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Abstract The transportation problem (TP) is an impor-

tant supply chain optimization problem in the traffic

engineering. This paper maximizes the total profit over a

three-tiered distribution system consisting of plants, dis-

tribution centers (DCs) and customers. Plants produce

multiple products that are shipped to DCs. If a DC is used,

then a fixed cost (FC) is charged. The customers are sup-

plied by a single DC. To characterize the uncertainty in the

practical decision environment, this paper considers the

unit cost of TP, FC, the supply capacities and demands as

Gaussian type-2 fuzzy variables. To give a modeling

framework for optimization problems with multifold

uncertainty, different reduction methods were proposed to

transform a Gaussian type-2 fuzzy variable into a type-1

fuzzy variable by mean reduction method and CV reduc-

tion method. Then, the TP was reformulated as a chance-

constrained programming model enlightened by the credi-

bility optimization methods. The deterministic models are

then solved using two different soft computing tech-

niques—generalized reduced gradient and modified parti-

cle swarm optimization, where the position of each particle

is adjusted according to its own experience and that of its

neighbors. The numerical experiments illustrated the

application and effectiveness of the proposed approaches.

Keywords Supply chain � Transportation problem �
Particle swarm optimization � Gaussian type-2 fuzzy

variables � Mean and CV reduction methods

1 Introduction

A transportation problem (TP) is often associated with

additional costs (termed as fixed costs) besides trans-

portation cost. The fixed-charge transportation problem,

first proposed by Hirsch and Dantzig [1], considers two

types of costs (say direct cost and fixed charge). These

fixed-charge costs may be due to permit fees, toll charges,

etc. Since the introduction of TPs by Hitchcock [2], there

have been lots of developments in this area by several

researchers. Chanas et at. [3] formulated and solved TPs

with fuzzy supply and demand values (cf. Pakdaman et al.

[4], Mortazavi et al. [5]). Recently, Fegad et al. [6] found

optimal solutions to TPs using interval and triangular

membership functions. It is sometimes difficult to deter-

mine the exact membership grades to (deterministic) rep-

resent an uncertain parameter by ordinary fuzzy set, and as

a result, membership function itself is again represented by

a fuzzy set (FS). Such a fuzzy set is called type-2 fuzzy set

(T2FS). Due to fuzziness in membership function, the

computational complexity is very high to deal with T2FS.

For a T2FS, normally complete defuzzyfication process

consists of two parts—type reduction and defuzzyfication

proper. Type reduction is a procedure by which a T2FS is

converted to the corresponding type-1 FS (i.e., ordinary

fuzzy set), known as type-reduced set (TRS). Karmik and

& Dipak Kumar Jana

dipakjana@gmail.com

Sutapa Pramanik

sutapaparamanik12@gmail.com

Manoranjan Maiti

mmaiti2005@yahoo.co.in

1 Department of Applied Science, Haldia Institute of

Technology, Haldia, Purba Midnapur West Bengal 721657,

India

2 Department of Applied Mathematics with Oceanology and

Computer Programming, Vidyasagar University, Midnapore

West Bengal 721 102, India

123

Neural Comput & Applic (2017) 28:2703–2726

DOI 10.1007/s00521-016-2202-2

http://orcid.org/0000-0003-2297-6576
http://crossmark.crossref.org/dialog/?doi=10.1007/s00521-016-2202-2&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s00521-016-2202-2&amp;domain=pdf


Mendel [7] proposed a centroid-type reduction method to

reduce interval T2FS to T1FS. But it is very difficult to

apply this method to a generalized T2FS. Some researchers

(cf. Liu [8], Chen and Chang [9], Malin and Castillo [10],

Yang et al. [11, 12], Liu et al. [13], Tavoosi et al. [14],

Zoveidavianpoor et al. [15], Tavoosi and Badamchizadeh

[16], etc.) have developed type reduction strategies for

continuous generalized T2FS. Coupland [17] proposed a

geometric defuzzification method for T2FSs by converting

a T2FS into a geometric T2FS. Recently, Qin et al. [18]

introduced three kinds of reduction methods called opti-

mistic CV, pessimistic CV and CV reduction (critical

values) of regular fuzzy variables. Figueeroa-Garce and

Hernndez [19] first considered a TP with interval type-2

fuzzy demands and supplies. Recently, Kundu et al. [20]

have solved fixed-charge transportation problem (FCTP)

with type-2 fuzzy parameters introducing an interval

approximation method of continuous type-2 fuzzy vari-

ables. Abdullah and Najib [21] have developed a new type-

2 fuzzy set of linguistic variables for the fuzzy analytic

hierarchy process. But they did not consider the variables

as Gaussian type-2 type. It requires a different reduction

method for reduction to type-1 fuzzy set (T1FS) and then a

different defuzzification method (Jana et al. [22]).

Due to the complex environment during the trans-

portation activities, some significant parameters in the solid

transportation problem are always treated as uncertain

variables to meet the practical situations. For instance, if

one needs to make a transportation plan for the next month,

the supply capacity at each source, the demand at each

destination, price of product, selling price and the con-

veyance capacity are often required to be estimated by

professional judgments or probability statistics because of

no precise a priori information. In this case, it is more

suitable to investigate this problem by using fuzzy or

random optimization methodologies. For this purpose,

type-2 fuzzy variable is introduced in STP.

Particle swam optimization (PSO) is a heuristic opti-

mization technique based on swarm intelligent that is

inspired by the behavior of bird blocking (cf. Kennedy and

Eberhat [23]). Like GA, a PSO normally starts with a set of

solutions (called swarm) of the decision-making problem

under consideration. Individual solutions are called parti-

cles, and food is analogous to optimal solution. The par-

ticles are flown through a multidimensional search space,

where the position of each particle is adjusted according to

its own experience and that of its neighbors. Many studies

have been made to improve modified particle swam opti-

mization (MPSO) algorithm in continuous optimization (cf.

Pedrycz et al. [24], Sadeghi et al. [25], Koulinas et al. [26]).

In this paper, we consider two fixed-charge transporta-

tion problems for a two-stage supply chain network in

Gaussian fuzzy type-2 environment. The problems are

formulated as maximization of profit in transporting the

units from a manufacturing center to some DCs and from

DCs to business centers to satisfy the demands of retailers.

Here, fixed-charge costs, unit transportation costs, avail-

abilities and demands are expressed by Gaussian type-2

fuzzy numbers. The T2FS FCTPs are reduced to crisp

FCTP by CV reduction following Qin et al. [18]. The

proposed models are solved by soft computing techniques

GRG and MPSO. Optimum results obtained from two

methods are compared. Sensitivity analyses are carried out

on the basis of different optimistic labels of decision

maker.

In this paper, the transportation problem with fuzzy

information, we have two motivations to explore this

problem within the framework of Gaussian type-2 fuzzy

(GT2F) set theory. Firstly, it is more general and common

to treat some critical parameters as GT2F variables because

of the practical difficulties of determining their crisp

membership functions. Secondly, when some parameters

are assumed to be type-2 fuzzy variables, designing an

effective method to handle the optimization problem is also

a challenging issue. With this concern, we are particularly

interested in how to formulate the transportation model and

then design effective algorithms to produce the optimal

transportation strategies. To this end, this study proposes

two new defuzziness methods for type-2 fuzzy variables

via mean reduction method. Numerical experiments are

done by two different soft computing techniques MPSO

and Lingo-14.0.

