

grable over R and satisfy

lim
z!þ1

lð½�z; z�Þ ¼ þ1; where lð½�z; z�Þ :

¼
Z z

�z

lðxÞdx ðz[ 0Þ:

Define the following notations:

x¼ fxig ¼ ðx1; x2; . . .;xnÞT ; jxj ¼ fjxijg; kxk ¼max
i2N

jxij;

Wþ ¼ sup
t2R

jWðtÞj; W� ¼ inf
t2R

jWðtÞj;

U1 :¼ fljl2U; inf
x2R

lðxÞ ¼ l0[0g;

and

Uþ
1 :¼ ljl 2 U1; lim sup

jxj!þ1

lðxþ aÞ
lðxÞ \þ1;

(

lim sup
z!þ1

lð½�ðzþ aÞ; zþ a�Þ
lð½�z; z�Þ \þ1; 8a 2 R

�
:

Furthermore, BCðR;RnÞ, APðR;RnÞ and PAPðR;RnÞ
denote, respectively, the set of bounded and continuous

functions, almost periodic functions and pseudo almost

periodic functions from R to Rn, and

PAP
l
0ðR;RnÞ

¼
�
u2BCðR;RnÞj lim

z!þ1

1

lð½�z; z�Þ

Z z

�z

lðtÞjuðtÞjdt¼ 0
�
:

Then, ðBCðR;RnÞ;k � k1Þ is a Banach space with the

supremum norm kfk1 :¼ supt2R kf ðtÞk. A function f 2
BCðR;RnÞ is called WPAP if it can be expressed as

f ¼ hþ u;

where h 2 APðR;RnÞ and u 2 PAP
l
0ðR;RnÞ: The collec-

tion of such functions will be denoted by PAPlðR;RnÞ: In
particular, fixed l 2 Uþ

1, ðPAPlðR;RnÞ; k:k1Þ is a Banach
space and PAPðR;RnÞ is a proper subspace of

PAPlðR;RnÞ [22, 23].
According to the actual meaning, we consider initial

condition

xðsÞ ¼ uðsÞ; s 2 ð�1; 0�; u 2 BCðR;RnÞ; i 2 N:

ð2:1Þ

Throughout this paper, for i; j 2 N; it will be assumed

that �bij; bij; dij; Ii 2 PAPlðR;RÞ, sij 2 CðR; ½0; þ1ÞÞ;
s0ij 2 CðR; RÞ, and

ai; sij 2 APðR;RÞ; M½ai� ¼ lim
T!þ1

1

T

Z tþT

t

aiðsÞds[ 0;

�1\s0ijðsÞ\1; 8s 2 R:

ð2:2Þ

We suppose that the parameters of (1.1) and activation

functions in this paper satisfy the following assumptions

for i; j 2 N.

ðE0Þ there exist ~ai 2 BCðR; ð0;þ1ÞÞ and a constant

Ki [ 0 such that

e
�
R t

s
aiðuÞdu �Kie

�
R t

s
~aiðuÞdu 8 t; s 2 R; t � s� 0:

ðE1Þ �Fj, Fj and ~Fj are global Lipschitz with Lipschitz

constants L
�F
j , L

F
j and L

~F
j , respectively.

ðE2Þ rij : ½0;þ1Þ ! R is bounded and continuous, and

jrijðtÞjejt is integrable on ½0;þ1Þ for some j[ 0.

ðE3Þ l 2 Uþ
1, and FðaÞ ¼ sup

x2R

lðxþaÞ
lðxÞ is bounded on

arbitrary closed subinterval of ½0; þ1Þ.
ðE4Þ there are constants ci [ 0 and ni [ 0 such that

sup
t2R

�~aiðtÞ þ Ki n�1
i

Xn

j¼1

j�bijðtÞjL
�F
j þ jbijðtÞjLFj

�"(

þjdijðtÞj
Z 1

0

jrijðuÞjduL ~F
j

�
nj

��
\� ci\0:

Lemma 2.1 Suppose that f 2 PAPlðR;RÞ, # 2
C1ðR; RÞ is almost periodic, #ðtÞ� 0 and #0ðtÞ\1 for all

t 2 R. Then, f ðt � #ðtÞÞ 2 PAPlðR;RÞ:

