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Abstract This paper addresses the globally stable track-
ing control problem of a class of uncertain multiple-input—
multiple-output nonlinear systems. By employing the radial
basis function neural networks to compensate for the sys-
tem uncertainties, a novel switching controller is devel-
oped. The key features of the proposed control scheme are
presented as follows. First, to design the desired adaptive
neural controller successfully, an nth-order smoothly
switching function is constructed originally. Second, the
number of the neural networks and the adaptive parameters
is reduced by adopting the direct adaptive approach, so a
simplified controller is designed and it is easy to implement
in practice. By utilizing the special properties of the affine
terms of the considered systems, the singularity problem of
the controller is completely avoided. Finally, the overall
controller guarantees that all the signals in the closed-loop
system are globally uniformly ultimately bounded and the
system output converges to a small neighborhood of the
reference trajectory by appropriately choosing the design
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parameters. A simulation example is given to illustrate the
effectiveness of the proposed control scheme.
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1 Introduction

Due to the fact that neural networks (NNs) have good
approximation capabilities over a compact set, they play an
important role in control community, especially in uncer-
tain nonlinear systems control. A large amount of progress
in adaptive neural network control (ANNC) has been
obtained in theory and applications, e.g., see [1-3].

In the early stage, some optimization techniques have
been primarily used to derive parameter adaptive laws [4].
However, these control schemes cannot ensure the stabil-
ity, robustness, and performance of the closed-loop sys-
tems. To overcome the above problems, some ANNC
strategies have been established based on Lyapunov sta-
bility theory [5, 6]. In particular, an interesting ANNC has
been originally established in [7] via the backstepping
technique for strict-feedback systems. Since then, the so-
called adaptive backstepping NN control (ABNNC) has
been developed to solve the control problems of various
systems, such as pure-feedback systems [8], output-feed-
back systems [9, 10], discrete-time systems [11-13],
stochastic systems [14, 15], time-delay systems [16—19],
and large-scale systems [20-23]. Meanwhile, several
problems on ABNNC have also been resolved. For exam-
ple, the problem of “explosion of complexity” has been
overcome by introducing the adaptive dynamic surface
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technique in [24]. Recently, the globally stable ABNNC
problem has been considered in [25, 26]. However, note
that almost all the above control schemes just are applied to
single-input—single-output (SISO) systems.

On the contrary, most practical systems are naturally
described as nonlinear multiple-input-multiple-output
(MIMO) models, such as flexible-joint robot systems [27],
helicopter systems [28], missile systems [29]. Thus, it is
more interesting to address the control problem of MIMO
systems. Due to the inputs strong coupling in MIMO sys-
tems, some control methods cannot be directly extended to
these systems under the weaker conditions, such as feed-
back linearization techniques [30], fuzzy logic control [31],
and adaptive control [32]. However, of course, a few
interesting results are still obtained for MIMO systems
[33-36].

It is well known that the uncertain parameters and/or
unknown nonlinear functions usually exist in the input
coupling matrix, so it becomes very difficult to solve the
control problem for uncertain MIMO systems. In the past
decades, much effort has been made in ANNC for MIMO
systems and some important results are obtained [37—43].
In [37] and [38], the ABNNC schemes have been estab-
lished for MIMO systems in block-triangular forms, and
the controller singularity problem has been completely
avoided by using the integral-type Lyapunov function and
the special properties of the affine terms [43]. Subse-
quently, ABNNC has been extended to solve the control
problem for MIMO discrete-time systems [39, 40] and
time-delay systems [41]. Moreover, there are other meth-
ods used to study the control problem of uncertain MIMO
systems in the existing literature. For example, based on
the principle of sliding mode control and the use of
Nussbaum-type functions [44], an ANNC has been devel-
oped for MIMO systems with unknown nonlinear dead-
zones in [42].

However, note that all of the above ANNC methods just
ensure the closed-loop MIMO systems being semi-globally
uniformly ultimately bounded (SGUUB). It is well known
that these control schemes are effective under the condition
that the RBFNNs approximation ability must be valid over
the compact sets (or called NNs approximation domain
[45]) all the time. In controller design, such a condition is
difficult to be verified beforehand for the MIMO systems
with high nonlinearity and uncertainty. Once the NNs
inputs run out the NNs approximation domain, the ANNC
law is invalid. In this case, the tracking performance may
be deteriorated, even the stability of the control systems
can be destroyed in practical implementation. Conse-
quently, for uncertain MIMO systems, to develop an
ANNC to guarantee the closed-loop system being globally
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uniformly ultimately bounded (GUUB) is an interesting
topic. To the best of authors’ knowledge, no reports on this
issue have been found in the field of ANNC at present
stage.

