Neural Comput & Applic (2017) 28:2063-2074
DOI 10.1007/s00521-016-2180-4

CrossMark

@

ORIGINAL ARTICLE

Multiple attribute group decision-making method based
on neutrosophic number generalized hybrid weighted

averaging operator

Enze Zheng' - Fei Teng’ - Peide Liu®

Received: 25 June 2015/ Accepted: 2 January 2016/ Published online: 14 January 2016

© The Natural Computing Applications Forum 2016

Abstract Neutrosophic number is an important tool
which is used to express indeterminate evaluation infor-
mation. The purpose of the paper is to propose some
aggregation operators based on neutrosophic number,
which are used to handle multiple attribute group decision-
making problems. Firstly, we introduce the definition, the
properties and the operational laws of the neutrosophic
numbers, and the possibility degree function is briefly
introduced. Then, some neutrosophic number operators are
proposed, such as the neutrosophic number weighted
arithmetic averaging operator, the neutrosophic number
ordered weighted arithmetic averaging operator, the neu-
trosophic number hybrid weighted arithmetic averaging
operator, the neutrosophic number weighted geometric
averaging operator, the neutrosophic number ordered
weighted geometric averaging operator, the neutrosophic
number hybrid weighted geometric averaging operator, the
neutrosophic number generalized weighted averaging
operator, the neutrosophic number generalized ordered
weighted averaging operator, the neutrosophic number
generalized hybrid weighted averaging (NNGHWA)
operator. Furthermore, some properties of these operators
are discussed. Moreover, a multiple attribute group deci-
sion-making method based on the NNGHWA operator is
proposed. Finally, an illustrative example is proposed to
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demonstrate the practicality and effectiveness of the
method.
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1 Introduction

Multiple attribute group decision making (MAGDM) is an
important branch of decision theory which has been widely
applied in many fields. Because of the fuzziness and the
complexity of decision problems, sometimes, it is difficult
to express the attribute values by the crisp numbers. Many
multiple attribute decision methods based on fuzzy infor-
mation were developed. Zadeh [1] proposed the fuzzy set
(FS) and Atanassov [2] proposed the intuitionistic fuzzy set
(IFS) which was produced by adding the non-membership
degree function on the basis of the FS. Obviously, the IFS
paid more attention to the membership degree and non-
membership degree and did not consider the indetermi-
nacy-membership degree. Smarandache [3] further pro-
posed the neutrosophic numbers (NNs), which can be
divided into two parts: determinate part and indeterminate
part. So the NN was more practical to handle indeterminate
information in real situations. Therefore, the NN can be
represented as the function N = a 4 bl in which a is the
determinate part and bl is the indeterminate part. Obvi-
ously, the fewer the indeterminate part related to the NN is,
the better the information conveyed by NN is. So, the worst
scenario is N = bl, where the indeterminate part reach the
maximum. Conversely, the best case is N = a where there
is not indeterminacy related the NN. Thus, it is more
suitable to handle the indeterminate information in
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decision-making problems. To this day, using NNs to
handle indeterminate problems has made little progress in
the fields of scientific and engineering techniques. There-
fore, it is necessary to propose a new method based on the
NNs to handle group decision-making problems.

A variety of information aggregation operators have
been proposed to aggregate evaluation information in
various environments [4—7, 9—-13] such as the arithmetic
aggregation operator, the geometric aggregation operator
and the generalized aggregation operator. Yager [8] firstly
proposed the ordered weighted averaging (OWA) operator
which was widely used in decision field. The OWA oper-
ator can aggregate the input information by weighting the
ranking position of them. Many extension of the OWA
operator have been proposed, such as uncertain aggregation
operators [12, 14-20], the induced aggregation operators
[21, 22], the linguistic aggregation operators [23, 24], the
uncertain linguistic aggregation operators [7], the fuzzy
aggregation operators [5, 25], the fuzzy linguistic aggre-
gation operators [26], the induced linguistic aggregation
operators [27], the induced uncertain linguistic aggregation
operators [28, 29], the fuzzy induced aggregation operators
[30] and the intuitionistic fuzzy aggregation operators [31].
Based on the operators mentioned above, Xu and Chen [32]
proposed some arithmetic aggregation (IVIFAA) operators
for interval-valued intuitionistic fuzzy information, such as
the IVIFWA operator, the IVIFOWA operator, and the
IVIFHA operator. Zhao [33] proposed some generalized
weighted operator for intuitionistic fuzzy information, such
as the GIFWA operator, the GIFOWA operator, and the
GIFHA operator.

To this day, there are not the researches on the combi-
nation between NNs and generalized aggregation operator.
Thus, it is essential to do the research based on NNs
aggregation operators. In this paper, we propose a new
method, the generalized hybrid weighted averaging oper-
ator based on NN, to handle MAGDM problems. The new
method not only can handle the indeterminacy of evalua-
tion information but also can consider the relationship
between the attributes.

