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Abstract A model of shunting inhibitory cellular neural

networks with mixed delays is proposed. Applying appro-

priate differential inequality techniques, several sufficient

conditions are derived to ensure the existence and expo-

nential stability of weighted pseudo-anti-periodic solutions

for the proposed neural networks. Moreover, numerical

examples are provided to show the validity and the

advantages of the obtained results

Keywords Weighted pseudo-anti-periodic solution �
Shunting inhibitory cellular neural network � Exponential
stability � Mixed delay

Mathematics Subject Classfication 34C25 � 34K13 �
34K25

1 Introduction

During the 1990s, Bouzerdoum and Pinter [1–3] proposed

shunting inhibitory cellular neural networks (SICNNs) to

describe a new class of biologically inspired cellular neural

networks (CNNs) in which shunting inhibition mediates the

synaptic interactions among neurons. Therefore, SICNNs

have shown great potential as information processing

systems [4–11]. Recently, the exponential stability of the

anti-periodic solutions can describe the global dynamics of

delay systems since the convergence rate can be estimated

[12–14], and a lot of research work is focused on this topic

of SICNNs with mixed delays [15–20]. In particular, the

following dynamical system:

x0ijðtÞ ¼ �dijðtÞxijðtÞ �
X

Ckl2Nrði;jÞ
Ckl
ij ðtÞFðxklðt � sklðtÞÞÞxijðtÞ

�
X

Bkl2Nqði;jÞ
Bkl
ij ðtÞ

Z þ1

0

rijðuÞGðxklðt � uÞÞduxijðtÞ

þ IijðtÞ;
ð1:1Þ

has been used to describe SICNNs with mixed delays

involving time-varying delays sijðtÞ and unbounded dis-

tributed delay kernels rijðuÞ, where ij 2 N ¼
f11; 12; . . .;mng; Cij designates the cell at the (i, j) position

of the lattice. The . neighborhood N.ði; jÞ of Cij is given as

N.ði; jÞ¼
n
Ckl :maxðjk� ij; jl� jjÞ�.;1�k�m;1�l�n

o
;

.¼ r;q:

xðtÞ ¼ fxijðtÞg ¼ ðx11ðtÞ; x12ðtÞ; . . .; xmnðtÞÞT corresponds

to the state vector, dijðtÞ represents the rate of decay, and

F and G are the signal transmission functions. The detailed

biological accounts on the coefficients Ckl
ij ðtÞ and Bkl

ij ðtÞ can
be found in [21].

As mentioned by Al-Islam et al. [22], the research of

weighted pseudo-anti-periodic differential equations has

academic significance in both dynamical theory and its

practical application. Moreover, weighted pseudo-period-

icity and weighted pseudo-anti-periodicity were first

introduced in [22] to generalized the well-known notions of
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periodicity and that of anti-periodicity, respectively. In

addition, in view of the biological mechanism of system

(1.1), it is interesting and desirable to construct neural

network models which are capable of producing weighted

pseudo-anti-periodic solution. Nevertheless, the weighted

pseudo-anti-periodic problem for SICNNs with mixed

delays has not been adequately studied. For the above

reasons, in this paper, we aim to provide a criterion to

guarantee that all state vectors of (1.1) converge to a

weighted pseudo-anti-periodic solution with a positive

exponential convergence rate.

2 Preliminary results

To further our discussion, U designates the set of locally

integrable functions (weights) l : R ! ð0; þ1Þ satisfying

lim
v!þ1

lð½�v; v�Þ ¼ þ1; where lð½�v; v�Þ :¼
Z v

�v
lðxÞdx ðv[ 0Þ:

Define the following notations:

jxj ¼fjxijjg; kxk ¼ max
ij2N

jxijj; Qþ ¼ sup
t2R

jQðtÞj;

Q� ¼ inf
t2R

jQðtÞj;

