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Abstract In this paper, the synchronization stability prob-
lem for a class of general complex dynamical networks with
interval time-varying coupling delay and delay in the
dynamical node is investigated. By dividing the delay interval
into two variable subintervals, slightly different Lyapunov—
Krasovskii functionals are constructed on these two subin-
tervals. Then several less conservative delay-dependent syn-
chronization stability criteria are derived in terms of linear
matrix inequality via reciprocally convex approach, which
can be easily solved by using the standard numerical software.
Numerical examples are given to illustrate the effectiveness
and less conservatism of the proposed method.

Keywords Complex dynamical networks -
Synchronization - Interval time-varying delay - Variable
delay-partitioning approach - Reciprocally convex
approach

1 Introduction

In the natural world, many practical systems can be mod-
eled by complex dynamical networks (CDNs), such as
internet, food webs, electric power grids, scientific citation
networks and social networks. A CDN usually contains a
large number of interconnected nodes, in which each node
represents an element with certain dynamical system and
edge represents the relationship between them. Due to the
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wide and potential applications in various fields, CDNs
have attracted much attentation across many fields of sci-
ence and engineering during the past few decades [1-4].
It is very common that many natural systems can often
exhibit collective cooperative behaviors among their con-
stituents. Synchronization, as a typical collective behavior, is
a significant and interesting phenomenon in CDNs, which not
only can explain many natural phenomena, such as the light-
ing of fireflies and the spread of an epidemic, but also has
many potential applications in image processing, secure
communication, synchronous information exchange in the
internet, genetic regulatory process, as well as the syn-
chronous transfer of digital signals in communication net-
works. Up to now, much effort has been devoted to the study of
synchronization in large-scale networks by many researchers
[5-18]. In [5], the authors have shown that the synchroniz-
ability of a scale-free dynamical network is robust against
random removal of nodes but fragile to some specific removal
of nodes. In [6], the authors investigated the locally and
globally adaptive synchronization of an uncertain complex
dynamical network. The problem of globally exponential
synchronization of impulsive dynamical networks was
investigated in [7]. The pinning synchronization problems in
CDNs have been considered in [8—11]. Based on the input
delay method, the sampled data synchronization problems for
CDNs were investigated in [12—15]. By utilizing periodically
intermittent method, the synchronization problem of dynam-
ical networks was dealt in [16, 17]. The non-fragile synchro-
nization control for complex networks was discussed in [18].
As is known to all, due to the finite information transmis-
sion and processing speeds among the units, time-delayed
coupling is ubiquitous in real-world networks, such as com-
munication networks, biological neural networks, epidemio-
logical models, electrical power grids, and so on. In order to
give a more precise description of practical dynamical
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network, time-delayed coupling should be considered inevi-
tably. Therefore, much attention has been drawn to consider
the synchronization problem of CDNs with time-delayed
couplings. In the study of synchronization in CDN with cou-
pling delays, one of the fundamental problems is how to find
the maximum upper bound of the delay to guarantee the
synchronization by itself. This can be regarded as the delay-
dependent synchronization stability problem. In [19], both
continuous and discrete time network models with constant
coupling delays have been taken into consideration, and some
synchronization criteria were derived for both delay-inde-
pendent and delay-dependent asymptotical stability. In [20],
the authors developed several new delay-dependent syn-
chronization stability criteria for some general complex
dynamical network models with coupling delays. In [21], the
authors introduced a new Lyapunov—Krasovskii functional
(LKF) based on delay fractioning technique to derive
improved synchronization stability condition for complex
networks with constant coupling delays. In [22], local and
global synchronization problems in general complex
dynamical networks with delay coupling were analyzed, and
some simple synchronization criteria were given in terms of
linear matrix inequalities (LMIs). By using the free-weighting
matrix technique, the synchronization problem for some
general complex dynamical networks with time-varying
delays in the network couplings and time-varying delays in the
dynamical nodes were investigated in [23]. By using a
piecewise analysis method and convexity of matrix function
method, the synchronization stability problem has been
investigated for general CDNs with interval time-varying
delays in the dynamical nodes and the coupling term in [24].
Furthermore, the piecewise analysis method was used to study
the synchronization problem for continuous complex
dynamical networks with non-delayed and delayed coupling
in [25]. If the delayed complex dynamical network cannot
achieve asymptotic synchronization by itself, the authors in
[26] proposed a local linear feedback strategy to deal with the
problem. In [27], by using a simple local linear feedback
control strategy and reciprocally convex combination
approach, the problem of synchronization in complex
dynamic networks with interval time-varying coupling delays
has been considered. In [28], the authors dealt with the syn-
chronization of both continuous and discrete time CDN by
constructing a novel LKF and using the optimal partitioning
approach and reciprocally convex combination technique. By
choosing a suitable LKF and utilizing Finsler’s lemma, some
new synchronization criteria for fuzzy CDNs with interval
time-varying delays were established in [29]. The authors in
[30] considered the synchronization stability problem of a
class of neutral-type CDNs with interval time-varying cou-
pling delays and a pair of nonlinear constraints. However,
these mentioned results [23—27] for dynamical networks with
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interval time-varying coupling delays are still conservative to
some extent, which leave open room for further improvement.

It is known that the real-world dynamical networks usu-
ally contain a large number of nodes. If the number of nodes
is big enough, it will lead to have a huge computation burden.
On the other hand, the more decision variables, the proposed
conditions involves, the bigger computational complexity
will be. Therefore, in view of practical application, it is of
great importance to find new synchronization conditions for
CDNs with time-varying coupling delays with less conser-
vatism and small computational complexity.

