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Abstract Imperialist competitive algorithm is a nascent
meta-heuristic algorithm which has good performance.
However, it also often suffers premature convergence and
falls into local optimal area when employed to solve
complex problems. To enhance its performance further, an
improved approach which uses mutation operators to
change the behavior of the imperialists is proposed in this
article. This improved approach is simple in structure and
is very easy to be carried out. Three different mutation
operators, the Gaussian mutation, the Cauchy mutation and
the Lévy mutation, are investigated particularly by exper-
iments. The experimental results suggest that all the three
improved algorithms have faster convergence rate, better
global search ability and better stability than the original
algorithm. Furthermore, the three improved algorithms are
also compared with other two excellent algorithms on some
benchmark functions and compared with other four exist-
ing algorithms on one real-world optimization problem.
The comparisons suggest that the proposed algorithms have
their own specialties and good applicability. They can
obtain better results on some functions than those con-
trastive approaches.
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1 Introduction

Optimization is the process which aims to find a more
appropriate set of parameters for a given problem, in order
to obtain a more desirable outcome. It is necessary for
many problems which can be found in diverse fields, such
as scientific, social, economic and engineering [1]. Among
all kinds of optimization problems, continuous optimiza-
tion problems take up a large proportion [2, 3]. In recent
decades, using meta-heuristic algorithms to deal with such
problems has attracted more and more attention and has
become an important branch of optimization methodology.

Imperialist competitive algorithm (ICA) is a new pop-
ulation-based meta-heuristic algorithm proposed by
Atashpaz-Gargari and Lucas in 2007, inspired by the his-
torical phenomenon of imperialism and colonialism [4].
Due to its competitiveness over other meta-heuristics in
terms of convergence rate and global search ability, the
ICA has received significant interests within the short time
period since its advent and has been successfully applied to
a wide range of optimization tasks, which come from
various fields such as mechanical engineering [5-8], elec-
trical engineering [9-12], industrial engineering [13-18],
civil engineering [19, 20], petroleum engineering [21-23]
and computer engineering [24-30]. However, similar to
other population-based meta-heuristic algorithms, it also
often suffers premature convergence and falls into local
optimal area, especially when the problem is complicated,
high dimensional or multipeak [31-34].

Several improved approaches have been proposed to
enhance the algorithm’s performance. Bahrami et al. [31]
proposed a method which utilizes chaotic maps instead of
the original uniform distribution to adjust the angle of
colonies’ movement toward imperialist, to help the algo-
rithm escaping from local optima; Abdechiri et al. [32]
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proposed an adaptive ICA, in which a probability density
function is introduced and used to dynamically adapt the
angle, to balance the exploration ability and exploitation
ability of the algorithm. Arish et al. [35] proposed a fuzzy
version, in which, in the absorption policy, colonies are
moved toward the resulting vector of all imperialists with
the aid of a fuzzy membership function. Kaveh and
Talatahari [20, 36] presented an improved approach with
two new defined movement steps and used the redefined
algorithm to optimize the design of skeletal structures and
to solve other engineering optimization problems. As a
further work, Talatahari et al. [34] proposed a method
which utilizes chaotic variables to replace the random
variables in the assimilation equation which guides the
colonies’ movements. They proposed a total of three
replacement approaches and investigated seven different
chaotic maps to generate the chaotic variables.

All the improved approaches mentioned above are
focused on enhancing the performance of the original
algorithm through changing the moving mode of the
colonies. Some modifications which are quite complicated
are needed, bringing some difficulties to the implementa-
tion and application of these improved approaches. In this
article, we propose a novel improved method which is
simple in structure and is very easy to be carried out. The
main idea of the proposed approach is to enhance the
algorithm’s performance by changing the moving mode of
the imperialists through applying mutation operators to
them. Three different mutation operators, the Gaussian
mutation, the Cauchy mutation and the Lévy mutation, are
investigated particularly through numerical experiments.

The rest of this article is structured as follows. In
Sect. 2, a brief introduction about the basic ICA is given.
In Sect. 3, the proposed improved approach is set out in
detail. In Sect. 4, the numerical experiments, results, rela-
ted discussions and the comparisons with other algorithms
are given. And in Sect. 5, a conclusion of this work and the
key areas of the future works are provided.

2 Basic imperialist competitive algorithm

The ICA simulates the colonial competition in human
society. Its implementation can be divided into the fol-
lowing steps [4].

2.1 Initialize the empires

Similar to other population-based meta-heuristic algo-
rithms, ICA also begins with a randomly generated popu-
lation which contains N initial solutions. In ICA, each
individual is called a ‘country.” For an N,,-dimensional
optimization problem, a country is a 1 x N, array whose
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elements are randomly generated in the allowable range of
the corresponding parameters, as:

country = [pi,p2,P3, - - s PNow)

After, the cost of each country is calculated by the cost
function.

cost = f(country) = f(p1,p2,P3, - - -, PN, )

Then, all the initial countries would be divided into two
classes. Some best countries among them would be regar-
ded as ‘imperialists,” and the rest countries would be
regarded as ‘colonies.” After that, the cost of every impe-
rialist is normalized by Eq. (1) [4], where C, and c, stand
for the normalized cost and the cost of the nth imperialist,
respectively. And then, the normalized power of each
imperialist is calculated by Eq. (2) [4], where p,, stands for
the normalized power of the nth imperialist and Njy,, stands
for the total number of imperialists.

C, = ¢, — max{¢;} (1)
C"l
Pn = | (2)
‘zﬁ-“"r 2

ICA uses the concept of ‘empire’ to proceed with sub-
sequent processes. Here, an empire is made up of one
imperialist and some colonies. The initial solutions will
form several empires. Every initial colony would be dis-
tributed to one and only one imperialist. How many colo-
nies an imperialist can obtain is proportional to its power
and calculated by Eq. (3) [4], where N.C.,, and N, stand
for the number of the colonies distributed to the nth
imperialist and the total number of the colonies, respec-
tively. For each imperialist, N.C.,, colonies are randomly
selected from the initial population and distributed to it.