The remainder of this paper is shown as follows. In
Sect. 2, we briefly introduce the basic concepts and the
operational rules and the characteristics of NNs. In
Sect. 3, some operators for NNs and these properties are
proposed, such as the neutrosophic number weighted
arithmetic averaging (NNWAA) operator, the neutro-
sophic number ordered weighted averaging (NNOWA)
operator, the neutrosophic number hybrid weighted aver-
aging (NNHWA) operator, the neutrosophic number
weighted geometric averaging (NNWGA) operator, the
neutrosophic number ordered weighted geometric aver-
aging (NNOWGA) operator, the neutrosophic number
hybrid weighted geometric averaging (NNHWGA)
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operator, the neutrosophic number generalized weighted
averaging (NNGWA)operator, the neutrosophic number
generalized ordered weighted averaging (NNGOWA)
operator, the neutrosophic number generalized hybrid
weighted averaging (NNGHWA) operator. In Sect. 4, we
briefly introduce the procedure of MAGDM method based
on neutrosophic number generalized hybrid weighted
averaging (NNGHWA) operator. In Sect. 5, we give a
numerical example to demonstrate the effective of the
new proposed method.

2 Preliminaries

Definition 1 [34-36] Let 1 € [, "] be an indetermi-
nate part, a neutrosophic number N is given by

N=a+bl (1)

where a and b are real numbers, and / is indeterminacy,
such that I =1, 0 -1 = 0 and I/I = undefined.

Definition 2 [35, 36] Let N] =a + b]] and N2 =ap +
b>I be two NNs, then the operational laws are defined as
follows.

(1) Ni+Ny=ai+ay+ (b + b))l (2)
(2) N] 7N2 = da) 7&24’([)1 7b2)1 (3)
(3) N1 X N, =a1ap + (a1b2 + arb; + b1b2>l (4)
(4) N =al+ 2aib + b})I (5)
(5) }le = /1&1 + /“711 (6)
6) Ni=dl+ ((m b)) - a{~)1 2> 0 (7)
N1 aj +b11 a Clzb] —a]bz
( ) N a+b a + az(az + bz) ora 7&
anda2 # —b2 (8)

Theorem 1 Let Ny = a; + byl and N> = ay + byl be two
NNs, and 2,21, > 0, then we have

1) Ni@N, =M DN 9)

(

(2) Ni®N, =N, ®N; (10)
(3) AN ® Nz) = AN; @ AN, (11)
(4) ANy @ 2Ny = (4 + 72)N; (12)
(6) N{'@N{ =N (14)
(5) N{@N=Ni@N) (13)
Proof

(1) the formula (9) is obviously right.
(2) the formula (10) is obviously right.
(3) for the left of the formula (11)
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/l(Nl D Nz) = l((al + bll) D (az + bzl))
= 2((ay + (12) + (by + bz)])

for the right of the formula (11)

ANy @ ANy = Aay + byI) @ Alaz + byl)
= (day + AbilI) & (Aa, + AbyI)
= (lay + ap) + (Aby + Aby)I
= (a1 + az) + (by + bo)I)

So, we can get A(N; & N,) = /N; & AN, which
completes the proof of the formula (11).

N1 @ 2oNy = Ai(ay + biI) + Az(a; + bid)
= (hay + Aa1) + (Aiby + A2by)I
= (4 +Ah)ay + (4 + AL)bil
= (L + )M

(4)

So, the formula (12) is right.

(aj +bip") -

Nfl ®Nli2 = <a'11‘ + ((al +b1) —a{‘)[)
® (af2 + ((al +b)" - alb)l)
=aj'al + (afl ((al + b)) — a{'z)l
+a'i“2((a1 + b)) — af")[
+<(a1 + 171)iz - af'z) ((al + bl)i' — ai“)])
=at'ap + ((al +b1)2 (a1 + by)" afafl)l
_ a;.,ﬂ; + <(al +b|);"“2 _a;hﬂz)I
_ iR

So, the formula (14) is right.

Definition 3 [37, 38] Let N; = a; + b;I be a NN in which
1€ ,B(i=1,2,..,n), a,bi, B ,B" €R, where R is
all real numbers, the NN N; is equivalent to
N; € [a; + bif~,a; + b;*], then the possibility degree is

(a; +bif™)

P;j = P(N;>N;) = maxq 1 —ma
2 ( J) X{ X((ai+biﬁ+)

— (ai+biff™) + (a; + bip")

)} (1)

(5) for the left of the formula (13)
N@Ni = (ai+ (@ +b1) ~at)1)
® (aé + ((az +by)" —az)l)
=ajd,+a} ((az +by) — az)l
+d’ ((m +b1);“—a’11)1
+ ((dz +by)" — az) ((al +b1)" - af")l
=dldi+ (a ( T(az+by)" —ailag)l
+ (az(al +b)) —dd} )I
+ ((a2+bz) (a1 + b)) —df(ar +by)
—af(az+b2))'+afa§)l
= (@a) + ((a2+b2) (@ +br) — afa} )1

for the right of the formula (13)
(6)  So, the formula (13) is right.

Thus, the matrix of possibility degrees can be simplified as

P = (Pj),y,» Where P;>0, P,] + le- =1, and P; =0.5.
Then, the value of N; (i = 1,2,...,n) for ranking order is
given as follows:

(Z_;;IP,», +a- 1)
nin—1)

Hence, the bigger values of g; (i = 1,2, ...,n) is, the more
precise information of NNs conveyed can be acquired, so
the NNs of N; (i=1,2,...,n) can be ranked in an
ascending order according to the values of

g (i=1,2,....n).

3 Neutrosophic number aggregation operators

A NN includes two parts, determinate part a and indeter-
minate part bl. Therefore, the NN has an advantage in
expressing indeterminate and incomplete information in
real decision making. On the basis of NN, it is necessary
to propose some aggregation operators and apply them to
the MAGDM problems in which the attribute values take
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the form of NNs. Here, some NN aggregation operators are
proposed firstly.

