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Abstract In this paper, the problem of finite-time stabi-
lization for a class of uncertain neural networks with dis-
tributed time-varying delays is investigated. Based on the
Lyapunov stability theory and integral inequality tech-
nique, some sufficient LMI conditions are derived to ensure
the finite-time stability of considered neural networks. In
addition, the upper bound of the settling time for stabi-
lization is estimated. Numerical simulations are carried out
to demonstrate the effectiveness of the obtained results.

Keywords Uncertain neural networks (UNNs) - Finite-
time stabilization - Distributed time-varying delays -
Settling time

1 Introduction

The research of neural networks has received intensive
attention due to their wide applications in classification of
pattern recognition, static image processing, signal pro-
cessing, optimization problems, mechanics of structures
and materials, smart antenna arrays and other scientific
areas during the past few decades [1-13]. In the hardware
implementation of neural networks, time delays in partic-
ular time-varying delays are unavoidably encountered in
the signal transmission among the neurons due to the finite
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speed of switching and transmitting signals, which may
cause undesirable dynamical behaviors such as instability
and oscillation [14-20]. However, there exists another type
of time delays, namely, distributed time-varying delays,
which have begun to receive much attention [21-23]. The
main reason is that neural networks (NNs) usually have the
spatial nature due to the presence of an amount of parallel
pathways of a variety of axon sizes and lengths. Therefore,
continuously distributed delays should be introduced in
modeling of the NNs over a certain duration of time.
Taking account of this, the authors in [21-23] investigated
the stability of equilibrium points and (almost) periodic
solutions of neural networks with both discrete time delays
and distributed delays. Meanwhile, when we are modeling
real nervous systems, parameter uncertainties are probably
the main source of performance degradation of neural
networks that in turn affect dynamical behaviors of the
systems. Moreover, in practical applications, it is hard to
well describe the accurate form by using purely neural
networks, and neural networks with parameter uncertain-
ties become more practice. Therefore, the stability analysis
for uncertain neural networks (UNNSs) with distributed
time-varying delays becomes increasingly significant.
However, in some practical situations, we always hope to
obtain faster or even finite-time convergent speed. So, it is
necessary to make a study for finite-time stabilization. The
concept of finite-time stability (FTS) has been first intro-
duced in the control literature [24]. A system is said to be
finite-time stable if its state does not exceed a certain
threshold during a specified time interval. Compared with
the Lyapunov stability, finite-time stability concerns the
boundedness of system during a fixed finite-time interval.
Up to date, many researchers have devoted much effort to
finite-time stability and synchronization [25-29]. For
example, finite-time stability was considered in [30-33] for
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some continuous nonlinear systems without delay. In [35],
authors researched the delay-dependent stability of uncertain
neural networks with time-varying delays. In [36], the
authors studied the robust finite-time stabilization with
guaranteed cost control for a class of delayed neural net-
works. Furthermore, in [25, 28, 32, 34, 38], authors inves-
tigated the finite-time stabilization and synchronization of
delays neural networks in different kinds of methods. It
should be noted that seldom authors have been reported
concerning the finite-time stability and stabilization of
UNNSs with distributed time-varying delays. This is because
UNNSs with distributed time-varying delays bring difficulties
in studying the finite-time stability and stabilization of the
system. Moreover, it is difficult to find a Lyapunov function
satisfying the derivative condition of the finite-time stability
of system with distributed time-varying delays, because the
systems with distributed time-varying delays generally have
more complex dynamic behaviors than the systems without
distributed time-varying delays.

Motivated by the above discussions, we study the finite-
time stability of UNNs with the general activation functions
through a designed feedback controller. Based on the Lya-
punov stability theory and integral inequality technique, a
proper feedback controller is designed to achieve the finite-
time stability of UNNs with distributed time varying, and the
upper bound of the settling time for stabilization is estimated.
In addition, by choosing different parameters and different
control strengths for the system, we consider two-dimen-
sional distributed time-varying delay UNNs with different
activation functions to verify the effectiveness of the
obtained results. Our results are applicable to model and
stabilize the high-dimensional nonlinear systems, specially
high-order neural networks due to their excellent approxi-
mation capabilities. To our best knowledge, few works have
been reported to control the UNNs with distributed time-
varying delays arriving at its equilibrium point within a
finite-time period in the existing literature, so our results
compliment the previous results [25-33, 36, 38].