U1 :¼ ljl 2 U; inf
x2R

lðxÞ ¼ l0 [ 0

� �
;

and

Uþ
1 :¼ ljl 2 U1; lim sup

jxj!þ1

lðxþ aÞ
lðxÞ \þ1;

(

lim sup
v!þ1

lð½�ðvþ aÞ; vþ a�Þ
lð½�v; v�Þ \þ1; 8a 2 R

�
:

Furthermore, let BCðR;RmnÞ denote the bounded continu-

ous function set, which is a Banach space with the supre-

mum norm kfk1 :¼ supt2R kf ðtÞk. Also, denote

0\T\þ1; APTðR;RmnÞ :¼
w 2 BCðR;RmnÞjwðt þ TÞ ¼ �wðtÞ for all t 2 Rf g;

and

PAP
l
0ðR;RmnÞ ¼ u 2 BCðR;RmnÞj lim

v!þ1

1

lð½�v; v�Þ

�

Z v

�v
lðtÞjuðtÞjdt ¼ 0

�
:

A function W 2 BCðR;RmnÞ is called weighted pseudo-

anti-periodic if it can be expressed as

W ¼ Q1 þ Q2;

where Q1 2 APTðR;RmnÞ is the T-anti-periodic component

and Q2 2 PAP
l
0ðR;RmnÞ is the ergodic perturbation. In

particular, fixed l 2 Uþ
1, ðPAPT ;lðR;RmnÞ; k:k1Þ become

a Banach space and APTðR;RmnÞ is a proper subset of

PAPT ;lðR;RmnÞ [22].
We define the following initial condition:

fxijðsÞg ¼ fuijðsÞg; s 2 ð�1; 0�; fuijg 2 BCðR;RmnÞ:
ð2:1Þ

For kl; ij 2 N; it will be supposed that rij 2
BCð½0;þ1Þ;RÞ , jrijðsÞjejs is integrable on ½0;þ1Þ for

j[ 0, dij;C
kl
ij , Bkl

ij 2 CðR;RÞ; Iij 2 PAPT ;lðR;RÞ,
skl 2 C1ðR; ½0; þ1ÞÞ, and

dijðsþ TÞ ¼dijðsÞ; sklðsþ TÞ ¼ sklðsÞ; s0klðsÞ\1; 8s 2 R;

ð2:2Þ

Ckl
ij ðsÞ ¼C

kl;h
ij ðsÞþC

kl;u
ij ðsÞ; Bkl

ij ðsÞ ¼ B
kl;h
ij ðsÞþB

kl;u
ij ðsÞ;8s2R;

ð2:3Þ

where C
kl;h
ij ;Bkl;h

ij 2 BCðR;RÞ;Ckl;u
ij ;Bkl;u

ij 2 PAP
l
0ðR;RÞ

satisfy

C
kl;h
ij ðsþ TÞFðuÞ ¼ C

kl;h
ij ðsÞFð�uÞ; 8s; u 2 R; ð2:4Þ

and

B
kl;h
ij ðsþ TÞ ¼ �B

kl;h
ij ðsÞ;GðuÞ ¼ �Gð�uÞ

or B
kl;h
ij ðsþ TÞ ¼ B

kl;h
ij ðsÞ;GðuÞ ¼ Gð�uÞ

� �

9
=

;; 8s; u 2 R

ð2:5Þ

For ij 2 N, the following assumptions will be adopted:

ðS0Þ there exist ~dij 2 BCðR; ð0; þ1ÞÞ and Kij [ 0 such

that

e
�
R t

s
dijðuÞdu �Kije

�
R t

s
~dijðuÞdu; 8 t; s 2 R; t � s� 0:

ðS1Þ F and G are global Lipschitz with Lipschitz constants

LF and LG, and

sup
u2R

jFðuÞj :¼ MF\þ1; sup
u2R

jGðuÞj :¼ MG\þ1:

ðS2Þ l 2 Uþ
1, and FðaÞ ¼ supx2R

lðxþaÞ
lðxÞ is bounded on

arbitrary closed subinterval of ½0; þ1Þ: ðS3Þ there exist

positive constants cij and d such that

�cij ¼ sup
t2R

�
� ~dijðtÞ þ Kij

� X

Ckl2Nrði;jÞ
jCkl

ij ðtÞj MF þ LF
I

1� d

� �
::

þ
X

Bkl2Nqði;jÞ
jBkl

ij ðtÞj
Z þ1

0

jrijðuÞjduMG

�

þ
Z þ1

0

jrijðuÞjLGdu
I

1� d

�	�
; ij 2 N;
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where I ¼ maxij2N Kij
Iþ
ij

~d�ij

� �
, and

d ¼ max
ij2N

�
Kij

P
Ckl2Nrði;jÞ C

kl
ij

þMF þ
P

Bkl2Nqði;jÞ B
kl
ij

þ Rþ1
0

jrijðuÞjduMG

~d�ij

�
\1:

Lemma 2.1 Assume that f 2 PAPT ;lðR;RÞ, q 2
C1ðR; RÞ is T� periodic, qðsÞ� 0 and q0ðsÞ\1, 8s 2 R.

Then, f ðs� qðsÞÞ 2 PAPT ;lðR;RÞ:

Proof Let

f ¼ hþ u; h 2 APTðR;RÞ;u 2 PAP
l
0ðR;RÞ:

Clearly, hðt � qðtÞÞ 2 APTðR;RÞ: In view of ðS2Þ, we get

lðtÞ
lðt � qðtÞÞ ¼

lðt � qðtÞ þ qðtÞÞ
lðt � qðtÞÞ � supa2½q�; qþ� FðaÞ;

for all t 2 R:

Letting b ¼ supt2R
1

1�q0ðtÞ � supa2½q�; qþ� FðaÞ and s ¼ t �
qðtÞ give us

0� 1

lð½�v; v�Þ

Z v

�v
juðt�qðtÞÞjlðtÞdt

� 1

lð½�v; v�Þ

Z v

�v
juðt�qðtÞÞjlðt�qðtÞÞdt sup

t2R

lðtÞ
lðt�qðtÞÞ

� 1

lð½�v; v�Þ

Z v�qðvÞ

�v�qð�vÞ
juðsÞjlðsÞ sup

t2R

1

1�q0ðtÞds supt2R

lðtÞ
lðt�qðtÞÞ

�b
1

lð½�v; v�Þ

Z v�qðvÞ

�ðvþqð�vÞÞ
juðsÞjlðsÞds

�b
lð½�ðvþqþÞ; vþqþ�Þ

lð½�v; v�Þ
1

lð½�ðvþqþÞ; vþqþ�Þ

Z vþqþ

�ðvþqþÞ
juðsÞjlðsÞds

�b sup
v�1

lð½�ðvþqþÞ; vþqþ�Þ
lð½�v; v�Þ

1

lð½�ðvþqþÞ; vþqþ�Þ

Z vþqþ

�ðvþqþÞ
juðsÞjlðsÞds;

which, together with the fact that

lim
v!þ1

1

lð½�ðvþ qþÞ; vþ qþ�Þ

Z vþqþ

�ðvþqþÞ
juðsÞjlðsÞds ¼ 0;

implies that

lim
v!þ1

1

lð½�v; v�Þ

Z v

�v
juðt � qðtÞÞjlðtÞdt ¼ 0;

and uðt � qðtÞÞ 2 PAP
l
0ðR;RÞ:

This proves Lemma 2.1. h

Lemma 2.2 If u 2 PAP
l
0ðR;RÞ; then,

Rþ1
0

jrijðsÞjjuðt �
sÞ j ds 2 PAP

l
0ðR;RÞ:

Proof Obviously, one can obtain

1

lð½�r; r�Þ

Z r

�r

�Z þ1

0

jrijðsÞjjuðt � sÞjlðtÞds
�
dt

¼
Z þ1

0

jrijðsÞj
�

1

lð½�r; r�Þ

Z r

�r

juðt � sÞjlðtÞdt
�
ds:

Let Mu ¼ suph2R juðhÞj and r�ij ¼
Rþ1
0

jrijðsÞjds, we get

Z þ1

0

jrijðsÞj
�

1

lð½�r; r�Þ

Z r

�r

juðt � sÞjlðtÞdt
�
ds

�
Z þ1

0

jrijðsÞj
�

1

lð½�r; r�Þ

Z r

�r

lðtÞdt
�
dsMu ¼ r�ijM

u:

For any sequence frngþ1
n¼1 satisfying

lim
n!þ1

rn ¼ þ1; rn [ 0; n ¼ 1; 2; . . .;

we denote

fnðsÞ ¼ jrijðsÞj
1

lð½�rn; rn�Þ

Z rn

�rn

juðt � sÞjlðtÞdt; n ¼ 1; 2; . . .:

Then,

lim
n!þ1

fnðsÞ ¼ 0; and jfnðsÞj �MujrijðsÞj; for all s 2

½0; þ1Þ; n ¼ 1; 2; . . .:

According to the Lebesgue dominated convergence theo-

rem, we have

lim
n!þ1

Z þ1

0

jrijðsÞj
�

1

lð½�rn; rn�Þ

Z rn

�rn

juðt � sÞjlðtÞdt
�
ds ¼ 0;

which entails that

lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

�Z þ1

0

jrijðsÞjjuðt � sÞjlðtÞds
�
dt

¼ lim
r!þ1

Z þ1

0

jrijðsÞj
�

1

lð½�r; r�Þ

Z r

�r

juðt � sÞjlðtÞdt
�
ds ¼ 0:

Thus,
Rþ1
0

jrijðsÞjuðt � sÞds 2 PAP
l
0ðR;RÞ: This com-

pletes the proof. h

Lemma 2.3 Let xij 2 PAPT ;lðR;RÞ for all ij 2 N. Then,

xijðtÞCkl
ij ðtÞFðxklðt � sklðtÞÞÞ 2 PAPT ;lðR;RÞ;

and

xijðtÞBkl
ij ðtÞ

Z 1

0

rijðuÞGðxklðt � uÞÞdu 2 PAPT ;lðR;RÞ;

ij; kl 2 N:

Proof From Lemma 2.1, we get

xklðt � sklðtÞÞ 2 PAPT ;lðR;RÞ; ij; kl 2 N:

Furthermore, let
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xijðtÞ ¼ xhijðtÞ þ x
u
ij ðtÞ; where xhij 2 APTðR;RÞ;

x
u
ij 2 PAP

l
0ðR;RÞ; ij 2 N;

and

xklðt � sklðtÞÞ ¼ x
kl;h
kl ðtÞ þ x

kl;u
kl ðtÞ; where

x
kl;h
kl 2 APTðR;RÞ; xkl;ukl 2 PAP

l
0ðR;RÞ; ij 2 N:

Then, for all t 2 R, we obtain

xijðtÞCkl
ij ðtÞF xkl t�sklðtÞð Þð Þ

¼ xijðtÞ C
kl;h
ij ðtÞþC

kl;u
ij ðtÞ

h i
F x

kl;h
kl ðtÞþx

kl;u
kl ðtÞ

� �

¼ xhijðtÞC
kl;h
ij ðtÞF x

kl;h
kl ðtÞ

� �
þx

u
ij ðtÞC

kl;h
ij ðtÞF x

kl;h
kl ðtÞ

� �

þxijðtÞCkl;u
ij ðtÞF x

kl;h
kl ðtÞ

� �

þxijðtÞCkl
ij ðtÞ F x

kl;h
kl ðtÞþx

kl;u
kl ðtÞ

� �
�F x

kl;h
kl ðtÞ

� �h i
;ij;kl2N:

