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Abstract This paper considers the finite-time stability and
finite-time boundedness problems for switched neural
networks subject to L,-gain disturbances. Sufficient con-
ditions for the switched neural networks to be finite-time
stable and finite-time bounded are derived. These condi-
tions are delay-dependent and are given in terms of linear
matrix inequalities. Average dwell time of switching sig-
nals is also given such that switched neural networks are
finite-time stable or finite-time bounded. By resorting to the
average dwell time approach and Lyapunov-Krasovskii
functional technology, some new delay-dependent criteria
guaranteeing finite-time boundedness and stabilizability
with L,-gain analysis performance are developed. An
illustrative example is given to demonstrate the effective-
ness of the proposed state estimator.

Keywords Finite-time boundedness - Linear matrix
inequality - Lyapunov—Krasovskii method - Switched
neural networks - Time-varying delay

1 Introduction

It is well known that neural networks have become a
popular topic that attracts researchers attention, various
delayed neural networks such as Hopfield neural networks,
Cohen—Grossberg neural networks, cellular neural
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networks and bidirectional associative memory neural
networks have been extensively investigated [1-7].
Studying artificial neural networks has been the central
focus of intensive research activities during the last dec-
ades since these networks have found wide applications in
areas like associative memory, pattern classification,
reconstruction of moving images, signal processing, solv-
ing optimization problems (see [8—15]).

In hardware implementation of neural networks, it is well
known that time delay frequently occurs, and the existence of
time delay may cause instability and poor performance.
Therefore, much effort has been devoted to the delay-de-
pendent stability analysis of delayed neural networks, since
delay-dependent stability criteria are generally less conser-
vative than delay-independent ones especially when the size
of the time delay is small (for example, [16-24]).

In recent years, switched neural networks (SNNs),
whose individual subsystems are a set of neural networks,
have attracted significant attention and have been suc-
cessfully applied to many fields such as high-speed signal
processing, artificial intelligence and gene selection in
DNA microarray analysis. Recent researches in SNNs
typically focus on the analysis of dynamic behaviors, such
as stability, controllability, reachability, and observability
aiming to design controllers with guaranteed stability and
performance [25-27]. Besides the aforementioned prob-
lem, designing a controller to achieve tracking for SNNs is
a challenging problem. Thus tracking control problem for
SNNs with many researchers focus on time-varying delays
using average dwell time approach and piecewise Lya-
punov functional methods (see [28-31]).

Over the past few years, many study efforts have been
dedicated to the finite-time stability of SNNs due to its wide
applications [32-35]. To study the transient behavior of sys-
tems, finite-time stability concerns the stability of a system
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over a finite interval of time and plays an important role (for
example, [36-39]). It is important to emphasize the discon-
nection between classical Lyapunov stability and finite-time
stability. The problem about finite-time stability L,-gain
analysis has been widely learned in the literature [40-42]. It is
worth pointing out that there is a difference between finite-
time stability and Lyapunov asymptotic stability, and they are
also independent of each other. Recently, finite-time stability
for SNNs based on the technique of average dwell time, the
problem of finite-time boundedness for the SNNs with time
delays was investigated (see [43—46]).

As an important feature of the switching system, average
dwell time is commonly adopted in finite-time boundedness
analysis of SNNs [47—49]. In [50], the authors studied finite-
time stability of high-order stochastic nonlinear systems in
strict-feedback form. However, the property of the average
dwell time switching signal, which requires the average
interval between two successive switching constants must be
over 1,, is independent of the system modes. Therefore,
conservativeness still exists for the minimum admissible
average dwell time. The average dwell time concept, which
can fully use the mode-dependent information, is firstly
taken into account for the general switched linear systems in
[51]. However, to the best of authors’ knowledge, only few
attempts have been made on the study of the finite-time
bounded for the average dwell time approach, especially for
the switched NNs with time-varying delays, which moti-
vates us to undertake this study.

Motivated by the above discussions, we investigate the
finite-time boundedness and finite-time L,-gain analysis for
a SNN problem. The novel features are that a new Lya-
punov—Krasovskii functional is constructed average dwell
time approach is applied firstly to the study of finite-time
boundedness for switched neural networks. By applying
Newton-Leibniz formula and Jensen’s inequality, Schur
complement lemma, a switching rule for finite-time
boundedness of SNNs with interval time-varying delay is
derived delay-dependent finite-time L,-gain analysis for
SNNs with interval time-varying delay are established in
terms of linear matrix inequalities (LMIs), which allow
simultaneous computation of two bounds that characterize
the finite-time boundedness and finite-time L,-gain analy-
sis rate of the solution. The obtained results are conser-
vative than the results in [14-16, 21-24].

