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Abstract In this paper, a novel iterative adaptive
dynamic programming (ADP) algorithm is developed to
solve infinite horizon optimal control problems for dis-
crete-time nonlinear systems. When the iterative control
law and iterative performance index function in each iter-
ation cannot be accurately obtained, it is shown that the
iterative controls can make the performance index function
converge to within a finite error bound of the optimal
performance index function. Stability properties are pre-
sented to show that the system can be stabilized under the
iterative control law which makes the present iterative
ADP algorithm feasible for implementation both on-line
and off-line. Neural networks are used to approximate
the iterative performance index function and compute the
iterative control policy, respectively, to implement the
iterative ADP algorithm. Finally, two simulation examples
are given to illustrate the performance of the present
method.
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1 Introduction

Adaptive dynamic programming (ADP), proposed by Wer-
bos [33, 34], is an effective adaptive learning control
approach to solve optimal control problems forward-in-time.
There are several synonyms used for ADP, including
“adaptive critic designs” [3, 4, 21], “adaptive dynamic
programming” [20, 27], “approximate dynamic program-
ming” [5, 34, 35], “neural dynamic programming” [9],
”neuro-dynamic programming” [7], and “reinforcement
learning” [22, 23]. In [21, 34, 35], ADP approaches were
classified into several main schemes, which are heuristic
dynamic programming (HDP), action-dependent HDP
(ADHDP), also known as Q-learning [28], dual heuristic
dynamic programming (DHP), action-dependent DHP
(ADDHP), globalized DHP (GDHP), and ADGDHP. In
recent years, iterative methods are also used in ADP to obtain
the solution of Hamilton—Jacobi—Bellman (HJB) equation
indirectly and have received lots of attention [1, 2, 10, 11, 12,
17, 20, 25, 27, 32, 35]. There are two main iterative ADP
algorithms which are based on policy iteration and value
iteration [14]. Policy iteration algorithms for optimal control
of continuous-time systems with continuous state and action
spaces were given in [1]. In 2011, Wang et al. [26] studied
finite-horizon optimal control problems of discrete-time
nonlinear systems with unspecified terminal time using pol-
icy iteration algorithms. Value iteration algorithms for opti-
mal control of discrete-time nonlinear systems were given in
[6]. In [5], a value iteration algorithm, which was referred to
as greedy HDP iteration algorithm, was proposed for finding
the optimal control law. The convergence property of the
algorithm is also proved [5]. In [29], an iterative 6-ADP
algorithm was established that permits the ADP algorithm to
be implemented both on-line and off-line without the initial
admissible control sequence.
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Although iterative ADP algorithms attract a lot of
attentions [3, 16, 19, 24, 37, 40, 41], for nearly all of the
iterative algorithms, the iterative control of each iteration is
required to be accurately obtained. These iterative ADP
algorithms can be called “accurate iterative ADP algo-
rithms”. For most real-world control systems, however,
accurate control laws in the iterative ADP algorithms can
hardly be obtained, no matter what kind of fuzzy and
neural network structures are used [18, 31, 36, 38, 39]. In
other words, we can say that the approximation errors are
inherent in all real control systems. Hence, it is necessary
to discuss the ADP optimal control scheme with approxi-
mation error. Unfortunately, discussions on the ADP
algorithms with approximation error are very scarce. To
the best of our knowledge, only in [30], the convergence
property of the algorithm was proposed while the stability
of the system cannot be guaranteed, which means the
algorithm can only be implemented off-line. To overcome
this difficulty, new methods must be developed. This
motivates our research.

In this paper, inspired by [29, 30], a new stable iterative
ADP algorithm based on iterative 6-ADP algorithm is
established for discrete-time nonlinear systems. The theo-
retical contribution of this paper is that when the iterative
control law and iterative performance index function in
each iteration cannot be accurately obtained, using the
present iterative ADP algorithm, it is proved that the per-
formance index function will converge to a finite neigh-
borhood of the optimal performance index function and the
iterative control law can stabilize the system. First, it will
show that the properties of the iterative ADP algorithms
without approximation errors may be invalid after intro-
ducing the approximate errors. Second, we will show that
the stability property of the algorithm in [30] cannot be
guaranteed, when approximation errors exist. Third, the
convergence properties of the iterative ADP algorithm with
approximation errors are presented to guarantee that the
iterative performance index function is convergent to a
finite neighborhood of the optimal one. Next, it will show
that the nonlinear system can be stabilized under the iter-
ative control law which makes the developed iterative ADP
algorithm feasible for implementations both on-line and
off-line.