3.1 The neutrosophic number hybrid weight
arithmetic averaging operator

Definition4 LetN;, =a; + bl (i =1,2,...,n) be a set of
NNs, and NNWAA: NNS” — NNS. If

NNWAA(Ny, Ny, ..., N,) = > il (17)
i=1

where w = (w1, ®y, .. ., w,) is the weight vector of N; (i =
1,2,...,n) satisfying w; €10,1](i=1,2,...,n) and
>, w; = 1. Then NNWAA is called neutrosophic number
weighted arithmetic averaging operator. Specially, when
w = (l 1 1), the NNWAA operator will reduce to neu-

non’tn

trosophic number arithmetic averaging (NNAA) operator:

1 n
NNAA(N|, Na, .. N,) ==Y N (18)
e

Theorem 2 Let N; =a; + bl (i =1,2,...,n) be a set of

NNs, and o = (w1, m,,...,0,) be the weight vector of

N; (i=1,2,...,n) satisfying w; €[0,1] (i=1,2,...,n)

and Z:’zl w; = 1. Then the result obtained by Eq. (17) is

still an NN and

NNWAA(N1, N, .., No) = Y onai + > iyl (19)
i=1 i=1

We can prove the Eq. (19) by Mathematical induction
on n as follows:

Proof

(1) when n = 1, the Eq. (19) is right obviously.
(2)  Suppose when n = k, the Eq. (19) is right, i.e.,

k k
NNWAA(N[,Nz, .. .,Nk) = Z w;a; + Z (,L)ibil
i=1 i=1

Then when n = k + 1, we have

NNWAA(N,Ns, ..., Nes1)
=NNWAA(N1, N, ..., Np) © 041Nk 1

k k
= (Z w;a; + Z (1),‘1),‘])
p =1
ket 1 ket 1
+ (kg 1ax41 + Op1bpl) = Z w;a; + Z w;bil
=1 =1

So, when n = k + 1, the Eq. (19) is also right.

@ Springer

According to (1) and (2), based on the principle of
mathematical induction, we can get the Eq. (19) is right for
all n.

Theorem 3 (Idempotency) Let N;=a; +bl (i =1,2,
...,n) be a set of NNs, if Ni=Ny=a+bl (i=1,2,...,
n), then

NNWAA(Ny, Ny, ...,N,) = No

Proof Since N; = N, for all A;, we have

NNWAA(A}, A;, ..., A,) = NNWAA(Ag, Ao, . . ., Ao)

k k
= Zwia—l—ZwibI:a—i—bI
i=1 i=1

=Ny

So Theorem 3 is right.

Theorem 4 (Monotonicity) Let N; = a; + b;l and N} =
a; + bl be two sets of NNs satisfying a; < a:, b <b;, for
all i,i = 1,2,...,n, then

NNWAA(N\,Ns, . ..,N,) < NNWAA(N?,N;,...,N?)

Proof Since a;<aj, bf <b;, for all i, we can get
Dl 0iai < 3y widl, 3 obl T < 3 wibil So, we
can get NNWAA(N, Ny, ..., N,) < NNWAA(N?, NS, ...,
N¥). i.e., Theorem 4 is right.

Theorem 5 (Boundedness) Let N;=a; +bl (i =1,2,

..., n) be a set of NNs. If Nyax = max(Ny,Na,...,N,) =
Amax + bminl  and  Npin = min(N17N27 .. -aNn) = Amint
bmaxl, then

Nmin SNNWAA(NMNZ’ .. aNn) SNmax

Pi’OOf Since Amin < a; < Amax, bmax < bi < bmin’ for all i
we can get

n n n
E W;Amin < E w;a; < E Wilmax
i=1 i=1 i=1
n n n
E Wibmax < § w;b; < E ®ibmin
i=1 i=1 i=1

So, we can get

NNWAA (Nuin, Nunins - - -» Nonin) < NNWAA (N1, N, ..
SNNWAA(NmamNmaxa o '7Nmax)a

- Nn)

According to Theorem 3, we can know
NNWAA(NminaNmina . ~7Nmin) = Nmin
NNWAA(Nmax;Nmam .. ~7Nmax) = Nmax

So, we can get Npiy, < NNWAA(Ny,N>,..
i.e., Theorem 3 is right.

aNn) SNmaXa
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The NNWAA operator can consider the important of
input arguments and can do a weighting them. In the fol-
lowing, we will consider another aggregation operator
which can weight the input arguments according to the
ranking positions of them.

Definition 5 LetN; =a; + bl (i =1,2,...,n) be a set of
NNs, and NNOWAA: NNS” — NNS. If
NNOWAA(N1, Ny, .. ,N,) = oiN; (20)
i=1
where w = (w1, ®y,...,®,) is the weight vector correla-
tive with the NNOWAA operator satisfying ; €
[0,1] (i=1,2,...,n), and 37, w; = 1. N; is the ith lar-
gestof the N; (i = 1,2,...,n). Then NNOWAA operator is

called neutrosophic number ordered weighted arithmetic
averaging operator.

Theorem 6 Let N;=a; + bl (i =1,2,...,n) be a set of
NNs, o = (w1, w2, . .., w,) is the weight vector correlative
with the NNOWAA operator satisfying o; € [0,1] (i =
1,2,...,n) and 31, w; = 1, N; = @, + bI be the value of
the ith largest N; (i = 1,2, ...,n). Then the result obtained
using Eq. (20) is still an NN and

NNOWAA(N{, Ny, .., Ny) = Y i+ Y _ bl (21)
i=1 i=1

The proof is omitted here because it is similar to Theorem
2. Similar to Theorems 3-5, it is easy to prove the NNO-
WAA operator has the following properties.