N.C., = round{p, - Neo } (3)
2.2 Assimilation, revolution and uniting
After empires are initialized, within each empire, colonies

would be moved toward the imperialist. This process is
called ‘assimilation,” as illustrated in Fig. 1. Each colony is

new position
of colony

position of

old position imperialist

of colony
x~U(0,Bxd) 6~U(-v,y)

Fig. 1 Assimilation process
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moved x units to the relevant imperialist every time.
Meanwhile, a random amount of deviation (the 0 in Fig. 1)
is added to the movement direction, to enhance the
exploration ability of the algorithm. x and 6 are defined as
shown in Fig. 1, where d is the distance between colony
and the relevant imperialist; f§ is a number which is >1 and
makes the colony to get closer to the imperialist from both
sides, and 7 is a parameter whose value determines the size
of the deviation added to the original direction. Usually, a
value of about 2 for f and a value of about n/4 (rad) for y
can get a good performance [4].

Meanwhile, some colonies would be randomly selected
out according to a preset rate and then be replaced with an
equal number of new randomly generated countries. This
process is called ‘revolution.” The revolution process is
similar to the mutation operator in the genetic algorithm,
used to enhance the algorithm’s ability to escape from local
optima and to avoid premature convergence. The rate is
called ‘revolution rate’ [4].

In the processes mentioned above, if a colony becomes
better than the relevant imperialist, their roles will be
exchanged. Meanwhile, if two imperialists are moved to a
similar position (the distance between them is smaller than
a preset threshold distance), the two relevant empires
would be united to one empire. The new empire would take
over all the colonies of the two previous empires and take
one of the two previous imperialists as its imperialist [4].

2.3 Competition between empires

Competition between empires is the core of the ICA. In this
stage, firstly, the total cost of every empire is calculated by
Eq. (4) [4], on the basis of the cost of its imperialist and
colonies. Then they would be normalized by Eq. (5) [4].
Here, T.C., and N.T.C., stand for the total cost and the
normalized total cost of the nth empire, respectively, and ¢&
is a decimal fraction, whose value determines the weight of
the colonies’ cost in the total cost.

T.C., = Cost(imperialist, ) + &
- mean{Cost(colonies of empire, )} 4)

NT.C,=T.C, —max{T.C.;} (5)

Then, the weakest colony of the weakest empire would
be picked out and become a temporary independent
country. Other empires would contend for control of this
independent country. Every imperialist may but only one
can succeed finally. The success probability of each empire
is proportional to its power, as that given by Eq. (6) [4].

N.T.C.,

e 6
SN NT.C ©)

Py =

The ICA realizes the competition process described
above in the following method. Firstly, the success prob-
ability of each empire would be used to constitute a vector
P, as Eq. (7) [4]. And then, a vector R with the same size as
P and whose elements are randomly generated in the
interval [0,1] is created as Eq. (8) [4]. Then, a vector D is
obtained by subtracting R from P as Eq. (9) [4]. Finally,
the empire whose relevant index in D is largest will obtain
the mentioned colony. This handling method is similar to
but quicker than the conventional roulette wheel method in
the genetic algorithm.

P: |:pP]7pP27pP37"'7pPNimp:| (7)
R=[r,r,rs,...,rn,,| where r;~U(0,1) and
ISiSNimp
(8)
D= [Dy,D;,Ds,....Dy,,] =P—R

= \pPp, —T'1,PP, —12,PP; — F3,...,PPy _rNimp:| (9)

imp

In each generation of the ICA, the processes of assim-
ilation, revolution and competition are carried out in
sequence. As iteration proceeds, the weak empire steadily
loses its colonies and the powerful empire obtains more
and more colonies. In this process, the empire which loses
all its colonies will be collapsed. The ultimate result is that
there is only one empire left in the solution population. The
imperialist of the empire is the solution obtained by the
algorithm. Usually, a preset iterative number can be used as
a termination condition. Figure 2 illustrates the entire
process of the original ICA.

3 The improved ICA combined with mutation
operators

3.1 Analysis of the basic ICA

At the early stage of iterations, the colonies of every
empire are dispersed in the whole search space and can be
moved in a wide range in the assimilation process.
Meanwhile, the competition between multiple empires
gives the colonies a chance to be transferred from one
empire to another. These two aspects can ensure the
diversity of the population. Moreover, though the imperi-
alists are the best individuals in the current population,
their qualities are still poor at this stage. So a colony has a
big possibility to become better than the relevant imperi-
alist and then replace it. Once an imperialist is replaced, the
movement directions of all the colonies it controls would
be changed. Thus, the diversity of the population can be
enhanced further. However, as the algorithm proceeds, the
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Fig. 2 Process of the original

ICA 1. Randomly generate some candidate solutions for the problem and initialize

empires.

2. Move the colonies toward their relevant imperialist(Assimilation).

3. Randomly pick out a part of colonies from every empire, replace them with
new generated(Revolution).

4. If there is a colony in an empire which has lower cost than that of imperialist,
then exchange the positions of that colony and the imperialist.

5. Compute the total cost of every empire.

6. Pick the weakest colony from the weakest empire and give it to the empire
that has the most likelihood to possess it.(Imperialistic competition).

© 0 N

. Uniting similar imperialists.
. If an empire losses all colonies, collapse it.
. If the stop condition is satisfied, stop, if not, go to step 2.

colonies gradually move closer and closer to the relevant
imperialists. Accordingly, their movement ranges also
become smaller and smaller. Meanwhile, the competition
process would decline the number of empires. When there
is only one empire left, all the colonies can only move
toward the same imperialist. Obviously, at this time, the
diversity of the population would decline greatly. If the
remained imperialist is located on a local optimal area, the
algorithm would not have enough ability to jump out.

From what have been discussed above, it can be possible
to conclude that maintaining the diversity of the population
is essential for enhancing the global search ability of the
algorithm and avoiding premature convergence. Applying
mutation operators to the individuals in the iterative pro-
cess is a good choice. However, how to implement the
mutation operators is the key question. From the descrip-
tion about the mechanism of the ICA, we can find that the
imperialists play key roles during the search process. They
are the best found solutions, and they would share their
location information to other solutions. Therefore, we
prefer to apply mutation operators on them (Fig. 3). In
addition to directly increasing the diversity of the popula-
tion, the mutation operators applied to the imperialists can
also give them self-exploration ability. In the original
algorithm, the imperialists are stationary, unless they are
replaced by other better colonies. After the application of
mutation operators, the imperialists can take the initiative
to explore new better positions. Therefore, the algorithm
would get more opportunities to keep away from
stagnation.