Proof Let

f ¼ hþ u;

where h 2 APðR;RÞ and u 2 PAP
l
0ðR;RÞ: Clearly,

hðt � #ðtÞÞ 2 APðR;RÞ:
In view of ðE3Þ, we have

lðtÞ
lðt � #ðtÞÞ ¼

lðt � #ðtÞ þ #ðtÞÞ
lðt � #ðtÞÞ � sup

a2½#�; #þ�
FðaÞ; for all t 2 R:

Letting z� 1; b ¼ sup
t2R

1
1�#0ðtÞ � sup

a2½#�; #þ�
FðaÞ and s ¼ t �

#ðtÞ give us
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0� 1

lð½�z; z�Þ

Z z

�z

juðt � #ðtÞÞjlðtÞdt

� 1

lð½�z; z�Þ

Z z

�z

juðt � #ðtÞÞjlðt � #ðtÞÞdt

� sup
t2R

lðtÞ
lðt � #ðtÞÞ

� 1

lð½�z; z�Þ

Z z�#ðzÞ

�z�#ð�zÞ
juðsÞjlðsÞ sup

t2R

1

1� #0ðtÞ ds

� sup
t2R

lðtÞ
lðt � #ðtÞÞ

� b
1

lð½�z; z�Þ

Z z�#ðzÞ

�ðzþ#ð�zÞÞ
juðsÞjlðsÞds

� b
lð½�ðzþ #þÞ; zþ #þ�

lð½�z; z�Þ
1

lð½�ðzþ #þÞ; zþ #þ�
Z zþ#þ

�ðzþ#þÞ
juðsÞjlðsÞds

� b sup
z� 1

lð½�ðzþ #þÞ; zþ #þ�Þ
lð½�z; z�Þ

1

lð½�ðzþ #þÞ; zþ #þ�Þ
Z zþ#þ

�ðzþ#þÞ
juðsÞjlðsÞds;

which, together with the fact that

lim
z!þ1

1

lð½�ðzþ #þÞ; zþ #þ�Þ

Z zþ#þ

�ðzþ#þÞ
juðsÞjlðsÞds ¼ 0;

implies that

lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

juðt � #ðtÞÞjlðtÞdt ¼ 0; and

uðt � #ðtÞÞ 2 PAP
l
0ðR;RÞ:

This finishes the proof. h

Lemma 2.2 (see [24, Lemma 2.2]) If u 2 PAP
l
0ðR;RÞ;

then,
Rþ1
0

jrijðsÞjjuðt � sÞjds 2 PAP
l
0ðR;RÞ:

Lemma 2.3 For i; j 2 N, if xj 2 PAPlðR;RÞ, then,
bijðtÞFjðxjðt � sijðtÞÞÞ; �bijðtÞ �FjðxjðtÞÞ 2 PAPlðR;RÞ;

and

dijðtÞ
Z 1

0

rijðuÞ ~Fjðxjðt � uÞÞdu 2 PAPlðR;RÞ:

Proof By Lemma 2.1, we have

xjðt � sijðtÞÞ 2 PAPlðR;RÞ; i; j 2 N:

Furthermore, let

xjðt � sijðtÞÞ ¼ xhj ðtÞ þ x
u
j ðtÞ; where xhj 2 APðR;RÞ;

x
u
j 2 PAP

l
0ðR;RÞ; i; j 2 N:

Then, for all t 2 R, we get

bijðtÞFjðxjðt � sijðtÞÞÞ
¼ ½bhijðtÞ þ buij ðtÞ�Fjðxhj ðtÞ þ x

u
j ðtÞÞ

¼ bhijðtÞFjðxhj ðtÞÞ þ buij ðtÞFjðxhj ðtÞÞ
þ bijðtÞ½Fjðxhj ðtÞ þ x

u
j ðtÞÞ � Fjðxhj ðtÞÞ�;

where bhij 2 APðR;RÞ; buij 2 PAP
l
0ðR;RÞ; i; j 2 N: Clearly,

bhijðtÞFjðxhj ðtÞÞ 2 APðR;RÞ; i; j 2 N: ð2:3Þ

Now, we choose constants aj and gj such that

aj ¼ sup
t2R

jFjðxhj ðtÞÞj; gj ¼ sup
t2R

jLFj bijðtÞj:

Consequently,

0� lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jbuij ðtÞFjðxhj ðtÞÞ þ bijðtÞ½Fjðxhj ðtÞ

þ x
u
j ðtÞÞ

� Fjðxhj ðtÞÞ�jlðtÞdt

� lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jFjðxhj ðtÞÞjjb
u
ij ðtÞjlðtÞdt

þ lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jLFj bijðtÞjjx
u
j ðtÞjlðtÞdt

� aj lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jbuij ðtÞjlðtÞdt

þ gj lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jxuj ðtÞjlðtÞdt

¼ 0:

It follows from (2.3) that

bijðtÞFjðxjðt � sijðtÞÞÞ 2 PAPlðR;RÞ; i; j 2 N:

Similarly,

�bijðtÞ �FjðxjðtÞÞ 2 PAPlðR;RÞ; i; j 2 N:

Next, let hj 2 APðR;RÞ and uj 2 PAP
l
0ðR;RÞ such that

xjðtÞ ¼ hjðtÞ þ ujðtÞ; i; j 2 N:

Therefore,

dijðtÞ
Z 1

0

rijðuÞ ~Fjðxjðt � uÞÞdu

¼ dhijðtÞ
Z 1

0

rijðuÞ ~Fjðhjðt � uÞÞduþ d
u
ij ðtÞ

Z 1

0

rijðuÞ ~Fjðhjðt � uÞÞduþ dijðtÞ
Z 1

0

rijðuÞ½ ~Fjðujðt � uÞ þ hjðt � uÞÞ � ~Fjðhjðt � uÞÞ�du;

ð2:4Þ
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where dhij 2 APðR;RÞ; duij 2 PAP
l
0ðR;RÞ; t 2 R; i; j 2 N:

In view of ðE1Þ, the definition of APðR;RÞ and Lemma 2.2,

we can deduce that

dhijðtÞ
Z 1

0

rijðuÞ ~Fjðhjðt � uÞÞdu 2 APðR;RÞ; ð2:5Þ

and
Z þ1

0

jrijðsÞjjujðt � sÞjds 2 PAP
l
0ðR;RÞ; i; j 2 N:

ð2:6Þ

Hence,

0� lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

jduij ðtÞ
Z 1

0

rijðuÞ ~Fjðhjðt � uÞÞdu

þ dijðtÞ
Z 1

0

rijðuÞ½ ~Fjðujðt � uÞ þ hjðt � uÞÞ

� ~Fjðhjðt � uÞÞ�dujlðtÞdt

� sup
t2R

j
Z 1

0

rijðuÞ ~Fjðhjðt � uÞÞduj lim
r!þ1

1

lð½�z; z�Þ

�
Z z

�z

jduij ðtÞjlðtÞdt

þ dþij L
~F
j lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

Z 1

0

jrijðuÞjjujðt � uÞj

dulðtÞdt

¼ 0;

which, together with (2.4) and (2.5), implies that

dijðtÞ
Z 1

0

rijðuÞ ~Fjðxjðt � uÞÞdu 2 PAPlðR;RÞ; i; j 2 N:

This proves Lemma 2.3. h

Lemma 2.4 Define a nonlinear operator G by setting

ðGuÞðtÞ ¼
Z t

�1
e
�
R t

s
aiðuÞdu n�1

i

Xn

j¼1

�bijðsÞ �FjðnjujðsÞÞ
"(

þn�1
i

Xn

j¼1

bijðsÞFjðnjujðs� sijðsÞÞÞ

þn�1
i

Xn

j¼1

dijðsÞ
Z 1

0

rijðvÞ ~Fjðnjujðs� vÞÞdvþ n�1
i IiðsÞ

#
ds

)
;

u 2 PAPlðR;RnÞ:

Then Gu 2 PAPlðR;RnÞ.

Proof According to ðE0Þ and ðE4Þ, it is easily to see that

Gu 2 BCðR;RnÞ by the argument in Lemma 2.1 of [10].

