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Abstract Fuzzy logic is one of the effective tools to
handle uncertainty and vagueness in engineering and
mathematics. One major part of fuzzy logic is ranking
fuzzy numbers. In many fuzzy program systems, ranking
fuzzy numbers has a remarkable role in decision making
and data analysis. Despite the fact that a variety of methods
exists for ranking fuzzy numbers, no one can rank fuzzy
numbers perfectly in all cases and situations. In this paper,
a new method for ranking fuzzy numbers based on the left
and right using distance method and o-cut has been pre-
sented. To achieve this, a fuzzy distance measure between
two generalized fuzzy numbers is proposed. The new
measure is expanded with the help of the fuzzy ambiguity
measure. The calculation of this method is derived from
generalized trapezoidal fuzzy numbers and distance
method concepts. Furthermore, a comparison of general-
ized fuzzy numbers between the proposed method and
other resembled methods is provided.
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1 Introduction

Making the best decision under surrounding circumstance
has always been a major challenge for scientists and
researchers across the world. To achieve decision makers’
aims, a variety of well-known methods including fuzzy set
theory, SWOT analysis and analytical hierarchal process
(AHP) have been developed in previous researches such as
[29, 30, 33]. Fuzzy set theory has been applied to multi-
farious scopes which demands to control ambiguous and
unreliable values. Fuzzy numbers are a specific division of
fuzzy sets and can be regarded as an influential expansion
of ordinary numbers [17]. Various studies have dealt with
ranking fuzzy numbers. They used this concept in a variety
of researches. In one of the recent ones, Sepehriar et al. in
[29] used this concept as an efficient way in regard to
supplier selection. In the first steps for ranking fuzzy
numbers, Jain [10, 11] recommended a method, using the
concept of maximizing set for ranking fuzzy numbers. His
technique showed that the decision maker only considers
the right side membership function. Regular way for
developing ranking fuzzy numbers was suggested in [18].
After that, Dubios and Parde [19] used maximizing sets for
ranking fuzzy numbers. One year later, Baldwin and Guil
[20] pointed out that these two methods have some
unsettling drawbacks. Subsequently, Adamo [21] used the
concept of preference function o-preference rule. The
concept of preference function was introduced by Chang
[7]. Moreover, Yager [22, 23] proposed four indices which
may be employed for ranking fuzzy quantities between O
and 1. Bortlan and Degani [24] measured and reconsidered
some of these ranking methods. Chen and Hwang [25]
comprehensively reviewed the existing approaches and
indicated some unreasonable conditions that arise among
them, and more recently, some ranking techniques have
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presented in [26, 27] to define an improved fuzzy distance
measure. After that, in [28, 30], new approaches proposed
for measuring fuzzy distance. In this paper, a new method
for the distance between two fuzzy numbers has been
proposed. To achieve this, a new criterion has been used
through a-cut concept. This paper includes 5 Sections. In
Sect. 2, some basic definitions in regard to fuzzy numbers
are reviewed. In Sect. 3, a new method for ordering fuzzy
numbers is proposed. Section 4 encompasses numerical
examples, and the final section includes conclusions.

C, = inf{x € R|uc(x) >a},
C, = sup {x € R|p.(x) > a}.

o

A set of all fuzzy numbers on real line is denoted by F(R),
and in this article, we have: Cy, = {x € R|uc(x) = 1}.

Definition 2.6: The D, ,-distance, indexed by parameters
1 <p<+00,0<g <1, between two fuzzy numbers A
and C is a nonnegative function on F(R) x F(R) as
following:

_ La=_ =P Wt et lPaalp
Dp,q(A,c>:{E<1 Q) oA, —C; ["doc+ g fy |AF —CH|"de) P ifp < o,

1 —q)supg<, <1 (|A; —C; ") + ginfo<o<1|A]

—CS "), ifp = oc.

