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Abstract In this paper, the existence and the exponential

stability of piecewise differentiable pseudo-almost periodic

solutions for a class of impulsive neutral high-order Hop-

field neural networks with mixed time-varying delays and

leakage delays are established by employing the fixed point

theorem, Lyapunov functional method and differential

inequality. Numerical example with graphical illustration

is given to illuminate our main results.
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1 Introduction

In this paper, we consider piecewise differentiable pseudo-

almost periodic solutions of a class of impulsive neutral

delay generalized high-order Hopfield neural networks

with mixed delays. The mixed delays include leakage

delay, time-varying delays and continuously distributed

delays. To investigate the existence of solutions of the

above-mentioned problem, we consider the following:

x0iðtÞ ¼ �aiðtÞxiðt � qðtÞÞ þ
Pn

j¼1

bijðtÞfjðx0jðt � sijðtÞÞÞ

þ
Pn

j¼1

cijðtÞ
R1
0

dijðuÞfjðx0jðt � uÞÞdu

þ
Pn

j¼1

Pn

l¼1

aijlðtÞfjðxjðt � rijðtÞÞÞflðxlðt � mijðtÞÞÞ

þ
Pn

j¼1

Pn

l¼1

bijlðtÞ
R1
0

hijlðuÞ

fjðxjðt � uÞÞdu
R1
0

kijlðuÞflðxlðt � uÞÞdu
þJiðtÞ; t 2 R; t 6¼ tk; k 2 Z

DxiðtkÞ ¼ xiðtþk Þ � xiðt�k Þ ¼ IkðxiðtkÞÞ

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð1Þ

in which n corresponds to the number of units in a neural

network, xiðtÞ corresponds to the state vector of the ith unit

at the time t; aiðtÞ[ 0 represents the rate with which the ith

unit will reset its potential to the resting state in isolation

when disconnected from the network and external inputs at

the time t; bijð:Þ; cijð:Þ and aijlð:Þ; bijlð:Þ are, respectively,

the first-order connection weights and the second-

order connection weights of the neural network,

0� qð:Þ� qþ; 0� sijð:Þ; rijð:Þ; mijð:Þ� sþ correspond to the

transmission delays, JiðtÞ denote the external inputs at time

t, and fj is the activation function of signal transmission.

The sequence ftkg has no finite accumulation point and

Ik : R
n �! R:

As an important research field of dynamic systems, it is

well known that high-order neural networks received much

attention and have been applied in a wide range of practical

fields such as signal processing, pattern recognition, asso-

ciative memories, optimization problems, image process-

ing, associative memories, speed detection of moving

objects, optimization problems and many other fields

[1–9, 13, 15, 37, 38]. This is due to the fact that high-order
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neural networks have stronger approximation property,

faster convergence rate, greater storage capacity, and

higher fault tolerance than lower-order neural networks.

In addition, from the real-world application angle, time

delay is inevitably encountered in the implementation of

networks [1, 5, 10–14, 19–25]. According to the way it

occurs, time delay can be classified as two types: discrete

and distributed. Time delays in the neural networks are

often one of the main sources to cause poor performance,

make the dynamic behaviors become more complex, may

destabilize the stable equilibria and admit oscillations,

bifurcation and chaos. Therefore, it is of prime importance

to consider the delay effects on the stability of neural net-

works. In particular, the time delay in the negative feedback

terms which is known as leakage has a tendency to desta-

bilize the system [26–29] and has great impact on the

dynamical behavior of neural networks. This is to say, it is

necessary to consider the effect of leakage delays when

studying the stability of state estimation of neural networks.

Recently, another type of time delays, namely neutral-

type time delays, has drawn much research attention

[18, 27, 41]. Many practical delay systems can be modeled

as differential systems of neutral type, whose differential

expression includes the derivative term of the past state,

such as partial element equivalent circuits and transmission

lines in electrical engineering, population dynamics and

controlled constrained manipulators in mechanical engi-

neering [27]. Moreover, it has been shown that the existing

neural network models in many cases cannot characterize

the properties of a neural reaction process precisely due to

the complicated dynamic properties of the neural cells in

the real world, and it is natural and necessary that systems

will contain some information about the derivative of the

past state to further describe and model the dynamics for

such complex neural reactions [41].

However, it is well known that the dynamics of evolving

processes is usually subjected to suddenly changes such as

shocks, harvesting and natural disasters [16–18, 42]. Often

these short-term perturbations are treated as having acted

instantaneously or in the form of impulses. The theory of

impulsive differential equations represents a more natural

framework for mathematical modeling of many real-world

phenomena, such as population dynamic system and the

neural networks. High-order recurrent neural networks are

often subject to impulsive perturbations that in turn affect

dynamical behaviors of the systems [6].

Also, it is well known that studies on neuron dynamic

systems not only involve a discussion of stability proper-

ties, but also involve many dynamic behaviors such as

periodic oscillatory behavior, almost periodic oscillatory

properties, pseudo-almost periodic oscillatory properties,

chaos and bifurcation [30–36, 44]. In applications, the

assumption of pseudo-almost periodicity, which was

introduced by Zhang [30, 31], is more realistic and more

important than that of periodicity and is a natural and good

generalization of the classical almost periodic functions in

the sense of Bohr. Liu and Zhang [35] introduced the

concept of piecewise pseudo-almost periodic functions and

gave some properties including the composition theorem.

To the best of our knowledge, there are no published

papers considering the piecewise differentiable pseudo-al-

most periodic solutions for impulsive neutral high-order

Hopfield neural networks with time-varying delays in the

leakage terms. In other words, we have never studied the

existence and the exponential stability of piecewise dif-

ferentiable pseudo-almost periodic solutions for impulsive

neutral high-order Hopfield neural networks with time-

varying delays in the leakage terms.

The main aim of this article is to establish some suffi-

cient conditions for the existence, the uniqueness and the

exponential stability of piecewise differentiable pseudo-

almost periodic solutions of Eq. (1).

Throughout this paper, for i; j; l ¼ 1; 2; . . .; n, it will be

assumed that qð:Þ; sijð:Þ; rijð:Þ; mijð:Þ are almost periodic

functions, such that 1� _qðtÞ[ 0; 1� _sijðtÞ[ 0; 1�
_rijðtÞ [ 0; 1� _mijðtÞ[ 0 for all t 2 R; bij; cij; aijl; bijl; Ji :
R �! R are pseudo-almost periodic functions, and let the

positive constant ai�; a
þ
i ; bij; cij; aijl; bijl and Ji such that

ai� ¼ inf
t2R

aiðtÞ; aþi ¼ sup
t2R

aiðtÞ;

bij ¼ sup
t2R

j bijðtÞ j; cij ¼ sup
t2R

j cijðtÞ j

aijl ¼ sup
t2R

j aijlðtÞ j; bijl ¼ sup
t2R

j bijlðtÞ j; Ji ¼ sup
t2R

j JiðtÞ j :

We also assume that the following conditions (H1)–(H5)

hold.