The outline of the paper is as follows. Section 2 presents
problem formulation, notations, definitions and a technical
lemma. In Sect. 3, a delay-dependent finite-time bound-
edness for SNNs with interval time-varying delay, a
switching rule for finite-time L,-gain analysis of SNNs
with interval time-varying delay. Numerical examples
show the effectiveness of the result. The paper ends with
conclusions given in Sect. 4 and cited references follow.
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2 Problem formulation and preliminaries

Consider the following n-neuron switched neural networks
with time-varying delays,

X(t) = —As(X(t) + Bonf (x(1)) + Conf (x(t — ©(2))) + Dig(nyw(?)
2(t) = Eo(x(t) + Dagyw(t),
x(t) = ¢(1),t € [~ h70]7

(1)

where x(r) = [x;(1),x2(2), ..., x,(1)]" €R" is the state,
z(t) € R is the controlled output and w(zr) € L1]0, co)
satisfies the constraint:

/ TWT(t)W(t) <d, d>0. (2)
0
i (x1 (), 2(x2(0)), - - o fulxa (1)) € R™ is  the

neuron activation function, Ag,) is a positive diagonal
matrix, By, Cor)s Dig(r)s Eo(r), Daory are the weight
connection matrices with appropriate dimensions. t(¢) is a
time-varying delay function with 0 <t(z) <h and 7(¢) <,
where 7 is the upper bound of the time-varying delay ().
¢(t) is a continuous vector-valued initial function on
[=h,0]. o(t) : [0,00) = N ={1,2,...,N} is the right
continuous piecewise constant switching signal to be
designed, where N is a finite set.

Corresponding to the switching signal o(r), we get the

following switching sequence:

X = {)C(); (i(),[()),...,(ik,tk),...7| I GN,kZO,l,...},

where 7y is the initial time when # € [t, fx41),x(fo) is
the initial state and o(f) =i, i{" subsystem is active.
Throughout this paper, we assume the state of the
switched neural networks does not jump at the
switching instants, that is, the trajectory x(¢) is every-
where continuous. Moreover, the switching signal o(¢)
has finite number of switching on any finite interval
time. It is worth pointing out that almost all results for
switched systems are based on the continuous of the
state and the finite of the switching number on any
finite interval time, which is the elementary assumption.
For the activation function, we make the following
assumptions.

Assumption 1 [53] The activation functions satisfy the
following condition, for any p =1,2,...,n there exist
constants G, G[f such that

G- <JM <Gt
P = X1 — X2 -
forall x1,x; €R, x| # x.

For presentation convenience, in the following, we denote
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G, = diag{G, G} ,G5G3,...,G, G, },
. [Gi +G] G5 +Gy G, +G/f
G,=d : L 22 =i
lag{ 2 ) 2 3 ) 2

Definition 2.1 [41] For any 7> > T| >0, let N,(T\,T»)
denote the switching number of ¢(¢) on an interval (7}, T5).
If

T
N,(Ty,T>) <Ny + Lk L

a

holds for given Ny >0, 7, > 0, then the constant t, is
called the average dwell time and N is the chatter bound.
Without loss of generality, we choose Ny = 0 throughout
this paper.

Definition 2.2 [36] Switch system (1) is said to be finite-
time bounded with respect to (c1,c2,T,R,d) if following
condition holds:

max. {x (to)Rx(19),%

_max T(to)Ri(t0)} <cy = xT ()Rx(1) <2,

Vre[0,T],Yw(r): /OTWT(s)w(s)dsgd,

where ¢; > ¢; >0 and R > 0 is a positive definite matrix.

Definition 2.3 [32] For y>0,d >0,T>0,5>0,
A >0, and c; > ¢; > 0, system (1) is said to be finite-time
stable with a weighted L, performance y with respect to
(c1,¢2,T,R,d), if the following condition holds:

27 (s)z(s)ds

/T { In 4162
§ —
o [T e a2 (1)1 = o)
T
§yze”7T/ w (s)w(s)ds,
0

and under zero initial condition, it holds for all nonzero
w: j;) s)ds <d.

Lemma 24 [52] For any constant  matrix
ZeR™ Z=27" >0, scalars h > 0, such that following
integrations are well defined; then

—h /tt xT(5)Zx(s)ds < — [ / l x(s)ds} Tz [ / l x(s)ds},
AL o [[f sows]
X Z[/h /t+0 x(s)dsd@}

Lemma 2.5 [52] (Schur complement) Given constant
matrices X, Y, Z, where X = X" and 0<Y = Y7, then X +
Z'Y=1Z <0 if and only if

-Y Z

x 7T
<0, or
Y * X

* —

<o

3 Main results
3.1 Finite-time boundedness analysis

In this section, we focus on finite-time boundedness of
switched neural networks (1). First, consider a switched
neural networks with external disturbance as follows:

(1) = =Ag(x(t) + Bo(nf (x(1)) + Co(nf (x(t = ©(1))) + Dia) W(I)}
f(t)=¢() 16[ h, 0].
(3)

Theorem 3.1 System (3) is said to be finite-time bounded
with respect to (ci,ca,R,d,T) if there exist symmetric
positive matrices P;, Q1;, 02, S1i,82,Y; and matrices
Ny(s =1, 2, 3), Uy; > 0,U,; > 0 and scalars n>0,u> 1,
A4>010=1,2,...,8),d >0,h >0,A>0,7>0
that Vi,j € N, we have that following linear matrix
inequalities hold:

such

Yiu Vi Yz Yu Yis Ve Yig
kYo Was Yo Yos Y Yy
* * Yz Yag Yas W3 Yy

Wi=| = * 0 Yy Wus Vs Y | <O,

* * * * Yss Wse Ysy
* * * * * Yoo Ve
|k * * * * * Yo |

(4)

Pi<uPj, Qi<pQij, Qo <pQaj, Siu<uSy, Su<puSy, Yi<ulj

(5)