2 Preliminaries

The basic definitions and concepts of the fuzzy set theory
are given as follows from [31, 32].

Definition 2.1: Let X be a universe set. A fuzzy set C of
X is defined by a membership function uq(x) : R — [0, 1],
where pq(x),Vx € X indicates the degree of x in C.

Definition 2.2: A trapezoidal fuzzy number C is a fuzzy
number with a membership function p- which can be
denoted as a quartet (¢, ¢3, c3, ¢4). In these equations, if
¢y = c3, C becomes a triangular fuzzy number.

e, asx<o
2 <x<c3
:uC(x) = a:fx
e G3SX=c
0, OW

Definition 2.3:
X =R

Throughout the paper, we assume that

Definition 2.4: An extended fuzzy number C is described
as any fuzzy subset of the universe set X with membership
function uc as follows; where ¢y, ¢;, 3, ¢4 are real num-
bers. pc (x) is a continuous mapping from X to a closed
interval [0, 1].

(@) pc (x) =0, for all x € (0, cy).

(b) puc is strictly increasing on [cy, ¢3].
(©) uc x) =1, for all x € [cy, c3].

(d) uc is strictly decreasing on [c3, c4].
() pc (x) =0 for all x € [c4, +0).

Definition 2.5: The o-cut of a fuzzy number C, where
0 <o <1 is a set defined as C, = inf{x € R|uc-(x) >},
According to the definition, every «-cut of a fuzzy number
is a closed interval. Hence, we have C, = [C;, Cj] , wWhere;
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In this paper, we suppose p = 2, g = % Therefore,

{ 1/ZAcr_l /|A C]da+/]A+ C*[da

Definition 2.7: Let A = (ay, a», a3, a4) and C =
c3, ¢4) be two trapezoidal fuzzy numbers, and

(cy, 2,

Ay = [A;,A:] =[(1 — a)a; + aaz,0as + (1 —
C, = [CLC:] =[(1 —a)e; +oacy, 005 + (1 —
Define D,, Q-distance for two trapezoidal fuzzy

numbers A and C on F(R) as follows:

ai)(ci+| - ai+1) .

[21/214 C} |:Z(C, a,)+Z(Ci_

ie{1,3}

Let A= (a17(12,613,a4), C= (C],Cz,C3,C4) be two
trapezoidal fuzzy numbers and x € R. Define:

x>0,xA = (xay, xay, xaz, xas),
x<0,xA = (xay,xas,xay, xa ),
A+ C=(a; +cp, a0+ 2, a3 + €3, ag + C4).

3 Proposed approach

We define minimum crisp value #1(;).

and a maximum crisp

to be the benchmark, where their characteristic
functions ,uff) and ,ugjﬂ

() _ L,x = Frnin, G 1, x = Fax,
:uFmin O,X 7& Fmin- ’ 'uFmax O,x 7£ Fmax-

are as follow:
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Now assume fuzzy numbers A;, i = 1, ..., n on F(R) are
given; then, the minimum crisp value F,,;, and the maxi-
mum crisp value F,.x are defined as:

Fuin = inf | Jsup(A;),i =1,...,n
i=1

1

Frmax = sup| Jsup(4,),i=1,...,n.

n
i=1

Let A;,Aj € F(R)(if i # j) be two arbitrary fuzzy num-
bers. Define the rank of A;, A; by Dz,% on F(R) as:

Ai > Aj A DZ.%(AiaFmin) > D2’% (AjaFmin)
Ai NAj - DZ,%(Aia Fmin) = Dz,% (Aj, Fmin)
A; <Aj — D2.,%<Ai’ Fmin) <D27%(Aj, min)

Besides, we formulate orders >, < as A;>A; <
A; > AjorA;~Aj, A <Aj — A <AjorA; ~A;.