Motivated by the aforementioned discussion, this paper is
further considered the synchronization stability problem for
a general complex dynamical network with interval time-
varying coupling delay and delay in the dynamical node. By
developing a variable delay-partitioning approach, both the
information of the variable subinterval delay and the lower
and upper bound of delay can be taken into full considera-
tion. By constructing different LKFs on these two subinter-
vals and using reciprocally convex approach, some new and
improved delay-dependent synchronization stability condi-
tions are proposed in terms of LMIs, which can be solved
effectively by using MATLAB LMI Toolbox. Numerical
examples are given to demonstrate the effectiveness and less
conservatism of the obtained results.

Notations: Throughout this paper, R" denotes the n-di-
mensional Euclidean space, R"*" is the set of all m x n real
matrix. The notation P > 0 (respectively, P <0), for P €
R™" means that the matrix P is a real symmetric positive
definite (respectively, negative definite). The superscript
“T” represents the transpose. The symmetric terms in a
symmetric matrix are denoted by *. Matrices, if their
dimensions are not explicitly stated, are assumed to have
compatible dimensions for algebraic operations.

2 Problem formulation

Consider a delayed CDN consisting of N identical nodes, in
which each node is an n-dimensional dynamical subsystem

5i(6) = f (a0, xi(r = 7(1))) + €1 Y _ gyl (1)

Jj=1

+ gijl"ng(t—r(t)), i=12,..,N, (1)

N
-

J

where x; = (X1, X2, - - .,xm)T € R" is the state vector of the
ith node. f(-) € R" is a continuously differentiable vector
function. The constant ¢; > 0 (I =1,2) denote the cou-
pling strength of non-delayed coupling and time-delayed
coupling, respectively. t(z) represents the time-varying
coupling delay, which satisfies
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71 <1(1) < 19, (2)

where 7; and 1, are known positive constants. I'; =
(Viij)nxen € R (I =1,2) are the constant inner-coupling
matrix and the time-delayed inner-coupling matrix,
respectively. G = (g;) € RV*V is the coupling configura-
tion matrix, where g;; is defined as follows: if there is a
connection between node i and node j (i # j), then g;; > 0;

otherwise, g; =0, and the diagonal elements of matrix

G are defined by gy = — >\, Gy,i =1,2,...,N.

Remark 1 The coupling configuration matrix G can
always represent the topological structure of network. It
should be noted that the coupling configuration matrix
was assumed to be symmetric in [23-25], which is quite
restrictive in practice. However, in our network model
(1), the coupling configuration matrix G does not need to
be symmetric. Moreover, the non-delayed coupling and
delayed coupling simultaneously exist in our network
model. It means that there exists information communi-
cation of nodes not only at time ¢ but also at time 7 — t().
In effect, this phenomenon consists widely in our real
world. For example, in the stock market, decision-making
of single trader is influenced by that of others at time ¢ as
well as at time 7— t(¢). As a conclusion, the network
model considered here is more general than those in [23—
27].

Similar to Zhou et al. [27], suppose that network (1) is
connected in the sense that there are no isolated clusters,
that is, G is an irreducible matrix. According to the relevant
analysis in [22], since the row sums of G are all zero, it is
easy to find that zero is an eigenvalue of G with multi-
plicity 1. For simplicity, we assume that G has v —
1 (v<N) different nonzero eigenvalues Ay, ..., L.

Definition 1 ([27]) The delayed dynamical network (1) is
said to achieve asymptotic synchronization if

xi(t) =+ =xn(t) = s(t) as t — o0, (3)

where s(¢) is a solution of an isolated node, satisfying
$(1) = £ (s(2), s(t = 2(2)))-

Normally, the synchronization of network requires
xi(t) —s(t) -0 as t— o0, i=1,2,..,N. Let S(t) =
(s(2),s(2),...,s(t))" be the synchronization state of net-
work (1). From Definition 1, when the network (1) can
achieve asymptotic synchronization, it means that
x;(t) —s(t) — 0, and the synchronization state S(f) is
asymptotically stable in the state space. On the other hand,
if the synchronization state S(¢) is asymptotically stable, it
is obvious that x;(f) —s(f) — 0, and the time-vary-
ing delayed network (1) will realize asymptotic syn-
chronization. Therefore, the asymptotically stable of

synchronization state is equivalent to asymptotic synchro-
nization of network.

To proceed further, the following lemmas are needed,
which play an important role in the derivation of main
results.

Lemma 1 Consider the delayed dynamical network (1), if
the following v — 1 linear time-varying delayed differential
equations are asymptotic stable about their zero solutions

(1) = (Ji(1) + criel 1)m (1) + (J2(2)

+02}4€F2)nk(t_f<t))1 k:2,...,V7
where J,(t) is the Jacobian of f(x(t),x(t — t(¢))) at s(1),
Jo() is the Jacobian of f(x(t),x(t — t(t))) at s(t — (),
then the asymptotic synchronization of network (1) can be
achieved.

