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Abstract In the present study, a novel intelligent com-
puting approach is developed for solving nonlinear equa-
tions using evolutionary computational technique mainly
based on variants of genetic algorithms (GA). The math-
ematical model of the equation is formulated by defining an
error function. Optimization of fitness function is carried
out with the competency of GA used as a tool for viable
global search methodology. Comprehensive numerical
experimentation has been performed on number of
benchmark nonlinear algebraic and transcendental equa-
tions to validate the accuracy, convergence and robustness
of the designed scheme. Comparative studies have also
been made with available standard solution to establish
the correctness of the proposed scheme. Reliability and
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effectiveness of the design approaches are validated based
on results of statistical parameters.
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1 Introduction

Many complex problems arising in Science and Engi-
neering have function of nonlinear and transcendental
nature, which can be expressed in the form of fix) = 0 in
single variable. The initial and boundary value problems
arising in kinetic theory of gases, elasticity and other areas
are reduced to nonlinear form in order to solve them. Due
to their significant importance, many new numerical and
analytical methods have been developed for these problems
because it is not always possible to derive its exact solution
by wusual algebraic processes, for example, iterative
numerical solvers based on Newton’s method [1-3], Taylor
series, homotopy perturbation method and its various
modified versions, quadrature formula, variational iteration
method and decomposition method [4-8]. The performance
of all of these methods is highly sensitive to initial start
point of the algorithm. These algorithms work efficiently if
start point is close to the solutions of the equation and
normally fail otherwise. On the other hand, stochastic
techniques based on viable global search methodologies
have strength to solve these nonlinear equations effectively
without prior knowledge of biased initial guess. Aim of this
study was to provide an alternate, accurate and reliable
platform for solving these problems by exploiting the
strength of evolutionary computation mainly based on
genetic algorithms.
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These stochastic solvers have been widely used for
solving number of linear and nonlinear problems like
solution of nonlinear first Painleve equation [9, 10], opti-
mization of unsupervised neural networks for Troesch’s
Problem for stiff and nonstiff cases [11, 12], one-dimen-
sional Bratu’s problem arising in fuel ignition model of
combustion theory [13, 14], nonlinear, singular trans-
formed boundary values problems of 2-dimensional Bra-
tu’s equations [15, 16], nonlinear singular systems based on
Emden—Fowler equations [17], nonlinear Van der Pol
oscillators [18, 19], differential equations involving arbi-
trary order derivative based on nonlinear Riccati and
Bagley-Torvik fractional differential equations [20, 21],
recent applications in the field of computational fluid
dynamics based on nonlinear Jeffery-Hamel flow problems
[22, 23] and so on. These are the motivating factors for
author to explore in these methodologies to provide an
effective and reliable intelligent computing framework for
nonlinear equations with single variable.

In the present study, computational intelligent techniques
are used for solving nonlinear equations with the help of
effective variants of genetic algorithms (GA), as a tool for
viable global search method. The proposed scheme is eval-
uated on twenty different benchmark problems involving
nonlinear polynomial and transcendental functions. Com-
parative analysis of the proposed results is made with state of
the art iterative solver to validate and verify the correctness
of the design scheme. The reliability and effectiveness of the
proposed schemes are analyzed based on sufficiently large
set of data generated from independent execution of the
optimizer GAs with different reproduction operators. Com-
parative study of the proposed schemes is also made on the
basis of results of statistical analyses in term of accuracy,
convergence and computational complexity.

The organization of the paper is as follows. In Sect. 2,
brief literature review for iterative methods used for non-
linear equations is narrated. In Sect. 3, the design meth-
odology is provided in terms of formulation of fitness
function, introductory material on GA, stepwise procedure,
flow diagram and necessary parameter setting of GA. In
Sect. 4, results of detailed simulation performed along with
comparison from iterative solvers are given in both
numerical and graphically illustrations. In Sect. 5, com-
parative studies are presented based on data generated from
sufficient large number of independent execution of each
variants of GAs. In the last section, findings and observa-
tions are listed along with future research directions.

2 Overview of iterative methods

Here brief overview of iterative methods for finding root of
a nonlinear equation of the form
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fx)=0 (1)

Taylor’s series expansion with assumption that o is the
initial root of (1) and 7y be the start point or initial estimate
very close to « for (1) is given as:

(x =)’

F) + @@= () + 3 f'(7)=0 (2)

Simplification of (2) by assuming x — y ~ 0 gives
)
@)

This fix point formulation is used to suggest the fol-
lowing iterative method.

(3)

x=y—

Algorithm 2.1 For a given x,, compute the approximate
solution x,,; by the iterative schemes.

f (2n)
f/ (xll)
The above formulation is known as Newton method (NM),

which is quadratic convergent [24, 25]. From Eq. (2), one
can derive

(4)

Xnt1l = Xp

2w
272(7) = f (" ()
Algorithm 2.2 For a given xy, compute the approxi-

mate solution x,,; by iterative schemes given in [26]
as:

(5)

xX=y

Vn = Xy — 2f<xn)f,(xn)
n n 2f/2(xn) _f(-xn)f”(-xn) (6)
R 2(f () + £ ) (30)

- 2f"(xn) — (f (X)) +f () )" (xn)

The Eq. (6) is known as fifth-order convergent two-step
Halley method for nonlinear equations [27].

Algorithm 2.3 For a given x,, compute the approximate
solution x,,,; by the iterative schemes as:

T )

! " L) 212 () = 2F (en)f” (e )f” () (7)
Yol = Yo — S (yn)

" " I ) + " (x0) (0 — %)

The algorithm given in (11) is proposed in [28].

Algorithm 2.4 For a given x,, compute the approxi-
mate solution x,,; by the iterative procedure developed
in [6] as:

_ J () _ S (6 )f* ()
" 1) 23 () = 2f (e )" (e ) () (8)
) fGon)f ()
J1(xn) 217 (%)

The expression (8) is reported in [29].

