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Abstract This paper is concerned with the problem of
optimal and adaptive control for controlling chaos in a
novel bounded four-dimensional (4D) chaotic system. This
system can display hyperchaos, chaos, quasiperiodic and
periodic behaviors, and may have a unique equilibrium,
three equilibria and five equilibria for the different system
parameters. An optimal control law is designed for the
novel bounded chaotic system, based on the Pontryagin
minimum principle. Furthermore, we propose Lyapunov
stability conditions to control the new bounded 4D chaotic
system with unknown parameters by a feedback control
approach. Numerical simulations are presented to show the
effectiveness of the proposed chaos control scheme.

Keywords Optimal control - New bounded four-
dimensional (4D) chaotic system - Lyapunov function -
Pontryagin minimum principle - Legendre spectral
method

1 Introduction

Chaotic dynamical systems are very complex nonlinear
systems that exhibit unpredictable and irregular behaviors.
A chaotic system has several particular features such as
extreme sensitivity to initial conditions and system
parameter variations, broad spectra of Fourier transform,
fractal properties of the motion in phase space, and strange
attractors. Chaotic dynamics has been studied in many
fields of science and engineering such as physics, biology,
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electronic circuits, chemistry and mechanical engineering
[1-5].

Recently a considerable amount of research is devoted
to study the chaotic behavior of nonlinear dynamical sys-
tems. In some applications, it is required to control a sys-
tem in order to eliminate chaos. The first attempt to control
a chaotic dynamical system with an analytical method was
made in 1990s by Ott, Grebogy and Yorke (OGY method)
[6, 7]. After that, the methods for stabilizing unstable
periodic orbits (UPOs) embedded in chaotic attractors have
been extensively studied in the field of nonlinear dynamics.
For instance, adaptive control, adaptive fuzzy control,
sliding mode control, robust control, time-delayed feed-
back control, etc. [8-11].

Ultimate bound sets have important applications in
chaos control and its synchronization [12-15]. It can also
be applied in estimating the fractal dimensions of chaotic
attractors, such as the Hausdorff dimension and the
Lyapunov dimension of chaotic attractors [16—18].
Recently, a novel bounded 4D chaotic system with the
nonlinear terms in the form of quadratic function was
presented by Zhang and Tang [19]. It is shown that the new
system can display hyperchaos, chaos, quasiperiodic and
periodic behaviors, and may have a unique equilibrium,
three equilibria and five equilibria respectively corre-
sponding to the different parameters. The authors have
investigated the ultimate bound and positively invariant set
for the chaotic system based on the Lyapunov function
method, and obtained a hyperelliptic estimate of it for the
system with certain parameters.

Designing optimal controllers for chaotic dynamical
systems have been investigated by many researchers
[20-22]. There are many applications for optimal control of
chaotic dynamics in mechanical systems [23], medical and
drug systems [25], tumor and cancer models [26, 27] and
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so on. In the present paper, we use a strategy for optimal
control of Zhang and Tang chaotic system. For this pur-
pose, we will apply the Pontryagin minimum principle
(PMP). Furthermore, the design of the feedback controller
is achieved through an application of the optimal control
and Lyapunov stability theory which guarantee the global
stability of the nonlinear error system. In addition, most
real-world engineering systems can be described by com-
plex dynamical networks composed of many different sub-
systems with connections in and among them [28]. Thus, it
is important to further explore the networked systems via
various coupling. Due to the significance of scientific and
engineering background of collective dynamics, one could
start with studying the optimal and adaptive synchroniza-
tion of complex dynamical networks.

Dynamical systems modeled by nonlinear differential
equations. The exact solution for the chaotic systems in the
general form does not exist therefore numerical methods
are needed for simulating dynamical systems and com-
puting their Lyapunov characteristic exponents (LCE).
Several numerical methods have been applied to solve the
chaotic systems. Spectral methods are one of the principal
methods of discretization for the numerical solution of
differential equations. The main advantage of these meth-
ods lies in their accuracy for a given number of unknowns.
For smooth problems in simple geometries, they offer
exponential rates of convergence/spectral accuracy. In
contrast, finite-difference and finite-element methods yield
only algebraic convergence rates. The three most widely
used spectral versions are the Galerkin, collocation, and tau
methods [29-31]. Collocation methods [31, 32] have
become increasingly popular for solving differential
equations, also they are very useful in providing highly
accurate solutions to chaotic systems.