(4)

Proof Let e;(t) =x;(t) —s(t) (i=1,2,...,N) be the
synchronization error state. According to the Definition 1,
it is clear that the synchronization of delayed complex
dynamical network (1) is equivalent to ¢;(f) — 0 as
t — oo. Then, the error dynamics is given by

éi(1) = f (xi(t), (1 = 7(1))) = f (s(2), s(2 = 2(2)))

N N
g,-jl"lej(t) + 2 ZgijFZej(t —7(1)). (5)
=1 j=1

+ ¢
J

Because f(-) is a continuously differentiable vector func-
tion, by linearizing the error system (5) and letting
e(t) = (e1(t),ex(t),...,en(t)), we can obtain

é(t) = Ji(t)e(t) + Ja(t)e(t — 1(t)) + 1 T1e(t)GT

+ et — 1(1))G". (6)

By using matrix theory and similar to Lu and Ho [22], we
have the following Jordan decomposition for matrix G:
G" = ®Jd~!, where J = diag{J,,/5,...,J,} is a block
diagonal matrix, and Jj is the Jordan block corresponding
to the my; multiple eigenvalues /; of G. Furthermore, let
n(t) = e(t)®, we have

(1) = I (e) + T2 ()t — (1)) + er Tin(e)J

+ calon(t — (1)), ™

where 1(t) = (1, (), 12 (1), . .1, (), 0 (1) = (i (2), M2 (1),
<+ >N, (1)). From the assumption that Z; =0 with multi-

plicity 1, we have n,(#) =0. For k=2,...,v, it holds that
(1) = (N1(1) + et ) (0) + (J2(2)
+ Czﬂvkrz)ﬂk(t — ‘C(t)).

Therefore, if the linear time-varying delayed differential
systems (4) are asymptotic stable about their zero solutions,
the dynamical network (1) can achieve synchronization.
This completes the proof.
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Lemma 2 ([31]) For any constant matrix Z =Z' >0
and scalars hy > hy > 0 such that the following integra-
tions concerned are well defined, then

- / () ze(s)as <

—]12

t—hy t—h
7—(h2ih1)[,h XT(S)dSZ/t,;, x(s)ds. (8)

Lemma 3 ([32]) Let fi,/>,...,.fn : R"—R have positive
values in an open subset D of R™. Then, the reciprocally
convex combination of f; over D satisfies

: 1
5y —fi(t) = ) _fi(t) + max it
e >O‘Z°‘f:1}zi:aif() Z,«:fm (D) ;gd()

©)

subject to

for: morgiozasn [ 10 S0 20h 0

Since the outer-coupling matrix G is not assumed to be
symmetric, the eigenvalues 4; (1 <k <v) may be nonzero
complex numbers and 7, (¢) should be treated as complex
vectors. To avoid the complex arithmetic, similar to [22,
271, let Ay = oy +jp; and n, = ug + jvi be the solution of
system (4), in which j is the imaginary unit. Here, o and f3;,
are the real part and imaginary part of the complex number
Ak, Tespectively; uy and v, are the real part and imaginary
part of the complex vector 7, respectively. Then one has

Lik(l) = (Jl(l) + clikl“l)uk(t) + (Jz(t) =+ CQOCk;LkFQ)
X uk(t — T([)) — (Jz(l) + czﬁkikl“z)vk(t — T([)),

‘}k([) = (.11([) =+ cllkfl)vk(t) + (J2(Z) + CzO(k/lk[é)vk
x (1 = (1)) = (2(1) + 2Bl 2 )u(t — (1))

i (1)
i)
B Jo (1) + crou g I
Ai(t) = [—(;20) + 22/];;;%;2)

Letting

Wk(l)

—(J2(t) + 2Byl 2)
Jz(l) + CQOCkikFQ ’

and

- - J](l)+C1/1kF1 0

Jilr) = { 0 L)+ ekl |’

it can be achieved from (8) and (9) that

Wk(l) = J_k(t)wk(t) + Ak(t)wk(t — ‘L'(l)), k=1,...,v—1.
(13)
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Clearly, wy(t) is real vector, i.e., wi(t) € R*". The syn-
chronization problem of the delayed complex network (1)
has been equivalently converted into the asymptotical sta-
bility problem of system (13) about zero solution. Therefore,
our attention will focus on deriving delay-dependent stability
criteria for system (13) with interval time-varying delay.

3 Main results

In this section, we are in the position to propose several
delay-dependent stability conditions for delayed system
(13), which can guarantee the asymptotic synchronization
of considered network (1).

Theorem 1 For given scalars 1, > 11 >0, O<a<1, if
there exist matrices Py >0, Oy > 0, Ry; > 0 and §; (k=
2,..,v,i=1,2,j=1,2) with appropriate dimensions
such that the following LMIs hold

[sz S;

>
: Rki:| >0, (14)

Q Ra Qi3 0
x Ly Q3 S

Qa=| | f 0w Ou <0, (15)

* * * 944

where

Qi1 = Pidi(t) + T (1)Pi + Qi + T (1) Ok (1) — Rua,

Qi3 = Py (1) + T (1) O A (1), 22 = Qua — Ot — Rur — Rua,

Qo3 = Rio — Si, Q33 = AL (1) O A (f) — 2R + S; + ST

Qg =Rip — 8, Qs = —0i2 — Ria, 15 = 71 + a2 — 1),

O = Ry + o2 (tz — 1)’ Ria, Op = TR + (1 — 2)*(v2 — 1) Ria,

then the asymptotic synchronization of delayed complex
dynamical network (1) is achieved.

Proof Let us divide the delay interval [t1, 7] into two
segments: [t1, 75| and [t5, 72]. If we can prove that The-
orem 1 holds for two cases, 7;<7t(f)<7t; and
15 < 1(t) <15, then Theorem 1 is true.

