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Abstract In this paper, the finite-time stability for a class

of shunting inhibitory cellular neural networks with neutral

proportional delays is discussed. By employing differential

inequality techniques, several sufficient conditions are

obtained to ensure the finite-time stability for the consid-

ered neural networks. Meanwhile, the generalized expo-

nential synchronization is also established. An example

along with its numerical simulation is presented to

demonstrate the validity of the proposed results.
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1 Introduction

In the past decades, stability analysis of various classes of

neural network models such as Hopfield neural networks,

Cohen–Grossberg neural networks, cellular neural net-

works, and shunting inhibitory cellular neural networks

(SICNNs) has been extensively investigated since the

stable neural networks have been successfully applied to

some practical engineering problems such as signal pro-

cessing, pattern classification, associative memory design

and control and optimization [1–9]. In particular, because

of the complicated dynamic properties of the neural cells in

the real world, the existing neural network models in many

cases cannot characterize the properties of a neural reaction

process precisely. Thus, it is natural and important that

systems will contain some information about the derivative

of the past state to further describe and model the dynamics

for such complex neural reactions. Furthermore, the sta-

bility of SICNNs with neutral time-varying delays and

continuously distributed delays has been the object of

intensive analysis by numerous authors in recent years (see

[10–13] and the references therein). Usually, time delays

may lead to oscillation, divergence or instability which

may be harmful to the system. Furthermore, the dynamic

systems with proportional delays have many interesting

applications in engineering and sciences such as biology,

economy, control and electrodynamics [14–20]. Conse-

quently, the stability of cellular neural networks (CNNs)

with proportional delays has been extensively and inten-

sively studied in [21, 22]. Most recently, there is a lively

interest to analysis of finite-time stability (FTS) behavior

for time-delay systems (see, e.g., [23–27] and the refer-

ences therein). It is worth to mention here that FTS and

Lyapunov asymptotic stability (LAS) are different con-

cepts by mean a system may be FTS but not LAS and vice

versa [1], and FTS is an useful concept to study in many

practical systems in the vivid world [28–33]. However, to

the best of our knowledge, no such work has been done on

the SICNNs with neutral proportional delays. This moti-

vates us to further study FTS of the following class of

non-autonomous SICNNs with neutral proportional

delays:
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where Cij denotes the cell at the (i, j) position of the lattice,

the r-neighborhood Nrði; jÞ of Cij is

Nrði; jÞ ¼ fCkl : maxðjk � ij; jl� jjÞ � r; 1� k�m; 1� l� ng;

Nqði; jÞ is similarly specified, xij is the activity of the cell

Cij, LijðtÞ is the external input to Cij, aijðtÞ represents the

passive decay rate of the cell activity, Ckl
ij ðtÞ and Bkl

ij ðtÞ are
the connection or coupling strength of postsynaptic activity

of the cell transmitted to the cell Cij, and the activity

function f ðxklÞ is a continuous function representing the

output or firing rate of the cell Ckl, qij; ij 2 J; are propor-

tional delay factors and satisfy 0\qij\1, and x0 ¼
ðx011; . . .; x0mnÞ

T ; x1 ¼ ðx111; . . .; x1mnÞ
T 2 Rmn are the initial

value of xijðtÞ and x0ijðtÞ at time t0 ¼ 0, respectively.

For convenience, we denote by Rmn(R ¼ R1) the set of

all mn-dimensional real vectors (real numbers). For any

x ¼ fxijg ¼ ðx11; x12; . . .; xmnÞT 2 Rmn, we let |x| denote

the absolute-value vector given by jxj ¼ fjxijjg, and define

kxk ¼ maxij2J jxijj. Throughout this paper, it will be

assumed that aij; Lij; Ckl
ij ; Bkl

ij : ½t0; þ1Þ ! R are boun-

ded and continuous functions, where ij 2 J:

We also make the following assumptions which will be

used later.