This paper is organized as follows. In Sect. 2, we discuss
the chaotic Zhang—Tang system and it’s stability analysis.
We first show the existence of an attractor, and then discuss
the existence of equilibria and their stability. In Sect. 3, we
discuss the control of chaos for the Zhang-Tang system. In
Sect. 4, the dynamic estimators of uncertain parameters in
the Zhang-Tang system is investigated based on the
Lyapunov stability theory from the conditions on the
asymptotic stability of this system about its steady states.
In Sect. 5, we summarize the main results obtained in this

paper.
2 The novel four-dimensional chaotic system

and stability analysis
In this section, we discuss on equilibrium and stability of

the chaotic Zhang-Tang system [19]. Consider the non-
linear system of the form

@ Springer

X1 = a1X1 + axx4 — X2X3,
Xo = —azx| + asxy + bix(x3, 0

)&3 = dsX3 + bzX1X2 + b3x1x4,

)&4 = aeXy + agxs — b4X1X3,

where x; (i =1,2,3,4) are system state variables.
a;<0,i=1,2,...,7,b; >0,(j =1,2,3,4) are constant
parameters of the system. Note that when a, = a3 =
by = 0, system (1) would reduce to the form of the chaotic
system proposed in [33]. Nevertheless, system (1) will
display a completely different dynamics with that of the
chaotic system in [33].

With different parameters a; and b;, it is shown that
system (1) can display hyperchaos, chaos, quasiperiodic
and periodic behaviors. Figures 1 and 2 show the time
response and the strange attractors such as hyperchaos and
chaos, respectively.

2.1 Dissipation

The differential coefficient of the system (1) stream can be
obtained as

OF, OF, 0OF; OF
Ve F=a— oo

ox;  Oxp Ox3 a—M:a1+a4+a5+a7,

(2)
while

F= (F17F2aF37F4)
= (a1x1 + asxq — xpx3, —azx| + asxy + b1x1x3, asxs
+ bzX[Xz + b3X])C4,Cl§X2 + ajxXg — b4X1X3).

Therefore, to ensure that system (1) being dissipative, it
is required that a; + a4 + as + a; <0. Under this
condition, system (1) converges exponentially
dF
o = (@ tastas+a)F = F = Feltetatol (3

Therefore, it can be concluded from (3) that in the case
of a; = —0.16; a4, = —0.15; as = —0.45; a; = —0.4, the
exponential contraction rate of the forced dissipative sys-
tem is calculated as

F = Foe 1%, (4)

This implies that each volume containing the system
trajectory shrinks to zero as t — oo at an exponential rate,
ay + a4 + as + a;.

Remark 2.1 In [19] based on the Lyapunov function
method, a hyperelliptic estimate of the ultimate bound and
positively invariant set for the system with certain param-
eters was obtained. In fact, with the parameters a, =
a, = —15, a3 = —1.2, a, = —0.8, as = —0.5, ag = -2,
a; =-03, by =2, b, =03, b3 =1, by = 0.2, the cha-
otic system (1) has the following hyperellipsoid:
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Fig. 1 Time responses of the
system states with parameters
a; = —0.16, a, = —0.35,

a; = —0.75, ay, = —0.15,

as = —045, aeg = —05,
a;=—-04,b, =15, b,=1.1,
b3 = 1, b4 = 1.15

x, (1)

x,(t)