Motivated by the aforementioned discussions, in this
paper we attempt to design an ANNC such that the closed-
loop MIMO system is GUUB. The main contributions are
listed as follows.

1. This paper is the first time to address the globally
stable tracking control problem for MIMO systems.
We design a switching ANNC law which includes a
conventional ANNC law and an extra robust con-
troller. The advantage of this controller is that the
switching term M(-) is to switch off the conventional
ANNC law once the NN inputs go beyond the neural
networks approximation domain, and the extra robust
controller begins to work at the same time. Such a
controller guarantees that the closed-loop system
remains GUUB.

2. To deign the desired controller, we originally construct
an nth-order smoothly switching function which has
continuous derivatives up to the nth order. This ensures
the successful design of the switching ANNC law by
using the backstepping technique.

3. By combining the direct adaptive approach with the
backstepping technique, an ANNC scheme is devel-
oped, where only an NN is used to compensate for all
the unknown parts in each backstepping design
procedure, so the number of adaptive parameters is
reduced. A simplified controller is obtained, and it is
easy to implement in practice.

The rest of this paper is organized as follows. Section 2
presents some preliminaries. In Sect. 3, the design proce-
dure of the globally stable ANNC is given and then the
main results of this paper are addressed. In Sect. 4, two
simulation examples are provided to verify effectiveness of
the proposed control scheme. We conclude the work of this
paper in Sect. 5.

Notation Throughout this paper, the following notations
are adopted. R denotes the set of all real numbers; R"
denotes the real n-dimensional space; IxI denotes the
absolute value of a scalar x; lIXll denotes the Frobenius
norm of an m X n matrix X, i.e., ||X|| = /Tr(XTX) where

Tr(-) represents the trace operator; C' denotes the set of all
functions with continuous ith partial derivatives; if no
confusion arises, we always denote (7) = (%) — (-), where
(%) is the estimate of (-); Amin(A) and Amax(A), respectively,
denote the smallest and largest eigenvalues of a square
matrix A; exp(-) denotes the exponential function; tanh(-)
refers to the hyperbolic tangent function.
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2 Preliminaries
2.1 System stability

Consider a general nonlinear system [46]
x:f(xat)7 X(fo) = X0 (1)

where x(¢) € R" is the system state, f : R" X [tg, 00] — R"
is a continuous vector-valued function, #y and xy € R"
denote the initial time and the initial state vector,
respectively.

Definition 1 [46]: We say the solution of (1) is uniformly
ultimately bounded (UUB) if there exists a compact set
Q C R" such that for all x(t9) = xo € Q, there exist an
¢ >0 and a number T(&,xp) such that ||x(¢)|| <& for all
t>T(e,x0) + fo. In particular, if the compact set Q = R",
then the solution of system (1) is GUUB.

Usually, the following result is used to analyze the
convergence of the tracking error in the field of ANNC. Let
function V(r) >0 be a continuous and bounded function
defined for 7 € [0, 00). If V(f) < — yV(¢) + & where yand &
are positive constants, then V(f) < [V(O) — %] e +5 In
particular, lllglo V() < % which implies that V(¢) will con-

verge to the neighborhood around zero with radius £.
/

2.2 RBFNNs approximation

As pointed out in [26], it has been proved in [2] and [47]
that RBFNNs can be employed as a tool for modeling
uncertain nonlinear functions appearing in the control
systems owing to their linearly parameterized structure and
good capabilities in function approximation. In this paper,
an unknown continuous nonlinear function 4;(Z;) : R" —
R will be approximated over a compact set Qz. C R” by an
RBFNN, that is, the following relation holds

hi(Zi) = Sy(Z:) Wy + €i(Z) (2)

where the input vector [1] Z; € Q7 C R", the optimal
weight vector Wj € R, the NN node number [; > 1,
€ij(Z;) is the NN inherent approximation error which is
bounded over the compact set, i.e., |€;;(Z;)| < €; where ¢ is
an unknown constant, and Sj(Z;) = [s;1(Z), . . ., siji, (z)*
Qz, — R is a known smooth vector function with s, (Z;)
being chosen as the commonly used Gaussian functions,
which has the following form
—(Zi - :uijq)T(Zi — Hijg)

sijq(Zi) = exp 7 ,

qzl,...,lij (3)

where fi;;, is the center of the receptive field and n; > 0 is
the [1] of the Gaussian functions. The optimal weight

vector Wy = [wy, .. ., w,-jli/.]T is defined as
W, :=arg min { sup |h;(Z) — Si(Z) Wy 4)
WieR'i | Z;eQy,

where W,j is the estimate of Wj;.
2.3 Key definition and lemmas

Definition 2  (nth-order smoothly switching function): For
all z € R? and given constants 0< r; < rp, the function
m(z) is called an nth-order smoothly switching function
with n being a finite positive integer, if it satisfies the
following conditions:

() when ||z]|<r, m(z) =1;
(b) when ||z|| >r > r, m(z) = 0;
(¢) m(z) is nth-order continuous differentiable.