The structure of this paper is as follows: in Sect. 2, we

give some preliminaries about T2FS. In Sect. 3, notations

of the proposed models are presented. In Sect. 4, we for-

mulate the models in fuzzy type-2 environments. The

solution procedure via GRG and MPSO is presented in

Sect. 5. Experimental results and discussion are presented

in Sect. 6, and some sensitivity analysis is performed in

Sect. 7. The paper is concluded in Sect. 8.

2 Preliminaries

2.1 Type-2 fuzzy sets

In 1975, the concept of a T2FS was introduced by Zadeh

[27] as an extension of the concept of an ordinary fuzzy

set (henceforth called a T1FS). A T2FS is characterized

by a fuzzy membership function; i.e., the membership

grade for each element of this set is a fuzzy set in [0, 1],

unlike a T1FS where the membership grade is a crisp

number in [0, 1]. Such sets can be used in situations

where there is uncertainty about the membership grades
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themselves, e.g., an uncertainty in the shape of the

membership function or in some of its parameters. Con-

sider the transition from ordinary sets to fuzzy sets. When

we cannot determine the membership of an element in a

set as 0 or 1, we use fuzzy sets of type-1. Similarly, when

the situation is so fuzzy that we have trouble determining

the membership grade even as a crisp number in [0, 1],

we use fuzzy sets of type-2 (cf. Li et al. [28]).

Example 1 Let us consider the case of a fuzzy set char-

acterized by a Gaussian membership function (in Fig. 1)

with mean m and standard deviation r that can take values

in r 2 ½r1; r2�, i.e.,

lðxÞ ¼ exp �ðx� lÞ2

2r2

 !
; r 2 ½r1; r2� ð1Þ

Let us now consider the domain elements of the primary

memberships of x (denoted by l1) and membership grades

of these primary memberships which is secondary mem-

berships of x [denoted by l2ðx; l1Þ;l1 2 ½0; 1�]. So, for a
fixed x, we get a T1FS whose domain elements are primary

memberships of x and whose corresponding membership

grades are secondary memberships of x. If we assume that

the secondary memberships follow a Gaussian with mean

m(x) and standard deviation rm, as in Fig. 2, we can

describe the secondary membership function for each x as

l2ðx; l1Þ ¼ exp �ðl1 � mðxÞÞ2

2r2m

 !
ð2Þ

The Gaussian type-2 fuzzy set is depicted in Fig. 3 and

another way of viewing type-2 membership functions is in

a three-dimensional fashion, in which we can better

appreciate the idea of type-2 fuzziness. The three-dimen-

sional view of a type-2 Gaussian membership function is

shown in Fig. 4.

Fig. 1 A type-2 fuzzy set

representing a type-1 fuzzy set

with uncertain standard

deviation

Fig. 2 A type-2 fuzzy set

representing a type-1 fuzzy set

with uncertain mean
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Definition 1 A Gaussian type-2 fuzzy set is one in which

the membership grade of every domain point is a Gaussian

T1FS contained in [0, 1].

2.2 Possibility and credibility measures on type-2

fuzzy variables

Let C be the universe of discourse. An ample field A on C
is a class of subsets of C that is closed under arbitrary

unions, intersections and complements in C.
Let Pos : A �! ½0; 1� be a set function on the ample field

A. Pos is said to be a possibility measure if it satisfies the

following conditions:

P1: PosðUÞ ¼ 0 and PosðCÞ ¼ 1.

P2: For any subclass fAiji�Ig of A (finite, countable or

uncountable),

Pos
[
i¼I

Ai

 !
¼ sup

i¼I

PosðAiÞ ð3Þ

The triplet (C;A, Pos) is referred to as a possibility space,

in which a credibility measure is defined as

CrðAÞ ¼ 1

2
1þ PosðAÞ � PosðAcÞð Þ; A 2 A ð4Þ

If ðC;A, Pos) is a possibility space, then an m-ary regular

fuzzy vector ~n ¼ ðn1; n2; . . .; nm) is defined as a measurable

Fig. 3 A type-2 fuzzy set in

which the membership grade of

every domain point is a

Gaussian T1FS

Fig. 4 Three-dimensional view

of a T2FS membership function
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map from C to the space ½0; 1�m in the sense that for every

t ¼ ðt1; t2; . . .; tmÞ 2 ½0; 1�m, one has

c 2 C j ~nðcÞ� t
n o

¼ c 2 C j ~n1ðcÞ� t1; ~n2ðcÞ� t2; . . .;
n
~nmðcÞ� tm

o
2 A ð5Þ

When m ¼ 1;
~~n is called a regular fuzzy type-2 variable

(RT2FV). In this paper, we denote by R([0, 1]) the col-

lection of all RT2FVs on [0, 1].

Example 2 If ~n has the following possibility distribution:

~n�
r1 r2 . . . rn

l1 l2 . . . ln

� �

where for each i ¼ 1; 2; . . .; n; ri�½0; 1�; ni [ 0, and

maxni¼1 li ¼ 1, then ~n is a discrete RFV. If ~n ¼
ðr1; r2; r3; r4Þ with 0� r1\r2\r3\r4 � 1, then ~n is a

trapezoidal RFV. If ~n ¼ ðr1; r2; r3Þ with 0\r1\r2\r3 � 1,

then ~n is a triangular RFV.

For example (in Fig. 5), if ~n is defined as

~n ¼
1; with possibility ð0:1; 0:2; 0:4Þ
4; with possibility ~1

8; with possibility ð0:1; 0:3; 0:5; 0:7Þ

8><
>:

then ~n is a type-2 fuzzy variable that takes on the values

1, 4 and 8 with possibilities ð0:1; 0:2; 0:4Þ; ~1 and

(0.1, 0.3, 0.5, 0.7), respectively.

3 Defuzzification methods for type-2 fuzzy
variables (T2FVs)

For application purpose, some detailed defuzzification

methods for T2FVs will be introduced in this section, which

can be conceived as a simplification process for twofold

uncertain information. Based on this, a type-2 fuzzy variable

can be easily converted into a type-1 fuzzy variable with the

aid of reduction methods (1) mean reduction method and (2)

CV reduction method.
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Fig. 5 Fuzzy type-2 variable ~A

Neural Comput & Applic (2017) 28:2703–2726 2707

123



3.1 Mean reduction methods

A type-2 fuzzy number should be defuzzified before

applying in practical problems. For this purpose, some

defuzzification methods have been presented in the litera-

ture such as Karnik and Mendel [7] and Liu [8]. In this

section, we suggest a new reduction methods for a type-2

fuzzy variable. Compared with the existing methods in the

literature, the proposed methods are easy to use in building

the model with type-2 fuzzy coefficients. We call the above

methods as the mean reduction methods for the type-2

fuzzy variable n. According to the definition of the

expectation (Qin et al. [18]) of fuzzy variables, if ~n ¼
ðr1; r2; r3Þ is a triangular RT2FV, then we have

E�½n� ¼ r2 þ r3

2
; E�½n� ¼

r1 þ r2

2
; E½n� ¼ r1 þ 2r2 þ r3

4

ð6Þ

In the following, we discuss the mean reductions for a

T2FVs.

Theorem 1 Let ~g be a GT2FV Nðl; r2; hl; hrÞ. Then, we
have

(1) With E� reduction method, the reduction g1 of eg has

the following distribution

(2) With E� reduction method, the reduction g2 of eg has

the following distribution

(3) With E reduction method, the reduction g3 of eg has

the following distribution

lg1ðxÞ ¼

ð2þ hrÞ exp �ðx� lÞ2

2r2

 !