ðA0Þ for ij 2 J, there exist a bounded continuous func-

tion a�ij : ½t0; þ1Þ ! ð0; þ1Þ and a positive constant Kij

such that

e
�
R t
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R t

s
a�ijðuÞdu for all t; s 2 ½t0; þ1Þ and t � s� 0:

ðA1Þ there exist nonnegative constants lf , lg,Mf andMg
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f ðuÞ � f ðvÞj j � lf ju� vj; jf ðuÞj �Mf ; jgðuÞ � gðvÞj � lgju� vj;
jgðuÞj �Mg; for all u; v 2 R:

ðA2Þ for each ij 2 J, there exist positive constants g1ij, g
2
ij,
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2 Main results

Definition 2.1 For a given time T [ 0 and positive

numbers r1\r2, a solution x�ðtÞ of (1.1) is said to be finite-

time stable with respect to ðr1; r2; TÞ if for any solution

x(t) of (1.1), maxfkxð0Þ � x�ð0Þk; kx0ð0Þ � x� 0ð0Þkg� r1
implies that

max xðtÞ � x�ðtÞk k; x0ðtÞ � x� 0ðtÞk kf g� r2

for all t 2 ½0; T�. System (1.1) is said to be finite-time

stable with respect to ðr1; r2; TÞ if any solution x�ðtÞ of

(1.1) is FTS with respect to ðr1; r2; TÞ.

Lemma 2.1 Let ðA0Þ ðA1Þ and ðA2Þ hold. Suppose that

xðtÞ ¼ fxijðtÞg is a solution of system (1.1) with initial

values

xijð0Þ ¼ x0ij; x0ijð0Þ ¼ x1ij; and max x0ij

�
�
�
�
�
�; x1ij

�
�
�
�
�
�

n o
\

1

M
; ij 2 J;

ð2:1Þ

where M� maxf1; maxij2J Kijg is a constant. Then

max xijðtÞ
�
�

�
�; x0ijðtÞ
�
�
�

�
�
�

n o
\1; for all t� 0; ij 2 J:

ð2:2Þ

Proof From (2.1), we have

max xð0Þk k; x0ð0Þk kf g\ 1

M
� 1:

If the statement in (2.2) is false, there must exist ij 2 J and

h� [ 0 such that
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Multiplying both sides of (2.5) by e
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which, together with (2.3), implies that
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which contradicts (2.6). This proves Lemma 2.1. h

Theorem 2.1 Assume that the conditions in Lemma 2.1

hold. Let x�ðtÞ ¼ fx�ijðtÞg be a solution of (1.1) with the

initial condition (2.1). Then, for given 0\r1\r2 and

T [ 0; x�ðtÞ is finite-time stable with respect to ðr1; r2; TÞ if
r2 [Mr1:
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Let xðtÞ ¼ fxijðtÞg be any solution of (1.1). We denote
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In the following, we will show
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Otherwise, there must exist ij 2 J and h 2 ð0; TÞ such that
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8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðhÞ

�
�
�

�
�
� Mg þ lgð Þ

9
=

;
Mðkzk1 þ eÞ

\Mðkzk1 þ eÞ;

which contradicts (2.15). Hence, (2.11) holds. Letting

e �! 0þ, we have from (2.10) that

max jzijðtÞj; z0ijðtÞ
�
�
�

�
�
�

n o
�Mmax xð0Þ � x�ð0Þk kgf

x0ð0Þ � x�
0 ð0Þ

�
�

�
�g; t 2 ½0; T �; ij 2 J:

ð2:16Þ

Let maxfkxð0Þ � x�ð0Þk; kx0ð0Þ � x�
0 ð0Þkg� r1; by (2.16)

and Mr1\r2, we have

max xðtÞ � x�ðtÞk k; x0ðtÞ � x�
0 ðtÞ

�
�

�
�

n o

�Mmax xð0Þ � x�ð0Þk k; x0ð0Þ � x�
0 ð0Þ

�
�

�
�

n o
�Mr1\r2;

8t 2 ½0; T�:

This shows that x�ðtÞ is finite-time stable with respect to

ðr1; r2; TÞ. The proof is completed. h

We can show the conditions in Theorem 2.1 ensure the

following generalized exponential synchronization of sys-

tem (1.1).
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Theorem 2.2 Under the assumptions of Theorem 2.1,

system (1.1) is generalized exponential synchronization at

infinity, i. e., there exist two positive constants b and r,
such that for any two solutions xðtÞ; �xðtÞ of (1.1), the fol-

lowing inequality holds

kxðtÞ � �xðtÞk1 � b
max xð0Þ � �xð0Þk k; x0ð0Þ � �x0ð0Þ

�
�

�
�

� �

ð1þ tÞr

for all t� 0;

where kxðtÞ � x�ðtÞk1 ¼ maxfkxðtÞ � x�ðtÞk;
kx0ðtÞ � x�

0 ðtÞkg

Proof For any two solutions xðtÞ; �xðtÞ of (1.1), we set

x�ðtÞ be a solution of (1.1) with the conditions (2.1) and

max xð0Þ � x�ð0Þk k; x0ð0Þ � x�
0 ð0Þ

�
�

�
�

n o
[ 0;

max �xð0Þ � x�ð0Þk k; �x0ð0Þ � x�
0 ð0Þ

�
�

�
�

n o
[ 0:

Define continuous functions CijðxÞ and PijðxÞ by setting

CijðxÞ ¼ sup
t� 0

x� a�ijðtÞ þ Kij

X

Ckl2Nrði;jÞ
Ckl
ij ðtÞ

�
�
�

�
�
� Mf þ lf ex ln 1

qkl

� 

2

4

8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðtÞ

�
�
�

�
�
� Mg þ lgex ln 1

qkl

� 

3

5

9
=

;
;

and

PijðxÞ ¼ sup
t� 0

jaijðtÞj þ
X

Ckl2Nrði;jÞ
Ckl
ij ðtÞ

�
�
�

�
�
� Mf þ lf ex ln 1

qkl

� 

8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðtÞ

�
�
�

�
�
� Mg þ lgex ln 1

qkl

� 

9
=

;
;

where x 2 ½0; minij2J inf
t� 0

a�ijðtÞ�; ij 2 J: Then, from (1.4)

and (1.5), we have

Cijð0Þ\0;Pijð0Þ\1; ij 2 J;

we can choose a constant r 2 ð0; min
ij2J

inf
t� 0

a�ijðtÞÞ such that

CijðrÞ\0; PijðrÞ\1; ij 2 J:

This, together with the facts that

r
1þ t

� r; ln
1þ t

1þ qklt

� �

� ln
1

qkl
for all t� 0; kl 2 J;

implies that

sup
t�0

r
1þ t

� a�ijðtÞ þKij

X

Ckl2Nrði;jÞ
Ckl
ij ðtÞ

�
�
�

�
�
� Mf þ lf e

r ln 1þt
1þqkl t

� 
 !2

4

8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðtÞ

�
�
�

�
�
� Mg þ lge

r ln 1þt
1þqkl t

� 
 !3

5

9
=

;

� sup
t�0

r� a�ijðtÞ þKij

X

Ckl2Nrði;jÞ
Ckl
ij ðtÞ

�
�
�

�
�
� Mf þ lf er ln

1
qkl

� 

2

4

8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðtÞ

�
�
�

�
�
� Mg þ lger ln

1
qkl

� 

3

5

9
=

;

¼CijðrÞ\0; ij 2 J:

ð2:17Þ

We still use the notation defined in (2.8). For any

e[ 0, consider the functions VijðtÞ; ij 2 J; defined as

follows

VijðtÞ ¼ M ðkzk1 þ eÞe�r lnð1þtÞ; t� 0:

Therefore,

VijðqkltÞ ¼ Mðkzk1 þ eÞe�r lnð1þqkltÞ

¼ Mðkzk1 þ eÞe�r lnð1þtÞe
r ln 1þt

1þqkl t

� 


�VijðtÞer ln
1
qkl for all t� 0; ij; kl 2 J;

ð2:18Þ

and

max jzijð0Þj; z0ijð0Þ
�
�
�

�
�
�

n o
\ðkzk1 þ eÞ�Mðkzk1 þ eÞ ¼ Vijð0Þ; ij 2 J:

ð2:19Þ

We next claim that

max jzijðtÞj; z0ijðtÞ
�
�
�

�
�
�

n o
\VijðtÞ for all t[ 0; ij 2 J: ð2:20Þ

Otherwise, there must exist ij 2 J and h1 2 ð0; þ1Þ such
that

max jzijðh1Þj; z0ijðh1Þ
�
�
�

�
�
�

n o
¼ Vijðh1Þ ¼ Mðkzk1 þ eÞe�r lnð1þh1Þ;

ð2:21Þ

and

max jzklðtÞj; z0klðtÞ
�
�

�
�

� �
\VklðtÞ for all t 2 ½0; h1Þ; kl 2 J:

ð2:22Þ

According to (2.2), (2.17), (2.18), (2.19) and (2.22)

yield
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jzijðh1Þj � jzijð0Þje�
R h1

0
aijðuÞdu

þ
Z h1

0

e
�
R h1

s
aijðuÞdu

"
X

Ckl2Nrði;jÞ
Ckl
ij ðsÞ

�
�
�

�
�
� f ðxklðqklsÞÞj j xijðsÞ � x�ijðsÞ

�
�
�

�
�
�

�
:

þ f ðxklðqklsÞÞ � f x�klðqklsÞ
� ��

�
�
� x�ijðsÞ
�
�
�

�
�
�



þ
X

Ckl2Nqði;jÞ
Bkl
ij ðsÞ

�
�
�

�
�
� g x0klðqklsÞ

� ��
�

�
� xijðsÞ � x�ijðsÞ
�
�
�

�
�
�

�

þ g x0klðqklsÞ
� �

� g x�
0

klðqklsÞ
� 
�

�
�

�
�
� x�ijðsÞ
�
�
�

�
�
�Þ
#

ds

\ðkzk1 þ eÞKije
�
R h1

0
a�ijðuÞdu

þ
Z h1

0

e
�
R h1

s
a�ijðuÞduKij

X

Ckl2Nrði;jÞ
Ckl
ij ðsÞ

�
�
�

�
�
� Mf jzijðsÞj þ lf jzklðqklsÞj
� �

2

4

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðsÞ

�
�
�

�
�
� MgjzijðsÞj þ lg z0klðqklsÞ

�
�

�
�

� �
3

5ds

�ðkzk1 þ eÞKije
�
R h1

0
a�ijðuÞdu þ

Z h1

0

e
�
R h1

s
a�ijðuÞduKij

�
X

Ckl2Nrði;jÞ
Ckl
ij ðsÞ

�
�
�

�
�
� Mf þ lf e

r ln 1þs
1þqkls

� 
 !2

4

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðsÞ

�
�
�

�
�
� Mg þ lge

r ln 1þs
1þqkls

� 
 !3

5Mðkzk1 þ eÞe�r lnð1þsÞds

¼Mðkz0k1 þ eÞe�r lnð1þh1Þ

(
Kij

M
e
�
R h1

0
ða�ijðuÞ� r

1þu
Þdu

:

þ
Z h1

0

e
�
R h1

s
ða�ijðuÞ� r

1þu
Þdu

Kij

X

Ckl2Nrði;jÞ
Ckl
ij ðsÞ

�
�
�

�
�
� Mf þ lf e

r ln 1þs
1þqkls

� 
 !2

4

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðsÞ

�
�
�

�
�
� Mg þ lge

r ln 1þs
1þqkls

� 
 !

�ds
)

\Mðkz0k1 þ eÞe�r lnð1þh1Þ Kij

M
e
�
R h1

0
ða�ijðuÞ� r

1þu
Þdu

�

þ
Z h1

0

e
�
R h1

s
a�ijðuÞ� r

1þuð Þdu a�ijðsÞ �
r

1þ s

� �

ds

�

¼Mðkzk1 þ eÞe�r lnð1þh1Þ 1� 1� Kij

M

� �

e
�
R h1

0
a�ijðuÞ� r

1þuð Þdu
	 


�Mðkzk1 þ eÞe�r lnð1þh1Þ;

which, together with (2.21), implies that

max zijðh1Þ
�
�

�
�; z0ijðh1Þ
�
�
�

�
�
�

n o
¼ jz0ijðh1Þj ¼ Mðkzk1 þ eÞe�r lnð1þh1Þ:

ð2:23Þ

From (2.2), (2.22) and PijðrÞ\1, we get

z0ijðh1Þ
�
�
�

�
�
�� jaijðh1Þjjzijðh1Þj þ

X

Ckl2Nrði;jÞ
Ckl
ij ðh1Þ

�
�
�

�
�
� f ðxklðqklh1ÞÞj j xijðh1Þ

�
�

�
8
<

:

�x�ijðh1Þ
�
�
�þ f ðxklðqklh1ÞÞ � f x�klðqklh1Þ

� ��
�

�
� x�ijðh1Þ
�
�
�

�
�
�


:

X

Ckl2Nqði;jÞ
Bkl
ij ðh1Þ

�
�
�

�
�
� g x0klðqklsÞ

� ��
�

�
� xijðh1Þ � x�ijðh1Þ
�
�
�

�
�
�

�

þ g x0klðqklhÞ
� �

� g x�
0

klðqklh1Þ
� 
�

�
�

�
�
� x�ijðh1Þ
�
�
�

�
�
�


9
=

;

� jaijðh1Þj þ
X

Ckl2Nrði;jÞ
Ckl
ij ðh1Þ

�
�
�

�
�
� Mf þ lf er ln

1
qkl

� 

8
<

:

þ
X

Ckl2Nqði;jÞ
Bkl
ij ðh1Þ

�
�
�

�
�
� Mg þ lger ln

1
qkl

� 

9
=

;
Mðkzk1 þ eÞe�r lnð1þh1Þ

\Mðkzk1 þ eÞe�r lnð1þh1Þ;

which contradicts (2.23). Hence, (2.20) holds. Letting

e �! 0þ, we have from (2.20) that

xðtÞ � x�ðtÞk k1¼max
ij2J

max jzijðtÞj; z0ijðtÞ
�
�
�

�
�
�

n on o

�M
max xð0Þ � x�ð0Þk k; x0ð0Þ � x�

0 ð0Þ
�
�

�
�

� �

ð1þ tÞr

for all t� 0:

Moreover, similar arguments to those above show that

�xðtÞ� x�ðtÞk k1�M
max �xð0Þ� x�ð0Þk k; �x0ð0Þ� x�

0 ð0Þ
�
�

�
�

� �

ð1þ tÞr

for all t�0:

Thus,

xðtÞ � �xðtÞk k1 �kxðtÞ � x�ðtÞk1 þ �xðtÞ � x�ðtÞk k1

� b
max xð0Þ � �xð0Þk k; x0ð0Þ � �x0ð0Þk kf g

ð1þ tÞr

for all t� 0;

where

b ¼ 2M
max max xð0Þ � x�ð0Þk k; x0ð0Þ � x�

0 ð0Þ
�
�

�
�

� �
; max �xð0Þ � x�ð0Þk k; �x0ð0Þ � x�

0 ð0Þ
�
�

�
�

� �� �

max xð0Þ � �xð0Þk k; x0ð0Þ � �x0ð0Þk kf g :
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This proves Theorem 2.2. h

3 Example and remark

Example 3.1 Consider the following SICNNs with neutral

proportional delays:

dxij

dt
¼� aijðtÞxijðtÞ �

X

Ckl2N1ði;jÞ
Ckl
ij ðtÞ

1

10
sin xkl

1

2
t

� �� �

xijðtÞ

�
X

Ckl2N1ði;jÞ
Bkl
ij ðtÞ

1

10
cos x0kl

1

2
t

� �� �

xijðtÞ þ LijðtÞ;

ð3:1Þ

where t[ 0; xijð0Þ ¼ x0ij; x
0
ijð0Þ ¼ x1ij 2 R; i; j ¼ 1; 2;

a11 a12

a21 a22

	 


¼
0:1þ 0:2 sin 1000t 0:1þ 0:3 sin 1000t

0:2þ 0:3 sin 1000t 0:2þ 0:4 sin 1000t

	 