From Lemma 2.3, we obtain that there are Hj 2
APðR;RÞ and Uj 2 PAP

l
0ðR;RÞ such that

n�1
i

Xn

j¼1

�bijðtÞ �FjðnjujðtÞÞ þ n�1
i

Xn

j¼1

bijðtÞFjðnjujðt � sijðtÞÞÞ

þ n�1
i

Xn

j¼1

dijðtÞ
Z 1

0

rijðvÞ ~Fjðnjujðt � vÞÞdvþ n�1
i IiðtÞ

¼ HjðtÞ þ UjðtÞ 2 PAPlðR;RÞ; i; j 2 N:

Noting that M½ai�[ 0, using the theory of exponential

dichotomy in [25], we get that
Z t

�1
e
�
R t

s
aiðuÞduHjðsÞds 2 APðR;RÞ ð2:7Þ

satisfies

y0ðtÞ ¼ �aiðtÞyðtÞ þ HjðtÞ; i; j 2 N:

Arguing as in the verification of [24, Lemma 2.2], one can

show

lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

Z þ1

0

e�~a�i ujUjðt � uÞjdulðtÞdt ¼ 0; i; j 2 N:

Then

0� lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

Z t

�1
e
�
R t

s
aiðhÞdhjUjðsÞjdslðtÞdt

�Ki lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

Z t

�1
e�~a�i ðt�sÞjUjðsÞjdslðtÞdt

¼Ki lim
z!þ1

1

lð½�z; z�Þ

Z z

�z

Z þ1

0

e�~a�i ujUjðt � uÞjdulðtÞdt

¼ 0;

and
Z t

�1
e
�
R t

s
aiðuÞduUjðsÞds 2 PAP

l
0ðR;RÞ; i; j 2 N:

Combining with (2.7), it leads to

ðGuÞjðtÞ ¼
Z t

�1
e
�
R t

s
aiðuÞduHjðsÞds

þ
Z t

�1
e
�
R t

s
aiðuÞduUjðsÞds 2 PAPlðR;RÞ;

i; j 2 N;

and ends the proof of lemma 2.4. h

3 Exponential stability of WPAP

Theorem 3.1 Assume that ðE0Þ, ðE1Þ, ðE2Þ, ðE3Þ and ðE4Þ
hold. Then, system (1.1) has a unique WPAP solution

x�ðtÞ 2 PAPlðR;RnÞ, and there is a constant k 2
ð0; minfj;min

i2N
~a�i gÞ satisfying
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xiðtÞ � x�i ðtÞ ¼ Oðe�ktÞ as t ! þ1; i 2 N;

where x(t) is a solution of system (1.1) with initial condi-

tion (2.1).

Proof After making the following transformation,

yiðtÞ ¼ n�1
i xiðtÞ; i 2 N;

one can show

y0iðtÞ¼�aiðtÞyiðtÞþn�1
i

Xn

j¼1

�bijðtÞ �FjðnjyjðtÞÞ

þn�1
i

Xn

j¼1

bijðtÞFjðnjyjðt�sijðtÞÞÞ

þn�1
i

Xn

j¼1

dijðtÞ
Z 1

0

rijðuÞ ~Fjðnjyjðt�uÞÞduþn�1
i IiðtÞ;

i2N:

ð3:1Þ

For u;w2PAPlðR;RnÞ, in view of ðE0Þ, ðE1Þ, ðE2Þ, ðE3Þ
and ðE4Þ, we have

jðGuÞiðtÞ � ðGwÞiðtÞj

¼
Z t

�1
e
�
R t

s
aiðuÞdu n�1

i

Xn

j¼1

�bijðsÞð �FjðnjujðsÞÞ � �FjðnjwjðsÞÞÞ
"�����

þ n�1
i

Xn

j¼1

bijðsÞðFjðnjujðs� sijðsÞÞÞ � Fjðnjwjðs� sijðsÞÞÞÞ

þn�1
i

Xn

j¼1

dijðsÞ
Z 1

0

rijðuÞð ~Fjðnjujðs� uÞÞ � ~Fjðnjwjðs� uÞÞÞdu
#
ds

�����

�
Z t

�1
e
�
R t

s
~aiðuÞduKi n�1

i

Xn

j¼1

ðj�bijðsÞjL
�F
j þ jbijðsÞjLFj

"