Clearly, (2.4) gives us

C
kl;h
ij ðt þ TÞF x

kl;h
kl ðt þ TÞ

� �
¼ C

kl;h
ij ðt þ TÞF �x

kl;h
kl ðtÞ

� �

¼ C
kl;h
ij ðtÞF x

kl;h
kl ðtÞ

� �
;

for all t 2 R;

and

xhijðtÞC
kl;h
ij ðtÞF x

kl;h
kl ðtÞ

� �
2 APTðR;RÞ; ij; kl 2 N: ð2:6Þ

Now, we choose constants aklij ; bklij and gklij such that

aklij ¼ sup
t2R

jxijðtÞF x
kl;h
kl ðtÞ

� �
j; bklij ¼ sup

t2R
jCkl;h

ij ðtÞF x
kl;h
kl ðtÞ

� �
j;

gklij ¼ sup
t2R

jLFxijðtÞCkl
ij ðtÞj:

Consequently,

0� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

xijðtÞCkl;u
ij ðtÞF x

kl;h
kl ðtÞ

� �




þxijðtÞCkl
ij ðtÞ F x

kl;h
kl ðtÞþx

kl;u
kl ðtÞ

� �
�F x

kl;h
kl ðtÞ

� �h i


lðtÞdt

� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

xijðtÞF x
kl;h
kl ðtÞ

� �
jjCkl;u

ij ðtÞ








lðtÞdt

þ lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

LFxijðtÞCkl
ij ðtÞjjx

kl;u
kl ðtÞ








lðtÞdt

�aklij lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

C
kl;u
ij ðtÞ








lðtÞdt

þgklij lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

x
kl;u
kl ðtÞ








lðtÞdt

¼0;

and

0� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

x
u
ij ðtÞC

kl;h
ij ðtÞF x

kl;h
kl ðtÞ

� �






lðtÞdt

� bklij lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

x
u
ij ðtÞ








lðtÞdt

¼0:

This, together with (2.6), leads to

xijðtÞCkl
ij ðtÞFðxijðt � sklðtÞÞÞ 2 PAPT ;lðR;RÞ; ij; kl 2 N:

Next, for ij; kl 2 N, we get

xijðtÞBkl
ij ðtÞ

Z 1

0

rijðuÞG xklðt � uÞð Þdu

¼ xhijðtÞB
kl;h
ij ðtÞ

Z 1

0

rijðuÞG xhklðt � uÞ
� �

dux
u
ij ðtÞB

kl;h
ij ðtÞ

Z 1

0

rijðuÞG xhklðt � uÞ
� �

du

þ xijðtÞBkl;u
ij ðtÞ

Z 1

0

rijðuÞG xhklðt � uÞ
� �

du

þ xijðtÞBkl
ij ðtÞ

Z 1

0

rijðuÞ G x
u
klðt � uÞ þ xhklðt � uÞ

� �


�G xhklðt � uÞ
� ��

du; 8 t 2 R: ð2:7Þ

It follows from (2.5) and Lemma 2.2 that

xhijðtÞB
kl;h
ij ðtÞ

Z 1

0

rijðuÞG xhklðt�uÞ
� �

du2APTðR;RÞ; ð2:8Þ

and
Z þ1

0

jrijðuÞjjxuklðt�uÞjdu2PAP
l
0ðR;RÞ;ij;kl2N: ð2:9Þ

Hence,

0� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

jxijðtÞBkl;u
ij ðtÞ

Z 1

0

rijðuÞG xhklðt�uÞ
� �

du

þxijðtÞBkl
ij ðtÞ

Z 1

0

rijðuÞ G x
u
klðt�uÞþxhklðt�uÞ

� �
�G xhklðt�uÞ

� �
 �
dujlðtÞdt

� sup
t2R

jxijðtÞ
Z 1

0

rijðuÞG xhklðt�uÞ
� �

duj lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

jBkl;u
ij ðtÞjlðtÞdt

þBkl
ij

þxþij L
G lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

Z 1

0

jrijðuÞjjxuklðt�uÞjdulðtÞdt

¼ 0;