;

ð3:2Þ
C11 C12

C21 C22

	 


¼
B11 B12

B21 B22

	 


¼
0:01j cos tj 0:02j cos tj
0:02j cos tj 0:01j cos tj

	 


;

ð3:3Þ
L11 L12

L21 L22

	 


¼
0:01 sin t 0:01 sin t

0:01 sin t 0:01 sin t

	 


: ð3:4Þ

Clearly,

a�11 a�12
a�21 a�22

	 


¼
0:1 0:1

0:2 0:2

	 


;Kij � e
1

1000 ¼ M;Mf ¼ lf ¼ Mg

¼ lg ¼ 0:1;
X

Ckl2N1ði;jÞ
Ckl
ij ðtÞ

�
�
�

�
�
� ¼

X

Ckl2N1ði;jÞ
Bkl
ij ðtÞ

�
�
�

�
�
�� 0:06; LijðtÞ

�
�

�
�� 0:01;

i; j ¼ 1; 2;

which imply that system (3.1) satisfies ðA0Þ, ðA1Þ and ðA2Þ.
Let us take r1 ¼ 1:5; r2 ¼ 10[ r1e

1
1000 and M ¼ e

1
1000. By the

consequence of Theorem 2.1, it follows that the solution

x�ðtÞ ¼ fx�ijðtÞg of system (3.1) with fjx�ijð0Þjg\fe� 1
1000g

and fjx�ij 0ð0Þjg\fe� 1
1000g is FTS with respect to ðr1; r2;TÞ

for any T [ 0. This fact is verified by the numerical simu-

lation in Fig. 1, and there are two groups of different initial

values which are x11ð0Þ ¼ 1:1; x12ð0Þ ¼ �1:3; x21ð0Þ ¼
1:2; x22 ð0Þ ¼ 1:5, x011ð0Þ ¼ 1:1; x012ð0Þ ¼ �1:3; x021ð0Þ ¼
1:2; x022ð0Þ ¼ 1:5; and x�11ð0Þ ¼ 0:2; x�12ð0Þ ¼ �0:1; x�21
ð0Þ ¼ 0:4; x�22ð0Þ ¼ 0:6; x�

0
11ð0Þ ¼ 0:2; x�

0
12ð0Þ ¼ �0:1; x�

0
21ð0Þ

¼ 0:4; x�
0

22ð0Þ ¼ 0:6. Moreover, from (3.2) and (3.3), we

can choose r ¼ 0:01 such that (2.17) holds. Then, Theo-

rem 2.2 implies that (3.1) is generalized exponential syn-

chronization at infinity, and for any two solutions xðtÞ; x�ðtÞ
of (3.1), the following inequality holds

xðtÞ � x�ðtÞk k1 � b
max xð0Þ � x�ð0Þk k; x0ð0Þ � x�

0 ð0Þ
�
�

�
�

� �

ð1þ tÞ0:01

for all t� 0:

The numerical simulation in Fig. 2 strongly supports the

conclusion, and there are two different initial valueswhich are

x0ij

n o
¼ ð1:1;�1:3; 1:4; 1:2Þ; x1ij

n o
¼ ð1:5; 1:3;�1:1;�1:2Þ

and

x�ij
0

n o
¼ ð1:2;�1:1; 1:5; 1:4Þ; x�ij

1
n o

¼ ð1:2; 1:1;�1:3;�1:4Þ:

Remark 3.1 Since the finite-time stability of the non-au-

tonomous SICNNs with neutral proportional delays has not

been done before, all results in the references [10–13, 21–

36] cannot be applicable to prove the finite-time stability

and the generalized exponential synchronization of (3.1).
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* (t)

x12
* (t)
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* (t)

x22
* (t)
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x12
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x21
* ’(t)

x22
* ’(t)

Fig. 1 Numerical solutions to system (3.1) and its derivative with two

groups of different initial values
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Moreover, in this present paper, we employ a novel proof

to establish some criteria to guarantee the finite-time sta-

bility and the generalized exponential synchronization for

neural networks systems with neutral proportional delays.
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