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Abstract Finite-time stabilities of a class of fractional-
order neural networks delayed systems with order o:
0<a<0.5 and 0.5<a<1 are addressed in this paper, re-
spectively. By using inequality technique, two new delay-
dependent sufficient conditions ensuring stability of such
fractional-order neural networks over a finite-time interval
are obtained. Obtained conditions are less conservative
than that given in the earlier references. Two numerical
examples are given to show the effectiveness of our pro-
posed method.

Keywords Finite-time stability - Fractional order -
Neural network - Delayed systems

1 Introduction

It is well known that neural networks have important po-
tential utilization in optimization, signal processing, asso-
ciative memory, parallel computation, pattern recognition,
artificial intelligence, and so on, and such applications
heavily depend on the dynamical behavior of neural net-
works, especially stability. So, the study of stability of
neural networks has become one of the most active areas of
research [1-6]. Note that these results mainly focus on

< Liping Chen
lip_chenhut@126.com

School of Electrical Engineering and Automation,
Hefei University of Technology, Hefei 230009, China

2 School of Mathematics, Anhui University, Hefei 230039,
China

School of Automation, Chongqing University,
Chonggqing 400044, China

integer-order neural networks model, in which dynamical
behavior of the neurons is described by integer-order
derivative. With the rapid development of fractional cal-
culus and its advantages, some scholars claimed that it may
be appropriate to depict the “memory” of neurons by using
fractional-order derivative [7]. The reasons are that frac-
tional calculus is nonlocal and has weakly singular kernels,
and it provides an excellent instrument for the description
of memory and hereditary properties of dynamical pro-
cesses. Up to now, fractional-order neural networks have
been attracted wide attention. Some positive and interest-
ing results are obtained in biological neurons [7, 8], neural
network approximation [9], parameter estimations [10],
and so on. In particular, the dynamical behavior of frac-
tional-order artificial neural networks has been a very re-
cent and promising research topic. The chaotic behavior on
fractional-order neural network models has been discussed
by numerical simulations in Refs. [11-14], and stability
analysis of fractional-order neural network has been dis-
cussed in Refs. [15-17]. Refs. [18, 19] considered chaotic
synchronization in fractional-order neural networks. Mit-
tag-Leffler stability and synchronization of memristor-
based fractional-order neural networks were discussed in
Ref. [20].

For the analysis of the stability of the neural network,
asymptotic stability is an important concept, which implies
convergence of the system trajectories to an equilibrium
state over the infinite time, and much effort has been de-
voted to it. However, in some situations, one is not only
interested in system stability (in the sense of Lyapunov),
but also for the boundedness properties of system responses
(for example, technical and practical stability). It should be
paid attention to the fact that a system could be stable but
still completely useless because it possesses undesirable
transient performances. Thus, it is desirable that the
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dynamical system possesses the property that the trajecto-
ries must be within some bounds during a specific time
interval. Hence, finite-time stability was proposed by non-
Lyapunov point of view [21]. Neural networks are said to
be finite-time stable; given a set of admissible initial con-
ditions, the state trajectories of the system remain, over a
prespecified finite-time interval, in a bounded region of the
state space. Finite-time stability and asymptotic stability
are independent concepts, which neither imply nor exclude
each other. Some important results on finite-time stability
are obtained, which were also carried out on fractional-
order systems, for instance, sufficient conditions were
derived for finite-time stability of linear fractional-order
delayed systems in Refs. [22-25].