(H1) For each j ¼ f1; 2; . . .; ng, there exist nonnegative

constants L
f
j and M

f
j such that

fjð0Þ ¼ 0; j fjðuÞ � fjðvÞ j � L
f
j j u� v j;

and j fjðuÞ j �M
f
j ; for all u; v 2 R:

(H2) For i; j; l 2 f1; 2; . . .; ng, the delay kernels,

dij; hijl; kijl : ½0;1Þ �! R are continuous, and there

exist nonnegative constants dþij ; h
þ
ijl; k

þ
ijl; gd; gh; gk

such that

j dijðuÞ j � dþij e
�gdu; j hijlðuÞ j � hþijle

�ghu;

j kijlðuÞ j � kþijle
�gku:

(H3) For all 1� i� n the functions t 7!aiðtÞ are almost

periodic with 0\ai� ¼ inf
t2R

ðaiðtÞÞ
(H4) Ik 2 PAPðZ;RnÞ and there exists a constant L1 such

that
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k IkðuÞ � IkðvÞ k � L1 k u� v k; u; v 2 Rn; k 2 Z

(H5) Assume that there exist nonnegative constants L; bp

and bq such that

max
1� i� n

max
Ji

ai�
; ð1þ aþi

ai�
ÞJi

� �

¼ L

bp ¼ max
1� i� n

max a�1
i� aþi q

þ þ
Xn

j¼1

bijL
g
j

"((

þ
Xn

j¼1

cij
dþij
gd

L
f
j þ

Xn

j¼1

Xn

l¼1

aijlL
f
jM

f
l :

þ
Xn

j¼1

Xn

l¼1

bijl
hþijl
gh

kþijl
gk

L
f
jM

f
l

#

þ L1

1� e�ai�

)

;

ð1þ aþi
ai�

Þ aþi q
þ þ

Xn

j¼1

bijL
f
j

"(

þ
Xn

j¼1

cij
dþij
gd

L
f
j

þ
Xn

j¼1

Xn

l¼1

aijlL
f
jM

f
l þ

Xn

j¼1

Xn

l¼1

bijl
hþijl
gh

kþijl
gk

L
f
jM

f
l

#

:

þ aþi L1
1� e�ai�

��

\1;

bq¼ max
1� i�n

max a�1
i� ½aþi qþþ

Xn

j¼1

bijL
f
j þ

Xn

j¼1

cij
dþij
gd

L
f
j

((

þ
Xn

j¼1

Xn

l¼1

aijlðLfjM
f
l þM

f
j L

f
l Þ::

þ
Xn

j¼1

Xn

l¼1

bijl
hþijl
gh

kþijl
gk

ðLfjM
f
l þM

f
j L

f
l Þ�þ

L1

1�e�ai�

)

;

1þaþi
ai�

� �

½aþi qþþ
Xn

j¼1

bijL
f
j

(

þ
Xn

j¼1

cij
dþij
gd

L
f
j þ

Xn

j¼1

Xn

l¼1

aijlðLfjM
f
l þM

f
j L

f
l Þ

þ
Xn

j¼1

Xn

l¼1

bijl
hþijl
gh

kþijl
gk

ðLfjM
f
l þM

f
j L

f
l Þ�þ

aþi L1
1�e�ai�

))

\1:

Throughout this paper, we will first recall some basic

definitions and lemmas which are used in what follows.

• N;Z and R stand for the set of natural numbers, integer

numbers and real numbers, respectively.

• CðR;RnÞ: the set of continuous functions from R to Rn.

• BCðR;RnÞ: the set of bounded continued functions

from R to Rn. Note that ðBCðR;RnÞ; k : k1Þ is a

Banach space where k : k1 denotes the sup norm

k f k1:¼ max
1� i� n

sup
t2R

j fiðtÞ j :

• Let T be the set consisting of all real sequences ftigi2Z
such that a ¼ infi2Zðtiþ1 � tiÞ[ 0: It is immediate that

this condition implies that limi!þ1 ti ¼ þ1 and

limi!�1 ti ¼ �1.

• PCðR;RnÞ: the space formed by all piecewise contin-

uous functions f : R ! Rn such that f(.) is continuous

at t for any t 62 ftigi2Z; f ðtþi Þ; f ðt�i Þ exists and f ðt�i Þ ¼
f ðtiÞ for all i 2 Z.

• PCð½�s;0�;RnÞ ¼ f : ½�s;0�!Rn=f ðt�Þf ¼ f ðtÞ; for

t2 ½�s;0�; f ðtþÞ exists onR and f ðtþÞ ¼ f ðtÞ for allbut
at most afinite number of points on ½�s;0�:g;

• PC1ð½�s;0�;RnÞ ¼ f : ½�s;0�f ! Rn=f 0ðtþÞ and f 0ðt�ÞÞ
exist ; f 0ðtÞ¼ f 0ðt�Þ for t2 ½�s;0�; f 0ðtþÞ¼ f 0ðtÞ for all

but at most a finite number of points on ½�s;0�:g;
• l1ðZ;RnÞ ¼ x : Z !f

Rn :k x k¼ supn2Z k xðnÞ k \1g:

Definition 1 [36]. A function f 2 CðR;RnÞ is called

(Bohr) almost periodic if for each e[ 0 there exists

LðeÞ[ 0 such that every interval of length LðeÞ[ 0 con-

tains a number s with the property that k f ðt þ sÞ � f ðtÞ k1
\e; for each t 2 R.

The number s above is called an e-translation number of

f, and the collection of all such functions will be denoted as

APðR;RnÞ.

Definition 2 [36]. A sequence fxng is called almost

periodic if for any e[ 0, there exists a relatively dense set

of its e-periods, i.e., there exists a natural number l ¼ lðeÞ,
such that for k 2 Z, there is at least one number p in

½k; k þ l�, for which inequality k xnþp � xn k \e holds for

all n 2 N. Denote by APðZ;RnÞ, the set of such sequences.

Define

PAP0ðZ;RnÞ :¼ x2 l1ðZ;RnÞ : lim
n�!1

1

2n

Xn

k¼�n

k xðkÞ k¼0

( )

:

Remark 1 Notice that

1. A sequence vanishing at infinity is a PAP0ðZ;RÞ
sequence.

2. The sequence ðxðnÞÞn2Z defined by

xðnÞ ¼ 1; n ¼ 2k;

0; n 6¼ 2k;

�

is an example of a PAP0ðZ;RÞ sequence which not

vanishing at infinity.

3. For k 2 N the sequence ðxðnÞÞn2Z defined by

xðnÞ ¼ k; n ¼ 2k
2

;

0; n 6¼ 2k
2

;

(

is an example of an unbounded PAP0ðZ;RÞ sequence.

Definition 3 [36]. A sequence fxngn2Z 2 l1ðZ;RnÞ is

called pseudo-almost periodic if xn ¼ x1n þ x2n, where
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x1n 2 APðZ;RnÞ; x2n 2 PAP0ðZ;RnÞ. Denote by PAPðZ;RnÞ
the set of such sequences.

For ftign2Z 2 T ; ft ji g is defined by

ft ji ¼ tiþj � tig; i; j 2 Z:

It is easy to verify that the numbers t
j
i satisfy

t
j
iþk � t

j
i ¼ tkiþj � tki ; t

j
i � tki ¼ t

j�k
iþk ; for i; j; k 2 Z:

Definition 4 [34]. A function f 2 PCðR;RnÞ is said to be

piecewise almost periodic if the following conditions are

fulfilled:

1. ft ji ¼ tiþj � tig; i; j 2 Z are equipotentially almost peri-

odic, that is, for any e[ 0, there exists a relatively

dense set in R of e-almost periods common for all of

the sequences ft ji g.
2. For any e[ 0, there exists a positive number d ¼ dðeÞ

such that if the points t0 and t00 belong to the same

interval of continuity of f and j t0 � t00 j \d, then

k f ðt0Þ � f ðt00Þ k \e.
3. For any e[ 0, there exists a relatively dense set Xe in

R such that if s 2 Xe, then

k f ðt þ sÞ � f ðtÞ k \e

for all t 2 R which satisfy condition

j t � ti j [ e; i 2 Z:

We denote by APTðR;RnÞ the space of all piecewise

almost periodic functions. Obviously, APTðR;RnÞ
endowed with the supremum norm is a Banach space.

Throughout the rest of this paper, we always assume that

ft ji g are equipotentially almost periodic. Let UPCðR;RnÞ
be the space of all functions f 2 PCðR;RnÞ such that

f satisfies the condition (2) in Definition 4.

Define

PAP0
TðR;RnÞ ¼ f 2 PCðR;RnÞ; lim

r�!1

1

2r

Z r

�r

k f ðtÞ k¼ 0

� �

:

Definition 5 [36]. A function f 2 PCðR;RnÞ is said to be

piecewise pseudo-almost periodic if it can be decomposed

f ¼ gþ h, where g 2 APTðR;RnÞ and h 2 PAP0
TðR;RnÞ.

Denote by PAPTðR;RnÞ the set of all such functions.

PAPTðR;RnÞ is a Banach space when endowed with the

supremum norm.

