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Abstract This paper considers existence, uniqueness, and

the global asymptotic stability for a class of High-order

Hopfield neural networks with mixed delays and impulses.

The mixed delays include constant delay in the leakage

term (i.e., ‘‘leakage delay’’) and time-varying delays.

Based on the Lyapunov stability theory, together with the

linear matrix inequality approach and free-weighting

matrix method, some less conservative delay-dependent

sufficient conditions are presented for the global asymp-

totic stability of the equilibrium point of the considered

neural networks. These conditions are expressed in terms

of LMI and can be easily checked by MATLAB LMI

toolbox. In addition, two numerical examples are given to

illustrate the applicability of the result.

Keywords Impulsive high-order Hopfield neural

networks � Stability � Leakage delays �
Linear matrix inequality

1 Introduction

Due to the fact that the high-order neural networks have

stronger approximation property, faster convergence rate,

greater storage capacity, and higher fault tolerance than

lower-order neural networks, high-order neural networks

have been the object of intensive analysis by numerous

authors in recent years. In particular, there have been

extensive results on the problem of the existence and sta-

bility of equilibrium points of high-order neural networks in

the literature [1, 2, 3]. By using M-matrix and linear matrix

inequality (LMI) techniques, the authors in [4] and [5]

investigated the problems of the global exponential stability

and robust stability of the equilibrium point of high-order

Hopfield-type neural networks without the delays. For high-

order Hopfield neural networks with constant time delays,

the existence and global asymptotic stability conditions

were obtained in [2] which were based on the LMI approach

and with the assumption that the activation functions are

monotonic nondecreasing. There are numerous articles have

been published for the study of dynamic behaviors of high-

order neural networks with different time delays, see for

example [6] and references therein.

Although the convergence dynamics of impulsive neural

networks have been considered, see for example [7, 8, 9] and

references therein. The problem of the exponential stability

analysis for impulsive high-order Hopfield-type neural net-

works with time-varying delays was studied in [10], where the

delays are not required to be differentiable. We note that the

conditions in [10] were obtained based on simple Lyapunov

functionals, which may lead to conservatism to some extent

when using them to study the exponential stability of delayed

high-order neural networks without an impulse. To the best of

authors’ knowledge, few authors have considered high-order

Hopfield neural networks with impulses. For instance, [10, 11]
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investigated impulsive high-order Hopfield neural networks

with time delays. However, so far, there has been very little

existing work on neural networks with time delay in the

leakage (or ’’forgetting’’) term [14, 15, 16, 17]. This is due to

some theoretical and technical difficulties [12]. In fact, time

delay in the leakage term also has great impact on the

dynamics of neural networks. As pointed out by Gopalsamy

[13], time delay in the stabilizing negative feedback term has

a tendency to destabilize a system.

Motivated by the above discussions, the global asymptotic

stability of a class of impulsive high-order Hopfield-type

neural networks with time-varying delays and time delay in

the leakage term is discussed. Based on the Lyapunov stability

theory, together with the LMI approach and free-weighting

matrix method, some less conservative delay-dependent suf-

ficient conditions are presented for the global asymptotic

stability of the equilibrium point of the considered neural

networks. Two numerical examples are provided to demon-

strate the effectiveness of the proposed stability criteria.

Notations Throughout this paper, the superscript

T denotes the transposition and the notation X C Y

(respectively, X [ Y), where X and Y are symmetric

matrices, means that X - Y is positive semi-definite

(respectively, positive definite). I is the identity matrix with

appropriate dimension; k � k is the Euclidean vector norm

and H ¼ f1; 2; . . .; ng. For any interval J � R; set V �
Rkð1� k� nÞ;CðJ;VÞ ¼ fu : J ! V is continuous} and

PC1ðJ;VÞ ¼ fu : J ! V is continuously differentiable

everywhere except at finite number of points t, at which

uðtþÞ;uðt�Þ; _uÞðtþÞ and _uðt�Þ exist and uðtþÞ ¼ uðtÞ;
_uðtþÞ ¼ _uðtÞ, where _u denotes the derivative of ug. ½���
denotes the integer function. The notation * always denotes

the symmetric block in one symmetric matrix. Matrices, if

not explicitly stated, are assumed to have compatible

dimensions.