This paper is organized as follows. In Sect. 2, the
problem statement is presented. In Sect. 3, the stable iter-
ative ADP algorithm is derived. The convergence and
stability properties are also analyzed in this section. In
Sect. 4, the neural network implementation for the optimal
control scheme is discussed. In Sect. 5, two simulation
examples are given to demonstrate the effectiveness of the
present algorithm. Finally, in Sect. 6, the conclusion is
drawn.
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2 Problem statement

In this paper, we will study the following discrete-time
nonlinear systems

xk+l:F(-xkauk>7 k:O>1>2>"'7 (1)

where x; € R" is the n-dimensional state vector, and
u; € R™ is the m-dimensional control vector. Let x, be the
initial state.

Let u; = (ug,ugy1,...) be an arbitrary sequence of
controls from k to co. The performance index function for
state xo under the control sequence uy = (uo,uq,...) is
defined as

J(xo,u0) = Y Ul ), (2)
pay

where U(xg,u,) > 0, for V xi, u; # 0, is the utility function.
In this paper, the results are based on the following
assumptions.

Assumption 1 The system (1) is controllable and the
function F(xy, u;) is Lipschitz continuous for V x;, uy.

Assumption 2 The system state x; = 0 is an equilibrium
state of system (1) under the control u;, = 0, i.e., F(0,0) = 0.

Assumption 3 The feedback control u; = u(x;) is Lips-
chitz continuous function for V x; and satisfies u;, = u(x;)
=0 for x; = 0.

Assumption 4 The utility function U(xy, u;) is a contin-
uous positive definite function of xi, u.

Define the set of control sequences as 1, = {yk: U =
(g, U1y - ), Vg €R™, i=0,1,.. } Then, for an
arbitrary control sequence u; € U,, the optimal perfor-
mance index function can be defined as

J () = inf{J (g, uy )z uy € U, 3

According to Bellman’s principle of optimality, J (x;)
satisfies the discrete-time HJB equation

T () = inf (U, m) + " (Faem))). (3)

Then, the law of optimal single control vector can be
expressed as

u (x) = arguné%n{U(xk,uk) + J*(F (o, ux)) }-

Hence, the HIB Eq. (3) can be written as
T (x) = U, u” (xi)) + I (F (e, ™ (x0)))- (4)

Generally, J'(x;) is impossible to obtain by solving the
HIB Eq. (4) directly. In [29], an iterative 6-ADP algorithm
was proposed to solve the performance index function and
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control law iteratively. The iterative 6-ADP algorithm can
be expressed as in the following equations:

viln) = arg min (U, m) + Vilxe)} (5)

and

Vi1 (o) = min {U(xi, ue) + Vixierr)}
=U (i, vilow)) + VilF (i, vi(x)))

where Vy(x;) = 0¥ (xz), ¥(xi) € Py, is the initial perfor-
mance index function, and 6 > 0 is a large finite positive
constant. The set of positive definite functions P,, is
defined as follows.

Definition 1 Let
W, = {¥(x): ¥ (xx) > 0ispositive definite,
and Jv(xg) € R™, W(F (xx, v(xx))) <W(xi)}

be the set of initial positive definition functions.

In [29], it is proved that the iterative performance index
function V,(x;) converges to J (xp), as i — oco. It also shows
that the iterative control law v;(x;) is a stable control law
for i =0,1,.... For the iterative 0-ADP algorithm, the
accurate iterative control law and accurate iterative per-
formance index function must be obtained to guarantee the
convergence of the iterative performance index function.
To obtain the accurate control law, it also requires that the
control space must be continuous with no constraints. In
real-world implementations, however, for Vi = 0, 1, .. ., the
accurate iterative control law v;(x;) and the iterative per-
formance index function Vi(x;) are both generally impos-
sible to obtain. For this situation, the iterative control law
cannot guarantee the iterative performance index function
to converge to the optimum. Furthermore, the stability
property of the system cannot be proved under the iterative
control law. These properties will be shown in the next
section. To overcome this difficulty, a new ADP algorithm
and analysis method must be developed.

3 Properties of the approximation error-based iterative
ADP algorithm

In this section, based on the iterative 6-ADP algorithm, a
new stable iterative ADP algorithm with approximation
error is developed to obtain the nearly optimal controller
for nonlinear systems (1). The goal of the present ADP
algorithm is to construct an iterative controller, which
moves an arbitrary initial state x, to the equilibrium, and
simultaneously makes the iterative performance index
function reach a finite neighborhood of the optimal per-
formance index function. Convergence proofs will be

presented to guarantee that the iterative performance index
functions converge to the finite neighborhood of the opti-
mal one. Stability proofs will be given to show the iterative
controls stabilize the nonlinear system (1) which makes
the algorithm feasible for implementation both on-line and
off-line.