This paper is organized as follows: In the following
section, the theoretical model for uncertain neural networks
with distributed time-varying delays, some definitions and
lemmas are presented. In Sect. 3, the finite-time stabiliza-
tion of uncertain neural network is analyzed. Three
examples are provided to demonstrate the effectiveness of
the obtained results in Sect. 4. Finally, the conclusion is
drawn in Sect. 5.

2 Problem statement and preliminaries
Notations The notations used in this paper are quite and

fairly standard. Throughout this paper, R" and R"*" denote,
respectively, the n-dimensional Euclidean space and the set
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of all nxn real matrices. |x|| = xTx refers to the
Euclidean vector norm. AT represents the transpose of
matrix A. [ is the identity matrix with compatible dimen-
sion. diag{-- -} represents a block-diagonal matrix. Matri-
ces, if not explicitly specified, are assumed to have
compatible dimensions.

In this paper, we consider a class of neural networks
with distributed time-varying delays as follows:

{ﬂo:—&vHAmm»+wno—um»+cﬂm¢mwmﬁm@n>a
x(t) = (1), Vre[-,0],

(1)

where x(t) = [x1(),x2(7),...,x,(r)]" is the state vector of
the network at time #, n corresponds to the number of

neurons; £ (x(1)) = [fi (x1 (1) /2 (x2(1)); - fo (5 (1))] " € R
is the  neuron  activation  function; u(r) =
(ur(1),u2(t),...,un(r))" is the control input. E=
diag(ey,ez,...,e,) is the diagonal matrix with e; >0,
i=1,2,....,n; A€ R™" is the connection weight matrix;
B € R"™" is the delayed connection weight matrix; and C €
R™" is the distributed delayed connection weight matrix;
¢(t) is a vector-valued initial function; t(¢) denotes the
time-varying delay and is assumed to satisfy the following
condition:

O0<t<t() <12, W <HUt)<py, >0

where 1y, 72, iy, 1, are known real constants.

The initial condition of system (1) is in the form of
x(t) = ¢(t) € C(]—12,0], R"), f: R" — R" is continuous
function satisfying f(0) = 0, and we also assume that the
activation function f;(-) satisfies the Lipschitz condition
with the Lipschitz constant /; >0 (i =1,2,...,n) for all
xi,yi € R, ie.,

Ifi(xi) = fi(vi)| < lifxi — il

Before studying the finite-time stabilization of system (1),
we need the following useful definition and lemmas which
play an important role in the derivation of the main results.

Definition 2.1 [37] The system (1) is finite-time stabi-
lizable if there exists a constant 7 > 0 such that

lim x(1)]| = 0 and |[x(1)| = 0if 1> T.
—

Lemma 2.2 [38] Assume that a continuous, positive
definite function V() satisfies the following differential
inequality:

V()< —AV(t), Vi1, V(t)>0, (2)

where A > 0,0<n<1 are all constants. Then, for any
given ty, V(t) satisfies the following inequality:

VI < VI (1) — A1 =)t —t9), to<t<T, (3)
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and V(1) =0, Vt > T, with T given by

VITi(1)
T=ty+ . 4)
O =)
Lemma 2.3 [39] Given any real matrices X1,%,,%3 of

appropriate dimensions and a scalar s >0, such that
0<Zs = Zg. Then the following inequality holds:

15 + 213, <SETEE 457205 E,.

Lemma 2.4

M e R™™, scalars hy > hy >0, vector function w:
[h1, hy] — R such that the integrations concerned are well
defined, the following inequality holds:

([ [ )

3 Main results

[40] For any positive definite matrix

(s)Mw(s)ds

In this section, we will address the finite-time stabilization
of system (1) by means of the aforementioned lemmas. The

feedback control law u(r) = (u;(t), uz(2), .. ., ua(2))" is
given as follows:
u(t) = —kix(t) — (kox™ (t — (£))x(t — (1))
x(1)
k ds
b [ OO T
T Y x(t)
x(s))f (x(s))ds
0+ /”mf ()0
(5)

(x1 (1), x2(2), . . .,xn(t))T, A>0,0<y<]1 are
all constants, and kj, k», k3 denote control strength.