In particular, for all z; € R,j=1,...,m, the following
switching function is constructed

L, |z < rip
2 2
zil” —ra

m(z;) = { cos""! T sin*! §|;|72”1 , otherwise
2 2 —ry

0, |z > Ty

with Fijp > Fij| > 0.
Let

M(Z;) == | [ m(zy) (5)
j=1

with Z; = [z, . . .,z,-m]T € R™, which is the key to design

the globally stable ABNNC.

Lemma 1 The function m(z;) is an n th-order smoothly
switching function.

Proof By using the definition of the derivative, this
lemma can be verified directly. To save space, the detailed
proof is omitted here. O

Lemma 2 [7]: The following inequality holds for any
€ > 0 and for any n € R

0<n| —ntanh(g) <Ke (6)

where K is a constant satisfying Kk=e Wt o

K ~ 0.2785.
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3 Problem formulation and main result
3.1 System description and problem formulation

In this paper, consider the following uncertain MIMO
nonlinear system which is assumed that it has unique
analytical solution on the given interval

X = gi(X)xi +fi(x), i=12,...,n-1
xn - gn(-fn)u +fn(-fn) (7)
y=x

u,|" € R?, and
y="[D1,- y,,]T € R’ represent the measurable state, the
control input, and the output of system (7), respectively;

p is a positive integer; X; is defined as x; := [x],.

T ERP; fi(®) = [fu (%), .. fp(®)] and  gi(%) =
diag{gii (%i), ..., gip(x;)} with the unknown smooth func-
tions f; :R? — R and g;:R? —R,i=1,...,n,j=1,
e oD-

It is worth stating that in many cases, since uncertain
MIMO nonlinear systems are often derived from problems
in physical world, existence, and uniqueness are often
obvious for the physical reasons. Notwithstanding this, a
mathematical statement about existence and uniqueness is
worthwhile. Uniqueness would be of importance if, for
instance, we wished to approximate the solution numeri-
cally. If two solutions passed through a point, then suc-
cessive approximations could very well jump from one
solution to the other-with misleading consequences.

where x; = [x,-l,...,xi,,]T ER u=u,...

.y

Remark I The system (7) is in the canonical strict-feed-
back form. In the field of ANNC, the tracking/regulation
problem of such system has been extensively studied, such
as continuous-time systems [7, 9, 10, 25], discrete-time
systems [12, 13, 39], and time-delay systems [21, 22].

The objective of this paper is to design a direct ANNC
law u(t) for system (7) such that

1. all the signals in the closed-loop MIMO system remain
GUUB;
2. the system output y can track a known reference

. T .
trajectory y, = [yr1,..., Y] 1€,

lim [|y = y:|| <o (8)
t—00

for any €y > 0.

Remark 2 Some ANNC schemes have been established
for different uncertain MIMO nonlinear systems (e.g., see
[30-37]). Nevertheless, all the existing ANNC schemes
only can guarantee the closed-loop MIMO systems being
SGUUB. To the best of our knowledge, until now still no
globally stable ANNC approaches have been developed for
MIMO nonlinear systems. In this paper, we attempt to
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design an ANNC such that the closed-loop MIMO system
is GUUB.

To design the desired controller, the following assump-
tions on system functions are made.

Assumption 1 [26]: For i = 1,...,n, suppose that there
exist the known positive smooth functions ¢,(x;) and the
unknown constants ¢; > 0 such that

(@)l < 0ipi(%), V% € RY. ©))

Remark 3 It should be emphasized that the above assump-
tion is necessary to design the extra robust controller when we
develop the globally stable ANNC scheme later. This
assumption is very similar that made in [26], where f;(%;) € R
are assumed to be bounded by known functions. Here, the
upper bounds are allowed to be unknown constants multiplied
by known functions. Compared with the previous hypothesis,
a weaker assumption is given in this paper.

Assumption 2 [38]: For i=1,...,n,j=1,...,p, the
signs of g;;(x;) are known, and there exist the known pos-
itive smooth functions g;(%;), gij(fi) and the positive con-

stant g, such that

8y <8;(%) <lg(xi)| <g;(%),

. (10)
Vx; € R”.

Remark 4 Condition (10) implies that system functions
g;i(%;) are strictly either positive or negative, which may
limit the class of systems under investigation. In the past
decades, lots of significant research results about ANNC
still have been obtained under the similar assumptions in
the existing literature (e.g., see [38—41]). Without loss of
generality, here we assume that g;(¥;) are positive. Based
on condition (10), for all ¥; € R, we can have

llgi ()| < Gi(%:) and [[g; " (%)|| < g;(%:)

where G;(%;) and g(%;) are the known smooth positive
functions.