3.2 Various mutation operators

Many different mutation operators have been proposed and
applied to various meta-heuristic algorithms, such as
Gaussian mutation [37-40], Cauchy mutation [37, 38, 41],
Lévy mutation [42-44], exponential mutation [45], t muta-
tion [46], chaotic mutation [47] and mixed or hybrid
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mutation [48, 49]. Among them, Gaussian mutation, Cau-
chy mutation and Lévy mutation are the most widely used
approaches. Therefore, in our work, these three mutation
operators are investigated particularly.

Though mutation operators have various forms, they share
such a same basic idea: forcing the algorithm to search in new
regions by the means of using random generated numbers to
change the positions of the current candidate solutions. How
to generate the random numbers is the main difference
between different mutation operators. On the other hand,
even a same kind of mutation operation can be implemented
by various specific forms. In our study, mutation operators are
applied to the basic ICA according to Eq. (10).

X' =X/ (1 4k - Nuangom) Where j=1,2,3,... Ny,
(10)

where le is the jth variable of the ith imperialist, k is an
additional scale parameter, and N nqom indicates that a
random number which is generated based on the mutation
operators and generated anew for each variable. As already
mentioned previously, three different mutation operators
are investigated in our work. In them, N, qom 1S generated
according to different kind of random distributions.

3.2.1 Gaussian mutation

In the Gaussian mutation, the random numbers are gener-
ated based on the Gaussian distribution, whose one-di-
mensional probability density function can be given as
Eq. (11) [50]

I _ew?
f,‘u.o'z(x) = e 2, (11)

ovV2n

where p is the mean value and ¢ is the variance. For
convenience, Gaussian distribution can be described as
N(u, 62). In our work, the standard Gaussian distribution
with u =0 and ¢ = 1, described as N(0,1), is used to
generate random numbers.
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Fig. 3 Mutation operator colony colony
brings the imperialist self-
exploration ability $
imperialist imperialist

T

old search direction

3.2.2 Cauchy mutation

In the Cauchy mutation, the random numbers are generated
based on the Cauchy distribution, whose one-dimensional
probability density function can be given as Eq. (12) [50]

[ — (12)

T2 4 (x —x0)
where xg is a location parameter which specifies the loca-
tion of the peak of the distribution and ¢ is a scale
parameter which specifies the half width at half maximum.
For convenience, Cauchy distribution can be described as
C(t, xp). In our work, the standard Cauchy distribution with
t = 1 and xy = 0, described as C(1, 0), is used to generate
random numbers.

3.2.3 Lévy mutation

In the Lévy mutation, the random numbers are generated
based on the Lévy distribution. In a sense, Lévy distribu-
tion is a generalization of Gaussian distribution and Cau-
chy distribution. Its probability density function can be
given as Eq. (13) [38, 43, 44]
1 [~ .
Loy =— / e cos(qy)dg, (13)
TJo
where 7y is the scaling factor satisfying y > 0 and « satisfies
0 < a < 2 and controls the shape of the distribution. In our
work, we use the Lévy distribution with y =1 and
o = 1.3, according to that recommended in the literature
[51], and adopt the algorithm proposed by Mantegna [52]
to obtain Lévy random numbers.

Figure 4 diagrams the difference between the probabil-
ity density functions of the standard Gaussian distribution,
the standard Cauchy distribution and the Lévy distribution
with y = 1 and o = 1.3. From Fig. 4, it can be observed
that these three distributions have different characteristics.

“&

improved search direction
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~
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10 50 5 1o

Fig. 4 Comparisons between the probability density functions of the
standard Gaussian distribution, the standard Cauchy distribution and
the Lévy distribution (y = 1, & = 1.3)

The standard Gaussian distribution tends to generate ran-
dom numbers which are closer to 0, the standard Cauchy
distribution tends to generate random numbers which are
farther from 0, and the Lévy distribution lies between the
standard Gaussian distribution and the standard Cauchy
distribution. Therefore, it can be expected that the three
different mutation operators could bring different effects.

As mentioned previously, in our work, the mutation
operators are applied on the imperialists. Specifically, in
every iteration, the selected mutation operator is applied to
every imperialist dimension by dimension. The elements of
the imperialist are updated one by one, according to
Eq. (10). If the new element exceeds its domain, it will be
restricted on the search boundaries. After finishing the
update, the newly obtained solution would be evaluated
immediately. Then, a greedy strategy is applied to decide
whether to accept this update or not. If the new solution is
better than the previous one, the update would be accepted,
or otherwise the update would be abandoned.
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Fig. 5 Pseudo-code of the
applying process of the
mutation operators

for (/=1; i <= the number of imperialists in current population; i++)
Templmperialist = the ith imperialist;

for (j=1; j <= the number of elements in the imperialist, j++)
update the jth element of the Templmperialist using mutation operator;
if (the updated Tempimperialist is better than the before ) then
replace the before Templmperialist by the updated Templmperialist;

else

give up the updated Templmperialist,

endif
endfor

the ith imperialist=the Tempimperialist,

endfor

Figure 5 shows the pseudo-code of the mutation oper-
ators. In our method, this procedure is inserted between
step 8 and step 9 in Fig. 2.

4 Numerical experiments, results and discussion

The three different mutation operators produce three dif-
ferent improved algorithms. For convenience, in the fol-
lowing paragraphs, the basic ICA, the improved ICA with
Gaussian mutation, the improved ICA with Cauchy muta-
tion and the improved ICA with Lévy mutation will be
abbreviated as BICA, IICA-G, IICA-C and IICA-L,
respectively.

4.1 Benchmark functions

In order to demonstrate the improved effects, all the four
algorithms are tested together and then compared on nine
widely used minimized benchmark functions. The dimen-
sion of every function is set to 30 in our study. The name,
formula, variable range and theoretical optimal value of
these benchmark functions are listed in Table 1. These
functions have different characteristics: Fy, F», Fy4, F5 and
F¢ are unimodal; F5 is discontinuous; F, Fg and F9 are
multimodal functions; the number of local minima
increases exponentially with the problem dimension [37].