Moreover, we use Fp,y, Fmin indexes and for two arbi-
trary fuzzy numbersA;,A; € F(R) {ifi # j}, we define A,
Aj; Dz,% on F(R) as:

Ai > Aj = Dzy%(Ah Fmax) <D27%(Aj7 Fmax)a
A; NAj -~ Dz,%(Ai»Fmax) = Dz,% (Aijmax)v
A; <Aj — Dzﬁ%(Ai; Fmax) > Dz‘%(Aj, Fmax)~

To shed light on the mentioned approach, the following
example is given.

Example 3.1: Consider the following trapezoidal num-
bers as follows: A; = (2, 4, 4, 6), A, =3, 5, 5, 6),
A3 =(3,4,5,7).

Their membership functions and inverse functions are
shown in the Table 1. The fuzzy numbers and the mini-
mum and maximum crisp values are illustrated in Fig. 1.

Subsequently, we have:

3
Fmin = instup(A,-’;l SiS3) = 2,
i=1

3
Froax = infUSUp(Ai1;1§i§3) =17,
i=1

L

~(x) “(x
) _ ) 8min = 2, (x) _ gm<ax) =1,
8min = +(x) v 8max = +(x)
=2. =17.

min max —

Therefore, we can get that the Dz‘%—distances between
minimum crisp value and fuzzy numbers are 2.30, 2.71,
3.05, respectively. Thus, A3 > A, > A;.

Now we verify that the reasonable axioms are valid for
the proposed approach.

Let S be a set of fuzzy quantities which the Dzﬁ%-distance

method is applicable, and I',  be finite subset of S. When
E has a higher rank than F when Dz‘% -distance applied to

Table 1 Fuzzy numbers A}, A,, A3 and their membership and inverse
functions

Fuzzy Membership function Inverse function
numbers
S I P
() =455 4<x<6 84 T W g
0. ow A, 6 —2x
Ay x—3, 3<x<5 w A;(X):)CJF37
fa,(x) =< 6—x, 5<x<6 84 AW _e_ o
0, ow 2
As x—3, 3<x< W g;(x):x+3,
1, 4<x<5 84 = W _7_»
HA;(X) 7%7 5<x<7 8 = X
0 ow
HT Fmin Fmax
As
1]-
1 2 -

Fig. 1 Fuzzy numbers A}, As, A3, Fiaxs Fmin

the fuzzy quantities in I', we have: E > Fon I'. E-F on u
and E > F on I' are accordingly concluded.

The following axioms show reasonable properties of the
ordering approach D2%-distance.

1. For(E,F)eT> E>F, F> EonT, we have E-F on
I.

2. Let (E,F)e(I'Nu)>. We obtain ranking order
E>Fonpuifandonly if E> Fon .

3. For (E,F) € I?, infsup(E) > supsup(F), we have
E>Fonl.

3.1. For (E,F) € I'?, infsup(E) > supsup(F), we have

E>FonT.

4. For (E,F,G)€I* E>F>G on I, we have
E>GonlT.

5. LetE,F,E+ G,F + G be elements of S. If E > F on
{E,F},then E+ G>F+ Gon {E+G,E+F}.
51. LetE,F,E4+G,F+G be elements of S and
G=O. If E>Fon{E,F}, then E+ G>F+ G

on {E+G,E+F}.
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4 Numerical examples
In this section, the proposed method is compared with
some similar examples taken from [1-15].

Example 4.1: Consider three sets of fuzzy numbers:
Setl: A = (5,6, 6,10), B=(5,8,8,10),C=(5,9,9,
10).