Yn =X

Xn+1 = Yn
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Table 2 Variants of GA based on different reproduction operators

Parameters Setting Parameters Setting Methods Selection Crossover Mutations
Population creation Linear feasible TolFun 107% GA-1 Stochastic uniform  Heuristic Adaptive feasible
Initial population [£1] or [£5] or TolCon 107% GA-2 Stochastic uniform Heuristic Gaussian
range [£50] GA-3 Stochastic uniform  Arithmetic ~ Adaptive feasible
Generations 500 Elite Count 02 GA-4 Stochastic uniform  Arithmetic ~ Gaussian
Stall generations 500 Crossover 0.80 GA-5 Reminder Heuristic Adaptive feasible
) . f.racu.(m GA-6 Reminder Heuristic Gaussian
Scaling fraction  Rank Mf‘ir;tl‘é’r? 0.2 GA-7 Reminder Arithmetic  Adaptive feasible
Ratio 1.25 Other Defaults GA-8 Reminder Arithmetic Gaussian
GA-9 Roulette Heuristic Adaptive feasible
GA-10 Roulette Heuristic Gaussian
3 Design methodology GA-11 Roulette Arithmetic Adaptive feasible
GA-12 Roulette Arithmetic Gaussian

In this section, we shall present the methodology developed
for solving nonlinear algebraic equation using optimization
technique based on variants of genetic algorithm, as a tool
for effective global search.

3.1 Formulation of Fitness function
A broad variety of mathematical models of the problems

which are arising in science and engineering can be orga-
nized into equations of the form f(x) = 0, where x and f(x)

may be real, complex, or vector quantities. The fitness
function or merit function for solving nonlinear equations
can be formulated on the basis of absolute or square error

minimize {g:y(m or (f(x)% 9)

subject to bounded constraints on x.
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Table 3 The problems set with

Nonlinear equations f(x)

Fitness function Purposed solution ‘x’

proposed solution by GA-1 for

inputs between (=5, 5) fi filx) = B+4x2-10 &= |x3 4+ 4x2 — 10| 1.365230013414100
£ fx)=x*—e —3x+2 e= |x2—e" —3x+2| 0.257530285439861
v fix) =2 =10 e= | — 10| 2.154434690031880
fa fa(x) = cosx — x £= |cosx—x] 0.739085133215161
fs fs(x) = sin* x—x? + 1 ¢= |sin’x —x* 41| 1.404491648215340
s fo(x) = x2 +sin(x/5) — 1/4 e = |x* +sin(x/5) — 1/4] —0.609605896052732
17 frx) =e —4x? £ = |e* — 4x?| —0.407776709404480
fs fs(x) = e 4 cosx e= le™" + cosx| 1.746139530408010
fo fo(x) = e*sinx —2x—5 £= [e*sinx — 2x — 5| —2.523245230732560
fio fio(x) =logx+/x—5 e= |logx+ /x5 8.309432694231570
Ju fuulx) =vx—-1-3 e=|yx—1-3 9.633595562832700
Jiz Si2(x) = e ™ —cosx e= le™ — cosx| 1.292695719373400
fi3 fis(x) = cos(x)? -1 e = |cos(x)* — £ 2.320204274495730
S1a fia(x) = (1 + cosx)(e* —2) &= |(1+cosx)(e* —2)| —3.141592652284200
fis Sfis(x) = xe® —sin®x +3cosx+5 &= |x¢"Z —sin?x —1.207647827130920

+3cosx + 5]
fie fie(x) = D) _cosx o= e _cosx —1.089942333439170
+f+l +X+1]
fir fa(x) =sin '@ —1)—4+1 e=[sin (x> 1) =141 0.594810968398369
fis fis(x) = tanhx — tanx ¢ = |tanhx — tan x| 0.000000005647004
fio fiolx) = (x— 1) -1 e=|(x—1)° =1 2.000000000000000
fro Polx) =sinx—1% ¢ = |sinx—1| —1.895494267033980

Nonlinear equations are solved by finding the global
minimum of error function ¢ in Eq. (9). With the avail-
ability of appropriate x such that fitness function, ¢ — 0,
then consequently f(x) — Oand x is the approximate
solution or root of the nonlinear equation fix) = 0. The
same methodology is extended for solving system of n
equations in n unknowns. However, in this study, we
confined our investigation to fitness function ¢ as given in
(9) for finding the root of nonlinear equations involving the
polynomial and transcendental functions.

3.2 Learning methodology

Global minimization of the error function (9) is carried out
with evolutionary computing technique mainly based on
genetic algorithms (GAs). Since the introduction of GA by
John Holland in early 1970s in his book [30], the algorithm
is widely used for optimization problems in diverse fields.
The construction of GAs is based on mathematical model
inspired from the process of natural genetic and evolu-
tionary mechanisms. The efficiency and performance of
GA depend on a number of factors, including the setting of
system parameters and design of the GA operators, i.e.,
genetic reproduction, evaluation and selection [31]. The
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two basic functions crossover and mutation are performed
in genetic reproduction. Evaluation is executed by means
of the fitness function which depends on specific optimi-
zation problem. Selection is the method that obtains parent
individuals with probability proportional to their relative
fitness for the assistant process. There are five main tasks in
which GA is constructed for any problem. These tasks are
genetic representation, a technique for generating an initial
population of solutions, genetic operators design, fitness
function definition and system parameters design. Few
recent application of genetic algorithm in applied science
and technology includes classification of handwritten Hindi
‘SWARS’ [32], effective detection of target motions [33],
design of autonomous robots [34] and optimization of
double screen frequency selective surface structure [35].

3.2.1 Optimal solution search for nonlinear equations

Keeping in view strength and applicability of GAs in
diverse environment, GAs are used for optimization of
fitness function for finding the root of nonlinear equations.
The generic flow diagram overall procedure is given in
Fig. 1, while necessary detail of the procedural steps is
given as follows:
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Step 1: Initialization: Random assignment and declara-
tions are made for initial values of parameters of GAs,
and these settings are also tabulated in Table 1 for
important parameters of the algorithm. The selection of
parameters of stochastic algorithms is made on the basis
of knowledge of the problems, exploiting the experience,
extensive experimentation efforts and good luck. The
performance of the algorithm is highly sensitive to these
parameters, and slight change in the values/settings may
result in premature convergence problem.

Step 2: Fitness Evaluation: Calculate the fitness of each
individual of population using the problem-specific error
function given in Eq. (9) for finding the root of nonlinear
equations.

Step 3: Termination Criteria: Terminate the execution
of algorithm based on any of following criteria:

o Predefined fitness value ¢ < 1073 is achieved.

Table 4 Comparison of various iterative schemes

e Predefine number of generations are executed.
If termination criterion is fulfilled, then go to step 5.

Step 4: Reproduction: Create next generation on the
basis of different combinations of reproduction operator
including selection, crossover and mutation. The fol-
lowing variants of evolutionary algorithms are invoked
by calling the function as listed in Table 2.

Step 5: Comparative Analyses: Repeat the procedure
from Steps 1 to 4 for all twelve variants of GAs by
taking three different initial ranges of the population to
generate enough data set on which reliable comparison is
made for the performance of the algorithms.