4.2 Experiments settings

All the four algorithms are implemented in MATLAB
R2012a, under a PC with Pentium 4 at 2.9 GHZ, 4 GB
RAM and Windows 7 Ultimate Operating system. On
every function, every algorithm is run 30 independent trials
to eliminate the influence caused by the randomness of the
algorithms. Meanwhile, the maximum number of fitness
function evaluations (MAX_NFFEs) is used as a termina-
tion condition. Every trial ends when the MAX_NFFEs is
reached. The MAX_NFFE:s is set to 150,000 for F1, F5, F6
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and F8, 200,000 for F2 and F7, 500,000 for F3 and F4 and
300,000 for F9, according to relevant literatures [37, 53].

To be fair, all the common parameters in the four
algorithms are set to same, as:

1. The number of initial countries is set to 100.
The number of initial empires is set to 3.

3. The revolution rate is initialized to 0.3 and exponen-

tially declines with the number of iterations, as that
illustrated by Eq. (14).

revolution rate = 0.3 x (.99iteration number (14)

4. The & in the formula 4 is set to 0.02.

The number of initial countries and the number of initial
empires are set through lots of experiments. These two
parameters have great influences on the quality of obtained
results. If they are set too small, the algorithms would be
easily trapped into local optimum and obtain bad results
finally, because the diversity of population cannot be
guaranteed. On the other hand, if they are set too large, the
fitness evaluations would be exhausted very quickly, and
the algorithms also cannot obtain satisfactory results. The
revolution rate and the & are set according to the sugges-
tions given by the authors. These two parameters would
also influence the performance of the algorithms, but the
effects brought by them are relatively small.

The scale factor k in the mutation operators is set as:

1. For the Gaussian mutation, the standard Gaussian
distribution is used and the scale factor & is set to 0.5.

2. For the Cauchy mutation, the standard Cauchy distri-

bution is used and the scale factor & is set to 0.1.

3. For the Lévy mutation, « is set to 1.3 and the scale

factor k is set to 0.2.

The values of the scale factor k are also determined
through experiments. In a whole, a larger value of k means
that the positions of the imperialist would be changed
greatly after the mutation operator is applied. We tested the
improve algorithms with different values of k£ on these
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Table 1 Benchmark functions used in the experimental study
Function Name Variable range Optimal
value
Fi(x) =2, % Sphere [—100, 100]” 0
Fy(x) = ZlD:l x| + HIDZ1 x| Schweel 2.22 [—10, 10]°
Fy(x) = 32 (E, x_>2 Schweel 1.2 [—100, 1001° 0
= 2=\ 2j=1%
_ Do Schweel 2.21 [—100, 100]” 0
Fia(x) = max{ x|}
Fs(x) = Y, [ +0.5) Step [—100, 100]”
akhs: D
Fo(x) = Z?:l xiz + (ZID:I O-Sixi>2+(Z[‘D:1 0.5i - x,~)4 Zakharov [=5. 101 0
. D
Fr(x) = g5 x 2, 2 — T2, cos (7> 1 Griewank [—600, 600] 0
D
Fg(x) = —20 exp(—O.Z, [55 xtz) —exp(5 > i cos2mx;) +20+ e Ackley [-32, 32] 0
Fo(x) = Y20, [ — 10cos(2mx;) + 10] Rastrigin [-5.12, 5.12]” 0

functions and finally determined the values mentioned
above. In what follows, a further illustration about the
influence of the value of k is given.

It should be pointed out that the parameters we used
here are effective, but they are not the best for specific
functions. During our previous experiments, we found that
for some specific functions, using other parameters could
obtain better results. Without loss of generality, in our
tests, fixed parameters are used for the tests on different
functions. We have not made more effort in finding the best
parameter settings for every specific function, because this
work has exceeded the scope of this article.

4.3 Influence of the scale factor

For meta-heuristic algorithms, the values of the parameters
would influence the performance greatly. The proposed
approach introduces a new parameter: the scale factor k. To
investigate the effect of this parameter to the performance
of the proposed approach, we tested the proposed algo-
rithms with different values of k on these functions and the
results obtained on two benchmark functions: The Sphere
function and the Griewank function are given here. Due to
the different characteristics of the three mutation operators,
the IICA-G is tested on the situations of k = 0.25, k = 0.5,
and k = 0.75, and the IICA-C and the IICA-L are tested on
the situations of k = 0.1, k = 0.2, and k = 0.3. For each
value of k, every algorithm is tested for 20 times on each
function and the results are arranged in Tables 2, 3 and 4,
respectively.

From Tables 2, 3 and 4, it can be seen that the value of
the scale factor k& would influence the obtained results
obviously. On the Sphere function, the obtained results
become better and better along with the increase in the

Table 2 Comparisons of the results of the IICA-G with different
values of k on the Sphere function and the Griewank function

Function  Stats. k=0.25 k=05 k=0.75

Sphere Min 4.1420e—112  5.0790e—296  0.0000e+000
Mean 5.9443e—106 6.3494e—274  0.0000e+000
Median 2.1288e—107 5.4620e—279 0.0000e+000
Std 1.5247e—105 0.0000e+000 0.0000e+4-000

Griewank Min 0.0000e+-000  0.0000e+000  0.0000e+000
Mean 5.1093e—002 5.4299¢—002 7.7021e—002
Median 5.6407e—002 5.9864e—002 5.9924e—002
Std 9.2840e—002 4.1284e—002 6.3694e—002

Table 3 Comparisons of the results of the IICA-C with different
values of k on the Sphere function and the Griewank function

Function  Stats. k=0.1 k=02 k=03

Sphere Min 1.7771e—106  4.7143e—175 4.4994e—211
Mean 6.6147e—088 1.1638¢—149 1.7939¢—200
Median 5.1793e—097 1.1760e—165 1.3926e—202
Std 2.0896e—087 3.6803e—149  0.0000e+000