In recent years, there have been some advances in sta-
bility theory and control of fractional differential systems
[26-38]. However, due to the fact that fractional deriva-
tives are nonlocal and have weakly singular kernels, the
analysis on stability of fractional differential equations is
more complex and difficult than that of classical differen-
tial equations, which causes the development of stability of
fractional differential equations is a bit slow, and much
attention has also been paid to explore robust stability
conditions for fractional-order linear systems, see [39—42]
and references therein. In fact, on fractional-order neural
network as a typical fractional-order delayed nonlinear
system, there is no effective way to analyze its stability.
Although Ref. [43] proposed fractional-order Lyapunov
direct method to analyze asymptotic stability for fractional-
order nonlinear delayed systems in the sense of Lyapunov,
to choose a suitable Lyapunov function and calculate the
fractional-order derivative are very difficult. Here, our
contribution is to adopt new methods and obtain some new
sufficient conditions which guarantee that fractional-order
delayed neural networks with order a: 0 <o <1 is stable
over a finite-time interval.

The rest of the paper is organized as follows. Some
necessary Definitions, Lemmas and model are given in
Sect. 2. Main results are discussed in Sect. 3. Two simple
examples are present in Sect. 4.

Notations: [lx]| = Y7, x| and [|A]| = max; 32, Jay]
are the Euclidean vector norm and the matrix norm re-
spectively, where x; and a;; are the element of the vector x
and the matrix A, respectively. R™ and Z" are the sets of
positive real and integer numbers, respectively.

2 Preliminaries and problem description
In this section, some notation, definitions and well-known

results about fractional differential equations are presented
firstly.
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Definition 1 The fractional integral (Riemann—Liouville
integral) D; % with fractional order « € R™ of function x(t)
is defined as

D, x(1) :%a) / (t —1)*'x(x)dr,

where I'(-) is the gamma function, I'(t) = [;° " 'e~"dr.

Definition 2 The Riemann-Liouville derivative of frac-
tional order o of function x(7) is given as
= @ to,t

x(1)
"1

t
_ v _ \(n—a—1)
D) /ZU (t—1) x(1)dr,

where n — l<a<n € Z*.

ar n—o
rLD; X () )

Definition 3 The Caputo derivative of fractional order o
of function x(¢) is defined as follows:
—(n—o) d_n

cDZ)_y,x(t) =D, i x(1)

1 t
- - _ \(—a=1)_(n)
1_("_06)/,0 (t—1) X" (1)dr,

where n — l<a<n € Z™.

Based on the definition of integral derivative and
fractional derivative, it is recognized that the integral
derivative of a function is only related to its nearby
points, while the fractional derivative has a relationship
with all of the function history information. That is, the
next state of a system not only depends upon its current
state but also upon its historical states starting from the
initial time. As a result, a model described by fractional-
order equations possesses memory. It is precisely to
describe the state of neuron [16]. In the rest of this
paper, we deal with fractional-order neural networks
with delay involving Caputo derivative, and the notation
D* is chosen as the Caputo fractional derivative operator
Dy,

The dynamic behavior of a continuous fractional-order
delayed neural networks can be described by the following
differential equation:

Dhx(t) = —cm() + 3 agfi((0) + 3 byglxi(t — )+
Jj=1 Jj=1

X,([) = ¢i(t)v re [7‘[50}7
(1)
or equivalently
D*x(t) = —Cx(t) + Af (x(¢)) + Bg(x(t — 7)) + 1, (2)

where 0 <a <1, n corresponds to the number of units in a

neural network; x(r) = (x; (1), .. .,x,(t))" € R" corresponds
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to the state vector at time #; f(x(¢)) = (fi (x1(¢)), . (x2(2)),

fala(0))" and g(x(1) = (g0 (D), g2(xa()...
gn(%,(1)))" denote the neuron activation function, and f(x),
g(x) are Lipschitz continuous, that is, there exist positive
constants F,G such that ||f(u) —f(v)|| <F|lu—
v, [|lg(u) —g(v)|| <G|lu—v|,Vu,v € R", where F >0,
G > 0; C,A,B are constant matrices; C = diag(c; > 0)
represents the rate with which the ith unit will reset its
potential to the resting state in isolation when disconnected
from the network and external inputs; A = [a;j],,,., and B =
[bij],;x,, are the connection weight matrix and the delayed

connection weight matrix, respectively; t is the transmis-

sion delay and a nonnegative constant. [ = (I}, 1, .. .,I,,)T
is an external bias vector. The initial conditions associated
with system (1) are of the form x;(¢) = ¢;(¢), 1 €
[-7,0],i € N, define the norm |[|¢[| = supyei_. o [|¢(0)]-
With a given initial function, system (1) is defined over
time interval J = [to, fp + T], where quantity T may be any
a positive real number.