2
; if x� l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

ð2� hrÞ exp �ðx� lÞ2

2r2

 !
þ hr

2
; if l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:

lg2ðxÞ ¼

ð2� hlÞ exp �ðx� lÞ2

2r2

 !

2
; if x� l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

ð2þ hlÞ exp �ðx� lÞ2

2r2

 !
� hl

2
; if l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:

lg3ðxÞ ¼

ð4þ hr � hlÞ exp �ðx� lÞ2

2r2

 !

4
; if x� l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

ð4� hr þ hlÞ exp �ðx� lÞ2

2r2

 !
þ hr � hl

4
; if l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:
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Proof We only prove (1). The rest can be proved simi-

larly. Since ~g is a GT2FV, the secondary possibility dis-

tribution l~gðxÞ of ~n is the following RFV

exp �ðx� lÞ2

2r2

 !
� hl min 1� exp �ðx� lÞ2

2r2

 !
;

( 

exp �ðx� lÞ2

2r2

 !)
; exp �ðx� lÞ2

2r2

 !
;

exp �ðx� lÞ2

2r2

 !
þ hr min 1� exp �ðx� lÞ2

2r2

 !
;

(

exp �ðx� lÞ2

2r2

 !)!

For any x 2 R. If we denote g1 as E reduction of ~g, then by

(6), we have

which completes the proof of assertion (1). h

Example 3 If ~n ¼ Nð2; 0:5; 0:8; 0:2Þ be a GT2FV, then the
ln1 ; ln2 ; ln3 of mean reduction method are graphically rep-

resented in Fig. 6 and the corresponding support of ~n in Fig. 7.

Example 4 Let ~n be a GT2FV defined as
~n ¼ Nð2; 0:5; 0:2; 0:8Þ, and suppose n1; n2; and n3 are

E�;E� and E reductions of ~n. respectively. Then according

to Theorem 1, we have

lg1 ¼ Posfg1 ¼ xg ¼ r2 þ r3

2

¼
exp � ðx�lÞ2

2r2

� �
þ exp � ðx�lÞ2

2r2

� �
þ hr min 1� exp � ðx�lÞ2

2r2

� �
; exp � ðx�lÞ2

2r2

� �n o
2

¼

ð2þ hrÞ exp �ðx� lÞ2

2r2

 !

2
; if x� l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

ð2� hrÞ exp �ðx� lÞ2

2r2

 !
þ hr

2
; if l� r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:

Fig. 6 ln1 ;ln2 ;ln3 of mean reduction method

ln1ðxÞ ¼

2:8 exp �ðx� 2Þ2

0:5

 !

2
; if x� 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� 2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

0:9 exp �ðx� 2Þ2

0:5

 !
þ 0:8

2
; if 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:
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(2) With E� reduction method, the reduction n2 of en has

the following distribution

(3) With E reduction method, the reduction n3 of en has

the following distribution

Theorem 2 Let ni be E reduction of the GT2FV
~ni ¼ Nðli; r2i ; hl;i; hr;iÞ. Suppose n1; n2; . . .; nn are mutually

independent, and hr;1 � hl;1 � hr;2 � hl;2 � � � � � hr;n � hl;n
and ki � 0 for i ¼ 1; 2; . . .; n.

(1) if a 2 ð0; ð4þ hr;1 � hl;1Þ=16�, then Crf
Pn

i¼1 ki
ni � tg� a is equivalent toXn
i¼1

ki li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hr;i � hl;iÞ � 2 ln 8a

q� �
� t

(2) if a 2 ðð4þ hr;n � hl;nÞ=16; 0:05�, then Crf
Pn

i¼1

kini � tg� a is equivalent to

ln2ðxÞ ¼

1:8 exp �ðx� 2Þ2

0:5

 !

2
; if x� 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� 2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

2:2 exp �ðx� 2Þ2

0:5

 !
� 0:2

2
; if 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:

ln3ðxÞ ¼

4:6 exp �ðx� 2Þ2

0:5

 !

4
; if x� 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� 2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

3:4 exp �ðx� 2Þ2

0:5

 !
þ 0:6

4
; if 2� 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\2þ 0:5

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:
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Fig. 7 Support of n in Example 2
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Xn
i¼1

ki li � rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hr;i þ hl;iÞÞ � 2 lnð8a� hr;i þ hl;iÞ

q �
� t

(3) if a 2 ð0:5; ð12� hr;n � hl;nÞ=16�, then Crf
Pn

i¼1 ki
ni � tg� a is equivalent to

Xn
i¼1

ki li þ rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hr;i þ hl;iÞ � 2 ln 2ð8ð1� aÞ � hr;i þ hl;iÞ

q �
� t;

(4) if a 2 ðð12� hr;n � hl;nÞ=16; 1�, then Crf
Pn

i¼1 kini
� tg� a is equivalent toXn
i¼1

ki li þ rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hr;i � hl;iÞ � 2 ln 8ð1� aÞ

q �
� t

Proof We only prove (3) and (4). The rest can be proved

similarly. Since n is the E reduction of the type-2 normal

fuzzy variable ~ni for i ¼ 1; 2; . . .; n, their possibility dis-

tributions are as follows

for i ¼ 1; 2; . . .; n. Let n ¼
Pn

i¼1 kini, if a� 0:5, thenwehave

Cr
Xn
i¼1

kini � t

( )
¼ 1

2
1þ sup

x� t
lnðxÞ � sup

x[ t
lnðxÞ

� �

¼ 1

2
1þ 1� sup

x[ t
lnðxÞ

� �

¼ 1

2
2� sup

x� t
lnðxÞ

� �

Thus, Crf
Pn

i¼1 kini � tg� a is equivalent to

sup
x� t

lnðxÞ� ð2� 2aÞ

If we denote nsupðaÞ ¼ supfrj supx� r lnðxÞ� ag for

a 2 ð0; 1�, then we have

nsupð2� 2aÞ� t

Since n1; n2; . . .; nn are mutually independent, we have

nsupð2� 2aÞ ¼
Xn
i¼1

kini

 !
sup

ð2� 2aÞ

¼
Xn
i¼1

kini supð2� 2aÞ� t

ð7Þ

If 2� 2a�ð4þ hr;i � hl;iÞ=8, i.e., a 2 ð0:5; ð12� hr;i þ
hl;iÞ= 16Þ, then for each i; ni;supð2� 2aÞ is the solution of

the following equation

ð4� hr;i þ hl;iÞ exp � ðx�lÞ2
2r2

� �
þ hr;i � hl;i

4
� ð2� 2aÞ ¼ 0

ð8Þ

Solving the above equation, we have

nsupð2� 2aÞ

¼ li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hr;i þ hl;iÞ � 2 lnð8ð1� aÞ � hr;i þ hl;iÞ

q
ð9Þ

On the other hand, if 2� 2a\ð4þ hr;i � hl;iÞ=8, i.e.,

a 2 ð12� hr;i þ hl;iÞ=16; 1Þ. Then for each i; n
i;sup

2 ð2�
2aÞ is the solution of the following equation

ð4þ hr;i � hl;iÞ exp � ðx�lÞ2
2r2

� �
4

� ð2� 2aÞ ¼ 0

Solving the above equation gives

nsupð2� 2aÞ ¼ li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hr;i � hl;iÞ � 2 ln 8ð1� aÞ

q

Note that hr;1 � hl;1 � hr;2 � hl;2 � � � � � hr;n � hl;n and

ki � 0 for i ¼ 1; 2; . . .; n. We have the following results. If

ð4þ hr;n � hl;nÞ=8�ð2� 2aÞ� 1, then ð2� 2a�ð4þ hr;i
�hl;iÞ=8, for i ¼ 1; 2; . . .; n. Therefore, if a 2 ð0:5;
ð12� hr;i � hl;iÞ=16�, then Crf

Pn
i¼1 kini � tg� a is equiv-

alent to

ln3ðxÞ ¼

ð4þ hr;i � hl;iÞ exp �ðx� liÞ
2

2r2i

 !