Griewank Min 0.0000e+-000  0.0000e+000  3.4335e—002
Mean 5.8997e—002 3.3568e—002 8.7684¢—002
Median  6.5948e—002 2.7064e—002 8.8157e—002
Std 4.0419e—002 3.5881e—002 4.3512¢—002

scale factor. On the Griewank function, the situation is
different. The largest values of k£ have not produced best
results. On other functions which have not been listed here,
the values of k also affected the quality of the results.
Based on an overall consideration of the quality of results
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Table 4 Comparisons of the results of the IICA-L with different
values of k on the Sphere function and the Griewank function

Function  Stats. k=0.1 k=02 k=03

Sphere Min 8.6590e—072 4.4194e—140 1.1545¢—193
Mean 9.7231e—063  1.2557e—135 1.1556e—179
Median 1.3851e—064 2.6002e—136 9.7218e—186
Std 2.3844e—062 1.9439e—135 0.0000e+000

Griewank Min 0.0000e4-000  0.0000e+000  2.9459e—002
Mean 5.6822e—002 5.4070e—002 6.6354e—002
Median 5.0315e—002 4.2991e—002 6.3717e—002
Std 4.7137e—002 4.7780e—002 2.4397e—002

obtained on these functions, we determined to set these
parameters to 0.5 for the IICA-G, 0.1 for the IICA-C and
0.2 for the IICA-L, to guarantee the overall performance of
the proposed algorithms.

4.4 Results and discussion

The statistic results of the four algorithms are arranged in
Table 5, where ‘Min(best),” ‘Mean,” ‘Median,” ‘Max(-
worst)” and ‘Std’ represent the best obtained result, the
average value of all the obtained results, the median value
of all the obtained results, the worst obtained result and the
standard deviation of all the obtained results of the corre-
sponding algorithm, respectively; ‘Run time’ denotes the
average computation time of the 30 trials for every func-
tion, reflecting the computational complexity of the algo-
rithms. The best results have been detached in bold.

From Table 5, it can be observed that all the three
mutation operators bring the basic algorithm effective
improvements. On every tested function, compared with
the results obtained by the BICA, the results obtained by
the IICA-G, the IICA-C and the IICA-L are closer to the
theoretical optimal value. Meanwhile, the three improved
algorithms show better stability and robustness. The results
obtained by them are more stable than that obtained by the
BICA. For instance, on F1, the results obtained by the
BICA vary from 2.2725e—002 (the best result) to
2.0000e4-004 (the worst result), which is a relatively large
range, while the results obtained by the three improved
algorithms are more concentrated. A similar situation can
also be observed on the F2, F3, F5, F7 and F9.

There are some differences between the results obtained
by the three improved algorithms. On F1, F2 and F4, the
results obtained by the IICA-G are significantly better than
that obtained by the IICA-C and the IICA-L; on F3, F5 and
F6, the results obtained by the IICA-C are much better; on
F7, all the three improved algorithms obtained the theo-
retical optimal value, and the difference between their
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results is very slightly because they are located on the same
order of magnitude; on F8, the results obtained by the three
improved algorithms also have the same order of magni-
tude, and the results obtained by the IICA-C are slightly
better. Only on F9, there is no difference between the
finally results obtained by the three algorithms. All the
three algorithms obtained the theoretical optimal value in
every run.

Meanwhile, it can also be observed that though the three
improved algorithms show superiority than the BICA on
every function, the improvements shown on different
function are different. On F1, F2, F3, F4, F5, F8 and F9, the
improvements are significant, while on F6 and F7, they are
not so significant.

Furthermore, from Table 5, it can also be observed that
the mutation operators increase the cost time, while at the
same time enhancing the performance of the BICA.
However, the increases are slight and acceptable.

In order to further study the difference among the
behaviors of the four algorithms, the convergence curves of
the four algorithms on every function are given in Fig. 6.
The convergence curve is obtained by averaging the vari-
ations of the best obtained result with the NFFEs over the
30 runs.

From Fig. 6, it can be observed that there are significant
differences between the convergence curves of the four
algorithms. Compared with the convergence curves of the
BICA, the convergence curves of the three improved
algorithms are steeper, indicating that the improved algo-
rithms have faster convergence rate than the BICA. On F1-
F6, the curves of the BICA become flat before the
Max_NFFEs is reached, indicating that the BICA has got
trapped into local optimum, while the curves of the three
improved approaches decline steadily throughout the
whole solving process. It can be predicted that if the
Max_NFFEs is increased, the BICA cannot improve the
obtained solutions further, while the three improved
approaches with mutation operators can do that. On F7 and
F8, all the curves of the four algorithms become flat before
the Max_NFFEs is reached. However, the curves of the
three improved algorithms converge faster and converge to
more accurate solutions finally. On F9, the curve of the
BICA becomes flat soon after the trials begin, while the
curves of the three improved algorithms decline steadily.
Finally, the curve of the IICA-G converges to the theo-
retical optimal value after about 50,000 NFFEs, and the
curves of the IICA-C and the IICA-L also converge to the
theoretical optimal value after about 150,000 NFFEs and
about 120,000 NFFEs, respectively.

Meanwhile, it can be observed that on every function
except F5 and F6, the IICA-G shows the fastest conver-
gence rate, the IICA-L occupies the second position, and
the IICA-C shows slowest convergence rate. On F5 and F6,
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Table 5 Comparisons of the