Remark 2 The functions g and h in Definition 5 are,

respectively, called the almost periodic component and the

ergodic perturbation of the pseudo-almost periodic func-

tion f. The decomposition given in Definition 5 is unique.

Further, ðPAPTðR;RnÞ; k : k1Þ is a Banach space which

contains strictly the set of almost periodic functions. For

instance, the function

f ðtÞ ¼
sin2ð

ffiffiffi
3

p
tÞ þ cos2ðptÞ þ 1

1þ t2
; t 6¼ tk; k 2 Z;

1

4
sinð

ffiffiffi
3

p
tkÞ þ

1

1þ t2k
; t ¼ tk; k 2 Z;

8
>><

>>:

is a piecewise pseudo-almost periodic function, where

tk ¼ k þ 1

6
j sin k � sin

ffiffiffi
2

p
k j :

Hence, it is easy to see that f(t) is more general than our

traditional piecewise almost periodic functions since the

ergodic perturbations are introduced.

Definition 6 [40]. Suppose that both functions f and its

derivative f 0 are in PAPðR;RÞ: That is, f ¼ gþ h

and f 0 ¼ g0 þ h0, where g; g0 2 APðR;RÞ and

h; h0 2 PAP0ðR;RÞ. Then the functions g and h are con-

tinuous differentiable.

Remark 3 Let E ¼ ff j f ; f 0 2 PAPðR;RnÞg equipped

with the induced norm defined by

k f kE¼ maxfk f k1; k f 0 k1gg:

Follows from [40] that ðPAPðR;RnÞ; k : kEÞ is a Banach

space.

The initial conditions associated with (1) are of the form

xiðsÞ ¼ uiðsÞ; s 2 ð�1; 0�; i ¼ 1; 2; . . .; n;

where uð:Þ are real-valued piecewise continuous functions

defined on ð�1; 0�.

Lemma 1 [32]. Let ciðtÞ be an almost periodic function

on R and

M½ci� ¼ lim
T!þ1

Z tþT

t

ciðsÞds[ 0; i ¼ 1; . . .; n:

Then the linear system

x0ðtÞ ¼ diagð�c1ðtÞ;�c2ðtÞ; . . .;�cnðtÞÞxðtÞ ð2Þ

admits an exponential dichotomy on R.

Lemma 2 [39]. The inhomogeneous linear system

x0ðtÞ ¼ �cðtÞxðtÞ þ f ðtÞ

has a unique bounded solution for a vector f 2 CðR;RÞ if
and only if the inhomogeneous linear system (2) has

exponential dichotomy.

The rest of this paper is organized as follows. The

existence and the uniqueness of piecewise differentiable

pseudo-almost periodic solutions of Eq. (1) in the suit-

able convex set are discussed in Sect. 2. Some sufficient

conditions on the global exponential stability of piecewise

differentiable pseudo-almost periodic solutions of Eq. (1)

are established in Sect. 3. A numerical example is given in
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Sect. 4 to illustrate the effectiveness of our results. Finally,

we draw conclusion in Sect. 5.

2 Existence of piecewise differentiable
pseudo-almost periodic solution

In this section, we establish some results for the existence

of the piecewise differentiable pseudo-almost periodic

solution of (1). To obtain the existence of piecewise dif-

ferentiable pseudo-almost periodic solution of system (1),

we shall introduce the following lemmas:

Lemma 3 [34]. If /ð:Þ 2 PAPTðR;RnÞ and for any

h 2 R, then /ð:� hÞ 2 PAPTðR;RnÞ.

Lemma 4 [34]. If /;w 2 PAPTðR;RÞ, then /� w 2
PAPTðR;RÞ.

Lemma 5 If fjð:Þ 2 CðR;RÞ satisfies the Lipschitz con-

dition, /ð:Þ 2 PAPTðR;RÞ;/0ð:Þ 2 PAPTðR;RÞ and bð:Þ 2
APTðR;RÞ such that 1� b0ðtÞ[ 0 for all t 2 R then

fjð/ð:� bð:ÞÞÞ 2 PAPTðR;RÞ

Proof We have u ¼ u1 þ u2; where u1 2 APTðR;RÞ
and u2 2 PAP0

TðR;RÞ: Let
MðtÞ ¼ fjð/ðt � bðtÞÞÞ ¼ fjð/1ðt � bðtÞÞ

þ ½fjð/1ðt � bðtÞÞ þ /2ðt � bðtÞÞÞ
� fjð/1ðt � bðtÞÞÞ�

¼ M1ðtÞ þM2ðtÞ:

Firstly, it follows from (Theorem 2.11, [33]) that

M1ð:Þ 2 APTðR;RÞ. Then, we show that M2ð:Þ 2
PAP0

TðR;RÞ because

lim
T�!1

1

2T

Z T

�T

j M2ðtÞ j dt

¼ lim
T�!1

1

2T

Z T

�T

j fjð/1ðt � bðtÞÞ þ /2ðt � bðtÞÞÞ

� fjð/1ðt � bðtÞÞÞ j dt

� lim
T�!1

L
f
j

2T

Z T

�T

j /2ðt � bðtÞÞ j dt ¼ 0:

Thus M2ð:Þ 2 PAP0
TðR;RÞ. So, fjð/ð:� bð:ÞÞÞ 2

PAPTðR;RÞ and fjð/0ð:� bð:ÞÞÞ 2 PAPTðR;RÞ. The proof

is complete. h

Theorem 1 Under the conditions (H1)–(H2), and for all

1� j� n , xjð:Þ 2 PAPTðR;RÞ; x0jð:Þ 2 PAPTðR;RÞ, then

for all 1� i� n, the function /i : t�!
R t

�1 dijðt �
sÞfjðx0jðsÞÞds belongs to PAPTðR;RÞ.

Proof For xjð:Þ 2 PAPTðR;RÞ,it is not difficult to see that

fjðx0jð:ÞÞ 2 PAPTðR;RÞ by Lemma 5. Let fjðx0jð:ÞÞ ¼
ujð:Þ þ vjð:Þ, where uj 2 APTðR;RÞ and vj 2 PAP0

TðR;RÞ,
then

/iðtÞ ¼
Z t

�1
dijðt � sÞfjðxjðsÞÞds ¼

Z t

�1
dijðt � sÞujðsÞds

þ
Z t

�1
dijðt � sÞvjðsÞds

:¼/1
i ðtÞ þ /2

i ðtÞ:

First, it is not difficult to see that /1
i 2 UPCðR;RÞ. Let

tk\t� tkþ1.

For e[ 0, let Xe be a relatively dense set of R formed

by e-periods of uj. For s 2 Xe and 0\h\minfe; a
2
g;

j /1
i ðt þ sÞ � /1

i ðtÞ j

�
Z t

�1
j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

�
Xk�1

w¼�1

Z twþ1�h

twþh

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

þ
Xk�1

w¼�1

Z tjþh

tj

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

þ
Xk�1

w¼�1

Z twþ1

twþ1�h

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

þ
Z t

tk

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds:

Since uj 2 APTðR;RÞ, one has

j ujðt þ sÞ � ujðtÞ j � e, for all t 2 ½tw þ h; twþ1 � h� and
w 2 Z;w� k;

then

Xk�1

w¼�1

Z twþ1�h

twþh

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

� e
Xk�1

w¼�1

Z twþ1�h

twþh

j dijðt � sÞ j ds

� edþij
Xk�1

w¼�1

Z twþ1�h

twþh

e�ldðt�sÞds

�
edþij
ld

Xk�1

w¼�1
e�ldðt�twþ1þhÞ

�
edþij
ld

Xk�1

w¼�1
e�ldaðk�w�1Þ

�
edþij

ldð1� e�ldaÞ :
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On the other hand,