Case 1 When 1(¢) € 11, 5], we consider the following
Lyapunov—Krasovskii functional candidate

Vkl(t) = WE(I)P](W/((Z‘) +/ WZ(S)lewk(S)dS
—|—/_ w{(s)kawk(s)ds
0 pr
+1, / / T (5) Ruvi(s), dsd0 + (15 — 1)
—11 J1+0

-1 gt
y / / T (5) Ry (5)dsd. (16)
—15 t+0
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Taking the time derivative of Vj(¢) with respect to 7 along
the trajectories of system (13) yields

Via (1) = 2w (1) Povig (1) + wi (1) Qawi (1) + wi (1 — 71)
X (Ok2 — Ok1)wi(t — 1)
— wyi (t = 75) Qrawi (t — T6) + Wi (1)

X (3R + (15 — 11) Rio) Wi (1)

— T /t_ Wi (8)Rivie(s)ds — (t5 — 1)

-1
X / W () Riavi (5)ds
t

—15

= 2w ()Pr(J(O)wi(t) + Ax(t)wi(t — (1))
+ wy (1) Qriwi (1)
+wi(t = 11)(Qr2 — O )wilt — 1)
- wZ(t — 75)Qrawi(t — 15)
T Owi0) + At — ©(1)))
X O (J()wi(t) + Ar(t)wi(t — (1))

t
-1 / Wz(s)Rklwk(s)ds —(t5 —11)
-1

T

y / T T () Revia(s)ds. (17)

—1T5

Using Lemma 2, one has

t
L /
-1

— [wi(2) —wk(t—‘c])]TRkl[wk(t) —wi(t —11)]. (18)

According to Lemma 3, if (14) is satisfied, one can get

WZ‘ (S)Rklwk (S)dS S

~(ts—1) /, T () Ruvine (5)ds

—15

-1
=—(15 — 11)/ ()WZ(S)szwk(s)ds — (15— 1)
t—1(t

-1

T — 171 . T

< —— W, (5)dsRy
t(t) — /t'c(t) ()

-1 75— 1 t—1(r) -
X wi(s)ds —4/ w, (s)dsRyo
/m(z) ) 5 — T(t) Ji—s, ()

t—1(t)
X / Wi (s)ds
t

- [Wk(f—fl)_Wk(t_f(t))]T[RkZ Si }
Lt = (1) — it — 1) * R
[wk(t — 1) —wi(r — r(t))}

wi(t — (1)) — wi(t — 15)

From (17) to (19), one can obtain
Vi (1) < 20 Qi (1), (20)

where 7, (1) = (W (1), wE (= 71) Wl (1= (1)), W (1—5))".
Therefore, if the LMI in (15) with i=1 holds, one can
conclude that Vj;(r) <0 is satisfied, which implies that
system (13) is asymptotically stable.

Case 2 When 1(f) € [15, 2], we consider the following
Lyapunov—Krasovskii functional candidate

ng(l) = Wz(l)Pka(l) +/

=15

wi (5)Qriwi(s)ds

Jr/io Wz(s)kawk(s)ds

—15

0yt
+ 15 / / Wi ($)Ru v (s)dsd0 + (r2 — 75)
—15 J1+0
—1; t
X / / Wy (5)Riawe (5)dsdo).
—Tiy1 J14+0
(21)

T (1) = (wi (1), wi (t = 1(1)),
wi(t— 1,))", and using a proof process similar to that for
Case 1, if (15) with i = 2 is satisfied, then system (13) is
asymptotically stable according to Lyapunov stability
theory. By using Lemma 1, we know that the synchro-
nization of dynamical network (1) is equivalent to the
stability of system (13) about zero solution. Thus, the
asymptotic synchronization of network (1) is achieved.
This completes the proof.

Defining wi (t — 15),

Remark 2 In [24, 25, 27], by employing the delay
decomposition approach, the delay interval was divi-
ded into two equidistant subintervals and a united LKF
was chosen to obtain less conservative results. How-
ever, in our study, the delay interval [t;, 1] was first
partitioned into two variable subintervals, [t;, 5] and
[t5, T2], in which 15 =11 + a(t; — 11) and O<oa<1 is a
tunable parameter, and slightly different LKF was
constructed for each subinterval. This treatment is
different from [24, 25, 27]. Though these two
approaches are more effective in the reduction in
conservatism, the derived conditions based on the
former become more complicated and the computa-
tional cost grow bigger as the delay-decomposing
number increases, while the latter result in some
simple conditions with slightly different forms and low
computational complexity. On the other hand, it is
worthy mentioning that if the tunable parameter o
changes, the calculated maximum allowable upper
bound on 1, may be different. The merit and reduced
conservatism of our approach will be demonstrated by
numerical examples in the next section.

@ Springer
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In Theorem 1, it has been supposed that t; > 0. When
71 = 0, the following corollary is easily established fol-
lowing the same line as in the proof of Theorem 1.

Corollary 1 For given scalars 1, > 0, 0<a <1, if there
exist matrices Py >0, Qi >0, Z;>0 and S;(k=
2,...,v,j=1,2) with appropriate dimensions such that
(14) and the following LMIs hold

. (21 2 Si

Qu=1|* 2Zn Ro—-58 |<0, (22)
| * * —Ow—Rp
(O Ru Q15 0

A Q Q S;

Qp=| " =2 UB S 23

k2 * * .Q33 Q34 ’ ( )

| * * * Q44

where

1 = Pidi(t) + TN ()P + T (1) O Ji (1) + Qi — Ria,
X1 = PrA(t) + fr( 0O A(1) + Rz — S,

2y = k() Ai(1) = 2Ry + S + 57,
Qi1 = Pui(t) + JL(O)Pk + Ot + TL (1) OraJi(1)
— Rut, Q13 = Pidi(t) + T} (1) O Ak (1),
AT()@raAx(t) — 2Ria + Si + ST,
O = PRk, O = (1 — oc)zri(Rkl + Rp),

Q33 =

and the other terms have the same forms as those in The-
orem 1, then the asymptotic synchronization of delayed
complex dynamical network (1) is achieved.