3.1 Derivation of the stable iterative ADP algorithm
with approximation error

In the present iterative ADP algorithm, the performance
index function and control law are updated by iterations,
with the iteration index i increasing from O to infinity. For
Vx, € R", let the initial function W(x;) be an arbitrary
function that satisfies W (x;) € ¥,, where ¥, is expressed
in Definition 1. For Vx; € R") let the initial performance
index function Vo(x;) = 0¥ (x;), where 0 > 0 is a large
finite positive constant. The iterative control law vy (x;) can
be computed as follows:

Do (x) = argmin{ U (xe, ux) + Vo(xis1) } + po(xe) (7)

u €ER™

where V()(Xk+1) = 0%¥(xx11), and the performance index
function can be updated as

Vi (xi) = U, o(xi)) + Vo(F (xe, Do (xc))) + mo(xc),  (8)

where po(x;) and my(x;) are approximation error functions
of the iterative control and iterative performance index
function, respectively.

Fori=1,2,..., the iterative ADP algorithm will iterate
between
Di(xe) = arg min{ U (xe, we) + Vixaar) } + pi(x) 9)

u €R”
and performance index function

Vier (%) = Ui, 9i(x0)) + Vi(F (i, 9i(x0))) + 7o),
(10)

where pix;) and m(x;) are finite approximation error
functions of the iterative control and iterative performance
index function, respectively.

Remark 1 From the iterative ADP algorithm (7)—(10), we
can see that fori = 0, 1, . . ., the iterative performance index
function V,(x;) and iterative control law v,(x;) in (5)—(6) are
replaced by V;(x;) and ;(x;), respectively. As there exist
approximation errors, generally, we have for Vi >0, ¥;(x)
# vi(xx) and the iterative performance index function
Vi1 (%) # Vi1 (xi). This means there exists an error
between V,-H (x) and Vi (). It should be pointed out that
the iterative approximation is not a constant. The fact is that
as the iteration index i — oo, the boundary of iterative
approximation errors will also increase to infinity, although
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in the single iteration, the approximation error is finite. The
following theorem will show this property.

Lemma 1 Let x; € R" be an arbitrary controllable state
and Assumptions 1-4 hold. For i = 1,2,..., define a new
iterative performance index function as

Ti(x) = qulgélm{U(xky up) + Viet (xes1) } (11)

where Vi(xy) is defined in (10). If the initial iterative

performance index function Vo(x;) = To(xi) = 0% (x;)

and i =1,2,..., and there exists a finite constant ¢ that
makes
Vi(xk) — Fi(xk) S € (12)

hold uniformly, then we have
Vi(x) — Vi) < ie (13)

where € is called uniform approximation error (approxi-
mation error in brief).

Proof The theorem can be proved by mathematical
induction. First, let i = 1. We have

[y () = min {U(xx, ) + Vo(xi1)}

ur€R™

= min {U (xg, ux) + Vo(F (xe, ux)) }

u €ER™

= V] (xk).
Then, according to (12), we can get
Vi () —

Assume that (13) holds fori=1—1,1=2,3,....
for i = [, we have

V[ (xk) S €.

Then,

() = mir}"{U(xk, ug) + Vi (1)}
< Hél]R{}”{U(Xk,Mk) + Vi1 (1) + (1= 1)e}
Uy
(I—1)e.

Then, according to (12), we can get (13).

:V[ ()Ck)

Remark 2 From Lemma 1, we can see that for the itera-
tive 0-ADP algorithm (7)—(10), the error bound between
Vi(xr) and Vi(xk) is increasing as i increases. This means
that although the approximation error for each single step is
finite and maybe small, as the iteration index i — oo
increases, the approximation error between V;(x;) and
Vi(x;) may also increase to infinity. Hence, we can say that
the original iterative 6-ADP algorithm may be invalid with
the approximation error.

To overcome these difficulties, we must discuss the
convergence and stability properties of the iterative ADP
algorithm with finite approximation error.

@ Springer

3.2 Properties of the stable iterative ADP algorithm
with finite approximation error

For convenience of analysis, we transform the expressions
of the approximation error as follows. According to the

definitions of \A/,'(xk) and T';(x) in (10) and (11), we have
i) < Vi(xk). Then, for Vi=0,1,..., there exists a
o > 1 that makes

i) < Vi(xk) <oli(x) (14)
hold uniformly. Hence, we can give the following theorem.

Theorem 1 Let x; € R be an arbitrary controllable
state and Assumptions 1-4 hold. For ¥Yi=0,1,... , let

[i(xx) be expressed as (11) and Vi(x;) be expressed as
(10). Let y<oo and 1 < 0 <oo be constants that make

I (F(x, ux)) < yU (xp, ug)
and
I () < Vo () < 077 () (15)

hold uniformly. If there exists a o, i.e., 1 <g<o0o, that

makes (14) hold uniformly, then we have
T () < Vi)

Yol l( 0'—1) Yia' (6 —1)
<O’< Jrj:l 11y + Oy ) (16)

X J*()Ck)
where we define ZJ’ ()=0forVj>i

Proof The theorem can be proved by mathematical
induction. First, let i = 0. Then, (16) becomes

J*(xk) S Vo(xk) S aé]*(xk). (17)

AsJ () < Vo) < 8J (x) and Vo (xz) = Vo (xi) = 0% (xr),
we can obtain (17). Then, the conclusion holds for i = 0.