In order to ensure the finite-time stability of system (1),
we will establish some sufficient LMI conditions.

where x(f) =

Theorem 3.1 Suppose that there exist positive constants
S1,82,53,4,0<y<1, and the feedback control strength
ki, ko, k3 satisfying the following conditions:
1. —E —ET +51AAT + 5,BBT 4 s3CCT

+57'Lf + Lf — 2k <0
2. sy'Lp = (1 = my)Lf — 2koI <0
3. S3_I‘L'2 — 2k3 <0.
where Ly = diag(ly,b,...,1,), 0<1<t(t) <12, i; <
(1) < o, tty > 1. Then the system (1) is finite-time sta-

bility via the controller (5), and the settling time is esti-

V)
=10+ 3771

mated by T

Proof Consider the following Lyapunov functional:
t
0+ [ (o) (©)
1—1(t

According to Lemma 2.3, we have the following results:
X (OAF(x(1) + £ (x ())AT (t)

<sixl (NAATx(t) + 57T (x(1))f (x(r))

X (O)Bf (x(1=(1))) +f" (x(1—(1)))B"x(r) <sox" (1) BB x(1)

+s5 T (et =1(0)))f (x(r = (1))

V() =

(7)

(8)
x(H)C x(s))ds + / f(x(s))ds} CTx(t)
t—1(t) t—1(1)
<s3x" (1)CCTx(1) 9)
+ 530 /l_ (l)f(x(v))ds] /t_ (Z)f(x(v))dv

According to Egs. (7-9) and Lemma 2.4, the derivative of
Eq. (6) with respect to time ¢ along the trajectories of the
system (1) is calculated and estimated as follows.

V() = 26 (0)3(0) + £ () — 17 alt — )l — ()1 — )

" Flal)ds + u(o)
—(r)

AT ) — (1~ i) (xle — ()l — <(0))

= 27 (1) (—E)() + 27 (AF((1) + 247 (OB (x(t — 7(1))) + 267(1)
C ! d.
/ | fetoas
2 (Wule) + 1 () — (1= m)f T (xle — <) (xlt — (1)

<) PE —E" 4 51447 + 5,BB 4 5:CC" + 5712 + Lﬂx(t)

< 2T (1) | —Ex(r) + Af(x(1)) + Bf (x(t — ©(1))) + C

+ 27t - <(1)) [s;'L% —(1- ;Lz)Lﬂx(t — (1)

/;(t)f(x(s))dS} ' /r;(,)f(x(s))ds

<) [—E —E" 4 51447 + BB 4 5:CC" +57'L2 + Lﬂx(t)

+ 55 + 247 (£)u(r)

+ 40— 2(0) 525 — (1 = )] — (1)
t SO0+ 24 (0t

t—1(1)

-1
+ 53 12

(10)
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Note also that

2T (u(t) = =2k x” (£)x(t) — 2kox” (t — ©(2))x(t — ©(2))

— l T XS X(§ A
2k [ F )

-2 0x0) + [ )y
(1)

Substituting Eq. 11 into Eq. 10, we have the following
inequality:

V() <x"(t)[~E — E" +51AA” + 5:BB” + 53CCT
57 L+ L~ 2k [ (1)
T (1 2(r)) [sglL; — (1= )2 — 2k21}x(r— (1))

#sn=20) [ ) (o)

t

—22(x" (1)x(r) + » )fT(X(S))f (x(s))ds)”
< =2V7(r)
(12)
Therefore, we have
_ V(1)
T—fo—f-m fh<t<T, (13)

and, we can also get V(f) =0, Vt>T.
Therefore, the UNNs system x(f) is globally finite-time

stability, and the settling time is estimated by
— V(1)

T=t+ W‘?‘)
The proof is completed. O

Based on Theorem 3.1, it is easy to obtain the following
corollary:

Corollary 3.2 If there exist positive constants
S1, 82,53, 4,7, and control strength ky,ky, ks such that

1. ki > Amax(—E — ET + 51AAT + 5:BB” + 53CCT + 57!
L +17))2

2. k>(s'+uw—1)/2

3. k3 Z 12/283

where Ly =diag(ly, by, ..., 1), 0<1<1(r) <19,

W <1(t) <y, iy > 1. Then the system (1) is finite-time

stability via the controller (5), and the finite-time is esti-

mated by T = toy + ;/ j(’l‘j“;

Remark 3.3 From Corollary 3.2, it is easy to see that the
control strength k; just depends on the maximum eigen-
value of AAT, BBT, CCT, Ly, —E — E™ and all the con-
stants sy, s7, 53 and the control strength &, relies on s, and

@ Springer

W, and k; relies on s3 and the maximum value of 7(¢), that
is 75. Thus, compared with Theorem 3.1, Corollary 3.2 is
an inequality, which is the simplified form of Theorem 3.1.
And we can see that Theorem 3.1 is a LMI, which can be
solved by using the LMI Control Toolbox in MATLAB.
Then we can note that Corollary 3.2 is more specific than
Theorem 3.1.

In the following, we will discuss the application of
Theorem 3.1 in some special cases.

When there is no distributed time-varying delays, sys-
tem (1) reduces to

{X(f) = —Ex(t) +Af (x(1)) + Bf (x(1 = (2(2))) +-u(1), >0,
x(1)=o(1), Vie[-1,0],
(14)

The feedback control law u(r) = (u (), uz (1), ..,un(r))" is
given

u(t) = — Fox(t) — Fox™ (1 — (0))x(t — 2(8)) =
[[x(@)l
ST Yo ; x(2)
— A(x" (£)x x(8))f(x(s))ds)’
(x" (1) (t)+/”(t)f (x(s))f (x(s))ds) Ol
(15)

Applying Theorem 3.1 to system (14), we obtain the fol-
lowing result.

Corollary 3.4 [f there exist positive constants s, 53, Z, 7
and control strength ky,k, such that

. —E—E"+§AAT + $BB" + §'L} + L} — 2,1 <0
2 5L~ (1 - )L} — 2k <0,

where Ly =diag(ly, by, ..., 1), 0<1 <1(r) <12,
Wy <(t) < py, iy > 1. Then the system (14) is finite-time
stability via the controller (15), and the finite-time is esti-

_ V7 (1)
mated by T = ty + 207
Proof Considering the same Lyapunov functional as
Eq. (6), the proof of this corollary is similar to Theo-
rem 3.1; thus, we omit it.
Then, we have

V(1)

T=1)+— , 10 <t<T, 16
oty (16)
and, we can also get V(1) =0, Vi>T.

Therefore, the system (14) is globally finite-time

stability, and the settling time is estimated by
_ V! (1)
T - t() + 2/1(1—",7)'

Remark 3.5 Although the stabilization of delays neural
networks has been investigated in the past few years
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[7, 9, 10, 21], and finite-time stability of delays neural Vlf*i(to)
networks also has been investigated in T'=t+ 2}A(l —9) ; to=t=<T, (22)

[22, 25, 27, 29, 34]. Compared with the traditional
method, it is noted that Corollary 3.4 studies the finite-
time stabilization of UNNs without distributed time-
varying delays, which is similar to the general neural
networks. In this corollary, only two feedback control
strengths 151,122 are designed to ensure the finite-time
stabilization of system (14). Our results complement and
extend the previous results of UNNs.

When there is no discrete delays and distributed time-
varying delays, system (1) reduces to

(1) = —Ex(1) + Af (x(1)) + u(r) (17)

The feedback control law u(r) = (u;(¢), uz (), . .., ua(¢))" is
given
() = ~ixtt) = A ) 0 (1

The following corollary can be easily obtained from The-
orem 3.1 and Corollary 3.4.