Definition 4 [23] The solution of system (1) is said to be
finite-time stable w.r.t. {to,J, 0, ¢}, if and only if ||p(z)) —
$(t0)| <6 imply [[¥(1, 10, @) — x(t, 0, )| < for any two
solutions x(t,1p, ¢) and y(t,t, @), Vi € J = [to, 10 + T,
where 9, ¢ are real positive numbers and index ¢ stands for
the set of all allowable states of the system and index ¢ for
the set of all initial states of the system (J <e).

In order to obtain main results, the following lemmas are
presented for subsequent use.

Lemma 1 [44] If x(t) € C"[0,00) and m—1 <a<mez",
then
(1) D*Dx(t) =D~V ( ) ﬁ >0,
(2) DD x(1) = x@), —p>

m=1 gk
(3) D *DFx( Zk— ), a=p>0.
Lemma 2 [45] (Holder Inequality) Assume that p,q > 1,

and 1= 1 [FO)P 8()|" € LE). then £()g() €

LY (E) and
st ( [ voo"m)ﬁ( / |g<x>|qu)é.

where L'(E) be the Banach space of all Lebesgue mea-
surable functions f: E — R with fE x)|dx < oo.

Let p=qg =2, it reduces to the Cauchy-Schwartz
inequality as follows:

( [y dx)2 < ([ rwrad) ( [lewrax)

Lemma 3 [46] Let u(t),w(t),v(t) and h(t) be non-
negative continuous functions on R, and let r > 1 be a real
number. If

1

u(t) <up(r) + w(r) (/Ot V(s)u’(s)ds), tERT,

then

/0 (s (5)ds < 1-a- W(z))ﬂ - /0 (5)u (5 W (s)ds,

where W (t

= exp(= [y v(s)o (s)ds).

Lemma 4 [45] (Generalized Bernoulli inequality) If
r€ R, x<1 and x # 0, then, for 0<r<1

(1—x)"<1—rx.
or

(1= (1+x)7)" -

"< (r)

3 Main results

In this section, two sufficient conditions are proposed for
finite-time stability of a class of fractional-order neural
networks delayed systems with order «: 0 <o <0.5 and
0.5 <a< 1, respectively.

Theorem 1 When 1 <a<l,if

(1+ My)(1 + 2eM1+M2e )ty of < % (3)
where M HCHHM'}T&)V;F (2e1) . M, ”B“Gr— V(igz“l then
system (1) is finite-time stable w.r.t {0,J,0,¢}, 0 <e.
Proof Assume that x(r) = (x(2),...,x,(¢))" and y(r) =

(y1(2), .. .,yn(£))" are any two solutions of (1) with dif-
ferent initial conditions ¢(0) and ¢(0), and denote
e(t) = x(r) — y(1),a(0) = ¢(0) — ¢(0). It follows from the
Lemma 1 that system (1) is equivalent to the following
Volterra fractional integral equation with memory

e(t) = a(0) +F(a)/0t(t —5)" ! (=Ce(s)

+ Af(x(s)) — Af (¥(s)) + Bg(x(s — 7))
—Bg(y(s —7)))ds.