4 Numerical experimentation

In this section, results of detailed simulation performed
on number of nonlinear equations by proposed design

f X0 NM Algorithm 2.2 Algorithm 2.3 Algorithm 2.4
Iterations fx) Iterations fix) Iterations fix) Iterations fix)
fi -0.3 55 3.55e—15 53 7.93e—12 32 2.74e—11 31 2.74e—11
1 5 3.51e—10 5 6.10e—06 2.1e—07 2.e—07
2 5 8.29e—09 5.13e—05 4 7.04e—08 4 7.04e—08
i 0 5 1.00e—11 4 2.78e—11 4 1.11e—10 4 1.11e—10
0.5 5 6.77e—13 4 1.59e—10 4 2.08e—10 4 2.08e—10
f 1.7 500 1.77e—15 500 1.77e—15 500 1.77e—15 500 1.77e—15
2.7 500 1.77e—15 500 1.77e—15 500 1.77e—15 500 1.77e—15
fa 0 5 2.84e—10 5 1.87e—14 4 1.47e—07 4 1.47e—07
1 5 2.84e—10 4 1.10e—09 4 3.17e—10 4 2.97e—11
fs 1.2 500 4.44e—16 500 4.44e—16 4 3.79e—09 4 4.44e—16
35 500 3.33e—16 500 3.33e—16 5 1.65e—11 5 3.33e—16
fs 0.1 5 3.08e—12 4 5.98e—04 5 2.77e—17 5 2.77e—17
1 500 2.77e—17 4 1.23e—04 4 1.20e—07 4 1.20e—07
f7 0.5 500 4.44e—16 500 4.44e—16 5 4.44e—16 5 4.44e—16
1 500 4.44e—16 500 4.44e—16 4 4.44e—16 4 4.44e—16
fs 1.5 500 1.11e—16 500 1.1le—16 4 l.11e—16 4 1.11e—16
2.4 500 1.11e—16 500 1.1le—16 4 1.1le—16 4 1.11e—16
fo —-0.3 9 1.83e—11 2.13e—08 4 7.76e—05 4 7.76e—05
f1o 1 9 8.88e—16 7 1.89e—27 8 8.88e—16 8 8.88¢—16
S 1 7 4.44e—16 7 5.36e—16 7 5.36e—16 9 4.12e—16
Sz 1 5 3.87e—13 3.93e—06 5 3.54e—11 4 8.54e—09
fi3 1 9 8.32e—17 10 8.32e—17 4 1.23e—09 7 8.32e—17
fi4 0.5 4 5.6le—11 4 5.82e—09 4 3.23e—07 4 3.23e—07
fis 1 5 4.44e—13 2.93e—11 5 2.73e—13 6 1.81e—12
fi6 -0.3 10 3.33e—16 10 3.33e—16 10 3.33e—16 10 3.33e—16
fi7 1 6 1.02e—13 4 2.31e—06 10 4.44e—16 9 3.23e—17
fis 1 4 5.15e—07 4 3.78e—08 7 1.67e—12 8 7.89e—12
fio 0.5 3 NAN 11 1.67e—11 11 1.67e—11 7 1.32e—08
f20 0.5 14 4.25e—14 5 547e—14 6 2.35e—07 5 2.12e—012
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Fig. 2 Learning curves and
distance between individual of
the population for variant of
GAs for different nonlinear
equations by taking initial range
(=1, 1). a Method GA-1,
problem f;, b method GA-2,
problem fs, ¢ method GA-3,
problem fjo, d method GA-4,
problem f5

approaches as well as state of the art iterative solvers are

presented.

Twenty different nonlinear equations are taken to
evaluate the robustness, efficiency and performance of
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algorithms. These equations are listed in Table 3 and

usually used as a test bench to verify and validate the
working of the algorithms [1-9, 36-40]. First of all, our
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intension is to find the results of well-known solvers
including Newton method (NM) and few of its variants.
The results obtained are provided in Table 4 along with
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the number of iterative steps involved and level of
accuracy achieved. The performance of these algorithms
is highly sensitive to the value of initial guess, and
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generally, all these methods fail whenever wider inputs
are used as a start point of the algorithms. It is observed
from Table 4 that generally, the accuracy of the level
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10~"° has been achieved with almost all the solvers by
using the initial guess very close to the exact solution of
the nonlinear problems.
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Table 5 The value of fitness, ¢ or f(x), achieved by variants of GAs for different set of inputs ranges of the populations
F Input Range (1, —1) Input Range (-5, 5) Input Range (—50, 50)

GA-1 GA-2 GA-3 GA-1 GA-2 GA-3 GA-1 GA-2 GA-3
fi 0 0 0 0 0 0 0 6.62E—12 1.42E—14
¥ 0 0 0 0 0 0 0 1.78E—15 4.44E—-16
f 1.78E—15 1.07E—14 1.78E—15 1.78E—15 1.78E—15 1.78E—15 1.78E—15 5.08E—13 1.78E—15
fa 0 0 0 0 2.22E-16 0 0 1.04E—14 0
fs 3.33E—-16 1.78E—15 3.33E—-16 3.33E—-16 2.22E—-15 3.33E—-16 3.33E—-16 8.75E—14 3.33E—-16
Js 0 0 0 0 2.66E—14 0 0 1.96E—14 0
f7 1.11E—16 1.11E—16 1.11E—16 1.11E—16 1.39E—14 3.33E—-16 1.11E—16 6.52E—13 4.44E—-16
fs 1.11E—16 1.39E—16 1.11E—16 1.11E—16 3.47E—-16 1.11E—-16 6.03E—19 5.71E—14 6.03E—19
fo 0 6.22E—15 0 0 2.66E—15 0 0 1.90E—13 0
Jio 0 0 0 0 0 0 0 497E—14 0
f 0.574765 0 0.574765 0 8.88E—16 0 0 2.66E—15 0
fz 0 1.11E-16 0 0 1.51E—16 0 0 247E—14 1.21E—16
fi3 0 7.66E—15 8.33E—17 0 3.33E—-16 0 0 1.69E—14 0
f14 0 0 0 0 0 0 0 0 0
fis 2.66E—15 2.66E—15 2.66E—15 2.66E—15 7.11E—15 2.66E—15 2.66E—15 548E—13 2.66E—15
fi6 3.33E—-16 1.47E—14 3.33E-16 3.33E—16 1.61E—14 3.33E—-16 3.33E—-16 2.20E—13 3.33E—-16
fi7 0 7.77TE—16 0 0 1.55E—-15 0 0 1.11E—-15 0
fis 0 0 0 0 0 0 0 0 0
f19 0 2.66E—15 0 0 1.33E—15 0 0 4.68E—13 0
Ja0 0 1.34E—17 1.22E—19 0 1.28E—16 1.36E—19 0 4.87E—14 0
Table 6 The value of fitness, € or f(x), achieved by variants of GAs for different set of inputs ranges of the populations
F Input range (1, —1) Input Range (-5, 5) Input Range (—50, 50)