Proof Substituting 7, = 0, for () € [1y, 15], the integral

ll_zl wi (8)Oriwi(s)ds  and 1 f?rl f;_e Wy ()
Riw(s),dsd0 disappear from the Lyapunov—Krasovskii
functional. It is clear that when t(¢) € [ty, 15], all results
still hold by removing all the terms with the variables Qg
and Ry;. When t(z) € [t5, 12|, the proof can be made in a
similar way to that of Theorem 1. This is omitted here.

terms

In addition, if the outer-coupling matrix G is symmetric,
ie., G = GT, we can easily obtain the following corollaries
according to Theorem 1 and Corollary 1.

G=G", for given scalars
T >1 >0, O0<a<l, if there exist matrices Py > 0,
ij > O,Rkj > OandS,(k =2,..,v,i= 1,2,j: 1,2) with
appropriate dimensions such that (14) and the following
LMIs hold

Qi Ru Q5 O
x  Qn O S
* Q33 Oy
* * *  Qu

Corollary 2 Suppose

Qi = <0, (24)

@ Springer

where

Qi = Pe(Ji(1) + crely) + (1 (1) + 1) Pe + Qi

+ (L) + ) ()Ou(J1 (1) + c1ixl 1) — Ria,
Qi3 = Pe(a(t) + caladn) + (i (1) + clikFl)T@k,-(Jz(t) + 2 I),
Q33 = (1a(t) 4+ 2 l2) (1) (o (1) + c2/aT2) — 2Rz + S + ST,

and the other terms have the same forms as those in The-
orem 1, then the asymptotic synchronization of delayed
complex dynamical network (1) is achieved.

Corollary 3 Suppose G = G7, for given scalars 1, > 0,
O<a<1, if there exist matrices Py >0, Oy >0, Z; >0

and Si(k=2,...,v,j = 1,2) with appropriate dimensions

such that (11) and the following LMIs hold

- [Zn Zn S

le = * 2 R, — S <O, (25)
|k * =0 — Rpp
(@ Ru Q13 0

5. _ | * Qn Q3 S

Qo=1|, On Qu <0, (26)
| * * * Quq

where

i =P (0) +erln) + (i () + c1al1) P+ Qu
— Rig + I2(J1 (1) + e 1) " Ria (1 (£) + 1 k),

T = Pu(a(t) 4 caduln) + W2(J1 (1) + c1 D) " Ria (Ja (1)
+ c2I2) + Rip — i,

Ty = W2(J2(t) + caial) Ria(Ja(t) + c2/4T2)
— 2Rz + S1 + 7,

Q= P11 (1) + 1)) 4+ (Ji(2) + 1 4l P + Qui
— R + (11(t) + et 1) O () + e uTy),

Qi3 = Pe(J2(1) + caiud’a) + (J1(2) + eruly)T
O (1) + crde ),

Q33 = (L(t) + c22uD2) O (J2 (1) + c2uls)
— 2R + Si + 57,

and the other terms have the same forms as those in The-
orem 1 and Corollary 1, then the asymptotic synchro-
nization of delayed complex dynamical network (1) is
achieved.

Remark 3 Since the actual networks may have a great
deal of nodes, it is important to consider the computation
burden when establishing synchronization conditions.
Otherwise, it will be very difficult to use in practical
applications. In the proof of Theorem 1, when the delay
varies in each variable subinterval, reciprocally convex
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Table 1 No. of decision variables by different methods

Methods No. of decision variables
Theorem 1 in [23] (I11.5n+2.5)n(N — 1)
Theorem 1 in [24] (7.5n43.5)n(N — 1)
Theorem 3 in [25] (9.5n4+4.5)n(N — 1)
Corollary 2 in [27] (55n+35)n(v—1)+
Corollary 2 (3.5n+2.5)n(v—1) +

approach, which achieved performance behavior identical
to approaches based on the integral inequality lemma but
with much less decision variables, was adopted to deal with

—(ts—T) [ - W (5)Reawi(s)ds and
—(t2 — 75) ,' :2" Wi (s)Riw (s)ds. Compared with the free-
weighting matrix method [24, 25], the number of decision
variables in Theorem 1 will dramatically reduce. Table 1
provides a comparison of the numbers of the decision
variables involved in Corollary 2 against some recently
reported results in [23-25, 27], which shows that the our
method has less computational complexity.

the crossing terms,

Remark 4 1In this paper, the variable decomposition
method may lead to reduction in conservatism if being able
to set a suitable dividing point with relation to «. How to
seek an appropriate o such that one can obtain the maxi-
mum upper bound on 7, for given lower bound 7, of time
delay, we put forward a simple algorithm as follows.

Algorithm 1 (maximizing 7, for a given 1;)

Step 1: For given 71, choose an upper bound on 7, in the existing
literatures, and then select this upper bound as the initial value
T2 (O) of T2.

Step 2: Set appropriate step lengths, 7 gep and oy step for 7, and
o, respectively. Set k as a counter, and k = 1. Let 75 = 12(0) +
Tasep and the initial value op = oleep.

Step 3: Let o = koigep, if the LMIs in (12) and (13) are feasible, go
to step 4; otherwise, go to step 5.