Corollary 3.6 If there exist positive constants §1, i, 7, and
control strength ki such that

—E—E" + §AA"T + 8L} — 2k 1 <0

Then the system (17) is finite-time stability via the con-
troller (18), and the finite-time is estimated by
V(1)

24(1-9)

Proof Construct the following Lyapunov function:

V(t) = 2T (0)x(r) (19)

Then the derivative of Eq. (19) with respect to time ¢ along
the trajectories of the system (17) is calculated and esti-
mated as follows.

V(1) = 24" (1)i(r)

<2x" (1) [ Ex(t) + Af (x(1)) + u(1)]
(1) [ E—E" +5AAT + f;'Lz}x(z) + 2 (1)u(r)
<x7(1) [ E—E' +§A4A" + 512 - 2k11} (1)
— 22" (6)x(1))!
< —22V(1)
(20)
where
27 (Nulr) = — 2ix” (1)x(1) — 2207 (D)x(1))? (21)

Then, we have

and, we can also get V(1) =0, Vt>T.

Therefore, the system (17) is globally finite-time
stability, and the settling time is estimated by
_ V(1)
T_t0+21(l—~;)'

Remark 3.7 System (17) is the specific form of system
(1), which is without time delays. And only a feedback
control strength k; is needed to ensure the finite-time sta-
bilization of system (17). However, time-delay systems
have more complicated dynamic behaviors and are more
difficult to deal with than system without delays. In [30],
finite-time stability of neural networks was studied, but the
systems in these papers are without delays, similar to
system (17) in this paper. Since delays are unavoidable in
the hardware implementation of neural networks, it is
necessary to take the delays into consideration in the finite-
time stability problem. In this paper, the neural networks
with time-varying delays and distributed time-varying
delays are considered, which make our results general
compared with the existing results [9, 10, 21, 22, 25,
27, 29, 30, 32, 34].

4 Numerical example

In this section, three examples are provided to verify the
effectiveness of the obtained results in the previous sec-
tion. Program Euler algorithm in MATLAB can be used to
solve distributed time-varying delay UNNs, and the LMI
Control Toolbox in MATLAB can be used to solve the LMIs.

Example 1 Consider the two-dimensional distributed
time-varying delay UNNs

xX(1) = —Ex(1) + Af (x(1)) + Bf (x(1 — (z(1)))
+C/ flx (23)

where x(1) = (x; (1), x2(1))",
1 0 2 —0.1
E = B A= )
0 1 -5 4.5
B —-1.5 - 0.1 c— —0.05 0.07
| -02 —4 | 1037 —0.18]’
The activation functions are assumed to be
ﬁ(xi) = tElIlh()Ci)7 = 1,2

In this example, we choose the time-varying delay
7(t) = 1 + 2.75sin(t), which implies 0<71; <1(f) <15 =

@ Springer
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-8 .
-1 -05 0 05 1
x1(1)
Fig. 1 Phase plot of UNNs system without controller
1.5
‘‘‘‘‘ x1(t)
x2(t)
1}
0.5
I
x OF Vi e imim i im ™ L E n n enT ]
'g K4
© !
= -05}1
x !
L
i
-15}
_2 . . .
0 0.5 1 15 2

t

Fig. 2 State transient behaviors of variables x; (¢) and x,(¢) of system
(23) under the controller (24)

3.75. Then we can get ©(¢) = 2.75cos(t), which implies

W = —2.75<7(t) <u, =2.75. Figure 1 depicts without

the feedback control u(r) by setting x(0) = [—1.6,1.2]".
The controller is designed as

u(t) = — kyx(t) — (kox" (t — ©(£))x(t — 1(2))

tia [ Pl 2
1—1(1) ||x([)||
. e x(1)
— Alx" (H)x x(s x(s))ds)’
s+ [ Ve
(24)

max (AAT) = 477468, Jmax (BBT) =
(CCT)y =0.1751,L; = [10;0 1].  For

Noting that
16.0755, Amax

@ Springer

numerical ~ simulation, we select A=6,y=0.9,
s;1 =0.1,5p = 5,53 = 1, and system (23) can be finite-time
stabilized via the controller (24) according to Corol-
lary 3.2. Setting k| = 50,k, = 1, k3 = 2, the settling time
for stabilization satisfies T = 1.4657. Under the controller
(24), we get the state trajectories of variables x(¢) and
x2(t) which are shown in Fig. 2.