Xk�1

w¼�1

Z twþh

tw

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds

� 2dij j uj j1
Xw�1

w¼�1

Z twþh

tw

e�ldðt�sÞds

� 2dþij j uj j1 eeldh
Xk�1

w¼�1
e�ldðt�twÞds

� 2dþij j uj j1 eeldhe�laðt�tkÞ
Xk�1

w¼�1
e�ldaði�jÞds

�
2dþij j uj j1 ee

ðldaÞ
2

1� e�lda

Similarly, one has

Xk�1

w¼�1

Z twþ1

twþ1�h

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds�E1e;

Z t

tk

j dijðt � sÞ jj ujðsþ sÞ � ujðsÞ j ds�E2e;

where E1;E2 are some positive constants. Hence,

/1
i ðtÞ 2 APTðR;RÞ.
In fact, for r[ 0, one has

lim
r�!1

1

2r

Z r

�r

j /2
i ðtÞ j dt

¼ lim
r�!1

1

2r

Z r

�r

j
Z t

�1
dijðt � sÞvjðsÞds j dt

¼ lim
r�!1

1

2r

Z r

�r

j
Z 1

0

dijðsÞvjðt � sÞds j dt

� lim
r�!1

1

2r

Z r

�r

Z 1

0

dþij e
�lds j vjðt � sÞ j ds

� �

dt

�
Z 1

0

dþij e
�lds lim

r�!1

1

2r

Z r

�r

j vjðt � sÞ j dt
� �

ds:

Since viðtÞ 2 PAP0
TðR;RÞ, it follows that við:� sÞ 2

PAP0
TðR;RÞ for each s 2 R by Lemma 3. Using the

Lebesgue dominated convergence theorem, we have

/2
i ðtÞ 2 PAP0

TðR;RÞ. This completes the proof. h

Similarly, we can obtain:

Corollary 1 Under the conditions (H1)–(H2), and for all

1� j� n , xjð:Þ 2 PAPTðR;RÞ, then for all 1� i� n, the

function /i : t�!
R t

�1 hijlðt � sÞfjðxjðsÞÞds belongs to

PAPTðR;RÞ.

Corollary 2 Under the conditions (H1)–(H2), and for all

1� l� n , xjð:Þ 2 PAPTðR;RÞ, then for all 1� i� n, the

function /i : t�!
R t

�1 kijlðt � sÞflðxlðsÞÞds belongs to

PAPTðR;RÞ.

Lemma 6 Suppose that assumptions (H1)–(H3) hold.

Define the nonlinear operator Xuð:Þ as follows, for each

u ¼ ðu1; . . .;unÞ 2 PAPTðR;RnÞ and u0 ¼ ðu0
1; . . .;u

0
nÞ 2

PAPTðR;RnÞ:

XuðtÞ ¼

R t

�1 e
�
R t

s
a1ðuÞduF1ðsÞds

..

.

R t

�1 e
�
R t

s
anðuÞduFnðsÞds

0

B
B
B
@

1

C
C
C
A

and

FiðsÞ ¼ aiðsÞ
Z s

s�qðsÞ
u

0

iðuÞduþ
Xn

j¼1

bijðsÞfjðu0
jðs� sijðsÞÞÞ

þ
Xn

j¼1

cijðsÞ
Z 1

0

dijðuÞfjðu0
jðs� uÞÞdu

þ
Xn

j¼1

Xn

l¼1

aijlðsÞfjðujðs� rijðsÞÞÞflðulðs� mijðsÞÞÞ

þ
Xn

j¼1

Xn

l¼1

bijlðsÞ
Z 1

0

hijlðuÞfjðujðs� uÞÞdu
Z 1

0

kijlðuÞflðulðs� uÞÞduþ JiðsÞ;

then Xu maps PAPTðR;RnÞ into itself.

Proof First, note that, for all 1� i� n, the function

s7!FiðsÞ ¼aiðsÞ
Z s

s�qðsÞ
u

0

iðuÞduþ
Xn

j¼1

bijðsÞfjðu0
jðs� sijðsÞÞÞ

þ
Xn

j¼1

bijðsÞ
Z 1

0

dijðuÞfjðu0
jðs� uÞÞdu

þ
Xn

j¼1

Xn

l¼1

aijlðsÞfjðujðs� rijðsÞÞÞflðulðs� mijðsÞÞÞ

þ
Xn

j¼1

Xn

l¼1

bijlðsÞ
Z 1

0

hijlðuÞfjðujðs� uÞÞdu

�
Z 1

0

kijlðuÞflðulðs� uÞÞduþ JiðsÞ;

is in PAPTðR;RÞ, by using Lemmas 3, 4, 5, Theorem 1,

Corollaries 1, 2. Consequently, for all 1� i� n;Fi can be

expressed as

Fi ¼ F1
i þ F2

i ;

where F1
i 2 APTðR;RÞ and F2

i 2 PAP0
TðR;RÞ. So

ðXiuÞðtÞ ¼
Z t

�1
e
�
R t

s
aiðuÞduF1

i ðsÞdsþ
Z t

�1
e
�
R t

s
aiðuÞduF2

i ðsÞds

¼H1
i ðtÞ þ H2

i ðtÞ:

(i) H1
i ð:Þ 2 UPCðR;RÞ. Let t0 ; t00 2 ðtk; tkþ1Þ; k 2 Z; t

00
\t

0
,

then
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j H1
i ðt

0 Þ � H1
i ðt

00 Þ j

¼ j
Z t

0

�1
e
�
R t

0

s
aiðuÞduF1

i ðsÞds�
Z t

00

�1
e
�
R t

00

s
aiðuÞduF1

i ðsÞds j

� j
Z t

00

�1
½e�

R t
0

s
aiðuÞdu � e

�
R t

00

s
aiðuÞdu�F1

i ðsÞds j

þ j
Z t

0

t
00
e
�
R t

0

s
aiðuÞduF1

i ðsÞds j

� j e�
R t

0

t
00 aiðuÞdu � 1 j

Z t
00

�1
e
�
R t

00

s
aiðuÞdu j F1

i ðsÞ j ds

þ
Z t

0

t
00
e
�
R t

0

s
aiðuÞdu j F1

i ðsÞ j ds

�ððt0 � t
00 Þaþi Þ

Z t
00

�1
e�ðt00�sÞai� j F1

i ðsÞ j ds

þ
Z t

0

t
00
e�ðt0�sÞai� j F1

i ðsÞ j ds;

it is easy to see that for any e[ 0, there exists

0\d\min
ai�e

2aþi j F1
i j1

;
e

2 j F1
i j1

� �

and for a suitable t
0
; t

00
satisfying 0\t

0 � t
00
\d one has

j H1
i ðt

0 Þ � H1
i ðt

00 Þ j

� ðt0 � t
00 Þaþi

Z t
00

�1
e�ðt00�sÞai�dsþ

Z t
0

t
00
e�ðt0 �sÞai�ds

" #

j F1
i j1

� e
2
þ e
2
¼ e;

which implies that H1
i ð:Þ 2 UPCðR;RÞ.