and

0� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

jxuij ðtÞB
kl;h
ij ðtÞ

�
Z 1

0

rijðuÞG xhklðt� uÞ
� �

dujlðtÞdt

� sup
t2R

jBkl;h
ij ðtÞ

Z 1

0

rijðuÞG xhklðt� uÞ
� �

duj lim
r!þ1

1

lð½�r; r�Þ

�
Z r

�r

jxuij ðtÞjlðtÞdt

¼ 0;
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which, together with (2.7) and (2.8), imply that

xijðtÞBkl
ij ðtÞ

Z 1

0

rijðuÞGðxklðt � uÞÞdu 2 PAPT ;lðR;RÞ;

ij; kl 2 N:

This proves Lemma 2.3.

Lemma 2.4 Define a nonlinear operator Q by setting

ðQuÞðtÞ¼
Z t

�1
e
�
R t

s
dijðuÞdu

�

� �
X

Ckl2Nrði;jÞ
Ckl
ij ðsÞF ukl s�sklðsÞð Þð ÞuijðsÞ

2
4 :

�
X

Bkl2Nqði;jÞ
Bkl
ij ðsÞ

Z þ1

0

rijðuÞG uklðs�uÞð ÞduuijðsÞ

þIijðsÞ
#
ds

)
;u2PAPT ;l R;Rmnð Þ:

Then, Q maps PAPT ;lðR;RmnÞ into itself.

Proof With the application of the verification in Lemma

2.1 of [21], we can easily obtain that Qu 2 BCðR;RmnÞ .
From Lemma 2.3, we obtain that there are Hij 2
APTðR;RÞ and Uij 2 PAP

l
0ðR;RÞ such that

�
X

Ckl2Nrði;jÞ
Ckl
ij ðtÞFðuklðt � sklðtÞÞÞuijðtÞ

�
X

Bkl2Nqði;jÞ
Bkl
ij ðtÞ

Z þ1

0

rijðuÞGðuklðt � uÞÞduuijðtÞ þ IijðtÞ

¼ HijðtÞ þ UijðtÞ 2 PAPT ;lðR;RÞ; ij 2 N:

Arguing as in the verification of Lemma 2.2, one can show

lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

Z þ1

0

e�
~d�ij ujUijðt � uÞjdulðtÞdt ¼ 0;

� ij 2 N:

Then,

0� lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

Z t

�1
e
�
R t

s
dijðhÞdhjUijðsÞjdslðtÞdt

�Kij lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

Z t

�1
e�

~d�ij ðt�sÞjUijðsÞjdslðtÞdt

¼ Kij lim
r!þ1

1

lð½�r; r�Þ

Z r

�r

Z þ1

0

e�
~d�ij ujUijðt � uÞjdulðtÞdt

¼ 0;

and the fact that

Z tþT

�1
e
�
R tþT

s
dijðuÞduHijðsÞds

� �
¼
Z t

�1
e
�
R tþT

mþT
dijðuÞduHijðmþTÞdm

� �

¼ �
Z t

�1
e
�
R t

m
dijðhÞdhHijðmÞdm

� �
;

imply that

ðQuÞijðtÞ¼
Z t

�1
e
�
R t

s
dijðuÞduHijðsÞds

þ
Z t

�1
e
�
R t

s
dijðuÞduUijðsÞds2PAPT ;lðR;RÞ;ij2N;

and Q maps PAPT ;lðR;RmnÞ into itself. This ends the

proof.

3 Main results

Theorem 3.1 Let ðS0Þ, ðS1Þ, ðS2Þ and ðS3Þ hold. Then,

system (1.1) has exactly one weighted pseudo-anti-periodic

solution x�ðtÞ 2 PAPT ;lðR;RmnÞ, and all state vectors of

(1.1) and (2.1) converge to x�ðtÞ with a positive exponential

convergence rate k 2 0; min j;min
ij2N

~d�ij

� �� �
.