Fig. 2 Chaotic attractors of the
system (1) with parameters

a; = —0.16, a, = —0.35,

asz = —075, as = —015,

as = —045, ag = —05,
a;=—04,by=15,b,=1.1,
b3 = 1, b4 = 115

Q = {X]30.06x% + 15x% + 0.2(x3 + 225.45)°
+x; < 17128}

2.2 Equilibrium and stability
In the following, we consider the equilibrium of the system

(1). Obviously the origin So(0, 0, 0, 0) is an equilibrium of
the system (1). For the nonzero equilibria, we have

-10
50 -50 0 50

x3(0)

(kiaz—aa)asay
xl :I:\/ af,b} (hbz)b] ka3 d4)bzb4

kz X1, (5)
_ —asblba 07171172 (kiaz—aq)b3by 2
- ka5a7b1 1
_ (kias—as)bs—agh _
x4_le7 1_172a
with
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B —|— vV 32 — 4(14(17A
kl = )

2A
o = B — /B? — 4asa7A
2 = 24 )
and

A = ajarby + arazby, B = apasbhy + araeh) + aza;.

Therefore, it can be concluded from (5) that in the case
of B® <4asa;A the system (1) has a unique zero
equilibrium S,;, and in the case of B> = 4a,a7A the
system (1) has two nonzero equilibria when the inequality
(6) holds. In the case of B> > 4asa;A, the system (1) has
four nonzero equilibria when the inequality (6) holds for
both i =1, 2, and the system (1) has two nonzero
equilibria when the inequality (6) holds only for i = 1 or
i = 2, and the system (1) has a unique zero equilibria when
the inequality (6) holds neither for i = 1 nor for i = 2.

(kia3 — a4)((a6b3 — a7b2)b1 — (kia3 — a4)b3b4) > 0. (6)

It can be verified that the system with a; = —0.16,
a, = —0.35, a3 =—-0.75 a4=-0.15 as= -—045,
ag=—-05, a;=-04, by=15 by=11, by=1,

by = 1.15. has a unique equilibrium zero, and the system
corresponding with a; = —0.3, a, = —0.5, a3 = —0.6,
ag = —01, as = —01, dg = —06, ay; = —015, b] = 12,
b, = 1.5, b3 = 2.5, by = 0.4 has three equilibria as:

El = (07 07 07 0)7 E2
— (0.8859,0.3320, 58.3507, —0.2203), E3
— (—~0.8859, —0.3320,58.3507, 0.2203).

Proposition 2.1 The equilibrium points of the system (1)
with the parameters of hyperchaos and chaos are unstable.

Proof The Jacobian matrix of the system (1) is given by

a —X3 —X? as
| —az+bixs a4 bixy 0 (7)
o byxy + bsxs  boxy as bixy |
—b4)€3 ag —b4x1 ay

The eigenvalues of the Jacobian matrix Jg with
ay = —0.16, a, = —0.35, a3 = -0.75, a4 = —0.15,
as = —045, ag = 0.5, a; = —04, by =15, b, = 1.1,
bz = 1, by = 1.15. can be calculated as

A1 = 0.2833, )y = —0.4967 + j0.4275, /3
= —0.4967 — j0.4275, }; = —0.45, (8)

It is observed that according to Lyapanov stability theory
the equilibrium point S is unstable. Similarly, it can be
verified that the nonzero equilibrium points of the system
with the parameters a; = —0.3, a, = —0.5, a3 = —0.6,
ag = —01, as = —01, dg = —06, ay = —015, bl = 12,
b, = 1.5, b3 = 2.5, b, = 0.4, are also unstable [19].
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3 Optimal control of the novel bounded 4D chaotic
system

3.1 Design of the optimal controller

In this subsection, optimal control problem of the chaotic
Zhang-Tang system (1) is discussed. For this purpose, we
will apply the PMP. First, we add the controls uy, u,, u3 and
uy to the equations in system (1):

X1 = aixy + axxs — x2x3 + uy,
Xp = —asx) + asxz + b1x1x3 + uy, )