þjdijðsÞj
Z 1

0

jrijðuÞjduL
~F
j Þnj

�
dskuðtÞ � wðtÞk1

�
Z t

�1
e
�
R t

s
~aiðuÞdu½~aiðsÞ � ci�dskuðtÞ � wðtÞk1

�
Z t

�1
e
�
R t

s
~aiðuÞdud �

Z t

s

~aiðuÞdu
	 �

� ci
2

Z t

�1
e
�
R t

s
~aiðuÞduds


 �

kuðtÞ � wðtÞk1 � max
i2N

1� ci
2~aþi

� �
kuðtÞ � wðtÞk1;

which, together with the fact that 0\max
i2N

f1� ci
2~aþ

i

g\1;

entails that the mapping G is contract, and has a unique

fixed point

y� ¼ fy�i ðtÞg 2 PAPlðR;RnÞ; Gy� ¼ y�:

Furthermore, (1.1) and (3.1) imply that (1.1) has a unique

WPAP solution x� ¼ fx�i ðtÞg ¼ fniy�i ðtÞg .

Finally, by an almost identical proof to that of Theo-

rem 3.2 in [26], one can pick constants k 2

ð0; minfj;min
i2N

~a�i gÞ and M[
Pn

j¼1 K
S
j þ 1 such that for

i 2 N;

sup
t2R

k� ~aiðtÞ þ Ki n�1
i

Xn

j¼1

j�bijðtÞjL
�F
j þ jbijðtÞjLFj eksijðtÞ

�"(

þjdijðtÞj
Z 1

0

jrijðuÞjekuduL
~F
j

�
nj

#)
\0

and

kxðtÞ � x�ðtÞk�Mfsup
t� 0

max
i2N

n�1
i juiðtÞ � x�i ðtÞjge�kt

for all t[ 0;

which ends the proof of Theorem 3.1. h

4 An example and its numerical simulations

Set

n¼ 2; �FiðxÞ ¼ 0; FiðuÞ ¼ ~FiðuÞ ¼
1

20
arctanu;a1ðtÞ ¼

1

10
1þ 3

2
sin t

	 �
;

a2ðtÞ ¼
1

10
1þ 3

2
cos t

	 �
; �bijðtÞ ¼ 0;bijðtÞ ¼

1

5
sin2t;dijðtÞ ¼

1

6
cos2t;

IiðtÞ ¼ ð20þ iÞjcos tj þ pðtÞ;rijðtÞ ¼
1

10
e�2t;sijðtÞ ¼

1

iþ j
ð1þ sin2tÞ

pðsÞ ¼ e�s for all s�0;pðsÞ ¼ 1 for all s\0:

8
>>>>>>>>><

>>>>>>>>>:

ð4:1Þ

Obviously, one can select

~aiðtÞ ¼
1

10
; ni ¼ 1; T ¼ p; j ¼ 1; L

�F
i ¼ 0;

LFi ¼ L
~F
i ¼ 1

20
; Ki ¼ e

3
10; i; j ¼ 1; 2;

and

lðtÞ ¼ et for all t� 0; lðtÞ ¼ 1 for all t\0

such that CNNs (1.1) with (4.1) obey all the conditions

mentioned in Sect. 2. Then, system (1.1) has a unique

WPAP solution x�ðtÞ 2 PAPlðR;R2Þ, and all solutions of

system (1.1) converge exponentially to x�ðtÞ as t ! þ1.

Here, the exponential convergence rate k 	 0:01. Figure 1

gives the state response of the neural network CNNs (1.1)

with (4.1) and three groups of different initial values which

are ð17;�14Þ; ð�12; 15Þ; ð11;�12Þ.

Remark 4.1 It is well known that the exponential sta-

bility of WPAP solutions plays an important role in

describing the dynamics of differential equations. In this

article, by means of the fixed point theorem and some

differential inequality technique, some new criteria are

derived for the existence and exponential stability of

WPAP solutions of the considered model. It is also worth

pointing out that the sufficient condition is simple and

easy to verify. As shown above, the obtained results are

improvement and extension of some previously

Neural Comput & Applic (2018) 30:2453–2458 2457
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published related results in [9–18, 24–28]. In addition,

the method in this paper can also be applied to the study

of other CNNs models.
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