Remark 4.1 In the simulations, the Euler algorithm with
step size 0.01 in MATLAB is used to solve distributed
time-varying delay differential equations. When we select
the appropriate initial values for system (23), it is noted
that the system is chaotic as shown in Fig. 1. Meanwhile,
our objective is to seek the appropriate ki,k;,k; which
guarantee the system (23) to be stabilized. Notice that the
conditions of Theorem 3.1 are a linear matrix inequality,
then the feedback control gains ki, k», k3 can be solved by
using MATLAB. Figure 2 shows the time-response curve
of the UNNs with the feedback controller, which implies
the parameters we chose are correct. From the numerical
example, we found that the value of si,s;,s3 satisfies
Theorem 3.1 and all the conditions of Corollary 3.2 are
also satisfied, while y = 0.9. Therefore, the simulation
results have a good agreement with the theoretical analysis
obtained in the paper.

Example 2 Similar to Example 1, we adopt the Euler
algorithm in MATLAB to calculate numerically the UNNs
with step size 0.005. We will consider a different activation
function of two-dimensional distributed time-varying delay
UNNs with Example 1:

(1) = —Ex(1) + Af (x(1)) + Bf (x(t — (2(1)))

+C j ()f(x(s))ds, (25)

where x(1) = (x1 (1), x2(2))",
e=o ] A=l )

~14 01 ~0.03
ol | e

0.1 —14 0.29

0.09 }
-0.25]’

The activation functions are assumed to be

File) = 05( + 1] — | — 1)), i=1,2.

In this example, we choose the time-varying delay
1(t) =54 1.05sin(¢t), which  implies 0<7t <7(¢)
<1, =6.05. Then we can get 7(¢f) = 1.05cos(t), which
implies p; = —1.05 <7(f) <p, = 1.05. Figure 3 depicts
without the feedback control u(r) by setting x(0)
=[-3,4]".

The controller is designed as
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Fig. 3 Phase plot of UNNs system without controller

= =0
4L | x2(t) |+

x1(t) and x2(t)

-5 . . . .
0 0.1 0.2 t 0.3 0.4 0.5

Fig. 4 State transient behaviors of variables x; (¢) and x,(¢) of system
(25) under the controller (26)

u(t) = —kix(t) — (kox™ (r — (£))x(t — (1))

' x(t)
k T(x())f (x(s))ds
s [ PO
T ! T , x(1)
— Ax (H)x x(8))f(x(s))ds)’
s+ [ Ve
(26)

Noting that Apax(AAT) = 7.4610, Anax (BBT) = 2.25, max
(CCT) =0.1533,L; = [1 0;0 1]. For numerical simula-
tion, we select A =2,y =0.8,5y = 1,5, = 10,53 =4, and
system (25) can be finite-time stabilized via the controller
(26) according to Corollary 3.2. Setting k; = 18,
ko = 0.1, k3 = 2, the settling time for stabilization satisfies
T = 0.2862. Under the controller (26), we get the state

U o TC

Fig. 5 Phase plot of UNNs system without controller

trajectories of variables x;(¢) and x,(¢) which are shown in
Fig. 4.

Remark 4.2 It should be highly pointed out that, in the
previous literature, authors in [9, 10, 21, 22, 25, 27, 29]
investigated the problems with time-varying delays with
different approaches. However, when they are simulated,
the delays they selected are always constant. So far, it is
noted that in this paper, the time-varying delays and dis-
tributed time-varying delays 7(¢) are assumed to be dif-
ferentiable. Therefore, as a result, some less conservative
stability criteria are derived by considering the relationship
between time-varying delay and its intervals, which have
wider applications than [9, 10, 21, 22, 25, 27, 29, 32, 34],
the existing ones because independent upper bounds of the
delay derivative in the various delay intervals are taken
into account.

Remark 4.3 Recently, the stabilization and synchroniza-
tion of neural networks have been intensively investigated
[9, 10, 21, 22, 25, 27, 29, 30, 32] and many interesting and
useful results have been obtained. However, to the best of
our knowledge, there are few results concerning the sta-
bilization and synchronization schemes for uncertain neu-
ral networks with distributed time-varying delays via
periodically intermittent control or impulsive control. This
is an interesting problem and will become the subject of
our future investigation.