(ii) H1
i ð:Þ 2 APTðR;RÞ. Since F1

i 2 APTðR;RÞ, for

e[ 0, there exists a relatively dense set Xe such that for

s 2 Xe; t 2 R; j t � tk j [ e; k 2 Z, then

H1
i ðt þ sÞ � H1

i ðtÞ

¼
Z tþs

�1
e
�
R tþs

s
aiðuÞduF1

i ðsÞds�
Z t

�1
e
�
R t

s
aiðuÞduF1

i ðsÞds

¼
Z tþs

�1
e
�
R t

s�s
aiðqþsÞdq

F1
i ðsÞds�

Z t

�1
e
�
R t

s
aiðuÞduF1

i ðsÞds

¼
Z t

�1
e
�
R t

s
aiðmþsÞdm

F1
i ðsþ sÞds�

Z t

�1
e
�
R t

s
aiðmþsÞdm

F1
i ðsÞds

þ
Z t

�1
e
�
R t

s
aiðmþsÞdm

F1
i ðsÞds�

Z t

�1
e
�
R t

s
aiðuÞduF1

i ðsÞds

¼
Z t

�1
e
�
R t

s
aiðuþsÞduðF1

i ðsþ sÞ � F1
i ðsÞÞds

þ
Z t

�1
ðe�

R t

s
aiðuþsÞdu � e

�
R t

s
aiðuÞduÞF1

i ðsÞds

So there exists h 2�0; 1½ such that

jH1
i ðt þ sÞ � H1

i ðtÞj

� jF1
i j1

Z t

�1

e
�
Rt

s

ai uþsð Þdu
� e

�
Rt

s

ai uð Þdu
0

@

1

Ads

þ
Z t

�1

e
�
Rt

s

ai uþsð Þdu
F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�ds

�
Z t

�1

e
�

Rt

s

aij uþsð Þduþhð
Rt

s

ai uð Þdu�
Rt

s

ai uþsð ÞduÞ

� 	
Z t

s

jaiðuÞ � aiðuþ sÞjdu

0

B
@

1

C
AdsjF1

i j1

þ
Z t

�1

e
�
Rt

s

ai uþsð Þdu
F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�ds

�
Z t

�1

e
�

Rt

s

ai uþsð Þduþhð
Rt

s

ai uð Þdu�
Rt

s

ai uþsð ÞduÞ

� 	
Z t

s

jaiðuÞ � aiðuþ sÞjdu

0

B
@

1

C
AdsjF1

i j1

þ
Z t

�1

e�ai�ðt�sÞ F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�ds

�
Z t

�1

e�ai�ðt�sÞe
�h

Rt

s

� �
�
�
�ai uð Þ�ai uþsð Þ duj Þ Z t

s

jaiðuÞ � aiðuþ sÞjdu

8
><

>:

9
>=

>;
dsjF1

i j1

þ
Z t

�1

e�ai�ðt�sÞ F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�ds

� jF1
i j1

Z t

�1

e�ai�ðt�sÞ
Z t

s

jaiðuÞ � aiðuþ sÞjdu
� �

ds

þ
Z t

�1

e�ai�ðt�sÞ F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�ds

¼
Z t

�1

Uiðt; sÞdsþ
Z t

�1

Wiðt; sÞds

where

Uiðt; sÞ ¼ e�ai�ðt�sÞjF1
i j1

Z t

s

jaiðuÞ � aiðuþ sÞjdu

and

Wiðt; sÞ ¼ e�ai�ðt�sÞ F1
i sþ sð Þ � F1

i sð Þ
�
�

�
�;

we obtain immediately that, H1
i ð:Þ 2 APTðR;RÞ.

Now, we turn our attention to H2
i ð:Þ, so

lim
r�!1

1

2r

Z r

�r

j H2
i ðtÞ j dt

� lim
r�!1

1

2r

Z r

�r

Z t

�1
e�ðt�sÞai� j F2

i ðsÞ j dsdt

� I1 þ I2;

where

I1 ¼ lim
r�!1

1

2r

Z r

�r

Z t

�r

e�ðt�sÞai� j F2
i ðsÞ j ds

� �

dt
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and

I2 ¼ lim
r�!1

1

2r

Z r

�r

Z �r

�1
e�ðt�sÞai� j F2

i ðsÞ j ds
� �

dt:

Pose m ¼ t � s, then by Fubini’s theorem one has

I1 ¼ lim
r�!1

1

2r

Z r

�r

Z tþr

0

e�mai� j F2
i ðt � mÞ j dm

� �

dt

� lim
r�!1

1

2r

Z r

�r

Z þ1

0

e�mai� j F2
i ðt � mÞ j dm

� �

dt

�
Z þ1

0

e�mai� lim
r�!1

1

2r

Z r

�r

j F2
i ðt � mÞ j dt

� �

dm

since the function F2
i ð:Þ 2 PAP0

TðR;RÞ, and by the

Lebesgue dominated convergence theorem, we obtain

I1 ¼ 0:

On the other hand, notice thatj F2
i j1¼ supt2R j F2

i ðtÞ j
\1 then

I2 ¼ lim
r�!1

1

2r

Z r

�r

Z �r

�1
e�ðt�sÞai� j F2

i ðsÞ j ds
� �

dt

� lim
r�!1

1

2r

Z �r

�1
esai� j F2

i ðsÞ j ds
Z r

�r

e�tai�dt

¼ lim
r�!1

j F2
i j1

2rai�

Z r

�r

e�ðrþtÞai�dt

¼0;

then

lim
r�!1

1

2r

Z r

�r

j
Z t

�1
e
�
R t

s
aiðuÞduF2

i ðsÞds j dt ¼ 0:

Consequently, the function H2
i belongs to PAP0

TðR;RÞ. So
Xu belongs to PAPTðR;RnÞ: h

Lemma 7 Suppose that assumptions (H4) hold, Define

the nonlinear operator, for each u ¼ ðu1; . . .;unÞ 2
PAPTðR;RnÞ, we have

X

tk\t

e
�
R t

tk
aiðuÞdu

IkðuiðtkÞÞ 2 PAPTðR;RÞ:

Proof We will show that
P

tk\t e
�
R t

tk
aiðuÞdu

IkðuiðtkÞÞ 2

PAPTðR;RÞ: It is not difficult to see that
P

tk\t

e
�
R t

tk
aiðuÞdu

Ik

ðuiðtkÞÞ 2 UPCðR;RÞ. After by Corollary 2.1 (see [34]),

IkðxiðtkÞÞ 2 PAPðZ;RÞ, then let IkðxiðtkÞÞ ¼ I1k þ I2k where

I1k 2 APðZ;RÞ and I2k 2 PAP0ðZ;RÞ, so
X

tk\t

e
�
R t

tk
aiðuÞdu

IkðxiðtkÞÞ

¼
X

tk\t

e
�
R t

tk
aiðuÞdu

I1k þ
X

tk\t

e
�
R t

tk
aiðuÞdu

I2k ¼ U1ðtÞ þ U2ðtÞ:

Since ftkj g; k; j 2 Z are equipotentially almost periodic,

then by Lemma 3.2 (see [34]), for any e[ 0, there exists

relative dense sets of real numbers Xe and integers Qe, such

that for tk\t� tkþ1; s 2 Xe; q 2 Qe; j t � tk j [ e; j
t � tkþ1 j [ e; k 2 Z, one has

t þ s[ tk þ eþ s[ tkþq;

tkþqþ1 [ tkþ1 � eþ s[ t þ s;

that is tkþq [ t þ s[ tkþqþ1; then

k U1ðt þ sÞ � U1ðtÞ k

¼ k
X

tk\tþs

e
�
R tþs

tk
aiðuÞdu

I1k �
X

tk\t

e
�
R t

tk
aiðuÞdu

I1k k

�
X

ti\t

e
�
R t

ti
aiðuÞdu k I1iþq � I1i k

� e
X

tk\t

e�ðt�tkÞai�

� e
1

1� e�ai�
;

so, U1ðtÞ 2 APTðR;RÞ.
Next, we show that U2ðtÞ 2 PAP0

TðR;RÞ. For a given

k 2 Z, define the function vðtÞ by

vðtÞ ¼ e
�
R t

tk
aiðuÞdu

I2k ; tk\t� tkþ1;

then

lim
t!1

k vðtÞ k¼ lim
t!1

k e
�
R t

tk
aiðuÞdu

I2k k

� lim
t!1

e�ðt�tkÞai� sup
k2Z

k I2k k¼ 0;

then v 2 PAP0
TðR;RÞ. Define vn : R ! R by

vnðtÞ ¼ e
�
R t

tk�n
aiðuÞdu

I2k�n; tk\t� tkþ1; n 2 N:

So vn 2 PAP0
TðR;RÞ. Moreover,

k vnðtÞ k¼ k e
�
R t

tk�n
aiðuÞdu

I2k�n k
� e�ðt�tk�nÞai� sup

k2Z
k I2k k

� e�ðt�tkÞai�e�ai�an sup
k2Z

k I2k k :

therefore, the series
P1

n¼1 vn is uniformly convergent on R.