GA-7 GA-8 GA-9 GA-7 GA-8 GA-9 GA-7 GA-8 GA-9
fi 0 2.12E—-11 0 0 2.42E—-13 0 7.11E—15 1.52E—-10 0
¥ 0 7.38E—13 0 0 1.78E—12 0 0 9.32E—11 0
/5 1.78E—15 2.98E—12 1.78E—15 1.78E—15 3.46E—12 1.78E—15 1.78E—15 5.74E—11 1.78E—15
fa 0 7.88E—15 0 0 2.66E—15 0 0 1.25E—-12 0
fs 3.33E—-16 1.45E—14 3.33E—-16 3.33E—-16 4.11E-12 3.33E—-16 3.33E—-16 7.64E—11 3.33E—-16
fs 2.78E—17 8.33E—16 0 0 8.83E—15 0 0 3.98E—12 0
f7 1.11E-16 1.04E—13 1.11IE-16 1.11E—16 3.90E—13 1.11IE-16 1.11IE—16 6.92E—11 1.11IE-16
fs 1.11E—16 2.12E—13 1.11IE—16 1.11E—16 8.02E—14 1.11E—16 9.70E—18 6.95E—12 6.03E—19
fo 0 7.95E—13 0 0 2.28E—-12 0 0 1.19E—11 0
fio 0 8.88E—16 0 0 9.24E—14 0 0 1.82E—12 0
Sir 0.574765 1.64E—14 0.574765 0 3.02E—-14 0 0 2.22E—14 0
fi2 0 4.44E—-16 0 0 5.52E—-14 0 1.21E—16 1.99E—10 0
f13 8.33E—17 1.16E—14 8.33E—17 0 941E—14 0 0 2.87E—12 0
Sia 0 0 0 0 0 0 0 0 0
fis 2.66E—15 1.98E—13 2.66E—15 2.66E—15 1.81E—13 2.66E—15 2.66E—15 2.90E—-13 2.66E—15
fie 3.33E—16 1.17E—13 3.33E—-16 3.33E—-16 1.82E—13 3.33E—-16 3.33E—-16 7.96E—14 3.33E—-16
fi7 0 3.00E—13 0 2.22E—-16 4.88E—15 0 0 2.66E—13 0
f1s 0 0 0 0 0 0 0 0 0
fr9 0 6.66E—15 0 0 2.16E—12 0 0 4.40E—14 0
feo 420E-17 9.20E—16 0 2.68E—18 4.00E—13 0 0 1.08E—12 0
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On the other hand, the proposed design schemes based on
variants of GAs are also applied to solve the problems
tabulated in Table 3 using the parameter settings as given in
Table 1 and Table 2. One of the best results obtained by
GA-1 for initial range (—5, 5) are given in Table 3, and
these values match fifteen decimal places of accuracy with
state of the art variants of NM schemes. The learning curves
and distance between the individuals for GA-1, 2, 3 and 4
with initial range (—1, 1), GA-5, 6, 7 and 8 with initial range
(—5,5) and GA-9, 10, 11 and 12 with initial range (—50, 50)
are given in Figs. 2, 3 and 4, respectively, for different
nonlinear problems. It is seen from these figures that pro-
posed variants of GAs are able to provide convergent and
accurate results for different spans of the inputs where most
of the reported iterative method based on NM fails to give
the convergent solutions for these inputs.

The value of the fitness ¢ achieved by GA-1, 2 and 3
with different initial ranges is given in Table 5, while for
algorithms GA-7, 8 and 9 results are tabulated in Table 6.
Similarly, graphical results are presented in Fig. 5 for
algorithms GA-4, 5, 6, 10, 11 and 12. The results are
plotted on semi-log scale to elaborate the small variation in
the values. The results presented in Tables 5 and 6 as well
as in Fig. 5 are based on one of the best results in suffi-
ciently large number of independent runs of algorithms. It
is observed form results given in tables that for most of the
problems, the fitness limit O is achieved, and in Fig. 5,
these results are shown in blank bar. In general, all the
algorithms give considerably accurate results for all the
nonlinear examples except problem f;; for which few
variants of GAs with initial range (-1, 1) fail to provide the
convergent solutions. Generally, all the variants of GAs
provide good accuracy, i.e., fix) or € < 10" , for all tested
nonlinear problems with different range of input data to
generate a population for algorithms.

The results presented so far in tables and figures are
based on dominant solution, i.e., the results with an
individual of the population with best fitness values, while
the nondominant solution-based value of fitness achieved
by rest of individual in population should also be ana-
lyzed. In this regard, in our numerical experimentation, 40
individuals are taken in the population, the value of fit-
ness achieved by the nondominant individual is plotted in
Fig. 6 for each variants of GA. It is seen in general that
about 10-15 % of nondominant solutions of proposed
schemes have given reasonably accurate results. It mean
that single run of any variants of GA produced one best
solution and numbers of other solutions equal to the
population of individuals of the problem with relatively
lesser accuracy.

@ Springer

5 Statistical analysis

Comparative studies based on the results of statistical
analysis are presented for each variants of GA for all
nonlinear equations to draw a constructive conclusion for
performance of each algorithm.

Fifty independent runs for all 12 proposed schemes are
carried out for finding the roots of each nonlinear algebraic
equation using the parameter settings of the algorithms as
listed in Tables 1 and 2. The performance of the algorithms
is analyzed on the basis of statistical parameters of mean
and standard deviation (STD). Results on the basis of value
of fitness ¢ are given in Table 7 for algorithms GA-1, 2, 3,
4, 5 and 6, while for algorithms GA-7, 8, 9, 10, 11 and 12
are listed in Table 8 for all 20 nonlinear equations. The
numerical values presented in the tables clearly show that
generally, the level of accuracy range 107'2-107'° is
achieved by the proposed algorithms and small values of
STD establish the consistency or reliability of the design
approaches. The single or few unsuccessful runs of the
algorithms have a great effect on the values of statistical
parameters, i.e., mean and STD, and therefore, analysis is
continued further by plotting the values of fitness against
number of independent runs of each algorithm in Fig. 7.
The values of fitness achieved are shown in ascending
order. It is seen that only a few runs of algorithms GA-3,
GA-5 and GA-7 as in Fig. 7c, f, g, respectively, show
premature convergence for some nonlinear equations,
while results presented in rest of the figure generally show
consistent convergence. It is also observed that significant
number of runs of variants of GAs provided fitness ¢ = 0
for different examples.