Jicre ™™ > Acy + dig%(l —eh), (6)

with the average dwell time of the switching signal ¢
satisfying

Tlnu
—1In[Acy + ds(1/n)(1 — e T)] — 4T’

(7)

> 1=
fa fa 111(/116‘2)

where

et —1
Y1, = 0P — PA; — A]P; + "0y + <5>Sli

Sai Syi
T 2Y, = GUy, ¥y, = n

Y13 = —AINL, Y4 = —Yi — hA[ N3, Y5 = P;B; + G, Uy,
Vs = PiCi, Y7 = PiDy;,

T AT
_AiNli’
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S
Yy =—01i — o GuUii, W3 = —NJ;, Yy =0,

Was = NiiBi, Yo = N1i;Ci + G Ui, Yp7 = NiiDj,
e — e —5h—1
Y33 = (T) S2 + (T) Yi — N3 — N3,

Y3q = —hNy, Y35 = N3iBi, Y36 = NaiC,

W37 = NaiDyj, Yuy = —hS1; — 2Y;, Y45 = hNyB;,
Wae = hN%Ci, 7 = hN2Dyy, Yiss = €0y — Gy,
Use =0, Y57 =0, Y = —(1 = 1)02 — G,

Yo7 =0, Y97 = —nH,

Proof We consider the following Lyapunov—Krasovskii
functional:

xta Z VIO' )C;, ) (8)

where

View (X, 1) = xT(f)eélpamx(f%

Varty ) = [ T (501000
L

V3a xtv //

t+0

T ((5)) Qao(of (x(s))ds

Slo( Hx (s)dsd9

// 0 (8)S26()%(s)dsd0,
+0
0 0 pr
V() (%2, 1) = / / / 0T (5)Y ,(y(s)dsdvdo.
—hJO t+v

Taking the time derivative of Vg (x;,7) along the
trajectory of the system (3) and we define o(f) = 1,

Vii(x, 1) = %7 (1) (0P; — PA; — AT P)x(1)
+2e"x" (1)PiBif (x(1)) + 2¢"x" (1)
PiCif (x(t — 1(1))) + 2" ()PiDyw (1), (9)
Vai(oxi, 1) = ex” (1) Quix(r) — &2 (1 — h) Quix(r — )
+ef T (x(1))e” Quif (x(1))
= (1= 2(0))e”fT (x(t — (1)) Qaif (x(t — (1)),
<l (1)e”Quix(r) — €"x" (1 — h)Quix(t — h)
+efT (x(1))e” Qaif (x(1)) — (1 = 0)e”f"

(x(r = (1)) Qaif (x(z — (1)),
(10)

@ Springer
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Vii(xi, 1) = €% (1) (e 57 1>Slix(t)
/ 5)S1x(s)ds + 57 (¢ )(#)Sﬁx(z) (11)
/ Sz,x

Vil 1) = €i(1) (ﬁ) Yi(r)

SN

From Lemma 2.4, we have

5)dsdo. (12)

—/ttth(S)Sux(S)dSS —% :/tthx(s)ds: TSli :/tlhx(s)ds: )
(13)

. /t_’hﬂs)szl»x(s)dsg - /f_thx@d; s /t_thx<s>ds_ ,
] S (14)

/ /t+0 Yx deQ =R |:/ /+0 de0:|
| [ h /ng(s)dsdﬁ],
-2 {hx( ) — /l_thx(s)ds}

T

(15)
Based on Assumption 1 , we obtain
[fo(xq (1) — G;xq(t)][fq(xq(t)) - G;xq(t)} <0, ¢g=12,...n,
fa(oxq (1 = (1)) — G xg(t = ©(0)][fg (xq (r — 7(1)))
=G x(t—(1)]<0, ¢g=12,...,n

can be compactly written as

[f(xx((tt)))] {G T_,G"] [ff;{:))] <o,

{f(xx((tt__i((tt)))))} {G*t _1Gu} [f(xx((t,__i((?))))} <0.
Then for any positive matrices Uy; = diag{uy;, uy;,

gt and Uy = diag{iy;, tia;, - . ., tiyi }, the following
inequalities hold true
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*

R e N

i) T T =0
(17)

From the Leibniz—Newton formula, the following
equation is true for any matrices Ni;, Ny; and N3; with
appropriate dimensions:

|:2)CT([ — h)N]l' +2 /t X(S)dSNzl' + ZXT([)N31':|
t—h
x [=x(1) — Aix(t) + Bif (x(1)) + Cif (x(t — (2)))
+ D],‘W(I)] =0. (18)

Therefore, for a given > 0 and from (9)—(18), one can

obtain that
V(xe, 1) = nw! () Hpw(n) < e”X7 (1) ¥iX (1), (19)
where

XT() =[x (1) (1~ h) x(s)ds f7(x(1)) 7 (x(t -

i(n) J, (1)) wi(n)].

The inequality (19) is equivalent to (4).
Thus, we obtain

Vi(xe, 1) — nVi(x,, t) <nqw’ (1) Hw(1). (20)
Notice that

Vi) < () Hw () 1)
Integrating (21) from #; to ¢, we can get that

t
V,’()C;,t)<€ﬂ(t_tk)vi(xtk7tk)+7]/ e"(r_s)WT(s)H,-w(s)ds.