4
; if x� li � ri

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� li þ ri

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

ð4� hr;i þ hl;iÞ exp �ðx� liÞ2

2r2i

 !
þ hr;i � hl;i

4
; if li � ri

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\li þ ri

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>><
>>>>>>>>:
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Xn
i¼1

ki li þ rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hr;i þ hl;iÞ � 2 ln 2ð8ð1� aÞ � hr;i þ hl;iÞ

q �
� t

ð10Þ

If 2� 2a\ð4þ hr;1 � hl;1Þ=8, then 2� 2a�ð4þ hr;i �
hl;iÞ=8 for i ¼ 1; 2; . . .; n. Therefore, if a 2 ðð12�
hr;i � hl;iÞ=16; 1�, then Crf

Pn
i¼1 kini � tg� a is equivalent

to

Xn
i¼1

ki li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hr;i � hl;iÞ � 2 ln 8ð1� aÞ

q� �
� t

ð11Þ

h

3.2 CV reduction method

Because of fuzziness in membership function of T2FS,

computational complexity is very high to deal with T2FS. A

general idea to reduce its complexity is to convert a T2FS into

a T1FS so that the methodologies to deal with T1FSs can also

be applied to T2FSs. Qin et al. [18] proposed a CV-based

reduction method which reduces a type-2 fuzzy variable to a

type-1 fuzzy variable (may or may not be normal). Let n be a
T2 FV with secondary possibility distribution function elnðxÞ
(which represents a RFV). The method is to introduce the

critical values (CVs) as representing values for RFV

CV�½elnðxÞ�, CV�½elnðxÞ� or CV½elnðxÞ�, and so corresponding
type-1 fuzzy variables (T1FVs) are derived using theseCVsof

the secondary possibilities. Then, these methods are respec-

tively called optimistic CV reduction, pessimistic CV reduc-

tion and CV reduction method (in Fig. 3).

3.3 Critical values for RFVs

In this section, we define three kinds of CVs for an RFV by

using a fuzzy integral

Definition 2 Let n be an RFV. Then, the optimistic CV of

n, denoted by CV�½n�, is defined as

CV�½n� ¼ sup
a2½0;1�

½a ^ Posðn� aÞ�; ð12Þ

while the pessimistic CV of n, denoted by CV�½n�, is

defined as

CV�½n� ¼ sup
a2½0;1�

½a ^ Necðn� aÞ�; ð13Þ

The CV of n , denoted by CV[n], is defined

CV½n� ¼ sup
a2½0;1�

½a ^ Crðn� aÞ�; ð14Þ

Example 5 Let n be a discrete RFV with the following

possibility distribution:

n�
0:1 0:3 0:6 0:8

0:2 1 0:5 0:7

� �

Then it is easy to compute that

Posðn� aÞ ¼
1; if a� 0:3

0:7; if 0:3\a� 0:8

0; if 0:8\a� 1

8><
>:

Necðn� aÞ ¼
1; if a� 0:1

0:8; if 0:1\a� 0:3

0; if 0:3\a� 1

8><
>:

and

Crðn� aÞ ¼

1; if a� 0:1

0:9; if 0:1\a� 0:3

0:35; if 0:3\a� 0:8

0; if 0:8\a� 1

8>>><
>>>:

Therefore, by the definitions of CVs, we have

CV�½n� ¼

sup
a2½0;1�

½a^Posðn�aÞ�

sup
a2½0;0:3�

½a^ 1� _ sup
a2½0:3;0:8�

½a^ 0:7� _ sup
a2½0:8;1�

½a^ 0�

0:3_ 0:7_ 0¼ 0:7

8>>>><
>>>>:

CV�½n� ¼

sup
a2½0;1�

½a^Necðn�aÞ�

sup
a2½0;0:1�

½a^ 1� _ sup
a2½0:1;0:3�

½a^ 0:8� _ sup
a2½0:3;1�

½a^ 0�

0:1_ 0:3_ 0¼ 0:3

8>>>><
>>>>:

and

CV½n� ¼

sup
a2½0;1�

½a ^ Crðn� aÞ�

sup
a2½0;0:1�

½a ^ 1� _ sup
a2½0:1;0:3�

½a ^ 0:9� _ sup
a2½0:3;0:8�

½a ^ 0:35� _ sup
a2½0:8;1�

½a ^ 0�

0:1 _ 0:3 _ 0:35 _ 0 ¼ 0:35

8>>>><
>>>>:
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The following theorem presents the formulas for CVs of a

trapezoidal RFV.

Theorem 3 (Qin et al. [18]) Let n be a type-2 normal

fuzzy variable Nðl; r2; hl; hrÞ. Then, we have

(1) Using the optimistic CV reduction method, the

reduction n1 of en has the following possibility

distribution:

(2) Using the pessimistic CV reduction method, the

reduction n2 of en has the following possibility

distribution:

ln1ðxÞ ¼

ð1þ hrÞ exp �ðx� lÞ2

2r2

 !

1þ hr exp �ðx� lÞ2

2r2

 ! ; if x� l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

hr þ ð1� hrÞ exp �ðx� lÞ2

2r2

 !

1þ hr � hr exp �ðx� lÞ2

2r2

 ! ; if l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ln2ðxÞ ¼

exp �ðx� lÞ2

2r2

 !

1þ hl exp �ðx� lÞ2

2r2

 ! ; if x� l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

exp �ðx� lÞ2

2r2

 !

1þ hl � hl exp �ðx� lÞ2

2r2

 ! ; if l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:
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(3) Using the CV reduction method, the reduction n3 ofen has the following possibility distribution:

Theorem 4 (Qin et al. [18]) Let n be the reduction of the

type-2 fuzzy variable n ¼ eNðli; r2i ; hl;i; hr;iÞ obtained by the

CV reduction method for i ¼ 1; 2; . . .; n. Suppose

n1; n2; . . .; nn are mutually independent, and ki � 0 for

i ¼ 1; 2; . . .; n.

(1) Given the generalized credibility level a 2 ð0; 0:5�, if
a 2 ð0; 0:25�, then Crf

Pn
i¼1 kini � tg� a is equiva-

lent toXn
i¼1

ki li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhr;iÞ � 2 ln2a

q� �
� t;

if a 2 ð0:25; 0:50�, then Crf
Pn

i¼1 kini � tg� a is

equivalent to

Xn
i¼1

ki li � rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 1Þhr;iÞ � 2 lnð2aþ 4a� 1Þhl;i

q �
� t;

(2) Given the generalized credibility level a 2 ð0:5; 1�, if
a 2 ð0:5; 0:75�, then Crf

Pn
i¼1 kini � tg� a is equiv-

alent to

Xn
i¼1

ki li þ rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhl;iÞ � 2 ln 2ða� 1Þ þ ð3� 4aÞhr;i

q �
� t;

if a 2 ð0:75; 1�, then Crf
Pn

i¼1 kini � tg� a is equiv-

alent toXn
i¼1

ki li þ rið

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhl;iÞ � 2 ln 2ð1� aÞ

q �
� t;

Example 6 (Using the same data from Example 3) If ~n ¼
Nð2; 0:5; 0:8; 0:2Þ be a Gaussian FT2 variable, then from

Example 2 ln1 ; ln2 ; ln3 of mean reduction method are

graphically represented in Fig. 8 and the corresponding

support of n in Fig. 9.

ln3ðxÞ ¼

ð1þ hrÞ exp �ðx� lÞ2

2r2

 !