X3 = asxs + byx1xy + baxi x4 + us,

X4 = AgXxp + a7X4 — bax1X3 + Uy,

where u;, i = 1, 2, 3, 4 are control inputs which will be
satisfied the optimality conditions, obtained via the PMP.
The proposed control strategy is to design the optimal
control inputs u;, u,, uz and u, such that the state
trajectories tend to an unstable equilibrium point in a
given finite time interval [0, #]. The initial and final
conditions are

x1(0) = x10,x1(tr) = %1,
x2(0) = x20,%2(tr) = X2, (10)
x3(0) = x30,x3(t) = X3,
x4(0) = x40, x4(tr) = X4,

where X;, (i =1,2,3,4), denote the coordinates of the
equilibrium points.
The objective functional to be minimized is defined as

i
1 . -2 2
125 [ Dot =+ (1)
-
where o;, B, (i=1,2,3,4) are positive constants,

$i=x,(=1,2,3,4) and ¢, =%, (i =1,2,3,4). It is
note that, the cost function is a positive definite function of
the variables ¢;, and u;, i = 1,...,4. In particular, we will
derive the fundamental nonlinear two-point boundary value
problem arising in PMP. The corresponding Hamiltonian
function will be

1

H = —5 [fxl(xl — )761)2 + OCz(xZ —fz)z + 063()63 — f3)2

+og(xg = %)” + B’ + Boua® + Pyus® + s’

+ Ai[a1x) + aoxq — xox3 + uy] + Aa[—azxy + asx;

+ bixix3 + I/tg] + 3 [a5)€3 + box1xy + b3xixs + u3]

+ Jalaexs 4+ azxs — baxix3 + ual,

(12)

where, 4;, (i = 1, 2, 3, 4) are co-state variables. According
to the PMP, we obtain the Hamiltonian equations:
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: OH
h=-2
1 axl7
22:_27[17
X2
. w (13)
3 — ax37
: OH
fo=-H
4 ax47

Substituting (12) into (13), the co-state equations can be
derived in the form:

)11 = 061()61 —)_61) — a1l +azly — bilarxs

— b2)»3x2 — b3/13X4 + b4/l4)€3,
)12 = 062()62 — )762) + /llX3 — a4/12 — b2)n3x1 — (16/14, (14)
)13 = O(3(X3 — )_63) + Aixo — bidoxy — asAz + balaxy

)v4 = O(4(X4 — )_64) — Clz/{] — b3/l3X1 - a7),4.

The optimal control functions that have to be used are

determined from the conditions %: 0,(i=1,2,3,4).
Hence, we get

Ai
ui*zﬁa (l:1a2a3ﬂ4) (15)

Substituting from (15) into (9) we get the nonlinear
controlled state equations:

. Al
X1 = aix; + axxq — xpx3 + /3_’
1
. A
X2 = —azx) + asxy + bix1xz + B’
i (16)
. 3
X3 = asxz + boxixy + b3xix4 + —
B3
. 4
X4 = deXy + a7xs — bax1x3 +—.
4

This system of nonlinear differential equations in
addition to (14) form a complete system to solve the
optimal control of the novel bounded 4D chaotic system.
This system has the following boundary conditions

Then, by solving the nonlinear systems (14) and (16)
with the boundary conditions of (17), we obtain the optimal
control law and the optimal state trajectory.

3.2 Analysis and numerical simulation

In this section to demonstrate and verify the effectiveness
of the theoretical analysis, we solve the systems (16) and
(17). In the following numerical simulations, the MAT-
LAB’s bvp4c in-built solver is used to solve the systems.
The initial values and system parameters are selected as
x1(0) = —1, x5(0) = 2, x3(0) = =3, x4(0) = 4, in all sim-
ulations so that new bounded 4D chaotic system exhibits a
chaotic behavior if no control is applied.

The initial values of co-states for E; (i = 1, 2, 3) are
taken in Table 1. Also, the positive constants in cost func-
tion J, are chosen oy = 0.1, o, = 0.1, o3 = 0.1, oy = 0.1,
f1 = 2,0 = 2,05 =2, 4 = 2. The behaviors of the states
(x1, X2, x3, x4) of the controlled new bounded 4D chaotic
system (1) with time are displayed in Figs. 3, 4 and 5.

