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Abstract In this paper, a feedback controller is proposed
for the synchronization of memristive competitive neural
networks with different time scales. By constructing a
proper Lyapunov—Krasovskii functional, as well as
employing differential inclusions theory, a feedback con-
troller is designed to achieve the asymptotical synchroni-
zation of coupled competitive neural networks. The
proposed synchronization algorithm is simple and can be
easily realized. A simulation example is given to show the
effectiveness of the theoretical results.
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1 Introduction

As a contraction of memory and resistor, memristor was
introduced by Prof. Chua in 1971 [1]. He reasoned that the
memristor was a similarly fundamental device for provid-
ing conceptual symmetry with resistor, inductor and
capacitor. In 2008, the Hewlett-Packard Laboratory team
announced they invented a practical memristor device in
Nature [2, 3].

The memristor’s memory characteristic and nanometer
dimensions attracted much attention. Currently, many
researchers attempt to build an electronic intelligence that
can mimic the awesome power of a brain by mean of the
crucial electronic components—memristors [2—10]. From
the previous work, it can be see that the memristor exhibits
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features just as the neurons in the human brain have.
Because of this feature, we can apply this device to build a
new model of neural networks to emulate the human brain,
and its potential applications are in next generation com-
puters and powerful brain-like neural computers.

There are some existing works about the memristor-
based nonlinear circuit networks [6—10] and neural net-
works [11-16]. Since Meyer-Bise et al. proposed the
competitive neural networks with different time scales in
[17]. The synchronization problems of competitive neural
networks have been intensively investigated [20-24].
However, so far, there are very few works dealing with
the synchronization control of the memristor-based com-
petitive neural networks. Motivated by the above discus-
sions, in this paper, we propose the memristor-based
competitive neural networks with different time scales as
follows:

STM : ex;(t) = —x;(¢) + iaz/(xi)ﬁ(x/(f))

n

+ D byt — 1(0) + Hisi(1), (1)

LTM : 5;(t) = 5;(t) + fi(xi(1)), i=1,2,...,n,

where a;; represent the connection weight between the ith
neuron and the jth neuron; b;; denote the synaptic weight of
delayed feedback.
(ﬁ,’j, |X,‘(l‘)| > T,‘,
aij(xi) = a(xi(t)) = § —
bij> |xi(t)| STiv
bij, |xi(1)| > T,
bij(xi) = by(xi(t)) = § -

bij7 |X,’([)| STh
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in which switching jumps 7; > 0, dy, dy, b,j,bu are all
constant numbers and 7(¢) corresponds to the transmission
time-varying delay and satisfies 0 < 1(7) < 1. Where ¢ > 0
is the time scale of STM state; n denotes the number of
neurons. x(1) = (x;(£),x2(), . .., x,(¢))", x;() is the neuron
current activity level. fj(x;(#)) is the output of neurons,
)

FO@) = (AGx(0),a(x2(0), - o fulra (D))" . 5:(r) is  the
synaptic efficiency, s(z) = (s1(¢), s2(2), . . .,
the strength of the external stimulus.

sa(0)"

.Hl‘ is

Remark 1 The memristive competitive neural network
model (1) is basically a state-dependent nonlinear switch-
ing dynamical system, which is a general class of com-
petitive neural network.

2 Preliminaries

Throughout this paper, solutions of all the systems con-
sidered in the following are intended in the Filippovs sense
[25]. R" and R™" denote the n-dimensional Euclidean
space and the set of all n X n real matrices, respectively.
P > 0 means that is a real positive definite matrix. [-, ]
represents the interval. In Banach space of all continuous
functions C([—7, 0], R") equipped with the norm defined by

191l = sup_c o[, 6,(0P] " for all ¢ = (6,(0).
Os(1), ..., d,(1)) € C([—7,0],R"), cola;,a;] denotes the
convex hull. For vector x(f) = (x;(1),x(), ..., x.(1)) €
R", ||x|| denotes the Euclidean vector norm,

Il = [ 1]

Definition 1 Let E C R",x—F(x) be called a set-valued
map from E—R", if to each point x of a set E C R", there
corresponds a nonempty set F(x) C R".