2 Model description and preliminaries

Consider a continuous-time high-order Hopfield-type neu-

ral networks with time-varying delays and impulsive

perturbations:

_xiðtÞ ¼ �cixiðt � rÞ þ
Xn

j¼1

aij
~fjðxjðtÞÞ

þ
Xn

j¼1

bij ~gjðxjðt � sjðtÞÞÞ þ
Xn

j¼1

Xn

l¼1

dijl
~fjðxjðtÞÞ~flðxlðtÞÞ

þ
Xn

j¼1

Xn

l¼1

eijl~gjðxjðt � sjðtÞÞÞ~glðxlðt � slðtÞÞÞ þ Ji

xiðtÞ ¼ /iðtÞ; t 2 ½��s; 0�;
DxiðtkÞ ¼ Jikðxiðt�k ÞÞ; k 2 Zþ ð1Þ

where xi(t) is the neural state, n denotes the number of

neurons, /i(t) is the initial condition which is continuous on

½��s; 0� and sj(t) C 0 represents the transmission delay which

satisfies s1� sjðtÞ� s2;�s ¼ maxfs2; rg: The first term on

the right-hand side of system (1) denotes the leakage term in

the neural network. r C 0 denotes the leakage delay or

forgetting delay. ~fiðxiðtÞÞ and ~giðxiðtÞÞ are the neuron

activation functions, ci [ 0 is a positive constant, which

denote the rate with which the ith cell resets its potential to

the resting state when isolated from the other cells and

inputs, aij and bij are the first-order synaptic weights of the

neural network, and dijl and eijl are the second-order synaptic

weights of the networks. Ji denotes the ith component of an

external input source introduced from the outside the

network to the ith cell. The activation functions in (1) are

assumed to satisfy the following assumptions:

Assumption 1 There exist constants lj [ 0, mj [ 0, cij

and rij (i = 1, 2 and j ¼ 1; 2; . . .; nÞ such that cij \rij

~fjðsÞ
�� ���lj; c1j�

~fjðuÞ�~fjðvÞ
u�v �r1j; for any s;u;v 2 R;u 6¼ v;

~gjðsÞ
�� ��� mj; c2j�

~gjðuÞ�~gjðvÞ
u�v �r2j; for anys;u;v 2 R;u 6¼ v:

(

ð2Þ

For simplicity, we give the following model

transformation, and we give the next assumption.

Assumption 2 For any i; j; l ¼ 1; 2; . . .; n; dijl þ dilj 6¼ 0

and eijl ? eilj = 0.

Assumption 3 The transmission delay s(t) is time-vary-

ing and satisfies 0 B h1 B s(t) B h2 and _sðtÞ\l; where h1,

h2 and l are some positive constants.

Assumption 4 The leakage delay r C 0 is a constant.

Assumption 5 Jkð�Þ : Rn 	 R
n ! R

n; k 2 Zþ; are some

continuous functions.

Assumption 6 The impulse times tk satisfy 0 ¼
t0\t1\ � � �\tk !1 and infk2Zþftk � tk�1g[ 0:

3 Existence and uniqueness theorems

One denotes an equilibrium point of the impulsive network

(1) by the constant vector x� ¼ ½x�1; x�2; . . .; x�n�
T 2 R

n; where

the components x�i are governed by the algebraic system

0 ¼ �cix
�
i þ

Xn

j¼1

aij
~fjðx�j Þ þ

Xn

j¼1

bij ~gjðx�j Þ

þ
Xn

j¼1

Xn

l¼1

dijl
~fjðx�j Þ~flðx�l Þ

þ
Xn

j¼1

Xn

l¼1

eijl~gjðx�j Þ~glðx�l Þ þ Ji; i 2 H: ð3Þ
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As usual, the impulsive operator in this paper is viewed as

a perturbation of the equilibrium point of system (1)

without impulse effects, that is, it satisfies Jikð�Þ satisfy

Jikðx�i Þ 
 0; i 2 H; k 2 Zþ:

Theorem 3.1 Under assumption 1, the network (1) has a

unique equilibrium point if the following inequality holds:

Xn

i¼1

1

c2
i

Xn

j¼1

jaijj þ
Xn

l¼1

jdijlj
 !

lj þ
Xn

l¼1

jdiljjll

 !" #(

	maxfjc1jj; jr1jjg þ jbijj þ
Xn

l¼1

jeijlj
 !

mj

"

þ
Xn

l¼1

jeiljjml

 !#
maxfjc2jj; jr2jjg

)2

\1: ð4Þ

Proof Consider a mapping UðuÞ ¼ ðU1ðuÞ;U2ðuÞ; . . .;

UnðuÞÞT 2 R
n as follows

UiðuÞ ¼
Xn

j¼1

aij

ci

~fjðujÞ þ
Xn

j¼1

bij

ci
~gjðujÞ þ

Xn

j¼1

Xn

l¼1

dijl

ci

~fjðujÞ~flðulÞ

þ
Xn

j¼1

Xn

l¼1

eijl

ci
~gjðujÞ~glðulÞ þ

Ji

ci
;

where u ¼ ðu1; u2; . . .; unÞ 2 R
n: Let v ¼ ðv1; v2; . . .; vnÞ 2

R
n; then by assumption 1 we get

jUiðuÞ � UiðvÞj ¼
Xn

j¼1

aij

ci
½~fjðujÞ � ~fjðvjÞ� þ

Xn

j¼1

bij

ci
½~gjðujÞ � ~gjðvjÞ� þ

Xn

j¼1

Xn

l¼1

dijl

ci
½~fjðujÞ~flðulÞ � ~fjðvjÞ~flðvlÞ�

�����

þ
Xn

j¼1

Xn

l¼1

eijl

ci
½~gjðujÞ~glðulÞ � ~gjðvjÞ~glðvlÞ�

������
Xn

j¼1

aij

ci

����

���� ~fjðujÞ � ~fjðvjÞ
�� ��þ

Xn

j¼1

bij

ci

����

���� ~gjðujÞ � ~gjðvjÞ
�� ��

þ
Xn

j¼1

Xn

l¼1

dijl

ci

����

���� ~fjðujÞ~flðulÞ � ~fjðvjÞ~flðulÞ þ ~fjðvjÞ~flðulÞ � ~fjðvjÞ~flðvlÞ
�� ��

þ
Xn

j¼1

Xn

l¼1

eijl

ci

����

���� ~gjðujÞ~glðulÞ � ~gjðvjÞ~glðulÞ þ ~gjðvjÞ~glðulÞ � ~gjðvjÞ~glðvlÞ
�� ��

�
Xn

j¼1

aij

ci

����

����maxfjc1jj; jr1jjgjuj � vjj þ
Xn

j¼1

bij

ci

����

����maxfjc2jj; jr2jjgjuj � vjj

þ
Xn

j¼1

Xn

l¼1

dijl

ci

����

����lj maxfjc1jj; jr1jjgjuj � vjj þ
Xn

j¼1

Xn

l¼1

dijl

ci

����

����lj maxfjc1lj; jr1ljgjul � vlj

þ
Xn

j¼1

Xn

l¼1

eijl

ci

����

����mj maxfjc2jj; jr2jjgjuj � vjj þ
Xn

j¼1

Xn

l¼1

eijl

ci

����

����mj maxfjc2lj; jr2ljgjul � vlj

�
Xn

j¼1

1

ci
jaijjmaxfjc1jj; jr1jjg þ jbijjmaxfjc2jj; jr2jjg
� �

juj � vjj

þ
Xn

j¼1

Xn

l¼1

1

ci
jdijljlj maxfjc1jj; jr1jjg þ jeijljmj maxfjc2jj; jr2jjg
� �

juj � vjj

þ
Xn

j¼1

Xn

l¼1

1

ci
jdijljlj maxfjc1lj; jr1ljg þ jeijljmj maxfjc2lj; jr2ljg
� �

jul � vlj

¼ 1

ci

Xn

j¼1

jaijjmaxfjc1jj; jr1jjg þ jbijjmaxfjc2jj; jr2jjg þ
Xn

l¼1

jdijlj
 !