Ix

(22)
Note that (5) and u>1 yields
Vo) (s 1) < 1WVi(s_ ) (X 1) (23)
Then, we can easily have
Vi) (s 1) < "DV (i)
(24)

173
+17/ 1w (5)How(s)ds.

-1

Thus, (22)—(24) yields

R™'2 QuR7?, §); = R7V2S,R

t
Vi (x1,7) < "7V, )(mek)+rl/t "I (5)Hyw(s)ds,
k
t
<RV xt) 41 [ I ()5,
1
L .\
Sﬂeﬂ(ti[k?l)Va(tk,l)(xtk,|7tk71)+7l,u/ eﬂ(f—x)wT(s)Hiw(S)ds
Tk—1
ot
+1 / "I () Hyw(s)ds, < p2e" ™52V (6, tr2)
I
-1
+i1,uz/ "W () Hyw(s)ds
Ju_

n t

+11y/ 1T () How(s )dv+11/ 1=9T (s)Hyw(s)ds,
[/ 3

< SMN”(O't)e"rVa(m (x0,0)

n .
+nuNﬁ(0.t)/ PUGONN (s)Hw(s)ds
0

n
+ppet) / e”(”:)wT(s)H,-w(s)ds +-
1

it
+11/ =9yt
T

'
:uN,,(O,z)emVG(O) (x0,0) + 1/ n(t— v),uN”(S")WT(s)HiW(S)dS,

(s)H;iw(s)ds,

rt
<ule (0’)e’7TV 0)(xo0, 0)+r]u dﬂmax(H,-)e"T/ e "Mds,
0

T
S‘LLN”(O‘”e”T{V (© )(xo, )+d/max( 1)17/ eiy”dx}v
0
e—nT)}’

T
0

(25)

Define P; = R™'/2P,R"'2, 0,; = R™'?Q\R7'?, Q,; =
12, 8y = R7V2SyR71/2,

< #%EWT{ Vg(()) (xo,O) + dAmax (Hl) (1 -
< ‘uNn(OJ)eVIT X {V{;(()) (X(),O) + dmax (H,)ﬂ
wae" { V(o)

ng ()C,,Z‘) = ()C0,0) +d28(1 — eiy,T)}.

Yi _ Rfl/ZYinl/Z'
Note that

Vo(0) (x0,0) = Max Zmax (Pi)x" (0)Rx(0) + max Zman
0
(Ql,-)eéh/ e x" (s)Rx(s)ds
Jn
s @) (G G [ s
+maximax(§1i)e‘ih/ / ¢~%xT (s)Rx(s)dsd0
ieN ~hJo
— N O 0 N
+max)vmax(S2,-)e‘)h/ / e7%%%T (5)Ri(s)dsd0
0

eraXAmax ; ”h/// vy

s)dsdfdv,

@ Springer
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< {maximax(P,v) +he (maximaX(QU)>
ieN ieN
e (s (03) ) Inan( 1G5 G )
ieN
+ K2 (max}.max (S1;) +max Amax (SQ,‘))
ieN ieN

1 N _
+§h3€()h (%%{Amax(yl)) }

x sup {x”(s)Rx(s),x" (s)Ri(s)},

—h<s<0
(Az—i—he‘)hﬂg—i—he‘)hgzizt—i—hz (5h(;5+} )+2h3 0h )

x sup {x7(s)Rx(s),xT (s)Ri(s)},

—h<s<0

where g=max(|G, ,G;])

Vo(()) ()Co, 0) < ()vz + heéh)L3 + hebhg2/14

N 1 )
+ hzebh(}us + 6) + §h3e()h)»7> cl,
= AC1, (26)
where

5 1
A = Jy + he®Js + he®g? g + W2 (A5 + Jg) + §h3e&h/17.

Thus,
Vo (xi,1) < ,u%e”T{Acl +dAg(l — efnT)}, 27)
= T fAe; +dig(1 —e ™)}

On the other hand,

Vo (X1, 1) > )L,,,,-n((}’)i)xT(t)Rx(t) = JuxT (£)Rx(r). (28)
From (27) and (28), we obtain
Acy +dig(1 —e™T)
A

xT(t)Rx(t) < e(ﬂ+ln/t/1a)T' (29)

When u = 1, which is the trivial case, from (6)
T (DRx(t) < cre™ e = ¢,

When u > 1, from (6),

In(Aca) — In[Acy 4+ dig(1 — e )] — 4T > 0,
we have
£< In(Z1¢2) — In[Acy +ds(1 — ™) — 4T
T4 Inp ’
_ In(Aice™™ /(Acy + dig(1 — e™T))) . (30)
Inu
Substituting (30) into (29) yields
X! (H)Rx(t) < cy. (31)
The proof is complete. O

@ Springer

Remark 3.2 The function V(¢) in the proof procedure of
Theorem 3.1 belongs to Lyapunov—Krasovskii functionals.
Unlike the classical Lyapunov function for switched sys-
tems in the case of asymptotical stability, there is no
requirement of negative definiteness or negative semi-
definiteness on V(r). Actually, if the exogenous distur-
bance w(f) = 0 and we limit the constants J <0, then V(t)
will be a negative definite function. For this case, we can
obtain the system (1) is asymptotically stable on the infinite
interval [0, co) if the average dwell time.