Note that, the parameters of a; = —0.16, a, = —0.35,
as = —075, ay = —015, as = —045, dg = —05, ay; =
—04,by =15,b, = 1.1, b3 = 1, by = 1.15. are relate to
equilibrium zero (E;), and the system corresponding with
a, = —03,a, = —0.5,a3 = —0.6,a4, = —0.1,a5s = —0.1,
ag = —0.6, a; = —0.15, by =12, by, =15, b3 =25,
b4 = 0.4 has three equilibria (E, E,, E5).

4 Adaptive control of the chaotic Zhang-Tang system
4.1 Design of the adaptive controller

In this section, we obtain new results for the adaptive
control of the chaotic Zhang-Tang system based on the
Lyapunov stability theory and from the conditions of
the asymptotic stability of this system about its steady
states.

Let us assume that we have the controlled system in the
following form

H Eg; =X0, X Etfg = X1 = a1x1 + axx4 — x2x3 + V1,
x2(0) = x20, Xx2(fr) = X2, .
_ X2 = —aszx X bix

x3(0) =x30, x3(f) =73, (17) ? @31 e O v, (18)

x4(0) = x40, x4(ty) = X4, X3 = asx3 + box1xy + baxi x4 + v3,

Zi(ty) =0, i=1,2,3,4. X4 = agXy + azx4 — bax1x3 + vy,
Table 1 The initial values of co-states for different equilibrium points
E; 21(0) 72(0) 43(0) 74(0)
E; 1.0242 x 1073 —1.9990 x 1073 2.9949 x 107 —3.9793 x 107>
E, 2.1704 x 107* —1.7096 x 107* 6.1 x 1073 —4.2409 x 1074
E; —2.3440 x 107* 3.8054 x 107° 6.1 x 1073 —3.8593 x 107*
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Fig. 3 The stabilized behavior of state and control functions for the equilibrium point E;
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Fig. 5 The stabilized behavior of state and control functions for the equilibrium point E;
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15 and the following parameter estimation update law
. —= oy .
4 .
! ay = (x; —x1)x; +ks(a; — ay),
dy = (x1 — X1)x4 + ke(az — da),
£ a3 = —(x2 — X)X + kg (as — ds),
g 2 _ N
s as = (xp — X2)x2 + kg(as — da),
£ : - .
2 as = (x3 — X3)x3 + ko(as — as),
= de = (x4 — X4)x2 + kio(ag — de)
§ 6 4 4)X2 1046 6) (20)

0 0.05 0.1 0.15 0.2

t

Fig. 7 Time history of parameter estimates for the equilibrium point £,

where x1, x», x3 and x, are the states of the system, a;, (i =
1,2,...,7),b;,(j=1,2,3,4) are unknown parameters of
the system, and v, v,, v3 and v, are the adaptive controllers
to be designed.

Theorem 4.1 The novel chaotic system (18) with
unknown system parameters is globally and asymptotically
stabilized for all initial states (x;(0),x2(0), x3(0),x4(0)) €
R* by the adaptive control law:

Vi = —d1x] — apX4 + Xox3 — ki (x1 — X)),

vy = a3x) — dgxy — bixixs — ko (x2 — T2), (19)
vy = —dsx3 — byxixa — byxixg — k3 (x5 — X3),

V4 = —dgxy — d7xg + baxixz — ky(xg — %),

S
o3
I

by = —(x4 — X4)x1x3 + kys(bs — by),

where a;,(i=1,2,.. .,7),[5j, (j=1,2,3,4) are estimate
values of uncertain parameters a;, b; and k(r=
1,2,...,15) are positive constants, respectively.