Proof Set

u0 ¼
�Z t

�1
e
�
R t

s
dijðwÞdwIijðsÞds

�

and

C ¼
�
u





jju� u0jj1 � dI
1� d

; u 2 PAPT ;lðR;RmnÞ
�
:

Then,

ku0k1 � max
ij2N

Kij

Iþij
~d�ij

( )
¼ I; ð3:1Þ

and

k u k1 � k u� u0 k1 þ k u0 k1 � dI
1� d

þ I

¼ I

1� d
; 8u 2 C:

ð3:2Þ

Consequently, ðS3Þ entails
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jðQuÞijðtÞ � u0
ijðtÞj

¼
Z t

�1
e
�
R t

s
dijðuÞdu �

X

Ckl2Nrði;jÞ
Ckl
ij ðsÞF ukl s� sklðsÞð Þð ÞuijðsÞ

2

4









�
X

Bkl2Nqði;jÞ
Bkl
ij ðsÞ

Z þ1

0

rijðuÞG uklðs� uÞð ÞduuijðsÞ

3

5ds









�Kij

Z t

�1
e
�
R t

s
~dijðuÞdu

X

Ckl2Nrði;jÞ
jCkl

ij ðsÞjMFkuk1

2
4

þ
X

Bkl2Nqði;jÞ
jBkl

ij ðsÞj
Z þ1

0

jrijðuÞjduMG

3
5dskuk1

�Kij

P
Ckl2Nrði;jÞ

Ckl
ij

þMF þ
P

Bkl2Nqði;jÞ
Bkl
ij

þ Rþ1
0

jrijðuÞjduMG

~dij �
kuk1

� dI
1� d

; ij 2 N;

which implies that Q is a mapping from C to C.
Furthermore, according to ðS0Þ, ðS1Þ, ðS2Þ and ðS3Þ; one

can easily to see that

jðQuÞijðtÞ � ðQwÞijðtÞj

�
Z t

�1
e
�
R t

s
aijðuÞdu

"
X

Ckl2Nrði;jÞ
jCkl

ij ðsÞjððjFðuklðs� sklðsÞÞÞ

� Fðwklðs� sklðsÞÞÞjjuijðsÞj:
þ jFðwklðs� sklðsÞÞÞjjuijðsÞ � wijðsÞjÞ

þ
X

Bkl2Nqði;jÞ
jBkl

ij ðsÞj
 Z þ1

0

jrijðuÞjjGðuklðs� uÞÞ

� Gðwklðs� uÞÞjdujuijðsÞj:

þ
Z þ1

0

jrijðuÞjjGðwklðs� uÞÞjdujuijðsÞ � wijðsÞj
�	

ds

�Kij

Z t

�1
e
�
R t

s
~dijðuÞdu

X

Ckl2Nrði;jÞ
jCkl

ij ðsÞj LF
I

1� d
þMF

� �2
4

þ
X

Bkl2Nqði;jÞ
jBkl

ij ðsÞj
Z þ1

0

jrijðuÞjdu LG
I

1� d
þMG

� �3
5dsku� wk1

�
Z t

�1
e
�
R t

s
~dijðuÞdu ~dijðsÞ �

cij
2

h i
dsku� wk1

�
" Z t

�1
e
�
R t

s
~dijðuÞdud �

Z t

s

~dijðuÞdu
� �

�
cij
2

Z t

�1
e
�
R t

s
~dijðuÞduds�ku� wk1

� max
ij2N

1�
cij
2~dþij

 !( )
ku� wk1; ij 2 N;

ð3:3Þ

which, together with the fact that 0\maxij2Nfð1�
cij
2~dþ

ij

Þg\1; entails that the mapping Q: C ! C is a con-

traction mapping, and there exists a unique fixed point

x� ¼ fx�ijðtÞg 2 C 	 PAPT ;lðR;RnÞ; Qx� ¼ x�;

which is a weighted pseudo-anti-periodic solution of (1.1).