Theorem 7 (Idempotency) Let N;=a;+bl (i=
1,2,...,n) be a set of NNs, if N; = Ny = a + bl, then

NNOWAA(N;,Na, .. .,N,) = N.

Theorem 8 (Monotonicity) Let N; = a; + b;I and N} =
a; + b1 be two sets of NNs satisfying a; < a;, b <b;, for
all i, i =1, 2,...,n, then

NNOWAA (N}, Ny, ..., N,) <NNOWAA(N: N}, ..., N?).

Theorem 9 (Boundedness) Let N;,=a;+bl (i=
1,2,...,n) be a set of NNs, If Nmax = dmax + bminl and
Nmin = Amin + bmaxl, then

Nmin <NNOWAA (N1, N2, .. ., Ny) < Ninax

Theorem 10 (Commutativity) Let (N{,N},...,N) is any
permutation of (N1,Na,...,N,), then

NNOWAA(N{, N, ...,N,) = NNOWAA(N;,N,, ..., N,)
Proof Suppose the weight of (N|,N5,....N)) is

(0}, 0y, .., o ) is any per-

n
mutation of (N, Ny, ..

), then since (N{,Nj,...,N,
.»N,), we have

n n n n

/! /1!
E w;a; = E W;a;, g w;b; = E w;b;
i=1 i=1 i=1 i=1

So, we can get Y -, w;N; = > ¢ wiN!, then

[ A

NNOWAA (N{,N5,...,N,) = NNOWAA(N;, N, ...,N,)

The NNWAA and NNOWAA operators can consider
one aspect, and cannot take into account the weights of
input arguments and their position weights, simultaneously,
then we will propose the neutrosophic number hybrid
weighted arithmetic averaging operator to overcome this
shortcoming.

Definition 6 LetN;, =a; + bl (i =1,2,...,n) be a set of
NNs, and NNHWAA: NNS” — NNS. If

NNHWAA(Ni,Na, .., Ny) = Y oiNggs (22)
i=1

where w = (W, y,...,®,) is the weight vector correla-
tive with the NNHWAA operator satisfying w; € [0,1] (i =
1,2,..,n) and >\ ;= 1; 1\70([) is the ith largest of
the nw;N;(i = 1,2,...,n), such that ]Vg(i,l) ZNJ@ and
w=(wy,wy,.. .,wn)T is the weighting vector of
N; (i=1,2,...,n)w; €[0,1], S wi=1, Then,
NNHWAA is called neutrosophic number hybrid weighted
arithmetic averaging operator.

Theorem 11 Letr Ny =a; + bl (i=1,2,....n) be a set
of NNs, then the result obtained using Eq. (22) can be
expressed as

NNHWAA(Ni,No, .. Np) = Y ol + Y bl
i=1 i=1

(23)
The proof is similar with Theorem 2, it is omitted here.

The proposed NNWAA, NNOWAA and NNHWAA
operators can achieve the arithmetic weighting function. In
the following, we will propose some geometric weighed
aggregation operators for NNs as follows.

3.2 The neutrosophic number hybrid weighted
geometric averaging operator

Definition 7 LetN; =a; + bl (i = 1,2,...,n) be a set of

NNs, and NNWGA: NNS” — NNS, if

NNWGA(Ny,N,,. .., N,) = HNf’f (24)
=1

where v = (w1, s, ..., m,) is the weight vector of N;(i =
1,2,...,n) satisfying w; €[0,1](i=1,2,...,n) and
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S w;=1. Then, NNWGA is called neutrosophic
number weighted geometric averaging operator. Espe-
cially, when o = (1,1, 1) the NNWGA operator will
degenerate into neutrosophic number geometric averaging
(NNGA) operator.

NNWGA(N;,Na, .. .,N, (25)

= HNll

i=1
Theorem 12 Let N; =a; + bl (i=1,2,....n) be a set
of NNs, and o = (w1, w;,...,,) be the weight vector of
Ni(i=1,2,...,n) satisfying w; €[0,1](i=1,2,...,n)
and Y, w; = 1. Then the result obtained using Eq. (25)
is still an NN and

NNWGA(Ny,Ns, .. ., N, Ha +<H (a; + b)) — Ha )

(26)

The proof of this theorem is similar with Theorem 2, it’s
omitted here.

Theorem 13 (Idempotency) Let N;=a;+ bl (i=

1,2,...,n) be a set of NNs, if N;=Ny=a+
bl (i=1,2,...,n), then
NNWGA (N}, Ns, ..., N,) = No.

Definition 8 Let N,' :a,»—f—bil (l = ],2,...,
NNs, and NNOWGA: NNS” — NNS. If

[1%
i=1

where w = (wy,®y,...,®,) is the weight vector correla-
tive with the NNOWGA operator satisfying w; € [0,1] (i =
1,2,...,n) and 3.7, w; = 1; N; is the ith largest of the
N;(i=1,2,...,n).Then NNOWGA operator is called
neutrosophic number ordered weighted geometric averag-
ing operator.

n) be a set of

NNOWGA(N;, N, ..., N,) = (27)

Theorem 14 Let N;=a;+ bl (i=1,2,...,n) be a set
of NNs, o = (w1, wa,...,w,) is the weight vector correl-
ative with the NNOWGA operator satisfying w; €
[0,1] (i=1,2,...,n) and Y1 ,w; =1, N; =d, + bl be
the ith largest of N; (i=1,2,...,n). Then, the result
obtained using Eq. (27) is still an NN and

NNOWGA(N.,NZ,...,Nn)_Ha;‘”'+(H A H “)
i=1

) h (28)

The proof of this theorem is similar with Theorem 2, it’s
omitted here.