Assume that (16) holds fori =1 —1,/=1,2,....
for i = [, we have

7l (o)
I min 1+ T
= {< ST

Then

,1, Ujl 1) e (eo— 1) (18)
(; Gr1y Gty )]
(F(xk,uk))}

(e -1 .

(H; ool o )J(Xk).
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Then, according to (14), we can obtain (16) which proves
the conclusion for Vi =0, 1, .. ..

Lemma 2 Let x; € R" be an arbitrary controllable state
and Assumptions 1-4 hold. Suppose Theorem 1 holds for
Vxr € R If for y<oo and o > 1, the inequality

pyha (19)
Y

holds, and then as i — oo, the iterative performance index

function Vi(xk) in the iterative ADP algorithm (7)-(10) is

convergent to a finite neighborhood of the optimal

performance index function J'(x;), i.e.,

N . v — 1
llin;} V;(xk) = Voo(xk) < O'(l +%)J*(Xk)

(20)
Proof According to (18) in Theorem 1, we can see that
Yo (=1

(+1Y
series. Then, (18) can be written as

2(o—1) vo i
e (1 - (M) )

forj =1,2,..., the sequence { } is a geometrical

Hw)= [1 T (21)
A Gl VN N
oy | o)

Asi— o0, if 1<a< ’T—l, then (21) becomes

fim T (5) = T (30) < <1 +%)J*<m. (22)

According to (14), let i — oo, and then we have

Voo (1) < 0T oo (xg). (23)
According to (22) and (23), we can obtain (20).

Remark 3 We can see that if the approximation error G
satisfies o< %1, then the performance index function is
convergent to the finite neighborhood of the optimal per-
formance index function J (x;). However, the stability of
the system under ¥;(x;) cannot be guaranteed. The fol-
lowing theorem will show this property.

Theorem 2 Let x, € R" be an arbitrary controllable
state and Assumptions 1-4 hold. Let y; be defined as

[ e =) Y- 1)
Y= 0(1 + 20y l)j + > (24)

(7+1)
Let the difference of the iterative performance index
function be expressed as

AVie1(6) = Vigr (1) — Vit (). (25)

If Theorem 1 and Lemma 2 hold for ¥x; € R", then we
have AV, (x;) satisfies

<AV ()
< = Ul i) + (i1 = DI (F i) (26)

Proof According to Theorem 1, we have the inequality
(16) holds for Vi = 0, 1, .. .. Taking (16) to (10), we can get

Vit () < U (xk, D)) + 20" (1)
S U(xe, i) + 2 Vit ()
Then, we have

L (Viet(an) = Vi1 () > — Ulx, 9i(x)
— (i = DVir1 (%)
> — U(xg, vi(xx))
= (0t = Dt () (27)

Putting (25) into (27), we can obtain the left hand side of
the inequality (26).

On the other hand, according to (10), we can also obtain
Zistd (%) > Vit () > U (e, 9i(x)) + I (1)
Then, we can get

Vi+1(xk+1) - Vi+1(xk) < i (1) — U (s Vix))
—J" (xk41)
= — U, vi(xx))
+ (i1 = DI ()
(28)

Putting (25) to (28), we can obtain the right hand side of
the inequality (26).

According to Lemma 2, we have for Vi =0, 1,..., y; is
finite. Furthermore, according to the definitions of ¢ and
in (14) and (15), respectively, we know ¢ > 1 and 0 > 1.
Then, we have y; >1 for Vi=0, 1,.... Hence, the
inequality (26) is well defined for Vi = 0, 1,.... The proof
is completed.

From Theorem 2, we can see that for Vi= 1,2,
..., AV;(x;) in (25) is not necessarily negative definite. So,
the function V;(x;) is not sure to be a Lyapunov function
and the system (1) may not be stable under the iterative
control law ;(x;). This means that the iterative 6-ADP
algorithm (7)—(10) cannot be implemented on-line. To
overcome this difficulty, in the following, we will establish
new convergence criteria. It will be shown that if the new
convergence conditions are satisfied, the stability of the
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system can be guaranteed, which makes the algorithm
implementable both on-line and off-line.

Theorem 3 Let x; € R" be an arbitrary controllable
state and Assumptions 1-4 hold. Suppose Theorem 1 holds

for Vx, e R If
o—1

then the iterative performance index function \A/,-(xk) con-
verges to a finite neighborhood of J (x;), as i — oc.