Table 2 A comparison between ranking methods

Authors Fuzzy  Setl Set2 Set3
number
Proposed method A<B<C A<B<C A<C<B
Mag [2] A 6.21 6.58 6.04
B 8.11 7.31 7.54
C 9.33 8.14 6.58
Results A<B<C A<B<C A<C<B
Sign distance A 13.1 12.78 11.42
method B 15.4 14.65 13.4
p=11 C 17.3 15.57 12.3
Results A<B<C A<B<C A<C<B
Sign distance A 10.1 9.88 8.1
method B 11.78 11.1 10.98
p=21 12.6 11.88 9.24
Results A<B<C A<B<C A<B<C(C
Asady and A 7.11 7.01 6.51
Zendehman [3] g 8.31 8.21 8.01
C 10.27 8.35 6.5
Results A<B<C A<B<C A<C<B

Table 3 The results of ranking methods

Set2: A =(4,5,8,9),B=(4,38,8,10), C= (6,8, 8,
10).
Set3: A = (4,6,6,7),B=(4,6,7,9),C=(45,6,9).

A comparison with other methods has been gathered in
Table 2.

Example 4.2: Consider these fuzzy numbers A; = (0.1,
0.2, 0.3), A, =(0.3, 0.6, 0.5), A; = (0.6, 0.7, 0.8),
B; = (0.01, 0.01, 0.1), B, = (0.5, 0.6, 0.7), B3 = (0.9, 1,
1), C; = (0.36, 0.46, 1), C, = (0.16, 0.7, 0.8), D, = (0.01,
0.1, 0.5, 1), D, =(0.5,0.7,0.7), E; = (0.3, 0.5, 0.7),
E, = (0.7, 0.5, 0.2), E5 = (0.3, 0.5, 0.7, 0.9). We rank
them with some ranking methods according to Table 3.

5 Conclusions

Even though distance method is one of the commonly used
methods in ranking fuzzy numbers, most of these methods
do not give a satisfactory result as it is indiscriminative. In
this paper, a new method for ranking fuzzy numbers based
on the left and right using distance method and o-cut has
been presented. Moreover, some examples are given to
illustrate that the proposed approach has the distinct char-
acteristics. It is obvious that the new method gives an
intuitively discriminate result than the existing methods.
Additionally, the proposed approach can provide decision
makers with a new alternative to rank fuzzy numbers. It
enriches the theories and methods for ranking fuzzy
numbers.

Proposed method Al <Ay <Aj B, < B, <Bj C <G, D, <D, E,<E, <Ej
Yager [15] Al <Ay <Az B, < B, <B;j Ci>GC D, <D, E\<E,<E;
Kerre [14] Al ~ Ay <Az B, < By <Bj C,>C D, > D, E, <E,<Ej
Chang [7] Al <Ay <Az B, < B, <Bj Ci<C D, > D, E,<E,<E;
Bass and Kwakernaak [5] Al ~ Ay < Aj B, ~ B, <Bj C, < C D, <D, E\ <E,<E;
Adamo [4] « = 0.9 Al <Ay, <Az By < B> < B3 C,i<GC D, <D, E\>E,>E;
Adamo [4] o« = 0.5 Al <A, <A; B, < B, <Bj Ci>GC D, > D, E,>E,>E;
Baldwin and Guild (I.P) [6] Al ~ Ay <Az By ~ B, <Bj; C>GC, D, <D, E,>E, > E;
Baldwin and Guild [6] (g.) Al ~ Ay < Az By ~ B, <Bj; C,>GC, D, <D, E,>E, > E;
Baldwin and Guild (R.a.) [6] Al ~ Ay < Aj B, ~ B, <Bj C,>C D, <D, E, >E, > Ej;
Jain [10, 11] Al <A <Aj B, < B, <Bj Ci<C D, > D, E,>E,>E;
K=1

Duboa-Prad [8] (PD) B, ~ B, <Bj B, ~ B, <Bj C <G, D, <D, E,>E,>E;
Kim and Park [12] K = 0.5 Al <Ay <Az By < B> < B3 C,i <G D, <D, E\>E,>E;
Fortemps and Roubens [9] Al <A, <A B, < B, < B3 C,>C D, <D, E,>E,>E;
Lio and Wang [13] 2 = 0.5 Al <Ay <Az B, < B, <Bj Ci ~ G D, <D, E,>E,>E;
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