Theorem 15 (Idempotency) Let N;=a;+ bl (i =
1,2,...,n) be a set of NNs, if N; = Ny = a + bl, then
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NNOWGA (N}, N, ..

Theorem 16 (Commutativity) Let (N, N}, ..
permutation of (N1,Na,...,N,), then

NNOWGA(N,N,...,N!) = NNOWGA(Ny,Na, ..

N,) = No.

., N) is any

)

Definition9 LetN, =a; + bl (i=1,2,...,
NNs, and NNHWGA: NNS” — NNS. If

N,) = 1}1\7‘;&)

®,) is the weight vector correla-

[0,1] (i =

n) be a set of

NNHWGA(Ny, Ny, . . ., (29)
where w = (wy, ws, .. .,
tive with the NNGHWA operator satisfying w; €
1,2,...,n) and Y1 | w; = 1; N, is the ith largest of the
nw,-N,-(l =1,2,...,n),such that Ng(,-,l) ZN(;([),
(wy,wa,...,wy)" is the weighting vector of the
N (i=1,2,...,n), €0,1], >%,wi=1, Then,
NNHWGA is called neutrosophic number hybrid weighted
geometric averaging operator.

w =

Theorem 17 Let N;=a; + bl (i =1,2,....n) be a set
of NNs, then the result obtained using Eq. (29) can be
expressed as

NNHWGA (N, Ny, ..

w0 1)
(30)
The proof is similar with the Theorem 2, it is omitted here.

It is easy to prove that when w = (%,%,,%) the
NNHWGA operator will reduce to NNOWGA operator,
and when o = (1,1 .. 1) the NNHWGA operator will
reduce to NNWGA operator.

The proposed NNWAA, NNOWAA and NNHWAA
operators can achieve the arithmetic weighting function,
and proposed NNWGA, NNOWGA and NNHWGA oper-
ators can achieve the geometric weighting function. Fur-
ther, we can propose a generalized aggregation operator

which can generalize the fore-mentioned operators.

3.3 The neutrosophic number generalized hybrid
weighted averaging operator

Definition 10 Let N; =a; + bl (i =1,2,...,n) be a set
of NNs, and NNGWA: NNS” — NNS, If
n 1/
NNGWA(Ny,N,,...,N,) = (Z wiNf) (31)
i=1

where w = (w1, 0, . . .,»,) is the weight vector of N;(i =
1,2,...,n) satisfying w; €[0,1] (i=1,2,...,n) and
S, wi=1, and 1 € (0,+00). Then NNGWA is called
neutrosophic number generalized weighted averaging
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operator. Specially, when w = (%,%, . ,n) the NNGWA ~ NNGWA(N,N,,...,N,) = Np.
operstor il degencrate into neuttosophic umber Se0CT o 11 Let N, = a, b (1= 1.2, be a se
£ing perator. of NNs, and NNGOWA: NNS" — NNS. If
NNGA(Ny, N, ..., N,) = zn:lzvi v (32) A\
A PP NNGOWA (N, Ny, ..., Ny) = <Zw,»Nf) (33)

Theorem 18 Let N;=a;+ bl (i=1,2,...,n) be a col-
lection of NNs, o = (w1, wa,...,w,) is the weight vector
correlative with the NNGWA operator satisfying w; € [0, 1]

(i=1,2,...,n), > w; =1, and /. € (0,400). Then the
result obtained using Eq. (29) is still an NN and

; 1/
NNGWA(N{,N,,...,N,) = <Z co,-af’)
i=1
1/ 1/
(Zw,a,—l—b > (Zwa) 1

The proof is similar with the Theorem 2, it is omitted here.

Obviously, there are some properties for the NNGWA
operator as follows.

(1) When 1 — 0,

; 1/
NNGWA(N{,Na,...,N,) = <Z w,Nf)
=1

_Ha”’—|— (H a; +b)"” Ha‘”’)I—HN;/’i,

So, the NNGWA operator is reduced to the
NNWGA operator.
(2) When /=1,

1/2
NNGWA(Ny, N, .. (Zw N’)

So, the NNGWA operator is reduced to the
NNWAA operator.

Therefore, the NNWGA operator and NNWAA operator
are two particular cases of the NNGWA operator, and the
NNGWA operator is the generalized form of the NNWGA
operator and NNWAA operator.

Theorem 19 (Idempotency) Let N; =a; + bl (i = 1,2,

,n) be a set of NNs, if Ny=No=a+0bl (i=1,2,...,
n), then

where w = (w1, y,...,w,) is the weight vector correla-
tive with the NNGOWA  operator satisfying

€f0,1](i=1,2,..,n),> " 0 =1and 1€ (0,4+0);
N, is the ith largest of the N; (i=1,2,...,n). Then
NNGOWA is called neutrosophic number generalized
ordered weighted averaging operator.