Proof Fori=0,1,..., let
Vi) = 2" (). (30)
be the least upper bound of the iterative performance index

function V;(x;), where y; is defined in (24). From (24), we
can get

,yiJrlo.i(O. _ 1) ,Vi+lai+l(5 _ 1)

Xi - Xi = i i

" (r+ 1" (r+ 1"

y'o'(6 = 1)
(y+1)

Let ¥;11 — % < 0, and then we can obtain (29). On the
other hand, we can see that
y+1 1 1-1 60—1
i =14+->1+ 0= 14 .

? y 7 70

Hence, for 60 <1 + %, according to Theorem 1, the least
upper bound of the iterative performance index function
Vi(xx) for the iterative ADP algorithm converges to a finite
neighborhood of J'(xy), as i — 0o. As Vi(xx) is the least
upper bound of the iterative performance index function,
we have V;(x;), which satisfies J* (x;) < V;(xz) < V;(x )and
also converges to a finite neighborhood of J(xp), as
i — 00.

Theorem 4 Let x; € R be an arbitrary controllable

state and Assumptions 1-4 hold. For i=0,1,..., the

iterative performance index function Vi(xk) and the itera-
tive control law V;(x;) are obtained by (7)—(10) , respec-
tively. If Theorem 1 holds for ¥ x; and o satisfies (29), then
we have for Vi = 0,1, ..., the iterative control law V;(x;) is
an asymptotically stable control law for system (1).

Proof The theorem can be proved by three steps.

(1) Show that for Vi =0,1,..
inite function.

., Vi(xz) is a positive def-
According to the iterative 6-ADP algorithm (7)—(10), for

i = 0, we have

Vo(xk) = Vo(xk) = 0‘1‘()(1()

@ Springer

As W(0) =0, we have that Vo(x;) =0 at x, = 0.
According to Assumption 4 of this paper, we have that
Vo(xz) is a positive definite function.

Assume that for i, the iterative performance index
function V;(x;) is a positive definite function. Then, for
i + 1, we have (10) holds. As U(0,0) = 0, then we have
that Vi+1(xk) and V;(x;) can be defined at x; = 0.
According to Assumptions 1-4, we can get

Vii1(0) = U(0,9,(0)) + Vi(F(0,9:(0))) = 0

for x;, = 0. As V;(x;) is a positive definite function, we
have V;(0) = 0. Then, we have V;,;(0) =0. If x; # 0,
according to Assumption 4, we have Vi;;(x;) > 0. On the
other hand, we let x; — oco. As U(xy, uy) is a positive
function for V x;, ug, we have V. (x;) — 0. So, Viy, (xx)
is a positive definite function. The mathematical induction
is completed.

(2) Show that ¥;(x;) is an asymptotically stable control

law if Viy (xx) reaches its least upper bound.

Let V;(x;) be defined as in (30). As ¢ < 1 + =1, according

5
70

to Theorem 3, we have V;;(xx) < V;(xx). Then, we can get
Vi(xk) > Vigr (xx) = U, vilxw)) + Viloerr)
where

vi(o) = argmin{ U (xz, g ) + Vi(xq1)} + pi(x).

u €R”

So, we have V;(xxi1) — Vi(x) < — Ulxg, vi(x)) <0.
Hence, Vi(x;) is a Lyapunov function and v;(x;) is an
asymptotically stable control law for Vi =0, 1,.. ..

3. Show that ¥;(x;) is an asymptotically stable control law

when V; (x;) does not reach its least upper bound.

As Vi(xx) is a Lyapunov function, there exist two
functions o(||x¢||) and S(||x||) belong to class I which
satisfy a(||[xc||) > Vi(xe) > B(||lxc]]) (details can be seen in
[15]). For Ve> 0, there exists o0(¢) >0 that makes
p(0) <oa(e). So for Vkg and ||x(ko)|| <d(e), there exists a
k € [ko, 00) that satisfies

(&) > B(0) 2 Vilxiy) = Vilxe) = o [lxell)- (31)

As V;(x;) is the least upper bound of V;(x;) for Vi =
0,1,..., we have

f/i(xk) S V,-(xk). (32)

For the Lyapunov function V;(x;), if we let k — oo, then

Vi(xx) — 0. So, according to (32), there exists a time
instant k; that satisfies ky < k; < k and makes

Vi(xgy) > Vi, ) > Vi(xko) > Vi(xy)
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hold. Choose &; > 0 that satisfies V;(xz,) > a(e1) > Vi(x). — i

Then, there exists 0;(g;) > 0 that makes a(e;) > f(d1) > N cjfﬁl V(x(k) t‘

_ | Nétwor!