It is easy to obtain that

le@ll <o)l + ﬁ / = U+ 1A1P) )]
+[1BIGlle(s — )]} ds.
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By using Lemma 2 (Cauchy—Schwarz inequality), one has

UC+IAIF) [, et
Fo e et s
181G

+ () ./0 (t—s5)"""ee*e(s — 7)||ds

< |lo(0)]] +w (/0"([7 S)Za(—lelrds)z

([ e-”e(s)nzdsf
+ ”f(['x)G ( /0 [(z - s)2a2e25d5>é< /0 [e*2S||e(s - ‘E)szs)%.

el <lla (0[] +

(4)
Note that
/t(, )Py — /[u(Zot—Z)eZ(t—u)du
0 0
o /t L(22) -2y,
0
2 / (P20 < 2 ro—1).
— (20—
FERA &
(5)

Substituting (5) into (4), one obtains that

le()]l < [la(0)]]

+e <M1 (/Ot ezs||e(s)|2ds)%
s [ e ets - r>|2ds)%), (©)

where M, = HCIHHAHF\/MTM \\B\|G\/<2;"2(3—aw

Note that e(z) = ( )(t € [-7,0]) and ||a(0)|| <ol =
SUPgc(—1,0] lla(0)|], we see that

t t
/ e le(s — 7)|ds < % /
0 -1

0
—e / e 2| le(s)|*ds
—T

t
Lo / e le(s)|2ds
0
2 ! 2
<ol + ¢ / ¢ e(s) | 2ds.

e | le(s)|*ds

(7)
Together (6) with (7), it follows
le(®)ll < (o]l + Mz]|a]le")
1

t 2
+e' (M) + Mye™™) (/ ez‘y||e(s)|2ds> ,
0
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which implies

le@lle™ < (llo]l + Mallal])

+ o+ | '<ef||e<s>|>2ds)%.

Let uo(t) = ||o|| + Mz|lol], o(t) = (M) +Mze™™), u(r)

e 'lle(r)]], v(r)=1 in Lemma 3, one have W(r)
7(M|+M2671)21

e and

le(@)ll < (lloll + M2]|a])

+ (M, +Mze*f)([(1 —(1—e¢ —(My+Mae)? )%)]72

t
: /0 (o] + M| a]| e ¥4 s,

R

(M[ +Mzeir)2l

Let r = 2, x=e in Lemma 4, we have

[1 B (1 B (€7<M1+Mze—r)z,)%)} - <2eMi+Me )t

therefore,

(M + M) 2e M +4:e '

le@)lle™ < (llo[| + M2l|o]]) +

¢ . 1
8 < /) (o]l + My|o[) e (M+ee >2de)

< (ol +Mslla])) + (llol] + Ma | ][y 2e M40t

= (1 4+ Ms)(1 + 26 M2 V1)1 1

So, if (3) is satisfied and ||¢|| <0, then ||e(?)|| <&, t € J, i.e.,
system (1) is finite-time stable.

Theorem 2 When 0<a< 1, if

(14 No)(1 -+ o3 g < & )
r 1)+1

where = ([l + ||A||F><%>P N, = ||B]

Ny
G(W) p=1+oag=1+1

finite time stable w.r.t {0,J,0,¢}, d<e.

then system (1) is

Proof According to the process of Theorem 1, we can
obtain the following estimation

le(@)]I <1[a(0)]| + ﬁ/ot(tﬂ)“_'((lcll + [AlE) ()l

+ |[Bl|Glle(s — )|l )ds

By setting p=1+o0,g=1+, Obviously, ;+ =1 It

follows from Lemma 2 that
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le®l| < l0(0)] +ﬁ / Il + AR — s e~ e(s) ds
L[ Vet —1)||ds
+ / IBIG( — ) le(s — ) d

S HO_(O)H 4 HC”I:‘EO‘J)AHF (/0 (Z_S)PDC—PePsds>F

< ([ emteoeas)

[ [ o)
~ oo+ ( | e o)
Seicae (/ot‘f‘”ldsw)‘;

([ ff’*|e<s—r)4)1~ ©)

Note that

t t
/ (t—s)P* Verds = e”'/ D040
0 0

" )
= Im‘/o [ox e ’do (10)

et

where p(e — 1) + 1 =% > 0.
Substituting (10) into (9), one gets

T(p(e—1)+ 1)\’ ,
e <1lo () + (p<—>) e
~ (/ ||<)||d)

S ([ s - r>|‘1dsﬂ .