Computational complexity of each of the variants of
GA is also evaluated based on value of mean execution
time (MET), i.e., average time taken for finding the
optimal solution, and mean value of function evaluation
(MFE), i.e., average number of function calculated for
optimization by an algorithm. The values of MET and
MEE based on 50 independent runs of each algorithm for
all 20 examples with different initial ranges are tabulated
in Table 9 and Table 10. It is seen from the results given
in tables that except nonlinear equation f;g which is rel-
atively easy to tackle, the values of MET and MFE are
around 0.8 s and 20,000, respectively. It is observed that
all the algorithms, i.e., GA-1 to 12 take almost similar

Fig. 5 Values of fitness, ¢ or f(x), achieved by variants of GAs forp
different set of inputs ranges of the populations. a Initial range (—1,
1), b initial range (—1, 1), c initial range (—5, 5), d initial range (-5,
5), e initial range (—50, 50), f initial range (—50, 50)
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Fig. 6 Values of fitness, ¢ or f(x), achieved by variants of GAs by
the nondominant solutions of GAs for various nonlinear equations.
a GA-1 for (—1, 1), b GA-2 for (—1, 1), ¢ GA-3 for (—1, 1), d GA-4

computational budget for finding the optimal results of
each nonlinear problem.

To elaborate the performance of each variants of
GAs, the analyses continue further based on the value of

@ Springer

for (—1, 1), (¢) GA-5 for (=5, 5), f GA-6 for (=5, 5), g GA-7 for (=5,
5), h GA-8 for (=5, 5), i GA-9 for (—50, 50), j GA-10 for (—50, 50),
k GA-11 for (=50, 50), 1 GA-12 for (—50, 50)

global operators, i.e., global accuracy (GA), global mean
generation (GMG), global mean value of function eval-
vations (GMFE) and global mean execution time
(GMET). The values of these global calculated based on
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Fig. 7 Results of statistical analysis based on level of accuracy
achieved by the best individual of population in each independent run
of proposed algorithms for different nonlinear equations. a GA-1 for
(-1, 1), b GA-2 for (—1, 1), ¢ GA-3 for (—1, 1), d GA-4 for (—1, 1),

50 independent runs of each algorithm are given in
Table 11 for all three initial ranges. The value of global
operators is based on overall performance of variants of

Number of Runs

Number of Runs

e GA-5 for (-5, 5), f GA-6 for (-5, 5), g GA-7 for (-5, 5), h GA-8
for (=5, 5), i GA-9 for (—50, 50), j GA-10 for (—50, 50), k GA-11 for
(=50, 50), 1 GA-12 for (—50, 50)

GA on all 20 nonlinear equations. The values of global
accuracy is examined on the basis of percentage of
independent runs achieved predefined level of fitness,
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Table 9 Computational complexity for variants of GAs based on MET and MFE values

Range F MET (s) MFE

GA-1 GA-2 GA-3 GA-4 GA-5 GA-6 GA-1 GA-2 GA-3 GA-4 GA-5 GA-6

+1 fi 0.70 0.60 0.76 0.58 0.66 0.63 16,758 19,974 19,490 20,040 15,196 19,858
A 0.65 0.60 0.77 0.56 0.63 0.63 16,003 20,016 19,760 20,040 14,836 19,817
S 0.83 0.60 0.79 0.57 0.87 0.63 20,040 20,040 20,040 20,040 20,040 20,040
Ja 0.69 0.59 0.75 0.56 0.68 0.63 16,695 19,486 19,182 20,040 15,769 20,040
S5 0.82 0.60 0.77 0.57 0.85 0.64 20,040 20,040 20,040 20,040 20,040 20,040
f6 0.68 0.59 0.77 0.56 0.74 0.64 16,429 19,925 19,786 20,040 17,251 20,040
f7 0.81 0.60 0.78 0.56 0.85 0.63 20,040 20,040 20,040 20,040 20,040 20,040
fs 0.83 0.60 0.78 0.57 0.88 0.64 20,040 20,040 20,040 20,040 20,040 20,040
fo 0.61 0.60 0.74 0.57 0.68 0.63 14,942 20,040 18,869 20,040 15,517 19,630
fio 0.41 0.59 0.71 0.57 0.43 0.62 9,976 19,612 18,417 20,040 10,115 19,784
f1 0.83 0.59 0.79 0.57 0.86 0.63 20,040 19,835 20,040 20,040 20,040 19,941
fr2 0.67 0.60 0.78 0.57 0.68 0.63 16,256 20,040 20,038 20,040 15,730 20,040
f13 1.81 0.59 0.78 0.56 0.86 0.63 19,921 20,040 20,040 20,040 20,040 20,040
fia 0.59 0.41 0.74 0.38 0.65 0.44 14,412 13,615 18,831 13,434 14,891 13,878
fis 0.83 0.61 0.79 0.57 0.87 0.65 20,040 20,040 20,040 20,040 20,040 20,040
fi6 0.83 0.62 0.79 0.58 0.88 0.65 20,040 20,040 20,040 20,040 20,040 20,040
fi7 0.69 0.60 0.76 0.56 0.70 0.64 16,943 20,040 19,689 20,040 16,271 20,040
f1s 0.05 0.05 0.06 0.17 0.05 0.05 1,041 1,494 1,401 5,673 1,092 1,282
S0 0.57 0.60 0.78 0.56 0.58 0.63 13,924 20,040 20,013 20,040 13,486 20,040
S20 0.80 0.60 0.78 0.56 0.84 0.63 19,615 20,040 20,040 20,040 19,623 20,040