Assumption 3 [19]: Suppose that the time derivatives of
gi(x;) along the solutions of (7), denoted by g;, satisfy

gl <viB;(xi), VX €R? (11)

where f3;(x;) are known positive smooth functions and
v; >0 are unknown constants.

Remark 5 Assumption 3 is similar with the conditions
made in [16, 19], where g; € R are assumed to be bounded
by known constants. Here, the upper bounds are allowed to
be unknown constants multiplied by known functions.
Compared with the existing hypothesis, a weaker
assumption is given. The conditions (10) and (11) play the
same important role as Assumption 1 in the globally
stable ANNC scheme design. Moreover, from condition
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(11) we can see that the affine term g,(-) is independent of
state x,,. By using this special structure property, the con-
troller singularity problem is avoided completely without
projection algorithm [38, 42].

Assumption 4 [38]: The reference signal y, and its
derivatives up to the nth order are continuous and bounded.

3.2 Globally stable ANNC design

In this subsection, based on Assumptions 1-4 made in the
above subsection, we give the detailed design procedure of
the globally stable ANNC law by using the backstepping
technique. To this end, define the following n error variables

{ A=Y=
_ —(i—-1) = = 7 .
Zi:xi_“ifl(xiflayr ,6i71,Ti717Wi71), i=2,...,n

(12)
1 1)yT
where z = [zi1,.. . zp]" and Y = [0 VN
= ~ ~ T = T %,
€1 = [61,...,6,‘_]] , Ti—1 = [‘C],...,‘E,‘_l} 5 and W,'_1 =
T T .
[W,,..., W, |]"; the estimates of the unknown parameters

€, Tx and the NN weight vectors W; are denoted by
€x, Tr and Wk, k=1,...,i— 1, respectively; o;_; denote the
virtual control variables which will be designed later step
by step. Now, we proceed to the backstepping design
procedure with n steps.

Step 1 Under the coordinate transformation (12), the
time derivative of z; along the solution of the first sub-
system of (7) is given by
21 =g1(X1)x +fi(x1) =y,

= g1(¥) (o + 22+ g (B (fi(F) — ¥,)- (13)
Take a Lyapunov function as

|
Vi _EZT&]( X1)z1

whose time derivative along the solution of (13) is
Vl = Zngfl(fl)Z'l
— 3 ) (R)gr (R)a
=z +2+g (@) (iE) — )]

e e () (14)
Let
h(Z1) =g (@) (%) —¥,)
() () (15)
where

Z), = [xlT,yf,y,T] €Qy C R

with a compact set Q. Thus, Eq. (14) can be rewritten as
Vi=2z [ +z2+mh(Z)). (16)
We design the first virtual controller as

oy = —kizg + M(Zy)o" + (1 — M(Zy))o] (17)
where k; > 0 is a design parameter, the function M(-) is
defined as shown in (5), 09" = —8,(Z;)"W, — éY(2) and
of = —flyl(Zl)Y(“(Z%) with the basis function S;(Z;)
and the function 7y,(Z;) to be defined in the following
subsection, @ >0 being a design parameter, Y(%):=
[tanh(2), .., tanh(22)]" and Y(2ZE1) = [tanh(2 @),

tanh("(z'>z'”)}T.
Substituting (17) into (16) yields

Vi =z [~k + M(Zy)af"
+(1- (1))oc1+12+h1(21)]. (18)

Step i(2<i<n—1): The derivative of z; =x; — o is
given by

= gl( )(OC, + ZH—I) +fi()zl) — %1
= gl()f )(“1 + ZI-H) +fi(fz)
i—1
aOC,',
- o ! (gj( )XJH +J§(xj)) + iy (19)
J=1 Y
where
Oy . N0 1
¢171 = r + g+)
ayr z_; 6y(’
60{, 1 X - 60(171 3
+ 6+ -
j:zl o6 7 ]Z ot

Consider the following Lyapunov function

1
Vi=Vi 1+2zTg,“( X))z

whose time derivative along the solution of (19) is

1Tfl

=578 (B)&E)e '(%)zi

=Vioi+2 {0+ 201+ & (%)

i1 A
[fi(fi) - (Zag—;l (gj(fj)xjﬂ ‘*‘ﬁ()@)) + ¢i1> }

J=1

Vi=Vii+ z,-Tgfl(fi)

_%Z;ng (%i)&:(%:)g; 1()(,)2, (20)
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~38i (%)gi (%) g (%)z (21)

O i—1)1 !
Zi = T .. <
|fﬁ7 7xl7al 17( axl )
A\ " i1\ "
T O UL Oxg ’
T
60( i— T . .
., ( a( ])P) ’ ;F_l c QZ; c R(zfl)p2+(t+2)p.
Xi—1
with a compact set Q.