Definition 2 For the system % = g(x),x € R" , with
discontinuous right-hand sides, a set-valued map is defined
as

¢ =) [ colsBx,

0> 0u(N)=0

9)) \ N]

where Co[E] is the closure of the convex hull of set
E,B(x,0) ={y:|ly—x|| <6} and u(N) is a Lebesgue
measure of set N. A solution in Filippovs sense [25] of the
Cauchy problem for this system with initial condition
x(0)=x9 is an absolutely continuous function
x(1), t € [0, T], which satisfies x(0) = xy and the differen-
tial inclusion:

dx

— € d)(x)a

O for a.e. t € [0, 7).
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By applying the theories of set-valued maps and differen-
tial inclusions above, the memristor-based neural network
(1) can be written as the following differential inclusion:

STM : ex;(t) € —x;(t) + Zco [a;;, aylfi(x;(1))

+Zco DB — )+ Hs), P

—sit) + (), i = 1,2,y
C_Iij = max{dij,dij}, a; = min{dij;dij}7 b_ij — max
{I;ijv Bij}’ b; = min{l;ija I;u} And from [25-27], there exist

dyj € coldy, ay), by € colby, by], such that

LTM:s,»():

where

STM : &) = +Z aif (1)

T . (3)
+ Z bzﬂ?(xj(f (1)) + Hsi(t),

=1

LTM : $i(t) = —s;(t) + fi(x:(1)),

Throughout this paper, we consider system (2) or (3) as the
drive system and corresponding response system are as
follows:

STM : &y,(t) € —yi(r) + ZH:CO[Qij,dijD_’j(){i(f))

i=1,2,...,n.

+Zco SBEO (= 0) + He) + (), P

LTM cH() = —rni(t) +fii(0),i = 1,2,...,n.

or equivalently, there exist d; € coldy, d;], b € colby, by,
such that

+Z lI}ij

4 Zjém,-(r — (1)) + Hiri() + (1),

STM : ey;(t) = —yi(t

LTM : (1) = —ri(2) +fi(vi(1)), i=1,2,...,n.
(5)

where y(f) € R" is the state vector of the response system,
u(z) is the control input to be designed.

Let the error e(t) = y(¢r) — x(¢) and h(z)
then the error system is given as follows:

ZCO azjaalj g] ej( ))

= r(r) — s(1),
STM : 86‘

+ ZCO by, bijlgj(ej(r — (1)) + Hihi(t) + u;(t),

LTM/’l,(l) = —h,-(t)—l—g,-(ei(t))7 i=1,2,...,n,
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or equivalently, there exist d; € coldy, d;], b; € colby, by,
such that

STM : é;(t) = —e;(2) + idl:]'gj(ej(t))

—+ zn: l;,:/‘gj(ej'(t — ’C(t))) + Hihi(t) + Mi(t)7
LTM : hi(t) = —hi(t) + gi(ei(t)),

where g(e(r)) = f(v(r)) = f(x(1)), gle(t — (1)) = f(y(1—
(1)) = f(x(r — (1))

In our paper, the control inputs in the response system
(4) or (5) are taken as follows:

i=1,2,...,n,

u(t) = Kye(t,x) + Kye(t — (), (8)
where K| and K, are the controller gains to be determined.
Definition 3 The trivial solution of system (6) or (7) is

said to be globally asymptotically stable if for any given
initial conditions they satisfy:

lim [le(r)||* = 0, lim ||(1)]]* = 0.

Throughout this paper, we make the following
assumptions.
Assumption 1 There exists a diagonal matrix

L =diag(l;, L, ...,In), satisfying

0 i) _,
u—v

for all u,v € R,j=1,2,...,n.
Assumption 2 There exist positive constants 7,y such that
0<t(r) <t,i(r) <y<l.

Lemma 1 For any vector x,y € R" and a positive con-
stant a, the following matrix inequality holds

Ty <ax"x+a'yy.

3 Main results

Theorem 1 Under Assumptions 1-2, the two coupled
delayed neural networks (2) and (4) or (3) and (5) can be
synchronized with control inputs (8), if there exist con-
stants ry, rp, 13, r4 > 0, diagonal matrix Q > 0 and K, K,
such that

T >0,

where T =21 2K,
—LKTK, —2LTL
e 202 T :

~2(BL)"(BL) — Q —2AL - 2H"H

Proof Consider the following Lyapunov—Krasovskii
function for system (7) as

t

V(t,e(t)) = e’ (t)e(t) + h' (H)h(t) + / e’ (s)Qe(s)ds.

t—1(r)

9)
Then, it follows from (6) to (7) and assumption 2 that
V(t,e(1)) < 2" (1) % [—e(t) + Agle(r)) + Bg(e(t — (1))

+Hh(t) + Kie(t) + Kre(t — 1(1))]
+ 217 (1)[—h(1) + g(e(r))]

+el (1)Qe(t) — (1= p)e’ (1 — 1(r)) Qe(r — 1(1))

2, 2 -

= —Ee (t)e(r) _|_;eT(t)Ag(e(t))

+ %er(t)ég(e(t — (1)) + %eT(t)Hh(t)

+ %eT(t)Kle(t) + %eT(t)Kze(t — (1))
— 21T ()h(2) + 2h" (1) g(e(1)) + €' (1) Qe(r)

= (1 =9)e’ (t = 1(1)) Qe (r — <(1)).
(10)