1þ 2hr exp �ðx� lÞ2

2r2

 ! ; if x� l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
or x� lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

hr þ ð1� hlÞ exp �ðx� lÞ2

2r2

 !

1þ 2hl � 2hl exp �ðx� lÞ2

2r2

 ! ; if l� r
ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
\x\lþ r

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:
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Fig. 8 ln1 ;ln2 ;ln3 of CV reduction method
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Fig. 9 Support of n in Example 6
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Theorem 5 (Qin et al. [18]) Let n be a Gaussian RFV

with the following possibility distribution:

lnðxÞ ¼ exp �ðx� lÞ2

2r2

 !
; x 2 ½0; 1�: ð15Þ

(1) If l ¼ 1, then CV�½n� ¼ 1, and if 0� l� 1, then

CV�½n� is the solution of the following equation:

ða� lÞ2 þ 2r2 ln a ¼ 0:

(2) If l ¼ 0, then CV�½n� ¼ 0, and if 0� l� 1, then

CV�½n� is the solution of the following equation:

ða� lÞ2 þ 2r2 lnð1� aÞ ¼ 0:

(3) If l ¼ 0:5, then CV½n� ¼ 0:5, and if 0:5� l� 1, then

CV½n� is the solution of the following equation:

ða� lÞ2 þ 2r2 ln 2ð1� aÞ ¼ 0:

Example 7 The CVs of a Gaussian RFV can be evaluated

by the Newton–Rapshon method. Consider the following

possibility distribution as:

lnðxÞ ¼ exp �ðx� 3Þ2

18

 !
; x 2 ½0; 1�: ð16Þ

Using Theorem 5, we compute CV�½n� ¼ 0:7559;CV�½n� ¼
0:3275 and CV½n� ¼ 0:6336.

4 Notations and abbreviations

In this investigation, a two-stage transportation problem

(TP) consisting of manufacturer, distribution centers (DCs)

and customers are considered. Here, products from each

manufacturer are transported to each DC and the item from

a DC is transported to a specific customer only. The pur-

chasing and selling prices of the items and the respective

transportation costs are considered, and TP is formulated as

a maximization problem. In this TP, the following nota-

tions are used:

(1) P ¼ number of product (indexed i ¼ 1; 2; . . .;P).

(2) M ¼ number of origins/plants/manufacturers of the

TP (indexed j ¼ 1; 2; . . .;M) from which the

humanitarian products are shipped.

(3) N ¼ number of distribution centers (DCs) (indexed

k ¼ 1; 2; . . .;N).
(4) R ¼ number of customers (indexed l ¼ 1; 2; . . .;R).

(5) ~aij ¼ capacity for i-th product at the j-th manufac-

turer, which is GT2FVs in nature (ton).

(6) ~dil ¼ demand for i-th product by the l-th customer,

which is GT2FVs in nature (ton).

(7) ~cijk ¼ unit transportation cost for i-th product from

j-th manufacturer to the k-th DC ($/ton).

(8) gikl ¼ unit transportation cost for i-th product from

k-th DC to the l-th customer($/ton).

(9) xijk ¼ the amount (tons) to be transported from j-th

manufacturer to k-th DC for the i-th product

(decision variables).

(10) ~fk ¼ each DC has an associated fixed cost ($).

(11) Zk ¼ an open indicator, which take the value 0 or 1

by the decision maker.

(12) Ykl ¼ Each k-th customer is served by one DC.

(13) ~sk ¼ selling price of the product at the k-th

destination ($/unit).

(14) ~B ¼ total budget of the TP ($).

(15) ~pj ¼ the purchasing price of the item at jth

manufacturer ($/unit).

(16) TF ¼ total profit in the problem ($).

(17) RA ¼ total received amount at the customer (ton).

5 Formulation of Gaussian type-2 fuzzy
transportation problem (GT2FTP)

In this model, we maximize total profit (TF) over a three-

tiered distribution system (in Fig. 10) consisting of plants,

distribution centers and customers. Plants produce multiple

products that are shipped to distribution centers. If a dis-

tribution center is used, then a fixed cost is charged. Cus-

tomers are supplied by a single distribution center. The

GT2FTP is formulated as

max TF ¼
XP
i¼1

XM
j¼1

XN
k¼1

ð~sk � ~pj � ecijkÞxijk� �

þ
XP
i¼1

XN
k¼1

XR
l¼1

gikl 	 ~dil 	 Ykl
� �

þ
XN
k¼1

~fk 	 Zk
� �

s:t
XN
k¼1

xijk � eaij; 8i; j

XM
j¼1

xijk �
XR
l¼1

edil 	 Ykl; 8i; k

ð17Þ

XP
i¼1

XM
j¼1

XN
k¼1

~pjxijk � ~B

XN
k¼1

Ykl ¼ 1; 8l; xijk � 0:

ð18Þ
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For the objective function TF is concerning with transporta-

tion cost ~cijk, purchasing price ~pj, selling price ~sk, fixed-charge

cost ~fk, total supply ~ail, and total demand dil, represents

GT2FVs in nature.

5.1 Crisp equivalences

Suppose that the ~cijk, ~aij, ~fk, ~dil are all mutually independent

type-2 Gaussian fuzzy variables defined by ~cijk ¼ ðlcijk ;
r2cijk ; hcijkl ; hcijkr Þ, ~dil ¼ ðlbil ; r2bil ; hbill ; hbilr Þ, ~fk ¼ ðlfk ; r2fk ;
hfkl ; h

fk
r Þ, ~dil ¼ ðlbil ; r2bil ; hbill ; hbilr Þ, respectively. Applying

chance constraint programming in the above GT2FTP, we

obtain the equivalent crisp problem as:

min f

s:t Cr
XP
i¼1

XM
j¼1

XN
k¼1

ð~sk � ~pj � ecijkÞxijk� �(

þ
XP
i¼1

XN
k¼1

XR
l¼1

gikl 	 ~dil 	 Ykl
� �

þ
XN
k¼1

~fk 	 Zk
� �

� f

)
� a

Cr
XN
k¼1

xijk � eaij
( )

� bij; 8i; j

Cr
XM
j¼1

xijk �
XR
l¼1

edil 	 Ykl

( )
� cil; 8i; k ð19Þ

Cr
XP
i¼1

XM
j¼1

XN
k¼1

~pjxijk � ~B

( )
� g and ð18Þ: ð20Þ

where a; bi; cj; gk and d are different optimistic levels

which are to be chosen by decision maker (DM). Then, the

above model can be solved by the following mean reduc-

tion method and CV reduction method.