Vi(xx) hold. Then, we can obtain /

. _ . ¥

Vi) = aer) = B(61) > Viloxe) = Vi) > e . JL

According to (31)’ we haVe x(k) | A\C\tinn = "|Nonlinear x(k+1)‘ critic |VG(k+D)

R . o I\'?t}\'m’k system " Network

a(e) > B(0) = Vi(xk,) > auler) = B(01) = Vilx) ‘ | O
\ |
\ |

2 ol ]])-

Since a(]|xx||) belongs to class K, we can obtain |jx| <e.
Therefore, we can conclude that ¥;(x;) is an asymptotically

stable control law for all V;(x;).

Remark 4 According to the analysis of this subsection,
we can see that the iterative performance index function
Vi(xk) of the iterative ADP algorithm (7)—(10) possesses
different convergence properties for different c.

First, if ¢ = 1, then we say the iterative performance
index function V(x;) and the iterative control law v;(x;) can
be accurately obtained. The stable iterative ADP algorithm
(7)—(10) is reduced to the regular iterative 6-ADP algo-
rithm (5)—(6). It has been proved in [29] that the iterative
ADP algorithm V; (x;) is nonincreasing convergent to J* (xy)
and the iterative ADP algorithm can be implemented both
on-line and off-line.

Second, if o satisfies (29), then the iterative performance
index function V;(x;) and the iterative control law v;(x;)
cannot be accurately obtained. In this situation, the iterative
performance index function V; (xx) will converge to a finite
neighborhood of J*(xk). In the iteration process, the itera-
tive control law ¥;(x) is still stable which means the stable
iterative ADP algorithm can also be implemented both on-
line and off-line.

Third, when o satisfies (19), the iterative performance
index function V;(x;) can also converge to a finite neigh-
borhood of J"(x;). But in the iteration process, the stability
property of iterative control law ¥;(x;) cannot be guaran-
teed, which means the iterative ADP algorithm can only be
implemented off-line.

Finally, when o does not satisfies (19), the convergence
property of Vi(x;) cannot be guaranteed.

4 Implementation of the stable iterative ADP algorithm
by neural networks

In this section, BP neural networks are introduced to
approximate V;(x;) and compute the control law v;(xy).
Assume that the number of hidden layer neurons is denoted
by I, the weight matrix between the input layer and hidden
layer is denoted by Y, and the weight matrix between the

___________________________________

Fig. 1 The structure diagram of the algorithm

hidden layer and output layer is denoted by W, and then the
output of the three-layer neural network is represented by:

FX,Y,W)=W!'a(Y"X)

where o(Y'X) € R, [0(2)], =475, i=1
activation function.

There are two networks, which are critic network and
action network, respectively, to implement the stable iter-
ative ADP algorithm. The whole structure diagram is
shown in Fig. 1.

., 1, are the

4.1 The critic network

The critic network is used to approximate the performance
index function V; (x;). The output of the critic network is
denoted as

Vi) = Weo (Yox).- (33)
The target function can be written as

Vi () = U, vi(x)) + Vilxesr)- (34)
Then, we define the error function for the critic network as
eci(k) = Visr () = Vier (xa)- (35)

The objective function to be minimized in the critic
network training is

1 o2

Ea(k) = 3¢ (k). (36)

So, the gradient-based weight update rule [22] for the critic
network is given by

Wc(i+l)(k) = Wm( ) + AWm

TR

el [awu 3 )
o OE(R) Vi)

*Wcl(k) 6V( )6w1(k)

where o, > 0 is the learning rate of critic network, and
wc(k) is the weight vector in the critic network which can
be replaced by W,; and Y,;. If we define
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LC
= ZYZ(k)ij 1=1,2,....L
=
and
ai(k) _ p=aqi(k)
Pl(k)ze e I=1,2,... L,

eak) 1 o—ai(k)’

then we have

L.

t+1 xk E

=1

where L. is the total number of hidden nodes in the critic
network. By applying the chain rule, the adaptation of the
critic network is summarized as follows.

The hidden to output layer of the critic is updated as

AW (k) = —a OE:i(k) V()
° Vi () OWh(K)
= _aceci(k)pl(k).

The input to hidden layer of the critic is updated as

aEC,-(k) 6‘7,~+1(xk)
OVipi () OYG(k)
” OE:i(k) Vi1 (xc) Opi(k) Dgi(k)
Ca‘}[+1(Xk) apl(k) aq/(k) aYél(k)

= — oeeqi (k)W (k) B (1- pf(k))}x,k.

AYL (k) = — o,

4.2 The action network

In the action network, the state error x; is used as input to
create the optimal control law as the output of the network.
The output can be formulated as

Di(xe) = Whia(Yix).

The target of the output of the action network is given by
(5). So, we can define the output error of the action network as

eai(k) = Vi(xx) — vi(xi).