Remark 3.3 When D,(;) = 0, the system (3) reduces to
(1) = —Agx ( )+ Boof (x(1)) + Conf (x(t — <( t)))}
x(1) = ¢(1),1 € [=h,0].

(32)
Corollary 3.4 Consider the system (32) is said to be
asymptotically stable and if there exist symmetric positive
matrices P;, O1i, 02, 814,82, Y; and matrices
Ng(s =1, 2,3),Uy; > 0,U, > 0 and scalars h > 0,7 > 0
such that ¥i € N, we have that following linear matrix
inequalities hold:

(Vi Vi Yz Y Vs e
* Yy Wy Yoy Yos Y
* * Y33 Ya Yas o Y

¥, = ‘ <0. (33)
* * *  Yay Yus Vg
* * * * Yss Yse
L * * * * * Y
Proof Let a(t) = 1. The proof is similar to that of The-
orem 3.1, it is omitted here. O

3.2 Finite-time weighted L,-gain analysis

Theorem 3.5 System (1) is finite-time bounded with
respect to (c1,c2,R,d,T) if there exist symmetric positive
matrices P, Qvi, Q2iy S1i, S2i, Yi  and  matrices Ny(s =
1, 2,3), Uy, > 0,Uy >0 and scalars n>0,7 > 0,u>1,
A>0(10=12,..,7),d>0, h>0,A>0,7>0 such
that Vi,j € N, following linear matrix inequalities holds:
(Y Yo Y Y s e W ET
Yo Yoz Wy Wos Yo Wy 0
* * sz s Uss Vs Yy 0
7 * * 0 Yy Wus Ve Vg 0
0
0

\Iji = < 07
* * * * Yss Yse Vs
* * * * Yo Ve
* * * * * x*  —9 DL
L x * * * * * * —1]
(34)
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Pi<uPj, Q1<pQyj, Q2 <pQyj, Siui<pSij, Su<puSy, Yi<uY;,
(35)

1
Jnce™ T > Acy + dy? H (1—eT), (36)

with the average dwell time of the switching signal o
satisfying
Tlnpu
In(A1¢2) — In[Acy +dy*(1/n7)(1 — eT)] — 4T~
(37)

Ty > T, =

Proof Choosing the Lyapunov—Krasovskii functional as
in Theorem 3.1, after some mathematical manipulation and
using Schur complement, we can get

Vi G 1) + 27 (0)2(1) — 727 (0)w(r) = XT ()X (1),
(38)
Define
J(1) = 2" (1)z(r) — 7w ()w(2).
We obtain,
Va(,) (x,, t) — ﬂVU(,) (x,, t) + J(t) <0.
When t € [t, t;11], where # is the switching instant,
t
Vg(,)(x,,t)<e”<t_’k)Va(,k)(x,k,tk) —/ "9 1 (5)ds.
/3
Notice that x(f;) = x(#; ); then one obtains

Va(zk) (x(tk)a tk) < :uva(t;) (x<tk)7 tk)'

For any ¢ € [0, 7], one has

ot
Vi (x1,1) < €MV (xi,, 1) + 1 / ") (s)ds,

Tk

< /v‘eq(titkil)va(txfl)(xtk 1 fk—1)

e t
—|—17,u/ e”("S)J(s)ds—&-n/ "9 J(s)ds,
Jtey 3

I

<o 0DV ) (30, 0) + ) / e (s)ds
0

h ot
+ i) / Mg (s)ds + - + n/ 1) (5)ds,
hn 3

T
<O Y0 (x0,0) + 11 / TN g (5)ds.
0

Under zero initial condition, we have
T
/e‘”suN”<S’T)J(s)ds<O,
0

which implies that

T

T
/e*”‘Vqu(“vT)zT(s)z(s)ds</ e N T2 T (5)w(s)ds.
0

0

Multiplying both sides of (39) by uV-©7) yields

T T
/ e N0 7T (6)z7(s)ds < / e N 09927 (5)w(s)ds.
Jo Jo

It is easy to deduce from (37) that

In(41c2)/(Act +dy*(1/m)(1 — ")) — ns
Inp ’

N, (0,5)< > <
Ta
Since > 1, we have

T
/ n(ns=tn(ca/ (ez)/ (Aer+dy? (/) 1= )/ W) T () (5 g
0

T

< e_’”,u_N"(O’S)zT(s)z(s)ds,

< e—ﬂs'u—No(OsS)ry2WT(S)W(S)d57

/OT
J
<em /OT y*w! (s)w(s)ds.

Therefore, we can obtain

r |: e T
/ ns — In 7' (s)z(s)ds
A dy?(1 1—etl
Syze’”T/ w! (s)w(s)ds.
0
This completes the proof by Definition 2.3. O

Remark 3.6 Note that for finite-time switched neural
networks (1), finite-time boundedness can be considered as
the extension concept of energy value or peak value per-
formance of the system (1). It should be pointed out that
the switching signals of the results in this paper pays more
attention to the time-varying delays appearing in switched
neural networks and the stability analysis with respect to
the finite-time interval, the main results in this paper is
more general.

Remark 3.7 1In this paper finite-time boundedness condi-
tion is derived for the switched neural networks (3). We
also discussed finite-time boundedness with L,-gain anal-
ysis for switched neural networks (1) with noise attenuation
72 is designed. In the analysis process, Lyapunov-function
method and average dwell time technique are used to
achieve our main results.