5.1.1 Using mean reduction method

Case 1: 0\a� 0:25: then, the equivalent parametric pro-

gramming problem for the model representation is

min f

s:t

	XP
i¼1

XM
j¼1

XN
k¼1



lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hskr;j � hskl;jÞ � 2 ln 8a

q� �

�ðlpji � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hpjr;i þ hpjl;iÞ � 2 ln 8a

q
Þ

� lcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hcijkr;j � hcijkl;j Þ � 2 ln 8a

q� ��
	 xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hdilr;j � hdill;j Þ � 2 ln 8a

q �

	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hfkr;j � hfkl;jÞ � 2 ln 8a

q �
	 Zk

�
� f

ð21Þ

and

PN
k¼1

xijk �Faij ; 8i; j

PM
j¼1

xijk �
PR
l¼1

Fdil	Ykl ; 8i; k

PP
i¼1

PM
j¼1

PN
k¼1

F~pjxijk �F ~B and ð18Þ:

8>>>>>>>><
>>>>>>>>:

ð22Þ

Fig. 10 Multiproduct

transportation problem
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where

where F~pj and F ~B can be written from the above two

equations.

Case 2: 0:25\a� 0:5: then, the equivalent parametric

programming problem for the model representation is

Case 3: 0:5\a� 0:75: then, the equivalent parametric

programming problem for the model representation is

Faij ¼

laijij � raijij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ haijr;ij � haijl;ijÞ � 2 ln 8bij

q
; if bij 2

	
0; 0:25

�
;

l
aij
ij � raijij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� haijr;ij þ haijl;ijÞÞ � 2 lnð8bij � haijr;i þ haijl;ijÞ

q
; if bij 2

�
0:25; 0:50

�
;

laijij þ raijij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� haijr;ij þ haijl;ijÞ � 2 lnð8ð1� bijÞ � haijr;i þ haijl;ijÞ

q
; if bij 2

�
0:50; 0:75

�
;

laijij þ raijij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ haijr;ij � haijl;ijÞ � 2 ln 8ð1� bijÞ

q
; if bij 2

	
0:75; 1

�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Fdil ¼

ldilil � rdilij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hdilr;il þ hdill;ilÞ � 2 ln 8cil

q
; if cil 2

	
0; 0:25

�
;

ldilil � rdilij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4þ hdilr;i � hdill;i ÞÞ � 2 lnð8cil þ hr;il � hl;ilÞ

q
; if cil 2

�
0:25; 0:50

�
;

ldilil þ rdilij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hdilr;i � hdill;i Þ � 2 lnð8ð1� cilÞ þ hr;il � hl;ilÞ

q
; if cil 2

�
0:50; 0:75

�
;

ldilil þ rdilij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð4� hdilr;i þ hdill;i Þ � 2 ln 8ð1� cilÞ

q
; if cil 2

	
0:75; 1

�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

min f

s:t

	XP
i¼1

XM
j¼1

XN
k¼1



lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hskr;j þ hskl;j

� �
� 2 ln 8a� hskr;j þ hskl;j

� �r� �

� l
pj
i � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hpjr;i � hpjl;i

� �
� 2 ln 8aþ h

pj
r;i � hpjl;i

� �r� �

� lcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hcijkr;j � hcijkl;j

� �
� 2 ln 8aþ hcijkr;j � hcijkl;j

� �r� ��
	 xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hdilr;j � hdill;j

� �
� 2 ln 8aþ hdilr;j � hdill;j

� �r �
	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hfkr;j � hfkl;j

� �
� 2 ln 8aþ hfkr;j � hfkl;j

� �r �
	 Zk

�
� f

and ð22Þ ð23Þ
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Case 4: 0:75\a� 1:0: Then, the equivalent parametric

programming problem for the model representation is

min f

s:t

	XP
i¼1

XM
j¼1

XN
k¼1



lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hskr;j þ hskl;j

� �
� 2 ln 8ð1� aÞ � hskr;j þ hskl;j

� �r� �

� lpji � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hpjr;i � hpjl;i

� �
� 2 ln 8ð1� aÞ þ hpjr;i � hpjl;i

� �r� �

� lcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hcijkr;j � hcijkl;j

� �
� 2 ln 8ð1� aÞ þ hcijkr;j � hcijkl;j

� �r� ��
	 xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hdilr;j � hdill;j

� �
� 2 ln 8ð1� aÞ þ hdilr;j � hdill;j

� �r �
	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hfkr;j � hfkl;j

� �
� 2 ln 8ð1� aÞ þ hfkr;j � hfkl;j

� �r �
	 Zk

�
� f

and ð22Þ ð24Þ

min f

s:t

	XP
i¼1

XM
j¼1

XN
k¼1



lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4þ hskr;j � hskl;j

� �
� 2 ln 8ð1� aÞ

r� �

� l
pj
i � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hpjr;i þ hpjl;i

� �
� 2 ln 8ð1� aÞ

r� �

� lcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hcijkr;j þ hcijkl;j

� �
� 2 ln 8ð1� aÞ

r� ��
	 xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hdilr;j þ hdill;j

� �
� 2 ln 8ð1� aÞ

r �
	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln 4� hfkr;j þ hfkl;j

� �
� 2 ln 8ð1� aÞ

r �
	 Zk

�
� f

and ð22Þ ð25Þ
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5.1.2 Using CV reduction method

Case 1: 0\a� 0:25: Then, the equivalent parametric

programming problem for the model representation is

and

PN
k¼1

xijk �Faij ; 8i; j

PM
j¼1

xijk �
PR
l¼1

Fdil	Ykl ; 8i; k

PP
i¼1

PM
j¼1

PN
k¼1

Fpj 	 xijk �FB and ð18Þ

8>>>>>>>><
>>>>>>>>:

ð27Þ

where X ¼ ðlX ; r2X ; hXr ; hXr Þ ¼, ~aij, ~B, Y ¼ ðlY ; r2Y ; hYr ; hYr Þ
¼ ~pi, ~dil, the different optimistic labels k ¼ b

ij
; c

il
; g and

FX ¼

li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhr;iÞ � 2 ln 2k

p
; if k 2

	
0; 0:25

�
;

li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4k� 1Þhl;iÞÞ � 2 lnð2kþ ð4k� 1Þhl;iÞ

p
; if k 2

�
0:25; 0:50

�
;

li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4kÞhl;iÞ � 2 lnð2ð1� kÞ þ ð3� 4kÞhl;iÞ

p
; if k 2

�
0:50; 0:75

�
;

li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4k� 3Þhr;iÞ � 2 ln 2ð1� kÞ

p
; if k 2

	
0:75; 1

�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

FY ¼

li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhl;iÞ � 2 ln 2k

p
; if k 2

	
0; 0:25

�
;

li � ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4k� 1Þhr;iÞÞ � 2 lnð2kþ ð4k� 1Þhr;iÞ

p
; if k 2

�
0:25; 0:50

�
;

li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4kÞhr;iÞ � 2 lnð2ð1� kÞ þ ð3� 4kÞhr;iÞ

p
; if k 2

�
0:50; 0:75

�
;

li þ ri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4k� 3Þhl;iÞ � 2 ln 2ð1� kÞ

p
; if k 2

	
0:75; 1

�

8>>>>>>>>>>>><
>>>>>>>>>>>>:

max f1

s:t

	XM
i¼1

XN
j¼1

XK
k¼1


�
lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhskr;jÞÞ � 2 ln 2a

q

� ðlpji � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhpjl;iÞ � 2 ln 2a

q
Þ

� ðlcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhcijkl;ijkÞ � 2 ln 2a

q �
xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞ � hdill;ilÞ � 2 ln 2a