Step 4: Let 75(0) = 72, oty = Otgep, K = 1, and 75 = 72(0) + T25tep>
go to step 3.

Step 5: Let k = k + 1, if kogep <1, then go to step 3; otherwise,
stop.

4 Numerical examples

In this section, four numerical examples are given to
demonstrate the effectiveness and less conservativeness of
the proposed method.

Example 1 ([25]) Consider 5-node complex dynamical
network, with each node being a simple three-dimensional
linear delayed system

X1(2) = —=x1(¢) — %1 (¢ — ©(2))
X2(1) = =2x2(1) + x1(t — ©(2)) — x2(t — 2(2))
%3(t) = =3x3(t) — x3(t — 1(1))

which is asymptotically stable at the equilibrium point
s(t) = 0, and its Jacobin matrices are

-1 0 0 -1 0 0
J](l) = 0 -2 0 |, Jz(l) = 1 -1 0
0 0o -3 0 -1

For simplicity, we suppose that the coupling strength is
c1 = ¢y = ¢, the inner-coupling matrix is I'y = I, = I,
and the outer-coupling matrix is

-2 1 0 O 1
1 -3 1 1 0
G=1]0 1 -2 1 0
0 1 1 -3 1
1 0 0 1 -2

By simple calculation, the nonzero eigenvalues of G are
A = —1.382, Ay = —2.382, Az = —3.168, and
Ay = —4.168.

For a comparison with the results in [25], Table 3 lists
the corresponding maximum upper delay bounds of 7, for
various 7; and c¢. From Table 2, it is clear that our results
are significantly better than those in [25], that is much
bigger upper bounds of 7, can be obtained in this paper.
Moreover, it is found that the calculated maximum
allowable upper bound on 7, may be different as the tun-
able parameter o is different. Therefore, we can acquire a
bigger upped bound of 7, by adjusting the tunable
parameter «. Figure 1 shows the state response of the
dynamical network for ¢=0.5 and <t(r)=03+
0.532|cos(#)| under randomly chosen initial conditions in
[—2,2]. Clearly, it can be seen that the synchronization of
network is achieved under the above conditions, which
verifies the effectiveness of the proposed method.

Table 2 Maximum allowable 7, for different t; and ¢ for Example 1

T Methods c=0.1 c=03 c=05
0 [25] 1.485 0.910 0.656
Corollary 3 (o = 0.5) 1.497 0917 0.661
Corollary 3 (« = 0.55) 1.559 0.955 0.688
0.1 [25] 1.497 0.921 0.666
Corollary 2 (o = 0.5) 1.536 0.957 0.702
Corollary 2 (a = 0.55) 1.600 0.997 0.731
0.3 [25] 1.514 0.941 0.700
Corollary 2 (o = 0.5) 1.622 1.050 0.802
Corollary 2 (o = 0.55) 1.689 1.092 0.832
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X, 1(t)

X(0)

0

Fig. 1 State response of network in Example 1

Example 2 ([24, 27]) Consider a lower-dimensional
dynamical network consisting of 5 nodes, in which each
node being a simple three-dimensional linear system
X1(1) = —x1 (1)
Xz(l) = —ZXQ(I)
X3(1) = —3x3(1)
which is asymptotically stable at the equilibrium point
s(t) = 0, and its Jacobin matrices are

-1 0 O
Ji (l) = o -2 0|, Jz(l) =0.
0 0 -3

Assume that the constant inner-coupling matrix is I'y = 0,
the time-delayed inner- coupling matrix is I, = I3, and the
outer-coupling matrix is the same as that in Example 1.

The purpose of this example is to calculate the maxi-
mum allowable 7, such that the consider network model (1)
is asymptotically stable for given 7; and c. The comparison
among the results obtained in this paper and those obtained
in [23, 24, 27] are listed in Table 3. It is clear that our
results are less conservative than those in [23, 24, 27].
Furthermore, a bigger upped bound of 7, can be achieved
by adjusting the tunable parameter o. Figure 2 depicts the
state response of the dynamical network for ¢ = 0.5 and
7(t) = 0.5 4 1.035|sin#| under randomly chosen initial
conditions in [—2, 2]. It shows that the all states converge to
zero under the above conditions, which implies the syn-
chronization of network (1) can be obtained.

Example 3 ([26]) Consider a lower-dimensional dynam-
ical network with five nodes, in which each node is a
simple second-dimensional linear system

@ Springer

Table 3 Maximum allowable 1, for various t; and ¢ for Example 2

T Methods c=03 c=04 c=05
0 [23] 0.960 0.710 0.562
[24] 1.345 0.950 0.731
[27] 1.385 0.958 0.731
Corollary 3 (x = 0.5) 1.388 0.961 0.731
Corollary 3 (o = 0.6) 1.432 0.976 0.735
0.1 [24] 1.354 0.951 0.731
[27] 1.394 0.968 0.739
Corollary 2 (o = 0.5) 1.405 0.968 0.733
Corollary 2 (o = 0.6) 1.454 0.983 0.738
0.5 [24] 1.389 0.967 0.740
[27] 1.396 0.968 0.740
Corollary 2 (« = 0.5) 1.485 1.007 0.763
Corollary 2 (x = 0.6) 1.535 1.022 0.770
2 : : :
::: 0 %@
0 2 4 6 10 12 14 16 18 20
) | ‘t
853 0 %@
>
_20 é 4‘1 é 1‘0 1‘2 1‘4 1‘6 1‘8 20
, | | | ‘t
= A~
2 0 %@
2 / . s s w w w w w
0 2 4 6 10 12 14 16 18 20

Fig. 2 State response of network in Example 2

X1 (f) = —4x, (l‘)
Xz(f) = —5)62([)

which is asymptotically stable at the equilibrium point
s(t) = 0, and its Jacobin matrices are

J](l)

5 5] o]

00
00

We assume that the constant inner-coupling matrix is
I'y = 0, the time-delayed inner- coupling matrix is I'; = I,
and the outer-coupling matrix is
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-5 3 1 1 0
0 —4 3 1 0
G=]1 0O -1 0 O
0 1 0o -2 1
1 o o 2 -3

which is asymmetric. The nonzero eigenvalues of G are
A = —1.0756, A, = —4.8 + 1.2118j, 13 = —4.8 —1.2118],
and A4 = —4.3243.