rewritten as

Vi = Vl’*l —+ ZT[&[ + Zi+1 + hl(Zl)] (22)

Then, equation (20) can be

Design the ith virtual controller as

o = —zi-1 — kizi
1 : (23)
+M(Z)o" + (1 = M(Z;))o
where k; > 0 is a design parameter, 0" = —S;(Z )W —

&Y (%) and of = —f,-yl-(Z)Y(ﬂ) with the basis function
S;(Z;) and the function y;(Z;) to be defined in the following
subsection, Y(2) := [tanh(2), . tanh(z”’)] and Y(%) :
= [tanh(2%%n) | tanh(1Z) Z)Z"’)] .
Substituting (23) into (22) yields
Vi=Vig+z [~z — kizi + M(Z)o"
+ (1= M(Z))og + ziv1 + hi(Z)]
=zi[~kizi + M(Z))o"
+ (1 = M(Zy))ot; + 22 + hi(Z4)]

i

+ Zz[*zq—l — kqzq
q=2
+ M(Zq)ocgn +(1- M(Zq))a(;
+ Zg+1 + hq(Zq)]. (24)

Step n The derivative of z, = x, — o, is

in = gn(fn)u +fn(~fn) — Oy

= gu(Xp)u + fu(X,) — Z ag,;l (gj(fj)xﬁl
= %
+(5)) + b (25)
where

@ Springer

00tp—1 L 00ty (i+1) A 00,1 2
—yr‘i‘ZW)’r +j:1 % €

r j=1

Consider the following Lyapunov function
1
Vi = Vi +2zTg,j1( )Zn-

The time derivative of V,, along the solution of (25) is
given by

Vn = anl —i—ZZ{M + g;l(fﬂ)[fn(fn)

—(nza“” (g () +f/(x/))+d>n1>} (26)

j=1 axj

| N
- EZIgn l('xﬂ)gn(-xn)gn ! (xn)Zn-

= Ox;
|- -1
_58" (X%1) 8, (%n)&, (Xn)2n (27)
where
60(( -1 T 6oc( -1
Zn = x’fa ,XI,OC;FL_I,< ar;l 5 axr; | 5 3

T
0t 1)\ " 1)\ o1
o )\, ) P
c QZ,, c R(nfl)p2+(n+2)p

with a compact set Q.
Design the actual controller as

— kpzy + M(Z,) 0"

M(Zy))o, (28)
where k, > 0 is a design parameter, the function M(-) is
= —S,(Z)"W, — €Y (%) and
o = —1,7,(Z, )Y(@) with the basis function S,(Z,)
and the function 7,(Z,) to be defined in the following
subsection, Y (%) := [tanh(%), . tanh(z””)] and Y(’”( TalZn)an)

[tanh(hl( n)znl) tanh(/n( )U[))]T‘
By substituting (28) into (26), we have

U= —2n-1
+(1—

defined as shown in (5), «
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Vn - anl + ZZ[_anl - knzn +M(Zn)azn + (1 _M(Zn))
o, + ha(Z0)] = i [~k + M(Zy)of"
+ (1 =M(Z)))o + 22+ h(Zy)]
+ Zz; ~Zgo1 — kgzg + M(Z)o0l" + (1 — M(Z,))

o +z,,+1+h( D]+ 20 [—zn1 — knza
+M(Zy)o," + (1 = M(Zy))oy, + ha(Z,)]. (29)

Remark 6 The actual control (28) is different from all the
existing results of uncertain MIMO nonlinear systems (e.g.,
see [38—42]). Here, the actual control input (28) includes
two parts, a conventional adaptive neural controller o
dominating the NNs approximation domain and an extra
robust controller o, to take charge of outside the NNs
approximation domain. The switching terms M(-) appear-
ing in the equations (17), (23), and (28) are to switch off
the control of" once the NNs inputs run out the NNs
approximation domain, and the extra robust controllers o]
begin to work at the same time. Such a switching controller
can guarantee the ultimate closed-loop MIMO system
being GUUB.

3.3 Stability analysis and main results

Theorem 1 Based on Assumptions 1-4, consider the
closed-loop MIMO system consisting of the plant (7), the
reference signal y,, the virtual control laws (17), (23), the
actual control law (28), and the adaptation laws (35). For
the bounded initial states, the following results are
obtained.

1. All the closed-loop signals remain GUUB.
2. The tracking error 1 =y — y, uniformly converges to
a small neighborhood around zero

25"
Q= —_— .
{Zl k*;“min(gfl)}

Proof Consider the overall Lyapunov function as follows

|zl <

where I'; = FiT > 0 are the adaptation matrices, p; are the
positive design parameters, Wi = Wi — W, and @i = @i —
®, with W;, W;, @,- and ©; to be defined later.