q �
	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhfkl;k � 2 ln 2a

q �
	 Zk

�
� f

1
ð26Þ
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Case 2: 0:25\a� 0:5: then, the equivalent parametric

programming problem for the model representation is

Case 3: 0:5\a� 0:75: Then, the equivalent parametric

programming problem for the model representation is

max f1

s:t

	XM
i¼1

XN
j¼1

XK
k¼1


�
lskj � rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 1Þhskl;jÞ � 2 lnð2aþ ð4a� 1Þhskl;jÞ

q

� ðlpji � rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 1Þhpjr;iÞ � 2 lnð2aþ ð4a� 1Þhpjr;i

q
Þ

� ðlcijkijk � rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 1Þhcijkr;ijkÞ � 2 lnð2aþ ð4a� 1Þhcijkr;ijkÞ

q
Þ
�
xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil � rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞ � hdill;ilÞ � 2 lnð2aþ ð4a� 1Þhdilr;ilÞ

q �
	 gikl 	 Ykl

�
XN
k¼1



lfkk � rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð1� 4aÞhfkl;k � 2 lnð2aþ ð4a� 1Þhfkr;ilÞ

q �
	 Zk

�
� f

1

and ð27Þ ð28Þ

max f1

s:t

	XM
i¼1

XN
j¼1

XK
k¼1


�
lskj þ rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhskl;jÞ � 2 lnð2ð1� aÞ þ ð3� 4aÞhskl;jÞ

q

� ðlpji þ rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhpjr;iÞ � 2 lnð2ð1� aÞ þ ð3� 4aÞhpjr;i

q
Þ

� ðlcijkijk þ rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhcijkr;ijkÞ � 2 lnð2ð1� aÞ þ ð3� 4aÞhcijkr;ijk

q
Þ
�
xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil þ rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhdilr;ilÞ � 2 lnð2ð1� aÞ þ ð3� 4aÞhdilr;ilÞ

q �
	 gikl 	 Ykl

�
XN
k¼1



lfkk þ rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð3� 4aÞhfkl;k � 2 lnð2ð1� aÞ þ ð3� 4a� 1Þhfkr;ilÞ

q �
	 Zk

�
� f

1

and ð27Þ ð29Þ
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Case 4: 0:75\a� 1:0: then, the equivalent parametric

programming problem for the model representation is

The above deterministic problems has been solved by the

following soft computing technique.

5.2 Modified particle swarm optimization (MPSO)

A PSO normally starts with a set of solutions (called

swarm) of the decision-making problem under considera-

tion. Individual solutions are called particles, and food is

analogous to optimal solution. The particles are flown

through a multidimensional search space, where the posi-

tion of each particle is adjusted according to its own

experience and that of its neighbors. Each particle i has a

position vector (XiðtÞ), velocity vector (ViðtÞ), the position

vector at which the best fitness (XpbestiðtÞ) encountered by

the particle so far and the best position vector of all par-

ticles (XgbestðtÞ) in current generation t. In generation

(t þ 1), the position and velocity of the particle are changed

to Xiðt þ 1Þ and Viðt þ 1Þ using following rules:

Viðt þ 1Þ ¼ wViðtÞ þ l1r1ðXpbestiðtÞ � XiðtÞÞ
þ l2r2ðXgbestðtÞ � XiðtÞÞ ð31Þ

Xiðt þ 1Þ ¼ XiðtÞ þ Viðt þ 1Þ ð32Þ

The parameters l1 and l2 are set to constant values, which

are normally taken as 2, r1 and r2 are two random values

uniformly distributed in [0, 1], and wð0\w\1Þ is inertia
weight which controls the influence of previous velocity on

the new velocity.

In our study, this algorithm is modified by introducing

diversity in the initial population, using entropy originating

from information theory. After each iteration of the proposed

algorithm, search space is modified depending upon the

concentration of better individuals. The outline of the pro-

posed algorithm is presented below. In the algorithm, t is

generation counter, pc and pm are probability of crossover

and mutation, respectively,Maxgen is maximum number of

generation of the algorithm, S is population size, i.e., number

of solutions in the population, BlðtÞ is lower boundary vector
and BuðtÞ is upper boundary vector of initial search space,

andXiðtÞ is i-th solution vector. Check_constraint (Xi) check

whether solutionXi satisfies the constraints of the problem or

not. It returns 1 if constraints are satisfied by Xi otherwise it

returns 0. A separate subfunction is used for this purpose.

f ðXiðtÞÞ represents the fitness of solution Xi. ki represents

reduction factor of search space for i-th variable. XpbestiðtÞ
represents the position of i-th particle at which best fitness up

to t-th iteration is encountered. XgbestðtÞ represents the

position where best fitness is found up to generation t with

respect to all the particles.

max f1

s:t

	XM
i¼1

XN
j¼1

XK
k¼1


�
lskj þ rskj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 3Þhskr;jÞ � 2 ln 2ð1� aÞ

q

� ðlpji þ rpji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 3Þhpjl;iÞ � 2 ln 2ð1� aÞ

q
Þ

� ðlcijkijk þ rcijkijk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 3Þhcijkl;ijkÞ � 2 ln 2ð1� aÞ

q
Þ
�
xijk

�
XP
i¼1

XN
k¼1

XR
l¼1



ldilil þ rdilil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 3Þhdill;ilÞ � 2 lnð2ð1� aÞ

q �
	 gikl 	 Ykl

�
XN
k¼1



lfkk þ rfkil

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð1þ ð4a� 3Þhfkl;k � 2 lnð2ð1� aÞ

q �
	 Zk

�
� f

1

and ð27Þ ð30Þ
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The proposed crisp model presented earlier is solved by the

above-mentioned PSO.

6 Numerical experiment

6.1 Input data

In the experiments, assume that there are products P ¼ 2,

three plants M ¼ 3, four distributions centers N ¼ 4 and

five customers R ¼ 5. Let unit transportation costs, fixed-

charge costs, supplies and demands are Gaussian fuzzy

type-2 in nature, and these are given in Tables 1, 2, 3, 4 and

5. Here, total budget ~B ¼ ð2500; 50; hl; hrÞ, selling price

~sk ¼ ð80; 10; hl; hrÞ and purchasing cost ~pj ¼ ð10; 2; hl; hrÞ.
Also let the left and right spreads are hl ¼ 0:5 and hr ¼ 0:5,

respectively, for all Gaussian FT2 variables.

6.2 Optimum results

With the above input data, we solve the problems derived

in Sects. 5.1.1 and 5.1.2, using above-mentioned meta-

heuristic technique MPSO and gradient base optimization

technique-GRG (Lingo-14.0 software). The optimum

results are presented in Tables 6, 7, 8 and 9. To derive the

optimum results, we first use optimistic value criterion to

reduce type-2 fuzzy parameters with different confidence

level. Then, MPSO and GRG are used to derive the optimal

solutions with different values of a. The results are exe-

cuted on a personal computer with a 2.50 GHz CPU and 4

GB memory.

7 Discussion

From the our experiments, the determined compromise

solutions are different with different degrees. In order to

validate the proposedmodels, different optimistic results and

a sensitivity analyses are given in Tables 10 and 11 at the end

to demonstrate the applicability of the proposed methodol-

ogy (MPSO) and to provide some managerial insights. It

shows that the presented algorithm is efficient in searching

good solutions, and the obtained Pareto optimal solutions set

is acceptable for decision support systems. For minimum

transported cost, the selected unit transportation costs and the

transported amounts in different cells for eachmodel are also

presented in Tables 6, 7, 8 and 9 against different optimistic

labels of decision maker ð0� 0:25Þ; ð0:25� 0:50Þ
ð0:5� 0:75Þ; ð0:75� 1:0Þ. It may be noted that the optimum

value of TF, i.e., maximum profit for each model using mean

reduction method is greater than the maximum profit using

CV reduction method. A comparison of the results shows

that the PSOalgorithmperforms better than theGRG (Lingo-

14.0) algorithms in terms of the objective function values.