The weights in the action network are updated to minimize
the following performance error measure:

1 o2

Eyi (k) 2 Cai (k)

The weights updating algorithm is similar to the one for the

critic network. By the gradient descent rule, we can obtain

Wa(ig1) (k) = wai(k) + Awyi (k

{6Ea, } a9
OFqi(k) Oeai (k) Ovi(k)

Pa Oeqi(k) Ovi(k) Owyi(k)’

= Wy (k

= wai (k) —

@ Springer

where f§, > 0 is the learning rate of action network.
If we define

L,
= ¥k, 1=1.2,... L
=1

and
eS8k _ p=ai(k)
h(k) = ———00,
egl(k) _|_ e g;(k)
then we have

L

S

W (k)hy (k

~

where L, is the total number of hidden nodes in the action
network. By applying the chain rule, the adaptation of the
action network is summarized as follows.

The hidden to output layer of the action is updated as

OF,i (k) 0v;(xx)
“ Ov;(xx) OWL (k)
= —Baeai(k)hu (k).
The input to hidden layer of the action is updated as
OFE,i (k) 0v;(x¢)

AWa{i(k) ==

AY;(k) = —p, ov; (Xk) aYl ( )
a av,(xk) ahl( ) a(k)

©) Ohy
0gi(k) dYL(
—Baeaik )W |: ( _gl ):|Xlk~

The detailed neural training algorithm can also be seen
in [22].

5 Simulation studies

Example 1 Our first example is chosen as the one in [8,
19, 37]. Consider the following discrete-time affine non-
linear system

Xeer = f () + gk, (39)

—0.8.x2k

sin(0.8x1k — ka) + 1.8x2 and g(Xk) -

where f(x;) = {

{ g ] Let the initial state xy = [0.5, 0.517. Let the
—X2k

performance index function be a quadratic form which is
expressed as

&)

Xo, '40 E

k=0

ka + u,{Ruk)

where the matrix Q = R = [, and I denotes the identity matrix
with suitable dimensions. Neural networks are used to
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implement the stable iterative ADP algorithm. The critic
network and the action network are chosen as three-layer BP
neural networks with the structures of 2-8-1 and 1-8-1,
respectively. Let 6 = 7 and W (x;) = x! Qx; to initialize the
algorithm. We choose a random array of state variable in
[—0.5, 0.5] to train the neural networks. For each iteration
step, the critic network and the action network are trained for
800 steps under the learning rate o. = f5, = 0.01 so that the
computation precision 107° is reached. The stable iterative
ADP algorithm is implemented for 30 iteration steps to
guarantee the convergence of the iterative performance index
function. The admissible approximation error by (29) is
shown in Fig. 2. From Fig. 2, we can see that the computation
precision 107° satisfies (29). Hence, we say that the iterative
performance index function is convergent. The trajectory of
the iterative performance index function is shown in Fig. 3a.

As value iteration algorithm is a most basic iterative ADP
algorithm, in this paper, comparisons between stable iterative
adaptive dynamic programming and value iteration algo-
rithm in [19] will be displayed to show the effectiveness of
the present algorithm. In [5, 19], it is proved that the iterative
performance index function will nondecreasingly converge
to the optimum. The trajectory of the iterative performance
index function by value iteration is shown in Fig. 3b.

From Fig. 3a, b, we can see that the iterative performance
index functions obtained by the stable iterative ADP algo-
rithm and value iteration algorithm both converge, which
shows the effectiveness of the present algorithm in this paper.
By implementing the converged iterative control law by the
stable iterative ADP algorithm to the control system (39) for
T; = 40 time steps, we get the optimal system states and
optimal control trajectories. The trajectories of optimal sys-
tem states by the stable iterative ADP algorithm are shown in
Fig. 4a and the corresponding optimal control trajectory is
shown in 4b. The trajectories of optimal system states
obtained by value iteration algorithm are shown in Fig. 4c,
and the corresponding optimal control trajectory is shown in
4d. From the simulation results, we can see that the present
stable iterative ADP algorithm achieved effective results.

For value iteration algorithm [37] and many other iter-
ative ADP algorithms in [5, 40, 16, 24, 3, 37, 41],
approximation errors were not considered. In the next
example, we will analyze the convergence and stability
properties considering different approximation errors.