From [|o(0)|[ <[|o|| = supge|—<q [lo(O)]], it yields
1

le(t)]| < lo(0)]| + (%yet
”CH+||A”F t ~Ble(s)]|9ds g
W(/ || ()ld)

v
(] _que(s)qus)q]

<lloll + Nae' o]

‘ i
+ (Ny + Nye ¥)e’ </ e_‘”||e(s)||qu> ,
0

1
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I(p(a—1)+1)\L
where Ny = (|[Cl| + IA|IF) (B2 ey, N, = 18]
G(%) which means that

le@)lle™ < [a]l + Nal|o]|

w04 Ne ) ([ ePletoias)’

Denote  up(t) = ||o]| + Naflo|l, () =
u(t) = e'[le(r)],

e~ WNitNae ™)t gnd
le()lle™" < (llo]l + Nallal)
+ (N1 +Ne ) ([(1— (1=

t
2 —(N e ) 1
x / (o]l + Nl a2+ s

(N1 + Nae ™),
v(t) =1 in Lemma 3, one gets W(¢) =

o NN ) )l)]—f/

(11)

—T\94+ o
Ni+N2e ) in Lemma 4, we have

Letrzéandx:e’<

-1
|:] — (] — (e (N1+N2e™*)t )l)} < qe(N1+N2e*’)"t. (12)

Combining (11) and (12), one obtains

le(®)lle™ < (o] + Nallol) + (N1 + Npe™™)gel e

t B :
([ el + Nl e gs)

< (lloll + Nalla]l) + (lloll + Na||o]|)ge™ N )"
=(1 4 N2)(1 4 geM V15|,

So, if (8) is satisfied and ||o|| <J, then ||e(?)|| <&, t € J, i.e.,
system (1) is finite-time stable.

Remark 1 The fractional-order integral-differential op-
erator is the extended concept of integer-order integral-
differential operator. Under the definition of Caputo, one
can easily arrives at a fact that Caputo derivative of a
constant is equal to zero. Therefore, it follows from
Ref. [47] that there is at least an equilibrium point for
system (1). Further, according to Theorem 1 and 2, the
following corollaries hold.

Corollary 1~ When 1 <a<L,if

(14 My) (1 4 26M+M2e) 1o o g (13)
where My = (ICl+lIAlIF)y/2T (22—1) M, nBuc,/zr(za 1  then

T(a)2* T(a)2*

the equilibrium point of system (1) is finite -ime stable w.r.t
{0,J,6,¢}, d<e.

Corollary 2 When 0<a< 4, if

(14+No)(1+ ge™ e el < < (14)

@ Springer
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T'(p(a—1)+1)\L
where Ny = (|Cl| + [A|F) (FE5y, N> = [|B]
1
G(%)E, p=1+0o,qg=1+1 then the equilibrium

point of system (1) is finite -ime stable w.r.t {0,J,9,¢},
o<e.

Remark 2 Reference [16] discussed the uniform stability of
system (1), but there exits some conservation that the initial
conditions associated with system (1) equals zero. Refer-
ence [15] considered the finite-time stability of system (1),
which only concerned the fractional-order o lying in (1,2).

Remark 3 References [22-25] have considered the finite-
time stability of fractional-order linear delayed systems,
but without addressing nonlinear systems. Here, a typical
fractional-order nonlinear delayed systems are discussed.

Remark 4 Quite a few delay-independent finite-time sta-
bility criteria were derived for fractional-order neural net-
works with delay in Refs. [15, 48, 49]. Generally, delay-
dependent results are less conservative than delay-inde-
pendent ones when the delays are small. Here, two delay-
dependent conditions are established.