Remark 3.8 In the Theorem 3.1, a new Lyapunov—Kra-
sovskii functional is constructed and we utilized expo-
nential functions which gives convergence rate. The
obtained results are compared with the existing results to
show the conservativeness. The results in this paper are
conservative than the results in [14-16, 21-24].

Remark 3.9 In this paper, the influence of disturbance
signals on the system dynamics cannot be ignored, so the
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concept of finite-time boundedness explains the stable char-
acteristics when considering external disturbances.

4 Numerical examples

In this section, numerical examples are provided to illus-
trate the validity and the advantage of the proposed finite-
time boundedness and finite-time L,-gain analysis results.

Example 4.1 Consider a switched neural networks with
time-varying delay, as

X(t) = —Agpx(t) + Bo(nf (x(1)) + Copf (x(t — (1))
+ Dy o(yw(t),

with
[0.012 O —0.06 0.03
A] = B Bl - )
| 0 0.016] { 0.06 —0.09]
[ 0.144 0.096 -06 O
G = , D= ;
| —0.072 0.120 0 -02
[0.008 0 0.12 0.09
Ay = , Ba= )
0 0.014 —0.06 0.12
[0.024 0.264 0.03 0
G = » D= .
0 0.048 0 0.04
The activation function is chosen as G; = diag

{0,0}, G, = diag{1, 1}, the values of ¢, ¢, T,d are given
as follows:
h =201,

8 = 0.002,

t=42, c¢; =0.1,
n=20.075 upu=15.

T=3, d=0.02,

When ¢, = 77.59, we see that the admissible maximum
bound of £ is 2.01.By using the Matlab LMI Toolbox, solve
LMI (3)—(6) the feasible solutions are

5.7050 —3.8607 6.2042
B {3.8607 14.2400 ] ' [
0.0018 0.0005
a {0.0005 0.0026]’
0.0210 0.0113 0.0103 0.0066
' {0.0113 0.0418]’ 2T [0.0066 0.0226}’
{7.9948 0.4678 }
| = .

1.2420
1.2420 13.3789]’

0.4678 15.0397
Example 4.2 Consider the following neural networks

with time-varying delays (32) with following parameters
given in [14-16, 21-24]:

- 20 - 1 1 - 0.88 1
A= ) B = ) Bd: )

P I S et
and

@ Springer

Table 1 Maximum allowable bound 7 for different values % in
Example 4.2

h 0.8 0.9

[14] 1.7347 1.1662
[15] 2.8794 1.9562
[16] 2.8980 1.9562
21] 2.8991 2.0087
[22] 2.9541 1.9654
[23] 3.1409 1.6375
[24] 3.1965 2.0178

7 of our result 8.6065 6.3200

0 0 04 0
G,; = 5 Gu - )
0 0 0 08

with 6 = 0. By solving Example 4.2 using LMI in Corol-
lary 3.4, we obtain maximum admissible upper bounds
(MAUB) of 7 for different 2 as shown in Table 1. The
results obtained in this paper are significantly better than
those in [14-16, 21-24], which clearly shows the effec-
tiveness of our work. The time responses of the state
variables are shown in Table 1.

The admissible upper bounds of t are listed in Table 1.

Example 4.3 Consider a switched neural networks with
time-varying delay,

2(1) = =Agx(1) + Bof (x(2) + Copnf (x(t — (1)) + Digyw(1),
2(t) = Eqyx(t) + Dag(nyw(t)

with
0012 0 —0.06  0.03
Al - 3 Bl - 3
0 0016 0.06 —0.09
B [ 0.144 —0.096}
"1 -0072 0120 |
06 0 003 0
Dy = , Doy = ,
0 —02 0  —0.06
r—02 0.1
El - )
| 0.5 0.6}
1004 0 002 0.1
A2 = 5 Bz = )
) 0.026] { 0.05 —0.07}
T 021 —0.087
C2 - )
| 0.046  0.14
b _{—0.2 0 } b _{0.05 0 }
271 o0 —o01]” P 0o —008]
[—0.02 0.4
E, = .
| 07 005

The values of ¢y, ¢y, T,d are given as follows:
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h=2.08,
d =001,

T=13.2,
0 = 0.005,

0120.5, T=4

nw=1.5,

(&9) :74.17
n=0.01,

)

and G, = diag{0.5,0.5}, G, = diag{1, 1}. By solving LMI
(31)—(34) we get, y = 1.362, the average dwell time 1, is
calculated by 7, = In /0 = 81.0930.

135.8562 130.0932
130.0932 546.5661 |’

[93.6944 31.5529 :|
1= )

0.9631
2 =

S|
Y

31.5529 176.4013

1.2826
1.2826 2.6091] ’
13.6910 3.8250 5.8198
{136910 261974}’ 2::[58198 122462}’
147.3103 139.0956
{139.0956 335.9485}'

9.0007

5 Conclusion

In

this paper, finite-time boundedness and finite-time

weighted L,-gain analysis for a SNN with time-varying
delay have been investigated. Based on linear matrix
techniques Lyapunov—Krasovskii function method and
average dwell time approach, sufficient conditions are
derived. Numerical examples are given to demonstrate the
effectiveness of the proposed approach. In future work, we
extend our results to study finite-time stability analysis of
Markovian jumping switched neural networks with time-
varying delays.