Example 3 Similarly, the Euler algorithm with step size
0.02 in MATLARB is used to solve distributed time-varying
delay differential equations in this example. To further
show the validity of our results, we consider the three-
dimensional distributed time-varying delay UNNs
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Fig. 6 State transient behaviors of variables x;(¢),x,(7) and x3(z) of
system (27) under the controller (28)

X(t) = —Ex(t) + Af (x(1)) + Bf (x(t — (z(2)))
' 27
+C/ f(x(s))ds, (27)
t—1(r)
where x(t) = (x1 (1), x2(),x3(2))",
(09 0 O 2 —0.1 —6
E=10 1.1 0f, A=|-15 -0.1 -0.8],
0 0 1 4 04 -02
[ -5 45 7 -05 07 —04
B=|-02 -4 04|, C=|03 -018 1 |,
i —4 3 02 —-0.2 0.5 —0.1

The activation functions are assumed to be
filxi) =05(x + 1| — |5 — 1)), i=1,2,3.

In this example, we choose the time-varying delay
7(t) = 1 + Ssin(t), which implies 0<1; <7(f) <71, = 6.
Then we can get 7(¢f) =5cos(t), which implies
w = —-5<1(t)<p, =5. Figure 5 depicts without the
feedback control u(¢) by setting x(0) = [4,0.6, O.Z]T.

The controller is designed as

u(t) = —kix(t) — (kox" (t — (£))x(t — (1))
x(1)
ks ds
b [ OO o9
. x(1)
- X T x(s))ds)”
(1) + /Hmf (s
(28)
Noting that Amax(AAT) = 43.127, Jmax (BBT) = 111.9566,
Jmax(CCT) = 1.8642, L = [1 0 0,0 1 0;0 0 1]. For

@ Springer

numerical simulation, we select 4 =0.3,7=0..8,
s1 =0.2,5, =0.1,53 =5, and system (27) can be finite-
time stabilized via the controller (28) according to Corol-
lary 3.2. Setting k; = 17,k, = 9, k3 = 0.7, the settling time
for stabilization satisfies 7 = 6.5571. Under the controller
(28), we get the state trajectories of variables x;(z), x2(¢)
and x3(7) which are shown in Fig. 6.

Remark 4.4 It is worthy to note that Example 1 and
Example 2 depict the two-dimensional UNNs with differ-
ent activation function, and to further show the validity of
our results, we consider the three-dimensional distributed
time-varying delay UNNS in this example. Compared with
the precious works [9, 10, 21, 22, 25, 27, 29, 32], most
authors discussed the two-dimensional NNs with or with-
out delays. Our results are applicable to stabilize the high-
dimensional nonlinear systems, specially high-order neural
networks due to their excellent approximation capabilities.

5 Conclusions

This paper focuses on finite-time stability analysis of
uncertain neural networks (UNNs) with distributed time-
varying delays by using analysis technique. The proposed
methods have been applied to two-dimensional and three-
dimensional distributed time-varying delays to demonstrate
the effectiveness of the results. By adding feedback con-
trollers, the general finite-time stability criterion condi-
tions, together with its simplified versions, have been
obtained. Evidently, our results are novel and easily veri-
fied. In this paper, the distributed time-varying delays are
taken into consideration in studying finite-time stability
problem, which achieve a valuable improvement compared
with corresponding previous works [25-36, 38]. Therefore,
our results are less conservative and more general. More-
over, the finite-time stabilization of delayed neural net-
works without distributed time-varying delays has been
intensively investigated in [27, 32, 34-36, 38], and the
finite-time stabilization of uncertain neural networks with
distributed time-varying delays also has been obtained in
this paper. However, to the best of our knowledge, there are
few results concerning the finite-time stabilization problem
of uncertain neural networks (UNNs) with distributed time-
varying delays under impulsive perturbations. Hence, one
of the future tasks will be to improve the stability criteria
for uncertain neural networks (UNNs) with distributed
time-varying delays under impulsive effects.
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