By Lemma 2.2 (see [34]), one has

U2ðtÞ ¼
X

tk\t

e
�
R t

tk
aiðuÞdu

I2k ¼
X1

n¼0

vn 2 PAP0
TðR;RÞ:

So,
P

tk\t

e
�
R t

tk
aiðuÞdu

IkðxiðtkÞÞ 2 PAPTðR;RÞ: h

Theorem 2 Suppose that assumptions (H1)–(H4) hold.

Define the nonlinear operator C as follows, for each u ¼
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ðu1; . . .;unÞ 2 PAPTðR;RnÞ; and u0 ¼ ðu0
1; . . .;u

0
nÞ 2

PAPTðR;RnÞ;

ðCuÞiðtÞ :¼ ðXuÞiðtÞ þ
X

tk\t

e
�
R t

tk
aiðuÞdu

IkðuiðtkÞÞ;

then C maps PAPTðR;RnÞ into itself and if

ðCuÞ0iðtÞ : ¼ FiðtÞ � aiðtÞ
Z t

�1
e
�
R t

s
aiðuÞduFiðsÞds

� aiðtÞ
X

tk\t

e
�
R t

tk
aiðuÞdu

IkðuiðtkÞÞ;

then C
0
maps PAPTðR;RnÞ into itself.

Theorem 3 Let conditions (H1)–(H5) hold. Then, there

exists a unique piecewise differentiable pseudo-almost

periodic solution of system (1) in the region

B ¼ fu=u;u0 2 PAPTðR;RnÞ; k u� u0 kE � bpL

1� bp
g;

where

u0ðtÞ ¼
Z t

�1
e
�
R t

s
a1ðuÞduJ1ðsÞds; . . .;

Z t

�1
e
�
R t

s
anðuÞduJnðsÞds

� �T

:

Proof It is easy to see that B ¼ fu=u;u0 2
PAPTðR;RnÞ; k u� u0 kE � bpL

1�bp
g is a closed convex

subset of PAPTðR;RnÞ. According to the definition of the

norm of Banach space PAPTðR;RnÞ, we get

k u0 kE¼ max
1� i� n

max sup
t2R

j
Z t

�1
e
�
R t

s
aiðuÞduJiðsÞds j; j JiðtÞ

�

� aiðtÞ
Z t

�1
e
�
R t

s
aiðuÞduJiðsÞds j

�

� max
1� i� n

maxf Ji
ai�

; ð1þ aþi
ai�

ÞJig ¼ L:

ð3Þ

Therefore, for 8u 2 B, we have

k u kE � k u� u0 kE þ k u0 kE � bpL

1� bp
þ L ¼ L

1� bp
:

ð4Þ

In view of (H1), we have

j fjðuÞ j � L
f
j j u j; forallu 2 R; j ¼ 1; 2; . . .; n: ð5Þ

Now, we prove that the mapping C is a self-mapping from

B to B. In fact, for all u 2 B by using the estimate just

obtained together with (4), (5), Lemma 1, Lemma 2,

Lemma 6 and Lemma 7 we obtain

k Cu � u0 k1

¼ max
1� i� n

sup
t2R

j
Z t

�1
e
�
R t

s
aiðuÞdu½aiðsÞ

Z s

s�qðsÞ
u

0
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On the other hand
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where i ¼ 1; 2; . . .; n: So we can write
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where bp\1, it implies that Cuð:Þ 2 B. So, the mapping C is

a self-mapping from B to B. Next, we prove that the

mapping C is a contraction mapping of the B. In fact, in

view of (H1), 8/;w 2 B, we have
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On the other hand
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where i ¼ 1; 2; . . .; n: It follows that
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\1

It is clear that the mapping C is a contraction. Therefore the

mapping C possesses a unique fixed point z� 2 B;

Cðz�Þ ¼ z�. By (7), z� satisfies (1). So z� is a piecewise

differentiable pseudo-almost periodic solution of system

(1) in the region B. The proof is now complete. h

3 Exponential stability of piecewise differentiable
pseudo-almost periodic solution

To study the exponential stability of (1), we need the fol-

lowing lemma and notations. So, for a continuous function

g(t), we denote gðtÞ ¼ supt�sþ � s� t j gðsÞ j :
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j¼1

Xn
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hþijl
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kþijl
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½pjLfjM
f
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f
l �[ 0;

qi � piaiðtÞ � qia
þ
i q

þ �
Xn

j¼1

qj j bijðtÞ j Lfj �
Xn

j¼1

qj j cijðtÞ j
dþij
gd

L
f
j

�
Xn

j¼1

Xn

l¼1

j aijlðtÞ j ½pjLfjM
f
l þ plM

f
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f
l �

�
Xn

j¼1

Xn

l¼1

j bijlðtÞ j
hþijl
gh

kþijl
gk

½pjLfjM
f
l þ plM

f
j L

f
l �[ 0;

for t 2 ½0;1Þ; i ¼ 1; 2; . . .; n

Lemma 8 Let s� 0 be a given real constant. Assume that

p(t) and qiðtÞði ¼ 1; 2Þ be continuous functions on

½0;þ1Þ; kðsÞ be nonnegative function on ½0;þ1Þ and
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satisfies that
Rþ1
0

kðsÞds� k and
Rþ1
0

kðsÞelsds� þ1 for

positive constant l.
Moreover, assume that there exist positive constants g

and M such that

pðtÞ � q1ðtÞ � kq2ðtÞ�g[0; 0�q1ðtÞ�M; 0�q2ðtÞ�M;

8t�0;

then

k� ¼ inf
t� 0

fk[ 0; k� pðtÞ þ q1ðtÞeks

þ q2ðtÞ
Z þ1

0

kðsÞeksds ¼ 0g[ 0:

Proof Consider the following equation:

GðkÞ ¼ k� pðtÞ þ q1ðtÞeks þ q2ðtÞ
Z þ1

0

kðsÞeksds: ð6Þ

Because

Gð0Þ ¼ �pðtÞ þ q1ðtÞ þ kq2ðtÞ\0;

dG

dk
¼ 1þ q1ðtÞseks þ q2ðtÞ

Z þ1

0

kðsÞseksds[ 0

and Gðþ1Þ[ 0; we follow that GðkÞ is a strictly mono-

tone increasing function.

Therefore, for any t� 0, there is a unique positive kðtÞ
such that

kðtÞ � pðtÞ þ q1ðtÞekðtÞs þ q2ðtÞ
Z þ1

0

kðsÞekðtÞsds ¼ 0:

Moreover, k� exists and k� � 0.

Now, we will prove k� [ 0. Suppose this is not true.

Pick e 2 ð0; lÞ such that e\fg
3
; 1s lnð1þ

g
3M
Þg and

Rþ1
0

kðsÞeesds� k þ g
3M

: Then there exist t� [ 0 such that

k�ðt�Þ\e and

k�ðt�Þ � pðt�Þ þ q1ðt�Þek
�ðt�Þs þ q2ðt�Þ

Z þ1

0

kðsÞek
�ðt�Þsds ¼ 0:

Now we have

0¼k�ðt�Þ�pðt�Þþq1ðt�Þek
�ðt�Þsþq2ðt�Þ

Z þ1

0

kðsÞek
�ðt�Þsds

\k�ðt�Þ�pðt�Þþq1ðt�Þek
�ðt�Þsþq2ðt�Þ

Z þ1

0

kðsÞeesds

\e�pðt�Þþq1ðt�Þ 1þ g
3M

� 

þq2ðt�Þ kþ g

3M

� 


\
g
3
� pðt�Þ�q1ðt�Þ� kq2ðt�Þð Þþ q1ðt�Þþq2ðt�ÞÞ

g
3M

� 


þq2ðt�Þ kþ g
3M

� 


\
g
3
�gþ2g

3
¼ 0;

which is a contradiction. Hence, k� [ 0. The proof of this

lemma is completed. h

Then we have

Lemma 9 Assume that (H1)–(H6) hold and there exist

nonnegative vector functions ðV1ðtÞ; . . .;VnðtÞÞT and

ðW1ðtÞ; . . .;WnðtÞÞT 2 PCð½�qþ; 0�;RnÞ, where ViðtÞ is

continuous at t 6¼ tk ðk 2 N�Þ, such that

D�Viðt�Þ� � aiðtÞViðt�Þ þ aiðtÞ
Z t�

t��qðt�Þ
WiðsÞds

þ
Xn

j¼1

j bijðtÞ j LfjWjðt�Þ

þ
Xn

j¼1

j cijðtÞ j
Z 1

0

j dijðuÞ j LfjWjðt� � uÞdu

þ
Xn

j¼1

Xn

l¼1

j aijlðtÞ j ½Lfj Vjðt�ÞMf
l þM

f
j L

f
l Vlðt�Þ�

þ
Xn

j¼1

Xn

l¼1

j bijlðtÞ j ½
Z 1

0

j hijlðuÞ j

L
f
j Vjðt� � uÞdu

kþijl
gk

M
f
l

þ
hþijl
gh

M
f
j

Z 1

0

j kijlðuÞ j Lfl Vlðt� � uÞdu�;