By Assumption 1 and Lemma 1, it can be seen that there
exist positive scalars ry,r, r3, 74 > 0, it follows

¢! (1)Ag(e(r)) < " (1ALe(r), (11)

2¢" (1) Hh(t) < e’ (t)H" He(t) + ihT(t)h(t), (13)
r

2¢" (1) Kae(t — 1(t)) < r3e’ (1)K Kae(t)

+ %eT(t —1(1))e(t — (1)), (14)
2hT (1)g(e(1)) < lhT(t)h(t) + rge” (1)L Le(t). (15)

r4

Substituting (11)—(15) into (10) we have
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21 2 ~ - -
Ve() < — (02~ 2 =" (B BL) - 0 - 2t
—%HTH %K{KZ—ELTL] (1)
1

&ry &rs
1
+ KT (1) {—21 +—+ —} h(1),
2 T4

(16)

where [ is the identity matrix of appropriate dimension.
It is easy to know that there are real numbers r, and r4
such that

I 1
—+——-2<0. (17)
&ry ra
Letting
I I
(1=1)Q=—+—
&ry &r3
| | (18)
A= min{)vmm(T)7 2——— —}.
&r ra
From (16)—(18), it can be seen that
V(t,e(1)) < = A(lle(n)]* + 1R (1)]). (19)

Moreover, in (19), the equality holds if and only if
2 2 . 2 2

le(I” + R@)]]" = 0, ie.[le(®)[|” = 0 and [|a(7)]|" = 0. It

can be concluded from Lyapunov stability theory that

tim [le(0)][> = 0. lim [}1(1)|* = 0.

According to Definition 3, the trivial solution of system (8) or
(9) is globally asymptotically stable. We can conclude that the
neural networks (4) and (6) or (5) and (7) can be synchronized
with control inputs (10). The proof is complete.

Remark 2 When system (1) does not exhibit memristive,
system (1) is a continuous system without switching
jumps, Theorem 1 in this paper is similar to of Theorem 1
in [22-24].

Corollary 1 Under assumptions 1-2, when 1(¢) = 7 > 0,
systems (2) and (4) or (3) and (5) can be synchronized with
control inputs (8), if there exist constants ry, 7y, r3, r4 > 0,
diagonal matrix Q > 0 and K, K, such that

T >0,

where T=21—2Ki —*+(BL)"(BL) - Q — }AL—2H"H
—Z2KIK, —2L'L.

Proof We can obtain Corollary 1 directly from Theo-
rem 1 by taking Q = L 4 L

&ry ery”
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4 Numerical example

In the following, we give some numerical simulations to
illustrate the results above. Consider the following memr-
istor-based competitive neural networks with different time
scales:

STM : &x;(t) = —x;(1) + Zn:a,-j(x,-)ﬁ(xj(z))

3 by — <(0) + Hise), = 1.2

LTM : §;(1) = —si(t) + fi(xi(2)), i=1,2,

let &=0.8,t(r) =0.5sin¢|, f(x(¢)) = tanh(x(7)), H, =
1.6, H, = 0.3, with initial values with initial values
xl(H) = —0.4, xz(f)) = 05, Sl(e) =

0.5, 52(0) = —0.3, V0 € [-0.5,0].

( ) {2.5,|X1|>1, ( ) { —0.1,|X1‘>1,
X1) = , aplxp) = y
A 20,n|<1,” T —0.05, x| <1,
) {0.15,|x2| > 1,
ar (%) = ,
2 —0.1, x| <1,

3.5, %) > 1, {—2.0, il > 1,
an(x) = , b = )
2 () { 3.0, x| <1, ) —1.5, [y <1,
—0.5,|y1| > 1,

b = ,
o) {0.3,|y1|§1,

-2.0, > 1,
ba(ya) = O3> = 15||y2|<1
21V2) = —0.2,|y2|§1,7 22\2) = RePRN) IS P
STM : &y,(t) = —yi(t) + Zd,;ﬂj-(yj(t))

=1
+ ) bifi(i(t — (1)) + Hirile) + wi(0),
=1
LTM : 74(t) = —=B;ri(t) + fi(vi(2)), i=1,2,..,n.
(21)

with initial values y;(0) = 0.3, y,(0) = —0.5, ri(6) =

0.2, rn(0) = —0.6, V0 € [-0.5,0], u(t) = Kye(t,x) +

Koe(t — 2(1)), K1 = (‘01 _01), K> = ((1) ?)

Figure 1a—d depicts the synchronization errors of state
variables between drive and response systems. According
to Theorem 1, the response system and the drive system
with the controller u(f) can be globally asymptotically
synchronized.
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Fig. 1 a Dynamical behavior of 1.5
synchronization error e (t).
b Dynamical behavior of 1
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¢ Dynamical behavior of 05
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