results obtained by the BICA. Function Stats. BICA ICA-G [ICA-C [ICA-L
the IICA-G, the IICA-C and the Min(best) 2.2725¢—002 5.8865¢—295 8.9250e—105 2.0952¢—143
IICA-L on the tested benchmark
functions Mean 3.0014e+003 7.9783e—270 3.0161e—085 4.2975e—125
Median 141744000  2.4519e—281 1.1919e—094  4.0116e—135
Max(worst) 2.0000e+004  2.0760e—268 8.9934e—084 1.2864e—123
St 5.3492e+003 0.0000e+-000 1.6416e—084 2.3484e—124
Run time(s) 8.8156e-+000 1.0710e+001 9.8775e-+000 1.0301e-+001
F2 Min(best) 4.0001e+001 3.9419¢-208  6.9182e—074 3.5339e—100
Mean 8.4001e+001 1.6277e—188  7.4268e—063 4.1246e—086
Median 8.5007e4-001 8.9486e—199  9.2948¢—068 4.2744e—094
Max(worst) 1200064002  4.2967e—187 1.8805e—061 1.2373e—084
Std 222214001 0.0000e+-000 3.4476e—062 2.2591e—085
Run time(s) 1.2293e+001 1.5327e+001 1.4224e+001 1.4760e+001
F3 Min(best) 5.0001e-+003 2.1446e—002 1.9041e—006  5.0878e—004
Mean 3.2697e+004 8.1017e—001 4.6869¢—004 3.6854e—002
Median 3.4167e4-004 5.3242e—001 1.8374e—004 8.9871e—003
Max(worst) 6.1667e+004 5.6179e4+000  3.5259e—003 2.2999e—001
Std 1.4282e+004 1114564000  7.4389¢—004  5.7622e—002
Run time(s) 8.2037e-+001 1.0697e-+002 1.0186e+002 1.0442¢+002
F4 Min(best) 7.3937e—001 1.9000e—025 2.8627e—012 5.3067e—014
Mean 1.3653e4000  2.2029e—023  5.4118e—011 4.2560e—013
Median 132524000  9.4330e—024 3.8589e—011 1.9079e—013
Max(worst) 237474000  2.2938e—022 1.7137e—010 1.6640e—012
Std 4.0130e—001 4.2625¢—023 4.6253e—011 4.6041e—013
Run time(s) 1.4207e-+001 1.6222e+001 1.7371e+001 1.7632e+001
F5 Min(best) 4.4430e—002 3.3098¢—008 2.7614e—009 3.6218e—009
Mean 2.3309e+003 1.2741e—007 8.6985¢—009 2.1788e—008
Median 4.1674e—001 1.1570e—007 7.4352e—009 1.8753e—008
Max(worst) 2.0201e-+004 3.0886e—007 3.0155¢—008  6.8125¢—008
Std 5.0486e+003 7.5029e—008 5.9357e—009 1.5291e—008
Run time(s) 1.3179¢-+001 1.5015e+001 1.4151e+001 1.4620e+001
F6 Min(best) 3.7284e+002 2.5406e+001 6.7272¢+-000  2.1371e+001
Mean 5.7281e4-002 8.9470e+001 2.8515¢+001 4.6687e+001
Median 570824002 8.3778¢-+001 2.6689¢+001 4.6148e-+001
Max(worst) 8.5021e+002 1.6394e+002 5.9512¢+001 9.1294e+001
Std 1.2545¢+002 3.7148e+001 1.1570e+001 1.7290e+001
Run time(s) 1.5978e-+001 2.0093e-+001 1.8302e+001 1.9177e+001
F7 Min(best) 7.6503e—003 0.0000e+000  0.0000e+000  0.0000e-+000
Mean 2.7179e+001 6.4241e—002  6.4898e—002  6.2983e—002
Median 9.0283e—002 5.6283e—002  5.4035¢—002  5.6289e—002
Max(worst) 1.8098e+002 1.8528e—001 1.9265e—001 1.8761e—001
St 4.8312e+001 5.0310e—002  5.0447e—002 5.0348e—002
Run time(s) 2.0534¢+-001 2.3581e+001 2.2442e4+001 2.3043e+001
F8 Min(best) 6.9381e—002 3.2863e—014  2.5757e—014 3.2863e—014
Mean 1.6654e+001 53113e—014  4.7902e—014  5.3350e—014
Median 1.7791e+001 5.0626e—014  5.0626e—014  5.0626e—014
Max(worst) 1.9963e-+001 79048e—014  7.5495e—014  7.5495¢—014
Std 4.9684¢+000 1.1584e—014 1.0584e—014 1.1145¢—014
Run time(s) 1.4359¢-+001 1.5986e+001 1.5265e+001 1.5680e+001
F9 Min(best) 7.8672e+001 0.0000e--000  0.0000e--000  0.0000e--000
Mean 1.3836e+002 0.0000e-+000  0.0000e--000  0.0000e--000
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Table 5 continued

Function Stats. BICA [ICA-G IICA-C IICA-L
Median 1.3855e-++002 0.0000e-+000 0.0000e-+-000 0.0000e--000
Max(worst) 1.9842e+002 0.0000e-+000 0.0000e-+000 0.0000e-+-000
Std 3.3194e+001 0.0000e-+000 0.0000e-+000 0.0000e-+000
Run time(s) 2.2699e+-001 2.3123e+001 2.4582¢+001 2.3395e4001
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Fig. 6 Convergence curves of the four algorithms on every function
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the situation is the opposite. The IICA-C shows the fastest
convergence rate, while the IICA-G shows the slowest
convergence rate.

As what have been mentioned, the improvement effects
brought by the three mutation operators are significant on
some functions but not significant on some others. Mean-
while, the three improved algorithms show different
behaviors on different functions. This is caused by the
different characteristics of different functions. As we know,
though meta-heuristic algorithms have the characteristics
of generality, a specific meta-heuristic algorithm cannot be
suitable to every benchmark function. In other words, the
inherent characteristics would influence the performance of
one algorithm greatly.

4.5 Comparison with other works

In this section, we compare the proposed approach with
two other works. The first contrastive algorithm is the
imperialist competitive algorithm combined with chaos
(CICA), which is proposed in the literature [34] and used
here as a representative of the previous improved approa-
ches of the basic ICA; the second contrastive algorithm is
the real coded genetic algorithm approach with random
transfer vectors-based mutation (RCGA-RTVM), which is
proposed in the literature [54] and used here as a repre-
sentative of various meta-heuristic algorithms, due to its
outstanding performance which has been proven in the
literature [54].

In the literature [34], the CICA is tested on four
10D benchmark functions. To compare the IICAs we
proposed with the CICA, we also test the IICAs on these
four functions. Meanwhile, the results given in the litera-
ture [34] are directly taken into the comparisons, and every
improved ICA we proposed is run 30 independent trials. To
be fair, we use the same iterations number and search
ranges given in the literature [34]. And the other parame-
ters we used are as same as that used in Sect. 4.2. The
results are arranged in Table 6. The best results have been
detached in bold.