Considering (29), we can obtain the time derivative of
V as

V=V, S WIS L eTé,
i=1 i=1Fi

= ZT[—klzl +M(Zy)o" +

+Zz —Zg-1—

(1-M(Z)))dh +z22+h1(Zy))

kgzg+M(Z )“an‘F(I_ (q))“;

+Zq+1+h ( )]“‘Z [ Zn— l_knzn+M(Z) .
+(1=M(Z)o +h(2, +Zwr W+ZP®
=1t
:fzk,z zHrZZ Z)og" +(1=M(Z))of +hi(Z)]
) "1 AT x
+ Wi F;IWZ'*F 7®i 0,. 31
> > G1)

In fact, the functions h;(Z;),i=1,...,n are unknown and
cannot be directly used since they 1nclude some uncertain
functions fi(x;),g:;(%;). Since it can be verified that the
functions A;(Z;) are continuous, we can employ RBFNNS to
compensate the unknown functions /;(Z;) over the compact
sets Z; € Qy, as follows

hi(Zi) = S{(Z:)"' Wi + e(Z) (32)
where SI(Z,) = diag{S,-l (Zl‘), ooy Sip(Zi)}7 W U/Vlj;, oy
W;;]T, and Ei(Z[) = [6,’1 (Z,'), cee
denote the basis function matrices, the ideal weight vectors,
and the inherent approximation error vectors with
Si(Z), Wy and €;(Z;),j = 1,...,p defined as shown in (2),
and lle:(Z)|] < € with unknown constants ¢; > 0.

Meanwhile, based on Assumptions 1-3 and the detailed
forms of the functions %;(Z;) as shown in (15), (21), and
(27), by computation we can determine that there exist the
known positive smooth functions 7;(Z;) and the unknown
constants 7; > 0 which are dependent of the unknown
parameters g; and v; such that

i (Z)|] < ©7:(Z:).- (33)
Substituting (32) into (31) yields

€p(Z)]", respectively,
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Zkz z,+ZzT[M
+ZW,1‘, Wy Lo @,.:jjkizrzi+jz?

11’ =

W +hi(Z:)) + (1 — M(Z)) (o + hi(Z:))]

[M(Z,-) (—S,- (Z)'Wi—(ei+ &) (Zg )
(1= M(Z))(—(ni + T)y:(Z ( > )}
+§W -1y, +Z 6,0,

1]’

=— ikiz,-Tz; - ZM(Z,»)z,.Ts,- VAR
W-3 6N+ S W
i=i i=i i=1 Pi
+iM(Z,~)ZiT {76,-1”(%) te (z,-)] + Z(l —M(z
i=1 i=1
{—n"/t(Z-)Y(y’(Z) ) +hi(Z; )}

W+Z @@

w
(34)
Where (':) = [éi"f’i]T7 @ = [Gi,Ti]T and
ATy (E
o M(Zi)z; Y(w)

NVAYS
(1= M)z (M2
Based on Eq. (34), design the parameter adaptive laws as
L _ F (
@ = pi(®; —
where ¢; are the positive design parameters.
By substituting (35) into (34),

(Z)Si(Z:)zi — a: W)

06)) (35)

the derivative of

V becomes
TR o PR S St /8 A P Y
i=1 i=1 i=1
@
+ ZM(Z,)Z,T [_GiY(—) + el(Zz)}

(36)

By using Lemma 2 and noticing 0 <M(Z;) <1, the fol-
lowing inequalities hold

@ Springer

— i O'[-W;.FW[ — iﬂ,@j@
i=1 i=1
Sl WP a0
< *Z 2 72 2

(37)
i=1 i=1
1 a; W,‘ 2 g; @,‘ 2
+Z< IWiE | sl |>
(1) ZM f |~ (2) +a2)]
(38)

<ZM

Using inequality (33), the definition of function Y(-) and
Lemma 2, we have

PKTE;.

n

(1) = >0 - M(Z))

i=1

P
T Z 7i(Zi)ziq

q=1

tanh( Z"’) + Z |2ig|7i7:(Z
< Z (1—

Based on (37)-(39), Eq. (36) satisfies the following
inequality

0i||®i||
_; >

N A e
(e

+M(Z)prwe; + (1 — M(Zi))plcwri)

))pKwt;. (39)

Let
o N [allwil | e
0 Z( 2 T2

prwe; + (1 — M(Zi))picw‘c,-> .