References

. Syed Ali M, Arik S, Saravanakumar R (2015) Delay-dependent

stability criteria of uncertain Markovian jump neural networks
with discrete interval and distributed time-varying delays. Neu-
rocomputing 158:167-173

. Syed Ali M, Balasubramaniam P (2011) Global asymptotic sta-

bility of stochastic fuzzy cellular neural networks with multiple
discrete and distributed time-varying delays. Commun. Nonlinear
Sci. Numer. Simul. 16:2907-2916

. Hou L, Zong G, Wu Y (2011) Robust exponential stability

analysis of discrete-time switched Hopfield neural networks with
time delay. Nonlinear Anal. Hybrid Syst 5:525-534

. Zhu Q, Cao J, Rakkiyappan R (2015) Exponential input-to-state

stability of stochastic Cohen—Grossberg neural networks with
mixed delays. Nonlinear Dyn 79:1085-1098

. Xi J, Park JH, Zeng H (2015) Improved delay-dependent robust

stability analysis for neutral-type uncertain neural networks with
Markovian jumping parameters and time-varying delays. Neu-
rocomputing 149:1198-1205

. Syed Ali M (2015) Stability of Markovian jumping recurrent

neural networks with discrete and distributed time-varying
delays. Neurocomputing 149:1280-1285

14.

15.

16.

17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

. Balasubramaniam P, Syed Ali M (2010) Global asymptotic sta-

bility of stochastic fuzzy cellular neural networks with multiple
time-varying delays. Expert Syst Appl 37:7737-7744

. Feng W, Yang SX, Wu H (2009) On robust stability of uncertain

stochastic neural networks with distributed and interval time-
varying delays. Chaos Solitons Fractals 42:2095-2104

. Zhu Q, Cao J (2014) Mean-square exponential input-to-state

stability of stochastic delayed neural networks. Neurocomputing
131:157-163

. Xiong W, Meng J (2013) Exponential convergence for cellular

neural networks with continuously distributed delays in the
leakage terms. Electron J Qual Theory Differ Equ 10:1-12

. Zhu Q, Cao J (2011) Exponential stability of stochastic neural

networks with both Markovian jump parameters and mixed time
delays. IEEE Trans Syst Man Cybern Part B 41:341-353

. Zhu Q, Cao J (2012) Stability of Markovian jump neural net-

works with impulse control and time varying delays. Nonlinear
Anal Real World Appl 13:2259-2270

. Qiu J, Yang H, Zhang J, Gao Z (2009) New robust stability

criteria for uncertain neural networks with interval time-varying
delays. Chaos Solitons Fractals 39:579-585

Li T, Zheng WX, Lin C (2011) Delay-slope-dependent stability
results of recurrent neural networks. IEEE Trans Neural Netw
22:2138-2143

Zeng HB, He Y, Wu M, Zhang C (2011) Complete delay-de-
composing approach to asymptotic stability for neural networks
with time-varying delays. IEEE Trans Neural Netw 22:806-812
Ge C, Hua C, Guan X (2014) New delay-dependent stability
criteria for neural networks with time-varying delay using delay-
decomposition  approach. IEEE  Trans Neural Netw
25(7):1378-1383

Zhu Q, Cao J (2012) Stability analysis of Markovian jump
stochastic BAM neural networks with impulse control and mixed
time delays. IEEE Trans Neural Netw Learn Syst 23:467-479
Yin C, Chen Y, Zhong S (2014) Fractional-order sliding mode
based extremum seeking control of a class of nonlinear systems.
Automatica 50:3173-3181

. Yin C, Cheng Y, Chen Y, Stark B, Zhong S (2015) Adaptive

fractional-order switching-type control method design for 3D
fractional-order nonlinear systems. Nonlinear Dyn 82:39-52
Zhu Q, Rakkiyappan R, Chandrasekar A (2014) Stochastic sta-
bility of Markovian jump BAM neural networks with leakage
delays and impulse control. Neurocomputing 136:136-151

Tian JK, Xiong WJ, Xu F (2014) Improved delay-partitioning
method to stability analysis for neural networks with discrete and
distributed time-varying delays. Appl Math Comput 233:152-164
Zhou XB, Tian JK, Ma HJ, Zhong SM (2014) Improved delay-
dependent stability criteria for recurrent neural networks with
time-varying delays. Neurocomputing 129:401-408

Zhang HG, Yang FS, Liu XD, Zhang QJ (2013) Stability analysis
for neural networks with time-varying delay based on quadratic
convex combination. IEEE Trans Neural Netw Learn Syst
24:513-521

Shi K, Zhong S, Zhu H, Liu X, Zeng Y (2015) New delay-depen-
dent stability criteria for neutral-type neural networks with mixed
random time-varying delays. Neurocomputing 168:896-907

Wang S, Shi T, Zeng M, Zhang L, Alsaadi FE, Hayat T (2015)
New results on robust finite-time boundedness of uncertain
switched neural networks with time-varying delays. Neurocom-
puting 151:522-530