ð7Þ

WiðtþÞ�aiðtÞViðtþÞþ aiðtÞ
Z tþ

tþ�qðtþÞ
WiðsÞds

þ
Xn

j¼1

j bijðtÞ j LfjWjðtþÞ

þ
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j cijðtÞ j
Z 1
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l¼1

j aijlðtÞ j ½Lfj VjðtþÞMf
l þM

f
j L

f
l VlðtþÞ�

þ
Xn

j¼1

Xn

l¼1

j bijlðtÞ j ½
Z 1

0

j hijlðuÞ j

L
f
j Vjðtþ � uÞdu

kþijl
gk

M
f
l

þ
hþijl
gh

M
f
j

Z 1

0

j kijlðuÞ j Lfl Vlðtþ � uÞdu�;

ð8Þ

Viðtþk Þ� L1ViðtþÞ ð9Þ

for t[ 0; i ¼ 1; 2; . . .; n and k 2 N�. Then for all t� 0 and

i ¼ 1; 2; . . .; n, there exists a positive constant eL such that

ViðtÞ� eL
Xn

l¼1

maxfVlð0Þ;Wlð0Þge�k�t; ð10Þ
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where k� is defined, respectively, as

k� ¼ minfk�i ; bk�i j i ¼ 1; 2; . . .; ng; ð11Þ

k�i ¼ inf
t� 0

fkðtÞ[ 0; kðtÞ � aiðtÞ þ
qi

pi
aþi q

þekðtÞq
þ

þ
Xn

j¼1

qj

pi
j bijðtÞ j Lfj ekðtÞs

þ

þ
Xn

j¼1

qj

pi
j cijðtÞ j

Z 1

0

j dijðuÞ j Lfj ekðtÞudu

þ
Xn

j¼1

Xn

l¼1

j aijlðtÞ j ½
pj

pi
L
f
jM

f
l þ

pl

pi
M

f
j L

f
l �ekðtÞs

þ

þ
Xn

j¼1

Xn

l¼1

j bijlðtÞ j ½
pj

pi

Z 1

0

j hijlðuÞ j Lfj ekðtÞudu
kþijl
gk

M
f
l

þ pl

pi

hþijl
gh

M
f
j

Z 1

0

j kijlðuÞ j Lfl ekðtÞudu� ¼ 0g[ 0;

ð12Þ
bk�i ¼ inf

t� 0
fkðtÞ[ 0; �qi þ aiðtÞpi þ qia

þ
i q

þekðtÞq
þ

þ
Xn

j¼1

qj j bijðtÞ j Lfj ekðtÞ tan
þ

þ
Xn

j¼1

qj j cijðtÞ j
Z 1

0

j dijðuÞ j Lfj ekðtÞudu

þ
Xn

j¼1

Xn

l¼1

j aijlðtÞ j ½pjLfjM
f
l þ plM

f
j L

f
l �ekðtÞs

þ

þ
Xn

j¼1

Xn

l¼1

j bijlðtÞ j ½pj
Z 1

0

j hijlðuÞ j Lfj ekðtÞudu
kþijl
gk

M
f
l

þ pl
hþijl
gh

M
f
j

Z 1

0

j kijlðuÞ j Lfl ekðtÞudu� ¼ 0g[ 0;

ð13Þ

Proof By the similar analysis in Lemma 8, we can deduce

that k�i [ 0 and bk�i [ 0 exist uniquely.

Choose a positive constant h such that

minfpi; qiji ¼ 1; 2; . . .; ngh[ 1:

Let

UiðtÞ ¼ max
1

pi
ViðtÞ;

1

qi
WiðtÞ

� �

; i ¼ 1; 2; . . .; n;

WðtÞ ¼ h
Xn

l¼1

maxfVlð0Þ;Wlð0Þge�k�t: ð14Þ

Then for all t 2 ð�1; 0� and c[ 1, we have

cWðtÞ ¼ ch
Xn

l¼1

maxfVlð0Þ;Wlð0Þge�k�t [UiðtÞ: ð15Þ

Then

UiðtÞ\cWðtÞ; t 2 ½0;1Þ; i ¼ 1; 2; . . .; n: ð16Þ

For the sake of contradiction, assume that there exist i 2
f1; 2; . . .; ng and t[ 0 such that

UiðtþÞ� cWðtÞ;UjðtÞ\cWðtÞ; for t 2 ½0; tÞ; j 2 f1; 2; . . .; ng:
ð17Þ

Then we have the following

(I) ð1=piÞViðtþÞ� cWðtÞ then we have the following

subcases.

(i) t 6¼ tk; tk 22 N�. So ViðtÞ is continuous at t. By 17,

we have

1

pi
ViðtÞ ¼ cWðtÞ; 1

pi
D�ViðtÞ[ cW0ðtÞ ð18Þ

From (H6), (17) and the definition of k�, we have

1

pi
D�ViðtÞ � cW0ðtÞ

� � aiðtÞcWðtÞ

þ qi

pi
aiðtÞ

Z t

t�qðtÞ
cWðsÞdsþ
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0
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Xn
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L
f
jM

f
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M

f
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f
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ð19Þ

which is a contradiction with (18).

(ii) There exists k0 2 N� such that t ¼ tk. By (17), we

have

1

pi
ViðtÞ� cWðtÞ� 1

pi
ViðtþÞ: ð20Þ
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Noting 1
pi
Viðt�Þ 6¼ 1

pi
ViðtþÞ, we have 1

pi
Viðt�Þ\cWðtÞ or

cWðtÞ\ 1
pi
ViðtþÞ. Without loss of generality, we assume

that cWðtÞ\ 1
pi
ViðtþÞ. from (9) and (20) we get that

cWðtÞ\ 1

pi
ViðtþÞ� cL1WðtÞ: ð21Þ

Simplifying (21), we obtain L1 [ 1; which contradict that

L1\1.

If (I) does not hold, then

(II)

1

qi
WiðtþÞ� cWðtÞ; 1

qj
WjðtÞ\cWðtÞ;

1

pj
WjðtÞ� cWðtÞ; fort 2 ½0; tÞ; j 2 N:

ð22Þ

Then from (8) and (H6) we have
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ð23Þ

which is a contradiction. From (I) and (II), (16) holds.

Letting c ! 1þ in (16), we have

UiðtÞ� cWðtÞ; t 2 ½0;1Þ; i ¼ 1; 2; . . .; n: ð24Þ

So 1
pi
ViðtÞ�WðtÞ for all t 2 ½0;1Þ; i ¼ 1; 2; . . .; n: Let

M ¼ max1� i� nfpihg then for t� 0 and i ¼ 1; 2; . . .; n, we

have

ViðtÞ�M
Xn

l¼1

maxfVlð0Þ;Wlð0Þge�k�t; ð25Þ

The proof is complete. h

Theorem 4 Assume that (H1)–(H6) hold, then the unique

piecewise differentiable pseudo-almost periodic solution of

system (1) is globally exponentially stable.