For different lower bound 7, and coupling strength c, the
corresponding maximum upper bounds of 7, are obtained
by using the method in this paper and those in [26] are
listed in Table 4. According to the Table 4, it shows that
our proposed method in this paper can lead to less con-
servative results. Moreover, we can find that different
upped bound of 7, can be obtained if the tunable parameter
o changes. Figure 3 depicts the state response of the
dynamical network for ¢ = 0.6 and t(¢) = 0.3 + 0.9]sin(¢)|
under randomly chosen initial conditions in [-2,2].
Obviously, as seen in Fig. 3, the states of network (1) are
asymptotically stable at zero equilibrium points under the
above conditions. The numerical simulation result shows
the validity of our theoretical analysis.

Table 4 Maximum allowable 7, for different 7; and ¢ for Example 3

T Methods c=0.6 c=0.28 c=1
0 [26] 0.334 0.250 0.200
Corollary 1 (« = 0.5) 0.903 0.542 0.390
Corollary 1 (o = 0.6) 0.859 0.561 0.405
0.1 Theorem 1 (o = 0.5) 1.001 0.585 0.414
Theorem 1 (o = 0.6) 0.934 0.610 0.433
0.3 Theorem 1 (¢ = 0.5) 1.201 0.694 0.480
Theorem 1 (o« = 0.6) 1.079 0.712 0.494

>

|1()

x(t)

Fig. 3 State response of network in Example 3

Example 4 Consider a higher-dimensional network with
50 nodes, where each node is the following delayed system

X1(1) = x2(t) — x1 (r — 2(2))
%2 (1) = —x1(t) — x2(6)(1 + x2(2)) + 0.5x, (1 — (1))
—0.1x2(t — 2(1))

which is asymptotically stable at s(r)=0 and
s(t —1(¢)) = 0, and its Jacobin matrices are

Jl(f)z[_ol _11]’ J2(t):[(zé —8.1}

Assume that the coupling strength is ¢ =c¢; = ¢, the
inner-coupling matrix is I'; = I', = I, and the outer-cou-
pling matrix is defined as

-1 1 o o0 --- 0
1 -1 0 O 0
0 0 -11 0
G=1 . ; . ;
0 0 0 0 -1 1
0 0 0 0 1 —1lg.s
The nonzero eigenvalues of G are 4; = —2(i =1,...,25).

We can calculate the maximum delay bounds t, that
guarantee the asymptotic stability of the synchronized
states by Theorem 1 for different values of the coupling
strength ¢ and lower bound 7, which are listed in Table 5.
From Table 5, it indicates that the tunable parameter o is
useful in the reduction in conservatism. Figure 4 shows the
state response of the dynamical network for ¢ = 0.5 and
7(t) = 0.5 4 0.52|cos¢| under randomly chosen initial
conditions in [—3, 5]. As shown in Fig. 4, the trajectories of
states converge to zero and the synchronization is achieved
under the above conditions.

5 Conclusion

This paper is concerned with the synchronization stability
problem for a general complex dynamical network with
interval time-varying coupling delay and delay in the
dynamical node. Based on the variable delay-partitioning
approach, both the information of the variable subinterval
delay and the lower and upper bound of delay can be taken

Table 5 Maximum allowable 7, for different 7, and ¢ for Example 4

T Methods c=03 c=04 c=05

0 Corollary 3 (¢« = 0.5) 1.072 0.980 0.902
Corollary 3 (« = 0.6) 1.088 1.001 0.924

0.5 Corollary 2 (« = 0.5) 1.126 1.053 0.992
Corollary 2 (« = 0.6) 1.150 1.081 1.021
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Fig. 4 State response of network in Example 4

into full consideration. By choosing different Lyapunov—
Krasovskii functionals for these two subintervals and using
reciprocally convex approach, some improved delay-de-
pendent synchronization stability conditions are proposed
by a set of linear matrix inequalities. Numerical examples
show the validity of the theoretical results.

Acknowledgments The work was supported by the National Nat-
ural Science Foundation of China (Grants Nos. 61203049 and
61303020), and the Scientific and Technological Innovation Programs
of Higher Education Institutions in Shanxi (Grant No. 2015168). The
author is very grateful to anonymous reviewers and editor for their
valuable comments and suggestions to improve the presentation and
theoretical results of this paper.