£5 f1 0.77 0.59 0.78 0.57 0.80 0.65 18,677 19,823 19,806 20,040 18,484 20,040
f 0.65 0.60 0.78 0.57 0.64 0.64 15,996 20,014 19,742 20,040 15,039 20,040
f 0.82 0.60 0.79 0.57 0.87 0.65 20,040 20,040 20,040 20,040 20,040 20,040
fa 0.73 0.60 0.78 0.56 0.74 0.64 17,870 20,040 19,750 20,040 17,203 20,040
S5 0.81 0.60 0.78 0.56 0.86 0.65 20,040 20,040 20,040 20,040 20,040 20,040
Js 0.70 0.59 0.78 0.57 0.70 0.64 17,180 20,040 19,638 20,040 16,238 20,040
f7 0.82 0.60 0.78 0.56 0.86 0.64 20,040 20,040 20,040 20,040 20,040 20,040
fs 0.82 0.60 0.79 0.57 0.86 0.65 20,040 20,040 20,040 20,040 20,040 20,040
Jo 0.63 0.61 0.76 0.57 0.59 0.65 15,292 20,040 19,378 20,040 13,573 20,022
fio 0.39 0.59 0.70 0.57 0.43 0.63 9,574 19,678 17,658 20,040 10,010 19,647
fi 0.53 0.59 0.79 0.56 0.51 0.64 12,812 20,040 19,641 20,040 12,020 20,040
fr2 0.66 0.61 0.76 0.57 0.69 0.65 16,266 20,040 19,100 20,040 15,688 20,040
f13 0.68 0.59 0.75 0.56 0.68 0.64 16,785 20,040 19,178 20,040 15,904 20,040
J14 0.07 0.08 0.06 0.33 0.06 0.07 1,437 2,422 1,468 11,486 1,260 1,993
fis 0.83 0.61 0.80 0.57 0.87 0.66 20,040 20,040 20,040 20,040 20,040 20,040
fis 0.83 0.61 0.81 0.59 0.87 0.66 20,040 20,040 20,040 20,040 20,040 20,040
fir 0.68 0.59 0.78 0.57 0.67 0.65 16,647 20,040 19,772 20,040 15,598 20,040
fis 0.06 0.06 0.07 0.33 0.06 0.06 1,206 1,885 1,492 11,614 1,179 1,786
f19 0.59 0.60 0.77 0.57 0.59 0.65 14,404 20,040 19,309 20,040 13,660 20,040
feo 0.74 0.59 0.80 0.57 0.83 0.64 18,399 20,040 20,040 20,040 19,274 20,040
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Table 9 continued

Range F MET (s) MFE

GA-1 GA-2 GA-3 GA-4 GA-5 GA-6 GA-1 GA-2 GA-3 GA-4 GA-5 GA-6

+50 fi 0.78 0.61 0.80 0.56 0.81 0.63 18,867 20,040 20,040 20,040 18,320 20,040
b2 0.63 0.60 0.81 0.56 0.67 0.63 15,378 20,040 20,040 20,040 15,077 19,818
I3 0.83 0.61 0.81 0.55 0.89 0.63 20,040 20,040 20,040 20,040 20,040 20,040
fa 0.68 0.60 0.78 0.55 0.73 0.64 16,531 20,040 19,858 20,040 16,436 20,040
fs 0.83 0.59 0.80 0.56 0.88 0.63 20,040 20,040 20,040 20,040 20,040 20,040
Js 0.75 0.60 0.77 0.55 0.70 0.63 18,106 20,040 19,722 20,040 15,840 20,040
/7 0.82 0.61 0.79 0.55 0.89 0.62 20,040 20,040 20,040 20,040 20,040 20,040
fs 0.83 0.60 0.81 0.56 0.91 0.64 20,040 20,040 20,040 20,040 20,040 20,040
fo 0.66 0.62 0.79 0.56 0.66 0.64 15,572 20,040 19,557 20,040 14,770 20,040
f10 0.42 0.60 0.71 0.55 0.42 0.63 10,278 20,040 17,460 19,933 9,362 20,040
Ji1 0.52 0.60 0.77 0.55 0.48 0.63 12,767 20,040 19,441 20,040 10,718 20,040
fi2 0.81 0.61 0.80 0.56 0.86 0.63 19,776 20,040 20,040 20,040 19,342 20,040
f13 0.71 0.60 0.78 0.55 0.73 0.63 17,316 20,040 19,558 20,040 16,483 20,040
f14 0.07 0.26 0.08 0.49 0.07 0.24 1,421 8,654 1,711 17,720 1,366 7,549
fis 0.83 0.61 0.82 0.57 0.91 0.65 20,040 20,040 20,040 20,040 20,040 20,040
fie 0.84 0.62 0.81 0.57 0.91 0.65 20,040 20,040 20,040 20,040 20,040 20,040
f17 0.64 0.60 0.79 0.55 0.65 0.63 15,565 20,040 19,659 20,040 14,716 20,040
fis 0.28 0.23 0.10 0.50 0.33 0.26 6,669 7,601 2,447 17,866 7,337 8,187
f19 0.64 0.60 0.79 0.56 0.55 0.63 15,594 20,040 19,579 20,040 12,341 20,040
f20 0.75 0.60 0.78 0.55 0.78 0.64 18,199 20,040 19,831 20,040 17,698 20,040

Table 10 Computational complexity for variants of GAs based on MET and MFE values

Range F MET (s) MFE

GA-7 GA-8 GA-9 GA-10 GA-11 GA-12 GA-7 GA-8 GA-9 GA-10  GA-11 GA-12

+1 f1 0.81 0.58 0.64 0.61 0.76 0.58 19,629 20,040 14,970 20,040 19,532 20,040
o 0.79 0.58 0.63 0.60 0.76 0.57 19,404 20,040 14,794 19,954 19,433 20,040
I3 0.82 0.58 0.85 0.60 0.78 0.57 20,040 20,040 20,040 20,040 20,040 20,040
4 0.79 0.58 0.72 0.60 0.75 0.57 19,502 20,040 17,199 20,040 19,518 20,040
fs 0.81 0.58 0.84 0.61 0.77 0.57 20,040 20,040 20,040 20,040 20,040 20,040
fs 0.81 0.58 0.77 0.60 0.76 0.58 20,040 20,040 18,287 20,040 19,807 20,040
f7 0.81 0.58 0.85 0.60 0.77 0.58 20,040 20,040 20,040 20,040 20,040 20,040
fs 0.82 0.58 0.86 0.61 0.78 0.59 20,040 20,040 20,040 20,040 20,040 20,040
fo 0.76 0.58 0.65 0.61 0.74 0.58 18,448 20,040 15,422 20,040 18,920 20,040
fio  0.74 0.58 0.48 0.59 0.73 0.57 17,993 20,040 11,266 19,701 18,747 20,040
S 0.83 0.57 0.86 0.60 0.78 0.57 20,040 20,040 20,040 19,920 20,040 20,040
fi 081 0.59 0.65 0.60 0.76 0.57 19,741 20,040 15,417 19,872 19,550 20,040
fiz 081 0.58 0.83 0.60 0.76 0.57 20,040 20,040 20,040 20,040 19,671 20,040
fia 079 0.35 0.61 0.36 0.72 0.37 19,390 12,072 14,574 11,718 18,706 12,697
fis 0383 0.59 0.85 0.61 0.78 0.58 20,040 20,040 20,040 20,040 20,040 20,040
fis  0.83 0.60 0.86 0.62 0.79 0.58 20,040 20,040 20,040 20,040 20,040 20,040
fi7 0.81 0.58 0.62 0.60 0.76 0.57 19,833 20,040 14,530 19,834 19,562 20,040
fis  0.06 0.18 0.05 0.05 0.07 0.18 1,340 6,132 1,074 1,598 1,556 6,130
fio  0.82 0.59 0.66 0.60 0.76 0.57 19,882 20,040 15,730 20,017 19,700 20,040
fo 081 0.58 0.82 0.60 0.77 0.56 20,040 20,040 19,602 20,040 20,040 20,040
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Table 10 continued