+M(Z;)
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If we choose k; such that k; > %,i =1,2,...,n, where k*
20

is a positive constant, and choose o¢; and I; such that

i > max{k*imax(ri_'),%},i —1,2,...,n, then from (40)

we have the following inequality

n gk n gk

(41)

From (41), we have V(t)S(V(O)—f)

implies that all the signals, including z;, W; and @,-,z =
1,...,n, are uniformly bounded. Since W; and ®; are

+ = which

bounded, it is easily seen that Wi and @i are bounded.
Next, it can be seen that x; is bounded for z; = x; — y, and
v, being bounded. For i = 2, ..., n, from x; = z; + o;_; and
the definitions of virtual control inputs o;_;, it can be
shown that o;_; and x; are all bounded. Using (28), we can
conclude that the actual control u is also bounded. Con-
sequently, all the signals in the closed-loop system remain
bounded. On the other hand, from inequality (41), it can be
easily shown that

1 T—]
—zlgl (x1) z1<z 7 8 (%)

2
* k*
sv@s<wm—i)
+ i—: . (42)

Note that g; (X;) is a constant matrix, denoted by g7, that is,
g1(%1) is independent of x;. Otherwise, it is in contradiction
with condition (11) in Assumption 3. Therefore, we can get
the following inequality

1 k* 5*
1 *—1\ .2
E/Lmiﬂ(gl )z < (V(O) - ﬁ) T

which implies that the tracking error z; =y —y, will
eventually converge to

25"
Q= —_— 5.
{Zl k*/lmin(gikl)}

Iz <

| Unknown Interconnection

Fig. 1 Two inverted pendulums connected by unknown device [20]
4 Simulation example

In order to show the effectiveness of the control scheme pro-
posed in this paper, we consider a double-inverted pendulum
model [20] connected by an unknown device, which is shown
inFig. 1. For the purpose of simulation, the unknown device is
specified as a spring. The system has the following form

X1 =fi(x1) + g1 (x1)x2

Yo = fo(%2) + g2(%)u
y=xi

(43)

= [, xi2)" 0 = [xa1,x00] ", the

systems outputs y = [y;,y»]' and the control inputs u =

where the system states x;

[ul7u2]T7
_ 0 _ 1 0
f1(x1):<0>7 gl(xl):<0 1)
and
m kr? k kr?
e (Tlg 747]1) s1n(x11)+2—jl(lfb)+ﬁsm(x12)
T (- st + 2 - )+ i)
2g 47, sim(xy2 2 4jzsm X11
Jl 0
gZ(XZ): ] 1
0 —
J>

the end masses of pendulum are m; =2kg and
my = 2.5kg, the moments of inertia are J; = 0.5kg - m?
and J, = 0.625 kg - m?, the constant of connecting spring is
k = 100N/m, the pendulum height is r = 0.5m, the nat-
ural length of the spring is / = 0.5 m, and the gravitational
acceleration is g = 9.81m/s?>. The distance between the
pendulum hinges is b = 0.4 m.
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For the simulation, the known functions in Assump-
tions 1-3 are given as follows

e(x) = 1,5, (x) =1,
G

(*1) =2,8(x1) = 1.5
0,(%2) = (441 + 1522, +202:2,)*,
Br(%2) = 1,Ga(%2) = 4,8,(%2) = 1.

The reference signal is y, = [y,1,y,0] = [sin(2¢), sin(%)

sin(¢) + 1]". According to the design procedure proposed
in Sect. 3, we can easily obtain the virtual control o; and
the actual control u(f) which are in the same form as (17)
and (28) but different from where the functions y,(Z;) and
15(Z,) are given as follows

1
n(Z) =1 +§(x%l + 22, +02)2

+5 0+ 1)'/?
+ (3 + 55 +0.5)

12(2) = pal2) + ﬁ(@)

+(22) 16 )
le 1

)1/2

—_—

1/2
b

+35 + 7 + 1
1
+§[(x§+0.1)1/2

+ (2 +0.1)"7).

All simulations are run by the Matlab “ode45” method
and the max step size is set to be 0.01. RBFNNs §; (Zl)TW1
and Sz(Zz)TWQ are employed in this simulation, where
S1(21)= diag{S1(Z1), S12(Z))}. Wi = [Wy,, W1, $2(22)
= diag{Sgl (22)7 S22 (Zz)}, Wz = [W;, W;]T. Speciﬁcally,
both NNs Sy, (Zl)TW“ and Slg(Zl)Tng contain 729 nodes
(i.e., I3 =1L, =729) with centers ,u]jq(j =1,2,9g =
l,...,011) evenly spaced in [—1,1] x [-1,2] x [—1,1] x
[—1,2] x [-2,2] x [-1.5,1.5] and width #, = 0.34; the
other NNs SZI(ZZ)TWM and S22(ZZ)TW22 contain 59049
nodes (i.e., Ly =1Ilp =359049) with centers py;, (j =
1,2,g=1,...,Ip;) evenly spaced in [—1,1] x [—1,2]x
[—1,1] x [-1,3] x [=3,7] x [-3,7] x [—20,40] x [-20,
10] x[—20,40] x [-20, 10] x [-20,10] x [—20,10] and
width #, = 0.39. The rest of design parameters used in the
simulation are summarized as: k; =k, = 10.0,I'; =1, =
diag{30},p;, =1073,p, =1.5x 1073, 0| = 0, =
10_3,r1j1 = 1.0, I = 20,j=1,..., 6, rj| = 1.0, rj2 =
3.0,j=1,...,12 and w = 10. The initial states are chosen
as [x11(0),x12(0), x21(0), x(0)]" = [5,—2,2,3]" also out-
side the NNs approximation domain, W;(0) =0 and
0;(0)=0,i=1,2.