Proof Substituting (19) into (18), we get the closed-loop
system as

F = (a1 — dr)xr + (a2 — d2)xa — ki (%1 — 1),
)(.:2 = *(aj; — d3)X1 + (a4 - d4)X2 + (b] - Q])X]Xg) — kz()Cz 732),
d5 = (as — ds)xs + (b2 — Da)xixz + (b3 — b3)xixs — k3 (x3 — X3),
)54 = (a6 — dﬁ)Xz + (07 - é7)X4 — (b4 - b4)X1X3 — k4()C4 — 24),

(21)

For the derivation of the update law for adjusting the
parameter estimates, the Lyapunov approach is used. We
consider the quadratic Lyapunov function
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Fig. 9 Time history of parameter estimates for the equilibrium point
E,

. 1 _ _ _
V(x1,x2,x3,45,b;) = 5(()61 — %)+ (o — %)+ (13— X3)°
+(u—%) +@+a+a+a+a
+ @ 4 @ + b + b3 + b3 + b,
(22)

ai:ai—ai,bj:bjf

>

where the variables
(i=1,2,...,7),(G=1,2,3,4).

Taking time derivative of the Lyapunov function V, we
obtain

[Ny

)

1% :(x1 — )_61))51 + (XQ — )_Cz)XQ —+ ()C3 —X3)).C3 + ()C4 — )_64))64
+ dlc;ll + dza:z + 5353 + 546;14 + dsaLs + d6§6 + 5757

+ b1by + byby + b3bs + baby. (23)

@ Springer

Substituting (21) and (20) into (23), the time derivative
of the Lyapunov function becomes

V = —kl (X] — )_61)2 — kz()Cz —fz)z — k3()€3 — )_C3)2
— k4()€4 — 24)2 — k5(a1 - d1)2 — k6(a2 — ﬁg)z

— k7(a3 — &3)2 — kg(a4 — d4)2 — kg(a5 — &5)2
— kio(ag — dg)* — ki (a7 — G7)* — k(b1 — by)?

— kiz(by — by)* — kia(bs — b3)* — kys(by — by)*.
(24)

The Lyapunov function V is positive definite on R'> and
its derivative V is negative definite on R'>, according to the
Lyapunov stability theory [34], the equilibrium solution of
the controlled system (18) is asymptotically stable, namely,
the controlled system (18) can asymptotically converge to
the equilibrium E(fl,)_(fz,f3,)_€4, di,d»,as, a4, ds,dag,as,
151,52,153,54) with the adaptive control law (19) and the
parameter estimation update law (20). This completes the
proof. O

4.2 Numerical results

For the numerical simulations, we solve the controlled
novel chaotic system (18) with the adaptive control law
(19) and the parameter update law (20). In the following
numerical simulations, the MATLAB’s ode45 in-built
solver is used to solve the systems. The initial values and
system parameters are selected as x1(0) = —1, x,(0) = 2,
x3(0) = —3, x4(0) = 4. For the adaptive and update laws,
we take k; = 50 for (i =1,2,...,15).

Suppose that the initial values of the parameter esti-
mates are chosen as ¢; =0,b; =0,i = 1,2...7,j=1,2,
3,4. Figures 6, 7, 8,9, 10 and 11 show that the controlled
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chaotic system (18) converges to E; (i = 1,...,3) asymp-
totically with time. Also, these figures show that the
parameter estimates a;, (i =1,2,...,7),b;,(j =1,2,3,4)
converge to the system parameter values a; = —0.16,
a, = —035, a3 =-075 a4s=-0.15, as= —-045,
ag=—05, a;=-04, b1 =15, by=11, by=1,
b, = 1.15.

5 Conclusion

In this paper, we have studied the problem of optimal
control and adaptive control of the chaotic Zhang—Tang
system. As the system can be chaotic, it makes sense to
determine whether an adequate control method can be

applied to control this chaos. To this end, we considered
the problems of optimal control of chaos and of parameter
estimation for the Zhang—Tang system. Based on the PMP,
this system is stabilized to its equilibrium points. The
stability and instability of the steady-states of this system
are studied using the linear stability approach. In addition,
we proposed Lyapunov stability to control the new
autonomous chaotic system by a feedback control
approach. In fact, we used the feedback control approach
for estimating the system of unknown parameters.
Numerical simulations demonstrate the effectiveness of the
analytical results.
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