Range F MET (s)

MFE

GA-7 GA-8 GA-9 GA-10 GA-11

GA-

12 GA-7 GA-8 GA-9 GA-10 GA-11 GA-12

+5 fi 0.78 0.59 0.74 0.62 0.75
/2 0.79 0.58 0.64 0.60 0.79
I3 0.82 0.59 0.83 0.61 0.81
J4 0.80 0.59 0.69 0.60 0.78
fs 0.81 0.58 0.82 0.61 0.80

£ 076 058 070 0.0 0.78
£ 082 058 082  0.60 0.80

fs  0.82 0.59 0.83 0.61 0.80
fo 078 0.59 0.61 0.61 0.76
fio 072 0.59 0.43 0.61 0.73
fir 079 0.58 0.54 0.60 0.75
fi2 079 0.58 0.73 0.61 0.78
fiz 079 0.58 0.69 0.61 0.79
fie 007 0.29 0.07 0.08 0.07

fis 083 060 083 062 0.80
fis 083 060 084 062 0.82

fir 082 0.58 0.63 0.61 0.75
fis  0.07 0.30 0.06 0.09 0.06
fio  0.80 0.58 0.62 0.61 0.80
fo 081 0.58 0.80 0.60 0.78
+50 fi 0.87 0.60 0.75 0.61 0.78
12 0.84 0.59 0.60 0.60 0.79
f; 086 0.60 0.84 0.61 0.80

J4 0.85 0.59 0.74 0.60 0.77
fs 0.84 0.59 0.83 0.60 0.80
f6 0.82 0.59 0.69 0.60 0.78
17 0.85 0.58 0.83 0.60 0.79

fs 087 0.60 0.84 0.61 0.81
fo 081 0.60 0.63 0.61 0.73
fio 075 0.60 045 0.61 0.75
fir 078 0.59 0.54 0.61 0.73
fiz 085 0.59 0.83 0.61 0.81

fizs  0.84 0.58 0.71 0.60 0.76
fis  0.08 0.55 0.06 0.29 0.07
fis  0.86 0.61 0.86 0.62 0.82
fis 087 0.61 0.85 0.62 0.82
fir 085 0.59 0.65 0.60 0.80
fis 0.09 0.49 0.37 0.26 0.16
fio  0.80 0.60 0.65 0.60 0.77
fo  0.86 0.59 0.74 0.60 0.79

0.64
0.64
0.64
0.64
0.64
0.63
0.63
0.64
0.65
0.64
0.64
0.64
0.63
0.37
0.65
0.66
0.64
0.33
0.64
0.64
0.64
0.64
0.65
0.64
0.65
0.64
0.63
0.64
0.64
0.64
0.64
0.65
0.63
0.54
0.64
0.64
0.64
0.53
0.63
0.63

19,278 20,040 17,906 20,040 18,528 20,040
19,547 20,040 15,598 20,040 19,721 20,040
20,040 20,040 20,040 20,040 20,040 20,040
19,705 20,040 16,923 20,040 19,484 20,040
20,040 20,040 20,040 20,040 20,040 20,040
18,892 20,040 17,151 20,040 19,656 20,040
20,040 20,040 20,040 20,040 20,040 20,040
20,040 20,040 20,040 20,040 20,040 20,040
18,784 20,040 14,701 20,040 18,932 20,040
17,711 20,040 10,476 20,019 18,407 20,040
19,417 20,040 13,005 20,026 18,806 20,040
19,397 20,040 17,583 20,040 19,585 20,040
19,510 20,040 16,737 20,040 20,020 20,040

1,502 9,695 1,670 2,512 1,630 11,393
20,040 20,040 20,040 20,040 20,040 20,040
20,040 20,040 20,040 20,040 20,040 20,040
20,040 20,040 15,203 20,013 18,846 20,040

1,548 9,690 1,194 2,606 1,431 10,165
19,687 20,040 15,029 19,978 19,947 20,040
20,040 20,040 19,383 20,040 19,611 20,040
20,040 20,040 17,783 20,040 19,562 20,040
19,565 20,040 14,433 20,040 19,608 20,040
20,040 20,040 20,040 20,040 20,040 20,040
19,991 20,040 17,695 20,040 19,390 20,040
20,040 20,040 20,040 20,040 20,040 20,040
19,198 20,040 16,623 20,040 19,906 20,040
20,040 20,040 20,040 20,040 20,040 20,040
20,040 20,040 20,040 20,040 20,040 20,040
18,994 20,040 15,134 20,040 18,183 20,040
17,727 20,040 10,762 20,040 18,429 20,040
18,398 20,040 12,814 20,040 18,346 20,040
20,040 20,040 19,769 20,040 20,040 20,040
20,002 20,040 16,971 20,040 19,089 20,040

1,638 18,585 1,379 9,546 1,629 16,587
20,040 20,040 20,040 20,040 20,040 20,040
20,040 20,040 20,040 20,040 20,040 20,040
19,423 20,040 15,583 20,040 20,039 20,040