8 Conclusions and future research work

In this investigation, we have developed a multilevel dis-

tribution in a supply chain transportation problem (TP)

under Gaussian type-2 fuzzy (GT2F) environments. Here,

the supply capacities, demands and transportation capaci-

ties, unit transportation costs and fixed-charge costs are

supposed to be GT2F variables due to the instinctive

imprecision. Then, the TP is reformulated as profit maxi-

mization problem by the credibility optimization methods

via (1) mean reduction method and (2) CV-based reduction

method. The numerical experiments illustrated the appli-

cation and effectiveness of the proposed approaches. The

deterministic models are solved using MPSO and GRG.

The major new features of the paper include the fol-

lowing three aspects:

(1) For general fuzzy variables, we defined a generalized

credibility measure and discussed the properties of

the reduced fuzzy variables of type-2 normal fuzzy

variables.

Table 1 Plant capacities (in ton) ~aij

ð80; 5; hl; hrÞ ð40; 5; hl; hrÞ ð75; 5; hl; hrÞ
ð20; 5; hl; hrÞ ð60; 5; hl; hrÞ ð75; 5; hl; hrÞ

Table 2 Unit transportation

costs (in $) ~cijk
ð1; 0:9; hl; hrÞ ð3; 0:9; hl; hrÞ ð3; 0:9; hl; hrÞ ð5; 0:9; hl; hrÞ ð4; 0:9; hl; hrÞ ð4:5; 0:9; hl; hrÞ
ð1:5; 0:9; hl; hrÞ ð3:8; 0:9; hl; hrÞ ð2; 0:9; hl; hrÞ ð3:3; 0:9; hl; hrÞ ð2:2; 0:9; hl; hrÞ ð3:2; 0:9; hl; hrÞ
ð1; 0:9; hl; hrÞ ð2; 0:9; hl; hrÞ ð2; 0:9; hl; hrÞ ð5; 0:9; hl; hrÞ ð4; 0:9; hl; hrÞ ð4:6; 0:9; hl; hrÞ
ð1:3; 0:9; hl; hrÞ ð3:5; 0:9; hl; hrÞ ð1:8; 0:9; hl; hrÞ ð3; 0:9; hl; hrÞ ð3; 0:9; hl; hrÞ ð2; 0:9; hl; hrÞ

Table 3 Fixed-charge costs (in $) ~fk at each DC

ð100; 10; hl; hrÞ ð150; 10; hl; hrÞ ð160; 10; hl; hrÞ ð139; 10; hl; hrÞ
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Table 4 Shipping costs, DC to

customer (in $) gikl
5 5 3 2 4 5.1 4.9 3.3 2.5 2.7 3.5 2 1.9 4 4.3 2 5 4.9 3.3 2.5

5 4.9 3.3 2.5 4.1 5 4.8 3 2.2 2.5 3.2 2 2 1.7 3.5 4 1.5 2 5 5

Table 5 Demand for the i-th product by the l-th customer (in $) ~dil

ð25; 0:5; hl; hrÞ ð30; 0:5; hl; hrÞ ð50; 0:5; hl; hrÞ ð15; 0:5; hl; hrÞ ð35; 0:5; hl; hrÞ
ð25; 0:5; hl; hrÞ ð8; 0:5; hl; hrÞ ð0; 0:5; hl; hrÞ ð30; 0:5; hl; hrÞ ð30; 0:5; hl; hrÞ

Table 6 Optimistic results via

GRG and PSO for Case 1
Methods Mean reduction method CV reduction method

Optimistic labels GRG PSO GRG PSO

a bij cil RA TF RA TF RA TF RA TF

0.20 0.20 0.2 242.39 1294.27 244.81 1320.16 241.98 1290.58 246.820 1295.48

0.20 0.15 0.15 244.37 1296.05 246.81 1321.97 242.41 1292.98 247.258 1297.89

0.20 0.1 0.1 245.25 1296.59 247.70 1322.52 242.98 1293.34 247.840 1298.25

0.20 0.05 0.05 245.15 1297.02 247.60 1322.96 243.08 1293.98 247.942 1298.90

0.15 0.20 0.20 242.12 1299.04 244.54 1325.02 241.89 1310.13 246.728 1315.11

0.10 0.20 0.20 242.56 1299.95 244.99 1325.95 242.05 1310.29 246.891 1315.27

0.05 0.20 0.20 243.09 1300.59 245.52 1326.60 243.45 1311.87 248.319 1316.86

Table 7 Optimistic results via

GRG and PSO for Case 2
Methods Mean reduction method CV reduction method

Optimistic labels GRG PSO GRG PSO

a bij cil RA TF RA TF RA TF RA TF

0.45 0.45 0.45 249.66 1307.21 252.16 1333.36 244.40 1316.39 249.29 1321.39

0.45 0.4 0.40 251.70 1309.01 254.22 1335.19 244.83 1318.84 249.73 1323.85

0.45 0.35 0.35 252.61 1309.56 255.13 1335.75 245.41 1319.21 250.32 1324.22

0.45 0.3 0.30 252.50 1309.99 255.03 1336.19 245.51 1319.85 250.42 1324.88

0.40 0.45 0.45 249.38 1312.03 251.88 1338.27 244.31 1336.33 249.20 1341.41

0.35 0.45 0.45 249.84 1312.95 252.34 1339.21 244.47 1336.50 249.36 1341.57

0.30 0.45 0.45 250.38 1313.60 252.89 1339.87 245.88 1338.11 250.80 1343.19

Table 8 Optimistic results via

GRG and PSO for Case 3
Methods Mean reduction method CV reduction method

Optimistic labels GRG PSO GRG PSO

a bij cil RA TF RA TF RA TF RA TF

0.70 0.70 0.70 250.16 1318.73 252.21 1345.10 254.18 1338.13 250.53 1343.21

0.70 0.65 0.65 252.20 1320.28 254.27 1346.69 254.63 1342.72 250.98 1347.82

0.70 0.6 0.60 253.11 1322.10 255.18 1348.54 255.23 1345.22 251.57 1350.33

0.70 0.55 0.55 253.01 1322.65 255.08 1349.10 255.33 1345.59 251.67 1350.70

0.65 0.70 0.70 249.88 1323.09 251.93 1349.55 254.08 1346.26 250.44 1351.37

0.60 0.70 0.70 250.34 1325.15 252.39 1351.65 254.25 1363.06 250.61 1368.24

0.55 0.70 0.70 250.88 1326.08 252.94 1352.60 255.72 1363.23 252.06 1368.41
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(2) Using the proposed two reduction methods, a new

class of generalized credibility transportation prob-

lem has been established.

(3) For the first time, we have introduced profit trans-

portation problem in GT2F environments.

The present research work can be extended for multi-item

STP and multiobjective STP in two-stage supply chain

model. The presented models can be extended to different

types of TPs including price discounts, transportation time

constraints, breakable/deteriorating items, damageable

item, transportation with restriction on transported amount,

restriction with the use of DCs, operating costs for DCs.
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