Theorem 20 Let N;=a;+ bl (i=1,2,...,n) be a set
of NNs, o = (w1, ws, ..., w,) is the weight vector correl-
ative  with the NNGOWA  operator  satisfying

€e0,1](i=1,2,..,n),> " 0 =1and ) € (0,+00),

N; = d, + bl be the ith largest N; (i = 1,2,...,n). Then
the result obtained using Eq. (33) is still an NN and

1/2
NNGOWA(N;, Ny, .. .,N,) = <Zwa”>

17 17
(Z w;(a; + b}) > (Zw a") 1

The proof is similar with the Theorem 2, it is omitted here.

(34)

Obviously, there are some properties for the NNGOWA

operator as follows.
R 1/2
- (z ot

(1)  When 4 — 0,
_ Ha/w, (ﬁ a + b/ Ha/c),>
115
i=1

So, the NNGOWA operator is reduced to the
NNOWGA operator.
(2) When A =1,

NNGOWA (N}, Ns, ... ., N,

So, the NNGOWA operator is reduced to the
NNOWAA operator.

@ Springer



2070

Neural Comput & Applic (2017) 28:2063-2074

Therefore, the NNOWGA operator and NNOWAA
operator are two particular cases of the NNGOWA
operator, and the NNGOWA operator is the generalized
form of the NNOWGA operator and NNOWAA
operator.

Theorem 21 (Idempotency) Ler N;=a;+ bl (i=

1,2,...,n) be a set of NNs, if N;,=Ny=a+
bl (i=1,2,...,n), then
NNGOWA (N, Ns, ..., N,) = No

Theorem 22 (Commutativity) Let (N{,N,,...N)) is any
permutation of (N1,Na,...,N,), then

NNGOWA(N!,N},...,N') = NNGOWA(N;,Ns, ..., N,)

Definition 12 Let N, =a;+ bl (i=1,2,...,n) be a
collection of NNs, and NNGHWA: NNS” — NNS. If

; 1/4
NNGHWA(N{, N, ...,N,) = <Z a),Ni<i)> (35)
i=1

where w = (w1, y,...,w,) is the weight vector correla-
tive with the NNGHWA  operator satisfying
w; €0,1] (i=1,2,...,n),> " ;= 1and 1 € (0,+00);
]\76(,-> is the ith largest of the nw;N;(i = 1,2, ..., n),such that
]\Nlr,(i_l) ZN(,@ and w = (wy,wy, .. .,wn)T is the weighting
vector of the N; (i = 1,2,...,n), w; € [0, 1], D0, w; = 1.
Then NNGHWA is called neutrosophic number general-
ized hybrid weighted averaging operator.

Theorem 23 Let N; =a; + b (i =1,2,...,n) be a col-
lection of NNs, then the result obtained using Eq. (35) can
be expressed as

. 1/
NNGHWA(N{, N, ..., N,) = (Z wmﬁf@)
i=1

. 1/2 ; 1/2
2 7
+ <21: oi(dy + b)) ) - (21: wia;(i)) 1
(36)
The proof is similar with the Theorem 2, it is omitted here.

It is easy to prove that when w= (1,1 .. 1) the
NNGHWA operator reduce to the NNGOWA operator, and
when w = (1,1 .. 1) the NNGHWA operator reduce to
the NNGWA operator.

Obviously, there are some properties for the NNGHWA

operator as follows.

(1) When 4 — 0,

@ Springer

" 1/2
NNGHWA (Ny, Ny, ..., N,) = (Z wa5—'<:'>>

=[a + (H (ay + i)

i=1 i=1

So, the NNGHWA operator is reduced to the
NNHWGA operator.
(2) When /=1,

" 1/2
NNGHWA(N, N, .., N,) = (Z wtﬁi’m)
i=1

= 1211 a),-a;er ’le (A),’b;(i)l = i a)l‘]\?g(i)

So, the NNGHWA operator is reduced to the
NNHWAA operator.

Therefore, the NNHWGA operator and the NNHWAA
operator are two particular cases of the NNGHWA oper-
ator, and the NNGHW A operator is the generalized form of
the NNHWGA operator and NNHWAA operator.

4 Multiple attribute group decision-making
method based on neutrosophic number
generalized aggregation operator

As we all known, the objective things are complex in real
decision making, it is difficult to express people’s judg-
ments to some objective things by the crisp numbers. The
NN is a more suitable and effective tool which is used to
express the indeterminate information in decision-making
problems. The decision makers can evaluate the alterna-
tives with respect to every attribute and give the final
evaluation results by the NN. Therefore, we show a method
for processing group decision-making problems with NN,
including a de-neutrosophication process and a possibility
degree ranking method for NNs.

In a MAGDM problem with NNs, let A=
{A1,Az2,...,Ay,} be a discrete set of alternatives, C =
{Cy,Cy,...,Cy} be a set of attributes, and D =

{D1,D,,...,D} be a set of decision makers. If the kth
k=(1,2,...,s) decision maker provides an evaluation
value for the alternative A; (i =1,2,...,m) under the
attribute C; (j = 1,2,...,n) by using a scale from 1 (less
fit) to 10 (more fit) with indeterminacy I, the evaluation
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value can be represented by the form of NN Nf; = ag- + bg-l

for ap, b € R (k=1,2,..,8j=1,2,...n; i=12,...,

m). Therefore, we can get the kth neutrosophic number
decision matrix N*:

Nil Niz - N{;n
NE Ny Ny - Ny,
Nr]ill Nt]:12 T ann

The weights of attributes symbolize the importance of
each attribute C; (j = 1,2,...,n). The weighting vector of

attributes is given by W = (wy,wa, ..., w,)" with w; >0,

Z}L] w; = 1. Similar to the attributes, the weights of

decision makers symbolize the importance of each decision
maker Dy (k=1,2,...,s). And the weighting vector of
decision makers is V = (vq,vs,. .., vs)T with
S