Finally, with a similar proof in Theorem 3.2 of [21], one

can pick constants k 2 ð0; minfj;minij2N ~d�ij gÞ and

M[
Pmn

ij¼11 Kij þ 1 such that

sup
t2R

�
k� ~dijðtÞþKij

� X

Ckl2Nrði;jÞ
Ckl
ij ðtÞ








MF þLFeks

þ
kl

I

1� d

� �
::

þ
X

Bkl2Nqði;jÞ
jBkl

ij ðtÞj
Z þ1

0

jrijðuÞjduMG

�

þ
Z þ1

0

jrijðuÞjLGekudu
I

1� d

�	�
\0; ij2N;

and

kxðtÞ � x�ðtÞk�M sup
t� 0

max
ij2J

juijðtÞ � x�ijðtÞj
� �

e�kt

for all t[ 0;

which proves Theorem 3.1.

4 Numerical simulations

Consider SICNNs (1.1) with the following parameters:

m¼ n¼ 2; FðxÞ ¼GðxÞ ¼ 1

20
jarctanxj;dijðtÞ ¼ 1þðiþ jÞcos1000t;

r¼ q¼ 1; fCijg ¼ fBijg ¼

1

10
j sin tj 1

5
j sin tj

1

5
j sin tj 1

10
j sin tj

2
64

3
75;

IijðtÞ ¼
ðiþ jÞ
40

½sin tþ pðtÞ�;rijðtÞ ¼
1

10
e�2t;sijðtÞ ¼

1

iþ j
ð1þ sin tÞ

pðtÞ ¼ e�t for all t�0;pðtÞ ¼ 1 for all t\0:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð4:1Þ

Obviously, one can choose

~dijðtÞ ¼ 1; T ¼ p; j ¼ 1; LF ¼ LG ¼ 1

20
;MF ¼ MG ¼ p

40
;

Kij ¼ e
3
10; i; j ¼ 1; 2;

and

I 
 0:27; d 
 0:28; lðtÞ ¼ et for all t� 0;

lðtÞ ¼ 1 for all t\0

such that SICNNs (1.1) with (4.1) satisfy all the hypothesis

mentioned in Section 2. Based on Theorem 3.1, we can

conclude that system (1.1) has exactly one weighted

pseudo-anti-periodic solution x�ðtÞ 2 PAPT ;lðR;R4Þ, and

all state vectors of system (1.1) converge exponentially

to x�ðtÞ as t ! þ1. Here, the exponential convergence
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rate k 
 0:02. The time–response curve is given in

Fig. 1, and there are three different groups initial values

with ð1:1;�3:1; 4:1;�3:1Þ; ð�3:2; 4:1;�1:1; 2:1Þ;� ð3:1;
�4:1; 1:1;�2Þ:

Remark 4.1 In the real world, there is little purely

periodic phenomenon, and this motivates us to study the

pseudo-almost-periodic and weighted pseudo-almost-pe-

riodic situations. In this work, we show that for the same

assumptions in [21] plus other assumptions that we add to

realize our demonstrations, allows us to show the

dynamic characteristics of (1.1) in a weighted pseudo-

anti-periodic set broader than the anti-periodic set in [21].

Since weighted pseudo-anti-periodic SICNNs with mixed

delays has not been touched in [7–11, 21], our results

improve and extend the corresponding ones in the above

references.

5 Conclusions

In this manuscript, we have investigated shunting inhibi-

tory cellular neural networks with mixed delays. With the

aid of the contraction mapping fixed point theorem, dif-

ferential inequality theory and the Lyapunov functional

method, some sufficient criterion for the existence and

global exponential stability of weighted pseudo-anti-peri-

odic solutions of the system is established. In order to

demonstrate the feasibility of the theoretical results, a

numerical example is given. The established results were

compared with those of recent methods existing in the

literature. We expect to extend this work to other neural

networks models with mixed delays. We will also study

more types of weighted pseudo-almost-periodic solution

problems on delayed neural networks models.
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