References

1. Strogatz SH (2001) Exploring complex networks. Nature
410:268-276

2. Albert R, Barabasi AL (2002) Statistical mechanics of complex
networks. Rev Mod Phys 74:48-97

3. Wang XF, Chen GR (2003) Complex networks: small-world,
scale-free, and beyond. IEEE Circuits Syst Mag 3:6-20

4. Boccaletti S, Latora V, Moreno Y, Chavez M, Hwang DU (2006)
Complex networks: structure and dynamics. Phys Rep
424:175-308

5. Wang XF, Chen GR (2002) Synchronization in scale-free
dynamical networks: robustness and fragility. IEEE Trans Cir-
cuits Syst I 49:54-62

6. Zhou J, Lu JA, Lv JH (2006) Adaptive synchronization of an
uncertain complex dynamical network. IEEE Trans Autom
Control 51:652-656

7. Lu JQ, Ho WDC, Cao JD (2010) A unified synchronization cri-
terion for impulsive dynamical networks. Automatica
46:1215-1221

8. Yu WW, Chen GR, Lv JH, Kurths J (2013) Synchronization via
pinning control on general complex networks. Siam J Control
Optim 51(2):1395-1416

9. Song Q, Cao JD (2010) On pinning synchronization of directed
and undirected complex dynamical networks. IEEE Trans Cir-
cuits Syst I 57:672-680

@ Springer

10.

11.

12.

13.

14.

15.

16.

17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Li T, Wang T, Yang X, Fei SM (2013) Pinning cluster syn-
chronization for delayed dynamical networks via Kronecker
product. Circuits Syst Signal Process 32(4):1907-1929
Rakkiyappan R, Sakthivel N (2015) Pinning sampled-data control
for synchronization of complex networks with probabilistic time-
varying delays using quadratic convex approach. Neurocomput-
ing 162:26-40

Li N, Zhang Y, Hu J, Nie Z (2011) Synchronization for general
complex dynamical networks with sampled-data. Neurocomput-
ing 74:805-811

Rakkiyappan R, Sakthivel N, Lakshmanan S (2014) Exponential
synchronization of complex dynamical networks with Markovian
jumping parameters using sampled-data and mode-dependent
probabilistic time-varying delays. Chin Phys B 23(2):020205
Wu Z, Shi P, Su H, Chu J (2013) Sampled-data exponential
synchronization of complex dynamical networks with time-
varying coupling delay. IEEE Trans Neural Netw Learn Syst
24:1177-1187

Rakkiyappan R, Sakthivel N, Cao J (2015) Stochastic sampled-
data control for synchronization of complex dynamical networks
with control packet loss and additive time-varying delays. Neural
Netw 66:46-63

Cai SM, Hao JJ, He QB, Liu ZR (2011) Exponential synchro-
nization of complex delayed dynamical networks via pinning
periodically intermittent control. Phys Lett A 375:1965-1971
Zhao M, Zhang HG, Wang ZL, Liang HJ (2014) Synchronization
between two general complex networks with time-delay by
adaptive periodically intermittent pinning control. Neurocom-
puting 144:215-221

Sakthivel N, Rakkiyappan R, Park J (2014) Non-fragile syn-
chronization control for complex networks with additive time-
varying delays. Complexity. doi:10.1002/cplx.21565

. Li C, Chen G (2004) Synchronization in general complex

dynamical networks with coupling delays. Phys A 343:263-278
Gao H, Lam J, Chen G (2006) New criteria for synchronization
stability of general complex dynamical networks with coupling
delays. Phys Lett A 360:263-273

Mou SS, Gao HJ, Zhao Y, Qiang WY (2008) Further improve-
ment on synchronization stability of complex networks with
coupling delays. Int J Comput Math 85(8):1255-1263

Lu J, Ho D (2008) Local and global synchronization in general
complex dynamical networks with delay coupling. Chaos Soli-
tons Fractals 37:1497-1510

Li K, Guan S, Gong X, Lai C (2008) Synchronization stability of
general complex dynamical networks with time varying delays.
Phys Lett A 372:7133-7139

Yue D, Li H (2010) Synchronization stability of continuous/
discrete complex dynamical networks with interval time-varying
delays. Neurocomputing 73:809-819

Li H (2011) New criteria for synchronization stability of con-
tinuous complex dynamical networks with non-delayed and
delayed coupling. Commun Nonlinear Sci Numer Simul
16:1027-1043

Pan H, Nian XH, Gui WH (2010) Synchronization in dynamic
networks with time-varying delay coupling based on linear
feedback controllers. Acta Autom Sin 36(12):1766—-1772

Zhou J, Wang Z, Wang Y, Kong Q (2013) Synchronization in
complex dynamical networks with interval time-varying coupling
delays. Nonlinear Dyn 72:377-388

Rakkiyappan R, Sasirekha R (2014) Asymptotic synchronization
of continuous/discrete complex dynamical networks by optimal
partitioning method. Complexity. doi:10.1002/cplx.21597

Park MJ, Kwon OM, Park JH, Lee SM, Cha EJ (2012) Syn-
chronization criteria of fuzzy complex dynamical networks
with interval time-varying delays. Appl Math Comput 218(23):
11634-11647


http://dx.doi.org/10.1002/cplx.21565
http://dx.doi.org/10.1002/cplx.21597

Neural Comput & Applic (2017) 28:805-815

815

30. Duan WY, Du BZ, You J, Zou Y (2013) Synchronization criteria

31.

for neutral complex dynamic networks with internal time-varying
coupling delays. Asian J Control 15(5):1385-1396

Shao H (2009) New delay-dependent stability criteria for systems
with interval delay. Automatica 45:744-749

32. Park P, Ko J, Jeong C (2011) Reciprocally convex approach to
stability of systems with time-varying delays. Automatica

47:235-238

@ Springer



	New synchronization stability criteria for general complex dynamical networks with interval time-varying delays
	Abstract
	Introduction
	Problem formulation
	Main results
	Numerical examples
	Conclusion
	Acknowledgments
	References