Wu Y, Cao J, Alofi A, AL-Mazrooei A, Elaiw A (2015) Finite-
time boundedness and stabilization of uncertain switched neural
networks with time-varying delay. Neural Netw 69:135-143
Wu X, Tang Y, Zhang W (2014) Stability analysis of switched
stochastic neural networks with time-varying delays. Neural
Netw 51:39-49

@ Springer



984

Neural Comput & Applic (2018) 29:975-984

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Yan P, Ozbay H (2008) Stability analysis of switched time delay
systems. SIAM J Control Optim 47:936-949

Ahn CK (2010) An H, approach to stability analysis of switched
Hopfield neural networks with time-delay. Nonlinear Dyn
60:703-711

Zhong Q, Cheng J, Zhao Y (2015) Delay-dependent finite-time
boundedness of a class of Markovian switching neural networks
with time-varying delays. ISA Trans 57:43-50

Lin X, Du H, Li S, Zou Y (2013) Finite-time boundedness and
finite-time /, gain analysis of discrete-time switched linear sys-
tems with average dwell time. J Frankl Inst 350:911-928

Lin X, Du H, Li S (2011) Finite-time boundedness and L,-gain
analysis for switched delay systems with norm-bounded distur-
bance. Appl Math Comput 217:5982-5993

Cheng J, Zhong S, Zhong Q, Zhu H, Du Y (2014) Finite-time
boundedness of state estimation for neural networks with time-
varying delays. Neurocomputing 129:257-264

He S, Liu F (2013) Finite-time boundedness of uncertain time-
delayed neural network with Markovian jumping parameters
delays. Neurocomputing 103:87-92

Zhang Y, Shi P, Nguang SK, Zhang J, Karimi HR (2014) Finite-
time boundedness for uncertain discrete neural networks with
time-delays and Markovian jumps. Neurocomputing 140:1-7
Bai J, Lu R, Xue A, She Q, Shi Z (2015) Finite-time stability
analysis of discrete-time fuzzy Hopfield neural network. Neuro-
computing 159:263-267

Cai Z, Huang L, Zhu M, Wang D (2016) Finite-time stabilization
control of memristor-based neural networks. Nonlinear Anal
Hybrid Syst 20:37-54

Niamsup P, Ratchagit K, Phat VN (2015) Novel criteria for finite-
time stabilization and guaranteed cost control of delayed neural
networks. Neurocomputing 160:281-286

Yao D, Lu Q, Wu C, Chen Z (2015) Robust finite-time state
estimation of uncertain neural networks with Markovian jump
parameters. Neurocomputing 159:257-262

Wu ZG, Shi P, Su HY, Chu J (2014) Asynchronous L, — L
filtering for discrete-time stochastic Markov jump systems with
randomly occurred sensor nonlinearities. Automatica 50:180-186
Sun XM, Zhao J, Hill DJ (2006) Stability and L,-gain analysis for
switched delay systems: a delay-dependent method. Automatica
42:1769-1774

@ Springer

42.

43.

44.

45.

46.

47.

48.

49.

50.

51

52.

53.

Lin XZ, Du HB, Li SH (2011) Finite-time boundedness and L,-
gain analysis for switched delay systems with norm-bounded
disturbance. Appl Math Comput 217:5982-5993

Zhong QS, Cheng J, Zhao YQ, Ma JH, Huang B (2013) Finite-
time filtering for a class of discrete-time Markovian jump systems
with switching transition probabilities subject to average dwell
time switching. Appl Math Comput 255:278-294

Liu L, Sun J (2008) Finite-time stabilization of linear systems via
impulsive control. Int J Control 81:905-909

He S, Liu F (2013) Finite-time boundedness of uncertain time-
delayed neural network with Markovian jumping parameters.
Neurocomputing 103:87-92

Li X, Lin X, Li S, Zou Y (2015) Finite-time stability of switched
nonlinear systems with finite-time unstable subsystems. J Frankl
Inst 352:1192-1214

Liu H, Shen Y (2012) Asynchronous finite-time stabilization of
switched systems with average dwell time. IET Control Theory
Appl 6:1213-1219

Liu H, Shen Y, Zhao X (2012) Delay-dependent observer-based
H,, finite-time control for switched systems with time-varying
delay. Nonlinear Anal Hybrid Syst 6:885-898

Syed Ali M, Saravanan S (2016) Robust finite-time H,, control
for a class of uncertain switched neural networks of neutral-type
with distributed time varying delays. Neurocomputing
177:454-468

Wang H, Zhu Q (2015) Finite-time stabilization of high-order
stochastic nonlinear systems in strict-feedback form. Automatica
54:284-291

Zhao X, Zhang L, Shi P, Liu M (2012) Stability and stabilization
of switched linear systems with mode-dependent average dwell
time. IEEE Trans Autom Control 57:1809-1815

Gu K, Kharitonov VL, Chen J (2003) Stability of time delay
systems. Birkhuser, Boston

Liu Y, Wang Z, Liu X (2006) Global exponential stability of
generalized recurrent neural networks with discrete and dis-
tributed delays. Neural Netw 19:667-675



	Finite-time \curr{\bf{{\it{L}}_2}}-gain analysis for switched neural networks with time-varying delay
	Abstract
	Introduction
	Problem formulation and preliminaries
	Main results
	Finite-time boundedness analysis
	Finite-time weighted L_2-gain analysis

	Numerical examples
	Conclusion
	References