From Table 6, it can be clearly observed that on the
Griewank function and the Rosenbrock function, the CICA
shows better performance than the three IICAs proposed in
this work. The results of the CICA are more accurate.
While on the Rastrigin function and the Ackley function,
the IICAs obtained better results: On Rastrigin function,
the three improved algorithms proposed in this work
obtained the optimal value in every trial; on Ackley

function, the three IICAs also obtained better results and
showed better stability.

In the literature [54], the RCGA-RTVM is tested on four
30D functions and one 2D function. To make the com-
parisons, we also tested the IICAs on these five functions.
Each IICA is also run 30 independent trials on each
function, and the MAX_NFFEs of each trial, the search
range and the number of initial solutions are as same as
those used in the literature [54]. The other parameters in
the IICAs are as same as that presented in Sect. 4.2. The
results of the comparison are arranged in Table 7, where
the results of the RCGA-RTVM are directly taken from the
literature [54], and the best results have also been detached
in bold.

From Table 7, it can be seen that on the Rosenbrock
function and the Step function, the improved ICAs
obtained better results. The results are closer to the
theoretical optimal value. On the Schweel 1.2 function
and the Schweel 2.21 function, the RCGA-RTVM per-
forms better than the three different IICAs. The results it
obtained are significantly more accurate. On the Six-
hump camel-back, because this function is relatively
simple, all the four algorithms show satisfactory perfor-
mances, and there is no significant difference between
their results.

In summary, the proposed IICAs show better perfor-
mance than the CICA and the RCGA-RTVM on some
functions and show worse performance on some other
functions. Each algorithm has its own specialties and is
more suitable for some problems. In practice, when using
meta-heuristic algorithm to deal with problem, usually the
problem is regarded as a black box, and its characteristics
cannot be obtained. Usually, different algorithms should be
tried until a satisfactory solution is obtained. In these cases,
the improved algorithms proposed in this work can be used
as options.

4.6 An application of the proposed algorithms

In this section, we use a real-world optimization case to
demonstrate the applicability of the proposed algorithms.
This problem is a classical benchmark problem which aims
to minimize the total weight of a simple gear box, which is
shown in Fig. 7. It involves seven design variables, the face
width b (x;), module of teeth m (x,), number of teeth on
pinion z (x3), length of first shaft between bearings /; (x4),
length of second shaft between bearings I, (xs), diameter of
first shaft d; (xg) and diameter of second shaft d, (x7).
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Table 6 Comparisons of the
results obtained by the CICA
[34], the IICA-G, the IICA-C
and the IICA-L on four different
functions

Table 7 Comparisons of the
results obtained by the RCGA-
RTVM [54], the IICA-G, the
IICA-C and the IICA-L on five
different functions

Function Stats. CICA IICA-G IICA-C IICA-L
Griewank Min(best) 1.17e—16 2.95e—02 1.23e—02 7.39e—03
Mean 3.48¢—14 4.40e—02 4.08e—02 5.26e—02
Max(worst) 2.58e—12 5.90e—02 7.38e—02 9.34e—02
Std 5.07e—15 1.13e—02 1.91e—02 2.62e—02
Rosenbrock Min(best) 1.82e—04 2.27e—02 2.22e—01 5.09e—01
Mean 2.42e—02 1.72e+00 9.04e—01 1.03e+00
Max(worst) 7.18e—02 3.84e+4-00 1.89e+00 2.06e+00
Std 2.19¢—02 1.42e4-00 6.05e—01 4.97e—01
Rastrigin Min(best) 0 0 0 0
Mean 9.34e—09 0 0 0
Max(worst) 1.07e—07 0 0 0
Std 3.43e—08 0 0 0
Ackley Min(best) 5.80e—08 7.99E—15 7.99E—15 7.99E—15
Mean 1.02e—07 1.23E—14 1.30E—14 1.37E—14
Max(worst) 5.14e—06 2.93E—14 1.51E—14 2.93E—14
Std 1.24e—07 6.86E—14 343E-15 7.34E—15
Function Stats. RCGA-RTVM IICA-G IICA-C IICA-L
Rosenbrock (30D) Mean 2.8988E+01 2.5075e+01 2.3115e+01 2.4363e+01
Std 6.7394E—01 1.4043e+-00 8.9919¢—01 4.0048¢—01
Schweel 1.2 (30D) Mean 7.5456E—242 9.3308E—37 4.4802E—02 4.4267E—03
Std 0 2.6685e+00 5.0505E—02 1.2639E—02
Step (30D) Mean 2.0000E—04 1.5568e—08 2.4265e—10 6.3296e—10
Std 1.4142E—02 3.6954e—08 3.1147e—-10 4.3038e—10
Six-hump camel-back (2D) Mean —1.0316E4+00 —1.0316E4+00 —1.0316E+00 —1.0316E+00
Std 2.8796E—11 2.8547e—06 5.4013E—07 6.7907E—07
Schweel 2.21 (30D) Mean 7.4950E—24 4.8494e—11 7.5750e—05 3.3035e—06
Std 1.0434E—23 4.4586e—11 7.8729e—05 1.5067e—06

A i

T /] & L

Zi hi | N e
- )

Fig. 7 Structure of the gear box to be optimized
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Moreover, this problem involves seven nonlinear and four
linear constraints, limitations on the bending stress of gear
teeth, surface stress, transverse deflections of shafts 1 and 2
due to transmitted force and stresses in shafts 1 and 2. Due
to the fact that the third design variable (the number of
teeth on pinion) should only be integral, this problem is a
mixed integral-continuous constrained problem. The
mathematical formulation of this problem can be summa-
rized as follows [55]:
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f(x) = 0.7854xx3(3.3333x] + 14.9334x; — 43.0934)
— 1.508x; (x% 4 x3) + 7.4777(x} 4 x3)
+ 0.7854(x4x2 + x5x3)

Subject to:
27
gi(x) = 5. 1<0
X1X5X3
397.5
= —-1<0
$2(%) X1X5X3 -
1.93x3
= —-1<0
83(x) X2X3x4 -
1.93x§
= —-1<0
g4(x) XoX3X3 -
2
() "+16.9¢6
gS(x): 110)62 ISO
745x5\
(B25) 4157 5e6
86(x) = 85:3 —1<0
7
XoX
g7(x) = % -1<0
5
gs(x) = e | <0
X1
X1
=——1<0
89(x) 12 S
1.56x¢ + 1.9
gio(x) 2274— 1<0
1.56x7 + 1.9
SRERE KT R

2.6<x,<3.6, 0.7<x,<0.8, 17 <ux; <28,
73<x; <83, 7.3<x5<8.3, 2.9 <xs<3.,
50<x;<5.5

To handle the constraints that exist in this problem, the
penalty function method is adopted. Penalty function
method is a commonly used constraint-handling method
which can transform a constrained problem to an uncon-
strained problem by the aid of a self-defined penalty
function. In this work, the penalty function is defined as
Eq. (15).