Remark 5 From Definition 4, it is not hard to see that the
bigger estimated time of finite-time stability will be better.
For comparison, example proposed in Ref. [50] is given in
next section. Numerical calculations show that the esti-
mated time of finite-time stability obtained in this paper is
bigger than that of Ref. [50]. In addition, the obtained
results in this paper are slightly simpler than that of
Ref. [50] in form.

4 Numeric example

In this section, we consider two simple examples to illus-
trate the effectiveness of theoretical results.

Example 1 Consider the fractional-order delayed Hop-
field neural model (1) with following parameters, which
was presented in Ref. [50]

0.1 0 02 —0.1

C= 5 A= )
0 0.l 0.1 0.2
< -05 —o0.1 >

B = .

-02 -05
fractional order « = 0.4 or « = 0.7. The activation function
is described by f(x) = g(x) = tanhx, T = 0.1. Clearly, f(x)
and g(x) satisfy Lipschitz condition with F =G = 1.
lAll =0.3,]|B|| = 0.7,||C|| = 0.1. Choosing the initial
values (0.08,0.05)". There is a task of checking the finite-

time stability wr.t. {7 =0;J=[0,4;0 =0.1;¢ =1,
t=0.1}. When «=0.7, M;=0.3995 M, =0.692,

@ Springer

according to Corollary 1, the estimated time of finite-time
stability is 0.607, which is bigger than 0.5542 in Ref. [50].
The equilibrium point is finite-time stable, which is
depicted in Fig. 1. When o =04, N;=0.6099,
N, = 1.0674. It follows from inequality (14) that the esti-
mated time of finite-time stability is 0.7522, which is
bigger than 0.6700 in Ref. [50]. Conditions of Corollary 2
are satisfied. Therefore, the equilibrium point is finite-time
stable. Numeric simulation is shown in Fig. 2.

Example 2 A fractional-order Hopfield neural network of
three neurons with the following parameters is given

0.08 T T T T T T T T T

0.07} !

0.06 [

0.05 |

0.04 -

X,X,

0.03 |

0.02 |

0.01 |

0 05 1 15 2 25 3 35 4 45 5
time(s)

Fig. 1 The time response curve of the system in example 1 (order
oa=0.7)

0.08

0.06

0.04

0.02

-0.02

-0.04 |

-0.06

0 05 1 15 2 25 3 35 4 45 5
time(s)

Fig. 2 The time response curve of the system in example 1 (order
o=04)
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04 0 0
c=|0 05 o |,

0 0 05

~0.04 006 0.02
A= 003 —008 004 ],

~0.05 —0.02 0.0l

003  —004 005
B=|-005 002 —0.03

0.06 0.04  —0.04

o = 0.3 or « = 0.8. The activation functions are given by
f(x) =sinx,g(x) =tanhx, t=0.2. Obviously, F=G=1,
|A|| =0.16,||B|| =0.14,||C|| = 0.55. The initial values are
chosen as (0.1,0.2,0.3)". One has to check the finite-time

0.35 T T T T

0.3} % |

0.1 \ 4

time(s)

Fig. 3 The time response curve of the system in example 2 (order
o=0.8)

0.35 T T T

1 1.5 2
time(s)

Fig. 4 The time response curve of the system in example 2 (order
o=0.3)

stability, wuart. {fp=0;J=10,4];0=0.1;¢6=1;71=0.2}.
When «=0.8, M;=0.5619, M,=0.1192, based on
inequality (13), the estimated time of finite-time stability is
0.835. The equilibrium point is finite-time stable, which
is depicted in Fig. 3. When «=0.3, N;=1.3827,
N, =0.2933. It follows from inequality (14) that the esti-
mated time of finite-time stability is 0.3183. The time
evolution of states is shown in Fig. 4.

5 Conclusion

In this paper, finite-time stability for a class fractional-
order delayed neural networks with order o: 0 << 0.5 and
0.5 <a <1 was considered. Two effective criteria to ensure
the finite-time stability for this class of fractional order
systems were derived. Illustrative examples are presented
to demonstrate the effectiveness of the derived criteria.
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