VkZO, ka: 1.

k=1

Then, the steps of the decision-making method are
described as follows:
Step I: Utilize the NNGHWA operator

le — af 4 bffl = NNGHWA(N{‘ N,-kz, .- ~7N§1)

il

(38)

to derive the comprehensive values N¥(i=1,

2,...,m; k=1,2,....s) of each decision maker.
Step 2: Utilize the NNGHWA operator

N; = a; + bil = NNGHWA (N¥,N¥, ... N¥) (39)

to derive the collective overall values
N (i=1,2,...,m)
Step 3: Calculate the possibility degree P; = P(N; > N;)
can be given by the Eq. (16)

So, the matrix of possibility degrees is structured as
P = (Py)

mxm*

5 A numerical example

In this section, we give a numerical example to demonstrate the
MAGDM method based on neutrosophic number generalized
hybrid weighted averaging operator (which is cited from [39]).
An investment company wants to choose a best investment
project. There are four possible alternatives: (1) A; is a car
company; (2) A, is a food company; (3) A3 is a computer
company; (4) A4 is an arms company. The investment company
makes a choice according to the following three attributes: (1) C;
is the risk factor; (2) C; is the growth factor; (3) C; is the
environmental factor. Assume that the weighting vector of the
attributes is W = (0.35,0.25,0.4)". There are three experts
{D1, D3, D3} who are asked to evaluate the four alternatives in
the evaluation process. The weighting vector of three experts is
V =(0.37,0.33, 0.3)7, the kth (k = 1, 2, 3) expert evaluates
the four possible alternatives of A; (i = 1,2, 3, 4) with respect
to the three attributes of C;(j = 1,2,3) by the form of NN
Ny =ai+bl  for dapbyeR, (k=12,...8)=
1,2,...,n; i =1,2,...,m),and constructs the decision matrix
listed in Tables 1, 2 and 3.

5.1 The evaluation steps of the new MAGDM
method based on NNGHWA operator

1. Calculate the comprehensive evaluation values N¥ (i =
1,2,3,4;k = 1,2,3) of each expert Dy by the formula
(39) (suppose 4 = 1), we can get
N| =3.95+0.65I, Ny = 5.6, Nj = 4.55 4 0.25I,

N, =5.55+0.41

N} =4.35, N; =5.6+0.41, N; = 4.6 + 0.35],
Nj =5.6+0.351

N} =4.35+0.35I, N; =5.95+0.4I,

N; =4.95+041, N; =59 +0.41

(4 +b;p") — (@i + bif”)

Pj = P(N; > N;) zmax{l —max<

01,0
(ai+bip") — (ai +bif™) + (a; + bif") — (a; + b))’ >7 }

Step 4: The values of g; (i=1,2,...,m) for ranking
order are calculated by using Eq. (17)

(Zppy+i-1)

4= nn—1)

Step 5: The alternatives are ranked according to the
values of ¢; (i = 1,2,...,m),and then the best one(s) is
obtained.

2. Calculate the collective overall values N; (i =
1,2,3,4) by the formula (39) (suppose 1= 1), we
can get
Ny =4.2340.32451, N, =5.7295 4 0.28]

N3 =4.7145 + 0.33851, N4 = 5.696 + 0.3835/
Calculate the possibility degree P; = P(N;>N;) by
the formula (17) (suppose I € [0,0.5)).

@ Springer



2072

Neural Comput & Applic (2017) 28:2063-2074

Table 1 The evaluation values

. . Cl1 C2 C3
of four alternatives with respect
to the three attributes by the Al 441 5 341
expert Dy
A2 6 6 5
A3 3 541 6
A4 7 6 4+1
Table 2 The e'valuatl'on values C1 ) 3
of four alternatives with respect
to the three attributes by the Al 5 4 4
expert D;
A2 5+1 6 6
A3 4 5 5+1
A4 6+ 1 6 5
Table 3 The e.Valuatl.on values c1 o 3
of four alternatives with respect
to the three attributes by the Al 4 541 4
expert D3
A2 6 7 5+1
A3 4+1 5 6
A4 8 6 4+1
0.5000 0.0000 0.0000 0.0000
p_ 1.0000 0.5000 1.0000 0.5230
~ | 1.0000 0.0000 0.5000 0.0000
1.0000 0.4770 1.0000 0.5000

4. Calculate the values of ¢;(i=1,2,...,m) by the
formula (18).

g1 =0.125, g, =0.3352,
g4 = 0.3314

g3 = 0.2083,

5. Rank the four alternatives. Since g, > q4 > q3 > q1,
the ranking order of the four alternatives
Ay > Ay > Az > Ay

5.2 The influence of the parameter i
and the indeterminate range
for I on the ordering of the alternatives

We use the values of parameter A to express the mentality
of the decision makers. The bigger A is, the more opti-
mistic decision makers are. In this part, in order to verify
the influence of the parameter A on decision-making
results, the different values A are used to compute the
ordering results. The final ranking results are shown in
Table 4.

As we can see from Table 4, the ordering of the alter-
natives may be different for the different values A in
NNGHWA operator.