N
F(x) =f(x) + A3 max(0, gi(x))% (15)
i=1

where F(x) is the fitness value of a solution x in the
transformed problem; f(x) is the original objective function
value; N is the total number of constraints; A is the penalty
factor, and it is set to 1e20 in our work.

The BICA, the IICA-G, the IICA-C and the IICA-L are
tested together on this problem and then compared with
other four algorithms. Because the dimension of this

Table 8 Comparisons of the results obtained by the BICA, the IICA-
G, the IICA-C and the IICA-L on the gear box design problem

Stats. BICA IICA-G IICA-C IICA-L

Best  3007.436552 2994.471066 2994.471066 2994.471066
Mean 3085.818289 2994.471066 2994.471066 2994.471066
Std 7.4198e+01  1.8686e—11  2.9240e—11  3.6929e—11

problem is relatively low, in our study, the number of
countries is set to 25, the number of imperialists is set to 2,
the maximum number of fitness function evaluations is set
to 20,000, and every algorithm is tested 10 independent
times. The results of the four algorithms are arranged in
Table 8.

As a classical benchmark case, this problem has been
solved by many different algorithms. In our study, we
compared the best solutions obtained by the three improved
ICAs with that obtained by other four existing algorithms,
the society and civilization algorithm (SCA) [56], the
Evolution Strategy (n + A-ES) [57], the artificial bee col-
ony algorithm (ABC) [55] and the cuckoo search algorithm
(CS) [58]. The parameter and constraint values of the best
solutions obtained by different algorithms are arranged in
Table 9.

From Table 9, it can be observed that the results
obtained by the three improved ICAs are better than that
obtained by the other algorithms. Though all the best
solutions obtained by the algorithms listed in the table are
feasible because no any constraint is violated, the corre-
sponding objective function value of the solutions obtained
by the IICA-G, the IICA-C and the IICA-L is smallest.
This case suggests that the proposed algorithms have good
applicability.

5 Conclusion and future work

In this work, an improved method for the imperialist
competitive algorithm to enhance its performance is pro-
posed by introducing mutation operators into the original
algorithm. In the proposed approach, the mutation opera-
tors are applied on the imperialist to change their behaviors
and then to obtain better performance. The proposed
approach is simple in structure and easy to be carried out.
Based on the proposed method, three improved algorithms
are obtained by using three different mutation operators,
the Gaussian mutation, the Cauchy mutation and the Lévy
mutation, and then are investigated particularly by exper-
iments. The experimental results suggest that they can
effectively improve the performance of the original algo-
rithm. Compared with the original ICA, the three obtained
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Table 9 Comparisons of the parameter and constraint values of the best solutions obtained by the SCA [56], the (1 + 4)-ES [57], the ABC [55],
the CS [58], the IICA-G, the IICA-C and the IICA-L for the gear box design problem

SCA (n + A)-ES ABC CS IICA-G IICA-C IICA-L
X1 3.500000 3.499999 3.499999 3.5015 3.500000 3.500000 3.500000
X2 0.700000 0.699999 0.7 0.7000 0.700000 0.700000 0.700000
X3 17 17 17 17 17 17 17
Xy 7.327602 7.300000 7.3 7.6050 7.300000 7.300000 7.300000
X5 7.715321 7.800000 7.8 7.8181 7.715320 7.715320 8.300000
X6 3.350267 3.350215 3.350215 3.3520 3.350215 3.350215 3.350215
X7 5.286655 5.286683 5.287800 5.2875 5.286654 5.286654 5.286859
g1 —0.073915 —0.073915 —0.073915 —0.0743 —0.073915 —0.073915 —0.073915
& —0.197999 —0.197998 —0.197999 —0.1983 —0.197999 —0.197999 —0.197999
g3 —0.493501 —0.499172 —0.499172 —0.4349 —0.499172 —0.499172 —0.499172
84 —0.904644 —0.901472 —0.901555 —0.9008 —0.904644 —0.904644 —0.904644
gs 0.000000 0.000000 0.000000 —0.0011 —0.000000 —0.000000 —0.000000
86 0.000633 0.000000 0.000000 —0.0004 0.000000 0.000000 0.000000
g7 —0.7025 —0.702500 —0.7025 —0.7025 —0.702500 —0.702500 —0.702500
g3 0.000000 0.000000 0.000000 —0.0004 0.000000 0.000000 0.000000
g9 —0.583333 —0.583333 —0.583333 —0.5832 —0.795833 —0.795833 —0.795833
810 —0.054889 —0.051325 —0.051326 —0.0890 —0.023790 —0.023790 —0.023790
811 0.000000 —0.010852 —0.010695 —0.0130 0.000000 0.000000 0.000000
fix) 2994.744241 2996.348094 2997.058412 3000.9810 2994.471066 2994.471066 2994.471066
improved algorithms have faster convergence rate, better ~ References

global search ability and better stability and would not
dramatically increase the time consumption.

Meanwhile, the three improved algorithms are also
compared with two other excellent algorithms. The com-
parative results suggest that the proposed algorithms have
their own advantages. They can obtain better results than
the contrastive algorithm on some functions. Therefore, the
proposed algorithms can be used as an option in practical
applications.

Finally, the three improved algorithms are tested on a
real-world optimization case and compared with other four
existing algorithms. The results suggest that the proposed
algorithms have good applicability. All the three variants
with different mutation operators can obtain better solu-
tions than the four contrastive algorithms.

This work suggests that changing the behavior of the
imperialists can enhance the performance of the original
algorithm. Therefore, more attention should be paid to the
behavior of the imperialists in future work. Additionally,
the proposed improved algorithms should be used to solve
more real-world optimization problems in future.
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