Example 2 Our second example is chosen as the one in
[13, 26, 30]. Consider the following discrete-time nonaffine
nonlinear system

Xk+1 = F(xk, Mk) = Xx; + sin(O.lxi + uk) (40)
with xy = 1. Let the performance index function be the same

as in Example 1. Neural networks are used to implement the
stable iterative ADP algorithm. The critic network and the

Admissible approximation error

0 5 10 15 20 25 30
Time steps

Fig. 2 The trajectories of the admissible approximation error

a0

o N

Performance index function

o N A~ O ®

0 5 10 15 20 25 30
Iteration steps

T T T T T

o o oo =
o N A O O = N D
:
;

0 5 10 15 20 25 30
Iteration steps

Performance index functions

Fig. 3 The trajectories of the iterative performance index functions.
a Iterative performance index function by stable iterative ADP
algorithm. b Iterative performance index function by value iteration
algorithm

action network are chosen as three-layer BP neural networks
with the structures of 1-8—1 and 1-8-1, respectively. Let
0 = 8 and W¥(xx) = xI Qx; to initialize the algorithm. We
choose a random array of state variable in [—0.5, 0.5] to train
the neural networks. For the critic network and the action
network, let the learning rate o, = f, = 0.01. The stable
iterative ADP algorithm is implemented for 40 iteration
steps. To show the effectiveness of the present stable itera-
tive ADP algorithm, we choose four different approximation
errors, which are e = 107%,107*, 1073, 107!, respectively.
The trajectories of the iterative performance index functions
under the four different approximation errors are shown in
Fig. 5a—d, respectively.
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Fig. 4 The trajectories of
optimal states and controls.

a Optimal states by stable
iterative ADP algorithm.

b Optimal control by stable
iterative ADP algorithm.

¢ Optimal states by value
iteration algorithm. d Optimal
control by value iteration
algorithm

Fig. 5 The trajectories of the
iterative performance index
functions. a The approximation
error ¢ = 1075, b The
approximation error € = 107,
¢ The approximation error

€ = 1073, d The approximation
error € = 107!
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Performance index function
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In this paper, we have proved that if the approximation
error satisfies (29), then iterative performance index func-
tion is convergent. As the approximation errors are
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different for different state x;, the admissible error trajec-
tory obtained by (29) is shown in Fig. 6a. In [30], it shows
that if the approximation error satisfies (19), then iterative
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performance index function is also convergent. The
admissible error trajectory obtained by (19) is shown in
Fig. 6b.

From Figs. 5 and 6, we can see that for approximation
errors € = 107° and €= 1074, the performance index
functions in Fig. 5a, b are both convergent. The trajectories
of the control and state are displayed in Fig. 7a, b,

x10™
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w

h N ¢
o N W o»
T
i

-
i

;
0 5 10 15 20 25 30 35 40
Iteration steps

Admissible approximation error
o
(5]

et
»

-
o

©
3

©

®
o

!

; ;
15 20 25 30 35 40
Iteration steps

o]

Admissible approximation error

o
o
-
o

Fig. 6 The trajectories of the admissible approximation error. a The
trajectory of the admissible approximation error by (29). b The
trajectory of the admissible approximation error by (19)

respectively, where the implementation time is 7p = 15.
For the approximation error ¢ = 1073, we can see that the
approximation error satisfies (19). From [30], we know that
the iterative performance index function is also convergent,
and the convergence trajectory of the iterative performance
index function is shown in Fig. 5c. While in this case, the
iterative performance index function is not convergent
monotonically. The corresponding control and state tra-
jectories are displayed in Fig. 7c. For the approximation
error ¢ = 107!, we can see that the iterative performance
index function is not convergent any more because of the
large approximation error. The trajectories of the control
and state are displayed in Fig. 7d.

According to Theorem 3, we know that if the approxi-
mation error ¢ satisfies (29), then the iterative control is
stable. To show the effectiveness of the present ADP algo-
rithm, we display the state and control trajectories under the
control law vy (x;) with different approximation errors. The
results can be seen in Fig. 8a—d, respectively. From Fig. 8a,
b, we can see that the system is stable under the iterative
control law ¥o(x;) with approximation errors € = 1076 and
¢ = 107*. In this paper, we have shown that the approxi-
mation error in [30] cannot guarantee the stability of the
control system. From Fig. 8c, we can see that for the
approximation error € = 1073, the system is not stable under
the control law 9o(x;). From Fig. 8d, for € = 107!, as the
iterative performance index function is not convergent, the
stability of the system cannot be guaranteed.

Fig. 7 The trajectories of states 1 1
and controls under the state state
approximation errors. a The 05 — © —control | | 05 — o — control
approximation error ¢ = 107°, ’ '
b The approximation error
€ = 107*. ¢ The approximation 0 5 0 =0
error € = 1073, d The y 4
. . . —1 o] /
approximation error € = 10 / _05
05T ]
(a) 14 (0)
-1
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Fig. 8 The trajectories of states 1 1
and controls under the control (a) state (b) state
law o(x;) with different — & — control — o — control
approximation errors. a The
approximation error € = 107°, 051 0.5
b The approximation error
€ = 107*. ¢ The approximation
error € = 19’3.dThe | of e T 0 g o=00
approximation error € = 10 I ° »
7 @
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