@ Springer

Table 4 Ranking the alternatives based on the different A in
NNGHWA operator

A qi Ranking

A=0.1 q1 = 0.1250,¢> = 0.3560 Ay = Ay - Az - Ay
g3 = 0.2083, g4 = 0.3107

A=1.0 q1 = 0.1250, ¢, = 0.3352 Ay = Ag - Az - Ay
g3 = 0.2083,q4 = 0.3314

J=1.1 g1 = 0.1250, ¢, = 0.3327 Ay - Ay - Az - Ay
g3 = 0.2083, g4 = 0.3340

I=12 g1 = 0.1250, g» = 0.3300 Ay = Ay - Az - A
g3 = 0.2083, g4 = 0.3366

2=20 g1 = 0.1250, g, = 0.3062 Ay - Ay - Az - A
g3 = 0.2083, g4 = 0.3605

2=3.0 q1 = 0.1250, ¢, = 0.2917 Ay = Ay - A3 - A
q3 = 0.2083, g4 = 0.3750

2=10 q1 = 0.1250,¢, = 0.2917 Ay = Ay - A3 - A
g3 = 0.2083, g4 = 0.3750

A=15 q1 = 0.1250, ¢, = 0.2917 Ag = Ax - A3 - Ay

g3 = 0.2083, g4 = 0.3750

Table 5 Ranking the alternatives based on the different / in
NNGHWA operator

1 qi Ranking

I=0 / Ay = Ay = Az = Ay

1€[0,0.2] q1 = 0.1250, ¢, = 0.3479 Ay - Ay - Az - Ay
q3 =0.2083, g4 = 0.3188

1€(0,04] q1 = 0.1250, 49, = 0.3374 Ay = Ay - A3 - Ay
q3 = 0.2083, g4 = 0.3293

1€10,0.6] q1 = 0.1250, ¢, = 0.3327 Ay = Ay - A3 - Ay
q3 = 0.2083, g4 = 0.3328

1€1[0,0.8] q1 = 0.1250, 9, = 0.3321 Ay = Ay - A3 - Ay
q3 = 0.2083, g4 = 0.3346

1€[0,1] ¢ = 0.1250, ¢, = 0.3310 Ay = Ay - A3 - Ay

g3 = 0.2083, g4 = 0.3356

1. When 0<1<1, the ordering of the alternatives is
Ay = A4 = Az = A, and the best alternative is A,.

2. When 4 > 1, the ordering of the alternatives is A4 >
A, = A3 = Ay and the best alternative is Ay.

Similar to the parameter 4, in order to demonstrate the
influence of indeterminate range for Jon decision-making
results of this example, we use the different values I in
NNGHWA operator to rank the alternatives. The ranking
results are shown in Table 5. (suppose 4 = 1)

As we can see from Table 5, the ordering of the alter-
natives may be different for the different value [ in
NNGHWA operator.
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Table 6 The ordering results produced by the old method (proposed
by Ye [39])

1 qi Ranking

I1=0 / Ay = Ay = Az = Ay

1€10,0.2] g1 = 0.1250, g> = 0.3368 Ay = Ay - Az - Ay
g3 = 0.2083, g4 = 0.3298

1€10,0.4] q1 = 0.1250, g, = 0.3301 Ay = Ay = A3 = Ay
g3 = 0.2083, g4 = 0.3366

1€10,0.6] q1 = 0.1250, ¢, = 0.3279 Ay = Ay = Az - A
g3 = 0.2083, g4 = 0.3388

1€[0,0.8] g1 = 0.1250, g, = 0.3267 Ay - Ay - Az - A
g3 = 0.2083, g4 = 0.3399

1€10,1] q1 = 0.1250, ¢, = 0.3261 Ay = Ay = Az = A

g3 = 0.2083, g4 = 0.3406

1. When I =0, I €10,0.2], I €[0,0.4], the ordering of
the alternatives is A, = A4 = A3 = A; and the best
alternative is A,.

2. When I € [0,0.6],1 €[0,0.8], I € [0, 1], the ordering
of the alternatives is A4 > A, = A3 = A, and the best
alternative is Ay.

In order to demonstrate the effective of the new method
in this paper, we compare the ordering results of the new
method with the ordering results of the method proposed
by Ye [39]. From the Table 6 and the Table 5, we can find
that the two methods produce the same ranking results.

The method proposed by Ye [39] is based on de-neu-
trosophication process, it does not realize the importance of
the aggregation information. The new proposed in this
paper is based on the neutrosophic number general hybrid
weighted averaging operators, and it provides the more
general and flexible features as I is assigned different
values.

6 Conclusions

In this paper, we propose a new MAGDM method based on
neutrosophic number generalized hybrid weighted averag-
ing (NNGHWA) operator, which is a widely practical tool
used to handle indeterminate evaluation information in
decision-making problems. Furthermore, it also considers
the relationship of the decision arguments and reflects the
mentality of the decision makers. So, the method can be
more appropriate to handle MAGDM problems. The
decision makers can properly get the desirable alternative
according to their interest and the actual need by changing
the values of A, which make the decision-making results of
the proposed method more flexible and reliable. In order to
choose the best alternative, we give the possibility degree

ranking method for neutrosophic numbers from the prob-
ability viewpoint as a methodological support for the group
decision-making problems. Lastly, we give a numerical
example to demonstrate the practicability of the proposed
method. Especially, we use the different values of 1 and
different indeterminate ranges for / to analyze the effec-
tiveness. In further study, we should study the applications
of the above operators. At the same time, we should con-
tinue studying other aggregation operators based on the
NNs.
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