2,070 16,335 8,954 8,358 3,880 16,460
18,826 20,040 15,348 20,040 19,354 20,040
19,994 20,040 17,658 20,040 19,906 20,040

ie, e<107, 107'° 107'5 and 107%°. It is seen from
the results given in Table 11 that based on criteria 10~2°
the performance of GA-1, GA-5 and GA-9 is better that
the rest. The dominance of GA-1, GA-5 and GA-9 is
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also seen from smaller values of GMG and GMFE
performance operators while the values of GMET of
these methods are similar to the other variants of GAs.
The numerical experimentations and calculations are
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Table 11 Performance comparison for variants of GAs using global operators
Range Method Yoage of GA GMG GMFE GMET
107 107 107" 107*  Values  STD Values STD Values  STD
+1 GA-1 94.9 94.9 69.1 34.9 415.5 115.3 16,659.7 4,612.4 0.74 0.31
GA-2 100 98.3 09.0 07.8 467.0 107.5 18,721.8 4,298.2 0.56 0.13
GA-3 94.2 94.2 16.4 09.2 468.8 103.1 18,791.7 4,123.3 0.73 0.16
GA-4 98.6 40.3 08.2 07.8 473.8 86.6 18,991.4 3,464.5 0.54 0.10
GA-5 95.0 95.0 73.7 354 411.6 115.7 16,504.9 4,628.4 0.71 0.20
GA-6 99.4 99.0 09.8 07.7 467.4 108.2 18,735.5 4,329.3 0.60 0.14
GA-7 94.0 94.0 17.1 08.8 468.5 103.6 18,778.1 4,142.3 0.77 0.17
GA-8 98.5 44.4 08.3 07.9 472.7 87.5 18,946.2 3,501.8 0.55 0.10
GA-9 95.0 95.0 68.4 33.8 415.5 113.9 16,659.3 4,554.8 0.70 0.19
GA-10 99.9 98.6 10.6 08.1 465.4 110.5 18,654.7 4,420.0 0.56 0.13
GA-11 93.8 93.8 17.5 09.4 467.8 101.8 18,751.2 4,070.5 0.73 0.16
GA-12 93.8 93.8 17.5 09.4 415.5 115.3 16,659.7 4,612.4 0.74 0.10
+5 GA-1 96.6 96.6 74.0 394 390.0 140.5 15,639.3 5,618.0 0.64 0.23
GA-2 100 92.3 11.2 10.4 454.5 137.4 18,221.1 5,496.4 0.55 0.16
GA-3 94.7 94.7 20.1 14.7 4443 140.3 17,810.7 5,612.2 0.71 0.22
GA-4 100 26.5 09.7 09.0 478.8 65.3 19,191.0 2,613.1 0.54 0.07
GA-5 96.8 96.8 78.9 44.4 380.7 141.3 15,268.5 5,651.4 0.66 0.24
GA-6 100 95.5 11.6 10.5 454.1 139.5 18,204.4 5,580.3 0.59 0.18
GA-7 95.8 95.8 233 15.5 443.1 139.6 17,764.8 5,584.6 0.72 0.23
GA-8 100 322 09.9 09.7 474.1 79.6 19,005.2 3,184.9 0.56 0.09
GA-9 97.4 97.4 73.6 39.6 390.0 138.5 15,640.0 5,540.0 0.65 0.23
GA-10 100 91.3 11.2 10.4 456.1 134.5 18,285.7 5,378.4 0.56 0.16
GA-11 95.1 95.1 213 15.3 442.6 139.3 17,742.2 5,571.0 0.71 0.22
GA-12 95.1 95.1 213 15.3 476.8 71.4 19,113.9 2,857.5 0.61 0.09
+50 GA-1 97.4 97.4 70.1 36.5 401.8 125.0 16,114.0 5,000.9 0.67 0.21
GA-2 100 63.3 09.4 09.4 470.2 91.8 18,848.7 3,670.7 0.57 0.11
GA-3 96.9 96.8 20.1 13.7 448.0 136.6 17,959.2 5,462.2 0.72 0.22
GA-4 99.7 14.9 07.7 06.2 494.2 17.3 19,810.0 690.5 0.55 0.02
GA-5 97.0 97.0 72.6 42.5 386.6 127.1 15,502.3 5,085.7 0.69 0.23
GA-6 100 72.4 09.6 09.2 469.3 93.6 18,811.7 3,744.4 0.60 0.12
GA-7 97.1 97.1 22.0 15.1 444.2 137.4 17,807.2 5,495.5 0.76 0.23
GA-8 99.8 15.4 07.0 06.0 493.6 21.8 19,782.0 873.9 0.59 0.03
GA-9 97.0 97.0 68.7 36.1 400.4 118.5 16,057.3 4,740.7 0.67 0.20
GA-10 100 64.0 09.5 09.0 472.3 85.5 18,931.2 3,418.2 0.57 0.10
GA-11 96.9 96.9 223 15.0 446.0 130.5 17,880.1 5,221.3 0.72 0.21
GA-12 96.9 96.9 223 15.0 491.2 27.1 19,688.4 1,082.5 0.63 0.03
performed on Aspire V3-471G Acer Notbook, with a 1. Root finding problem for nonlinear equations involv-

2.5 GHz Core-i5 processor, 4.00 GB RAM and running
MATLAB version 2012b.
6 Conclusion

On the basis of the simulation and results presented in the
last section, following conclusions can be drawn:

ing polynomial and transcendental functions without
prior knowledge of initial guess close to exact solution
is made effectively by evolutionary computing
approach based on variants of GAs

Comparative analyses of the proposed results with
state of the art iterative numerical solvers based on
variants of Newton methods validate the correctness of
the design approach.
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The variants of GAs have been incorporated as solvers
for optimization by taking different reproduction
operators, and it is found that the best results are
obtained using GA-1, GA-5 and GA-9. It is seen that
all these variants of GAs are based on heuristic and
adaptive feasible function used as a crossover and
mutation operator, respectively, while any of the
selection operator based on stochastic uniform, remin-
der or roulette function.

Validation and verification of the results are made on
the basis of statistical analysis based on 50 independent
runs of each algorithm for all 20 equations with
different set of initial ranges, and it is found that all
these variants can provide small values of statistical
parameters of mean and standard deviation.
Computational complexity of the design variants of
GAs in terms of mean execution time and mean values
of function evaluation shows that there is no noticeable
difference between them.

The accuracy and convergence of the design
approaches based on values of global performance
operator including global accuracy achieved, global
mean generation, global mean function evaluation,
global mean execution time for all nonlinear equations
show that generally, all the design schemes provide
effective and reliable results, but the performance of
GA-1, GA-5 and GA-9 is invariably the best for these
parameters from the rest of algorithms.

Besides the accurate, convergent and effective results
of the proposed design scheme for finding roots of
nonlinear algebraic equation, other advantages of the
algorithm are the simplicity of the concept, ease in
implementation and wider application domain, which
make them attractive and valuable.

In future, one should look for modified version of global

search methodologies based on evolutionary and swarm

intelligence techniques to solve not only nonlinear alge-
braic equations but also system of these equations involv-
ing large set of variables.
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