Figures 2, 3, 4, and 5 show the simulation results of
adopting controller (45) to the double-inverted pendulum
model for tracking reference signal y,. From Fig. 2, we can
see that fairly good tracking performance is also obtained.
The boundedness of the system state x,, the control input u,

the adaptive parameters W;and @i,i = 1,2 are shown in

Fig. 2 Trajectories of the

outputs y;, the reference signals | Y, ==y, | 3 | Yy e Y,
vri,» and the tracking errors 4 2
yi_yriai:172 — § g
> 2 >
s N
> > 0

)
-2
0 5 10 15 20 0 5 10 15 20
time(s) time(s)
5 1
4
0 fir " — M A A
T 8 N
T 2 ™
~— N
> >
1 tr,\ -2
0 -3
-1
0 5 10 15 20 0 5 10 15 20
time(s) time(s)
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Fig. 3 Trajectories of the states 40
X7;, the norms . N
o A . — Wl =[]
HWiH7HG)I'Hvl:172 — 30
al
§ £
o ~ 20 1o
><(\l g 1"'N.
< ——ug ]
-20 = 10} !
1
—40 0 I[T/_’
5 10 15 20 0 5 10 15 20
time(s) time(s)
x107°
3 0.6
_ 2 04
) D
1 0.2
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time(s) time(s)
Fig. 4 Trajectories of the 200 300
control inputs u;,i = 1,2
100 250
-100 150
=~ -200 s 100
-300 50
-400 0
-500 -50
-600 -100
0 5 10 15 20 0 5 10 15 20
time(s) time(s)

Figs. 3 and 4, respectively. The switching signals are
depicted in Fig. 5.

To further show the advantage of the control
scheme proposed in this paper, we now present a com-
parison experiment as following. For (17) and (28), let
M(Z)) =M(Z;) =1, and then they are reduced to the
conventional controller developed in [38]. The simulation
results are shown in Fig. 6, from which it can be seen that
the tracking performance is very poor. This is because the
conventional adaptive neural controller is valid under the
assumption that the initial condition of the system must be
within a small compact set (generally, such a compact is
much less than the approximation domain of NNs). That is,

the existing control schemes just can guarantee the semi-
global stability of the closed-loop systems. However, our
approach can obtain a global result since we no longer
require the initial condition of the system is within a small
compact set.

Remark 7 From Fig. 5, it can be seen that the function
M(-) takes values between O and 1, which is different
from the general switching function taking values O or 1.
In fact, the function M(-) proposed in this paper has the
derivatives up to the nth order, which guarantees the
successful design of the ANNC by using the backstep-
ping technique.
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Fig. 5 Trajectories of the 1.5 1.5
functions 1 — M(Z;),i = 1,2
1 1
- N
N N
S 05 S 05
] J A A ’
0 0
-0.5 -0.5
0 5 10 15 20 0 5 10 15 20
time(s) time(s)
Fig. 6 Trajectories of the
outputs y;, the reference signals
vy using (17) and (28) with
M(Z)=1,i=1,2
s

0 5 10

5 Conclusions

In this paper, it is the first time to develop a globally
stable direct ANNC scheme for a class of uncertain MIMO
nonlinear systems. By constructing a novel nth-order
smoothly switching function, an appropriate switching
controller is designed to ensure the closed-loop MIMO
system being GUUB. In each backstepping design proce-
dure, all the unknown parts are approximated by employing
an RBFNN to reduce the number of adaptive parameters,
so a simplified ANNC strategy is obtained and it is easy to
implement in practice. Finally, it has been shown that all
the signals of the closed-loop MIMO system are GUUB
and a good tracking performance is obtained. It should be
mentioned that this paper has used RBF neural network to
model uncertain dynamical systems. Of course, it is well
known that there are some modeling algorithms reported in
the literature such as fuzzy algorithms [48, 50] and genetic
algorithm [49], which have several advantages. For system
(7), how to design the feasible control scheme based on
these modeling algorithms is an interesting topic.
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