Proof It follows from Theorem 3 that system (1) has at

least one piecewise differentiable pseudo-almost periodic

solution x�ðtÞ ¼ ðx�1ðtÞ; . . .; x�nðtÞÞ
T 2 B with initial value

/�ðtÞ. Let xðtÞ ¼ ðx1ðtÞ; . . .; xnðtÞÞT be an arbitrary solution

of system (1) with initial value /ðtÞ.
Let ViðtÞ ¼j xiðtÞ � ziðtÞ j;WiðtÞ ¼j x0iðtÞ � z0iðtÞ j for

i ¼ 1; . . .; n, Then,
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f
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ð26Þ
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Z tþ

tþ�qðtþÞ
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ð27Þ
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By (9) and (H5) we have

Viðtþk Þ� L1ViðtþÞ; with L1\1: ð28Þ

By (26)–(28), (H1)–(H6) and Lemma 9, there exists a

positive constant M such that

ViðtÞ�M
Xn

l¼1

maxfVlð0Þ;Wlð0Þge�k�t; ð29Þ

where k� is defined in (11). h

Remark 4 To the best of our knowledge, there have been

no results of piecewise pseudo-almost periodic solutions

for impulsive neutral high-order Hopfield neural networks

with time-varying coefficients, mixed delays and leakage

until now. Hence, the obtained results are essentially new

and the investigation methods used in this paper can also be

applied to study the piecewise pseudo-almost periodic

solutions for some other types of neural networks.

Remark 5 If throughout this paper, for i; j; l ¼ 1; 2; . . .; n,

it will be assumed that ai : R �! Rþ is almost periodic

functions, bij; cij; aijl; bijl; Ji : R �! R are almost periodic

functions, then the investigation methods used here can

also be applied to study the piecewise almost periodic

solutions for some other types of impulsive neural

networks.

4 Application

Consider the following impulsive neutral high-order Hop-

field neural networks with time-varying coefficients, mixed

delays and leakage:

x0iðtÞ ¼ �aiðtÞxiðt � qðtÞÞ þ
P2

j¼1

bijðtÞfjðx0jðt � sijðtÞÞÞ

þ
P2

j¼1

cijðtÞ
R1
0

dijðuÞfjðx0jðt � uÞÞdu

þ
P2

j¼1

P2

l¼1

aijlðtÞfjðxjðt � rijðtÞÞÞflðxlðt � mijðtÞÞÞ

þ
P2

j¼1

P2

l¼1

bijlðtÞ
R1
0

hijlðuÞfjðxjðt � uÞÞdu
R1
0

kijlðuÞflðxlðt � uÞÞdu
þIiðtÞ; t 2 R; t 6¼ 2k; k 2 Z

DxiðtkÞ ¼ xiðtþk Þ � xiðt�k Þ ¼ IkðxiðtkÞÞ

8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

ð30Þ

where

aðtÞ ¼ 4þ cos2ðtÞ
4þ sin2ðtÞ

� �

) a1� ¼ a2� ¼ 4;

for all t 2 R

f1ðtÞ ¼ f2ðtÞ ¼ sin t ) L
f
1 ¼ L

f
2 ¼ M

f
1 ¼ M

f
2 ¼ 1;

sijðtÞ ¼ rijðtÞ ¼ mijðtÞ ¼ qðtÞ ¼ 1

80
j sin t j; fori; j 2 f1; 2g

dijðtÞ ¼ hijlðtÞ ¼ kijlðtÞ ¼ e�t )
dþij
gd

¼
hþijl
gh

¼
kþijl
gk

¼ 1;

for i; j; l 2 f1; 2g
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� �
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1

80
cosðx2ð2kÞÞ þ
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A

) c ¼
0:03 0:02

0:02 0:03

� �

;

ða1jlðtÞÞ1� j;l� 2 ¼
0 0:04 sin t þ 0:01

1þ t2

0 0

0

@

1

A

) ða1jlÞ1� j;l� 2 ¼
0 0:05

0 0

� �

;

ða2jlðtÞÞ1� j;l� 2 ¼
0 0:06 cos t þ 0:01

1þ t2

0 0

0

@

1

A

) ða2jlÞ1� j;l� 2 ¼
0 0:07

0 0

� �

;

ðb1jlðtÞÞ1� j;l� 2 ¼
0 0:05 cos t þ 0:01

1þ t2

0 0

0

@

1

A

) ðb1jlÞ1� j;l� 2 ¼
0 0:06

0 0

� �

;

ðb2jlðtÞÞ1� j;l� 2 ¼
0 0:4 sin t þ 0:01

1þ t2

0 0

0

@

1

A

) ðb2jlÞ1� j;l� 2 ¼
0 0:05

0 0

� �

;
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JðtÞ ¼
0:8 cos t þ 0:1

1þ t2

0:7 sin t þ 0:1

1þ t2

0

B
B
@

1

C
C
A ) J ¼

0:9

0:8

� �

:

Then

max
1� i� n

max
Ji

ai�
; ð1þ aþi

ai�
ÞJi

� �

¼ 2:0250 ¼ L

bp ¼ max
1� i� 2

max a�1
i� aþi q

þ þ
X2

j¼1

bijL
f
j þ

X2

j¼1

cij
dþij
gd

L
f
j

"((

þ
X2

j¼1

X2

l¼1

aijlL
f
jM

f
l þ

X2

j¼1

Xn

l¼1

bijl
hþijl
gh

kþijl
gk

L
f
jM

f
l

#

þ L1

1� e�ai�

)

;

ð1þ aþi
ai�

Þ aþi q
þ þ

X2

j¼1

bijL
f
j

"(

þ
X2

j¼1

cij
dþij
gd

L
f
j þ

X2

j¼1

X2

l¼1

aijlL
f
jM

f
l

þ
X2

j¼1

X2

l¼1

bijl
hþijl
gh

kþijl
gk

L
f
jM

f
l

#

þ aþi L1
1� e�ai�

))

¼ 0:6712\1:

bq ¼ max
1� i� 2

max a�1
i� aþi q

þ þ
X2

j¼1

bijL
f
j þ

X2

j¼1

cij
dþij
gd

L
f
j

"((

þ
X2

j¼1

X2

l¼1

aijlðLfjM
f
l þM

f
j L

f
l Þ

þ
X2

j¼1

X2

l¼1

bijl
hþijl
gh

kþijl
gk

ðLfjM
f
l þM

f
j L

f
l Þ
#

þ L1

1� e�ai�

)

;

ð1þ aþi
ai�

Þ aþi q
þ þ

X2

j¼1

bijL
f
j

"(

þ
X2

j¼1

cij
dþij
gd

L
f
j þ

X2

j¼1

X2

l¼1

aijlðLfjM
f
l þM

f
j L

f
l Þ

þ
X2

j¼1

X2

l¼1

bijl
hþijl
gh

kþijl
gk

ðLfjM
f
l þM

f
j L

f
l Þ
#

þ aþi L1
1� e�ai�

))

¼0:9412\1:

Let p1 ¼ p2 ¼ 1 and q1 ¼ q2 ¼ 70, and from the above

assumption, the (H6) is satisfied. Therefore, all conditions

from Theorems 3 and 4 are satisfied; then, the impulsive

neutral high-order Hopfield neural networks with time-

varying coefficients, mixed delays and leakage have a

unique piecewise differentiable pseudo-almost periodic

solution. Simulation results of Example 30 are depicted in

Figs. 1, 2 and 3.

Figures 4 and 5 confirm that the proposed condition in

Theorem 4 leads to globally exponentially stable piecewise

differentiable pseudo-almost periodic solution for system

30.

5 Conclusion

In this paper we discuss the existence and the exponential

stability of piecewise differentiable pseudo-almost periodic

solutions for a class of impulsive neutral high-order
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Fig. 1 The orbit of X1–X2 for the system
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Fig. 2 The phase system for the system
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Fig. 3 Transient response of state variables X1 and X2 for the system

Neural Comput & Applic (2018) 29:477–495 493

123



Hopfield neural networks with mixed time-varying delays

and leakage delays. We give several sufficient conditions

for the existence and the exponential stability of the solu-

tion. The results of this paper are new, and they supplement

previously known results. An example is given to illustrate

the results.
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