lj maxfjc1jj; jr1jjg
(

þ
Xn

l¼1

jeijlj
 !

mj maxfjc2jj; jr2jjg
)
juj � vjj

þ
Xn

j¼1

Xn

l¼1

1

ci
jdiljjll maxfjc1jj; jr1jjg þ jeiljjml maxfjc2jj; jr2jjg
� �

juj � vjj
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which implies that

where

¼ 1

ci

Xn

j¼1

jaijjmaxfjc1jj; jr1jjg þ jbijjmaxfjc2jj; jr2jjg þ
Xn

l¼1

jdijlj
 !

lj maxfjc1jj; jr1jjg
(

þ
Xn

l¼1

jeijlj
 !

mj maxfjc2jj; jr2jjg þ
Xn

l¼1

jdiljjll

 !
maxfjc1jj; jr1jjg þ

Xn

l¼1

jeiljjml

 !
maxfjc2jj; jr2jjg

)
juj � vjj

¼ 1

ci

Xn

j¼1

jaijj þ
Xn

l¼1

jdijlj
 !

lj þ
Xn

l¼1

jdiljjll

 !" #
maxfjc1jj; jr1jjg

(

þ jbijj þ
Xn

l¼1

jeijlj
 !

mj þ
Xn

l¼1

jeiljjml

 !" #
maxfjc2jj; jr2jjg

)
juj � vjj;

kUðuÞ � UðvÞk2 ¼
Xn

i¼1

jUiðuÞ � UiðvÞj2

�
Xn

i¼1

1

c2
i

Xn

j¼1

jaijj þ
Xn

l¼1

jdijlj
 !

lj þ
Xn

l¼1

jdiljjll

 !" #
maxfjc1jj; jr1jjg

( 

þ jbijj þ
Xn

l¼1

jeijlj
 !

mj þ
Xn

l¼1

jeiljjml

 !" #
maxfjc2jj; jr2jjg

)
juj � vjj

!2

�
Xn

i¼1

1

c2
i

Xn

j¼1

jaijj þ
Xn

l¼1

jdijlj
 !

lj þ
Xn

l¼1

jdiljjll

 !" #
maxfjc1jj; jr1jjg

(

þ jbijj þ
Xn

l¼1

jeijlj
 !

mj þ
Xn

l¼1

jeiljjml

 !" #
maxfjc2jj; jr2jjg

)2Xn

j¼1

juj � vjj2

¼ �hjju� vjj2;

�h ¼
Xn

i¼1

1

c2
i

Xn

j¼1

jaijj þ
Xn

l¼1

jdijlj
 !

lj þ
Xn

l¼1

jdiljjll

 !" #
maxfjc1jj; jr1jjg

(

þ jbijj þ
Xn

l¼1

jeijlj
 !

mj þ
Xn

l¼1

jeiljjml

 !" #
maxfjc2jj; jr2jjg

)2

\1
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in view of condition (4).

Thus, we obtain

kUðuÞ � UðvÞk�
ffiffiffi
�h
p
jju� vjj:

It means that the mapping U : Rn ! R
n is a contraction on

R
n endowed with the Euclidean vector norm k � k: and

thus, there exists a unique fixed point u� 2 R
n such that

Uðu�Þ ¼ u� which defines the unique solution of the system

(3). The proof is complete. h

4 Global asymptotic stability results

Under Assumption 2, system (1) is transformed into the

following form:

_uiðtÞ ¼ �ciuðt � rÞ þ
Xn

j¼1

aijfjðujðtÞÞ þ
Xn

j¼1

bijgjðujðt � sjðtÞÞÞ

þ
Xn

j¼1

Xn

l¼1

dijl
~fjðxjðtÞÞ � ~fjðx�j Þ
� �h

	 ~flðxlðtÞÞ þ ~fjðx�j Þ ~flðxlðtÞÞ � ~flðx�l Þ
� �i

þ
Xn

j¼1

Xn

l¼1

eijl gjðxjðt � sjðtÞÞÞ � gjðx�j Þ
� �h

	 glðxlðt � slðtÞÞÞ þ gjðx�j Þ glðxlðt � slðtÞÞÞ � glðx�l Þ
� �i

¼ �ciuðt � rÞ þ
Xn

j¼1

aijfjðujðtÞÞ þ
Xn

j¼1

bijgjðujðt � sjðtÞÞÞ

þ
Xn

j¼1

Xn

l¼1

dijl fjðujðtÞÞ~flðxlðtÞÞ þ ~fjðx�j ÞflðulðtÞÞ
h i

þ
Xn

j¼1

Xn

l¼1

eijl gjðujðt � sjðtÞÞÞ~glðxlðt � slðtÞÞÞ
�

þ gjðx�j Þglðulðt � slðtÞÞÞ
i

¼ �ciuðt � rÞ

þ
Xn

j¼1

aij þ
Xn

l¼1

dijl
~flðxlðtÞÞ þ dilj

~flðx�l Þ
� �

" #
fjðujðtÞÞ:

þ
Xn

j¼1

bij þ
Xn

l¼1

eijl ~glðxlðt � slðtÞÞÞ þ eilj ~glðx�l Þ
� �

" #

þ gjðujðt � sjðtÞÞÞ;
¼ �ciuðt � rÞ

þ
Xn

j¼1

aij þ
Xn

l¼1

ðdijl þ diljÞnijlðulðtÞÞ
" #

fjðujðtÞÞ

þ
Xn

j¼1

bij þ
Xn

l¼1

ðeijl þ eiljÞhijlðulðt � slðtÞÞÞ
" #

gjðujðt � sjðtÞÞÞ

where nijlðulðtÞÞ ¼ ðdijl
~flðxlðtÞÞ þ dilj

~flðx�l ÞÞ=ðdijl þ diljÞ if it

lies between ~flðxlðtÞÞ and ~flðx�l Þ and hijlðulðt � slðtÞÞÞ ¼
ðeijl~glðxlðt � slðtÞÞÞ þ eilj~glðx�l ÞÞ=ðeijl þ eiljÞ if it lies

between ~glðxlðt � slðtÞÞÞ and ~glðx�l Þ.
If we denote uðtÞ ¼ ½u1ðtÞ; u2ðtÞ; . . .; unðtÞ�T ; f ðuðtÞÞ ¼

½f1ðu1ðtÞÞ; f2ðu2ðtÞÞ; . . .; fnðunðtÞÞ�T , gðuðt� sðtÞÞÞ¼
½g1ðu1ðt� s1ðtÞÞÞ;g2ðu2ðt� s2ðtÞÞÞ; . . .;gnðunðt� snðtÞÞÞ�T ;
C¼ diagfc1;c2; . . .;cng, A = (aij)n9n, B = (bij)n9n, D¼
½D1;D2; . . .;Dn�T ; where Di¼ diagfdi1;di2; . . .;ding;dij¼
½dij1þdi1j; dij2þdi2j; . . .;dijnþdinj�T , E ¼ ½E1;E2; . . .;En�T ;
where Ei¼ diagfei1;ei2; . . .;eing;eij¼ ½eij1þ ei1j;eij2þ ei2j;

. . .;eijnþ einj�T , NðuðtÞÞ¼ diagfnT
1 ðuðtÞÞ; nT

2 ðuðtÞÞ; . . .; nT
n

ðuðtÞÞgn	n3 where niðuðtÞÞ¼ ½nT
i1ðuðtÞÞ;n

T
i2ðuðtÞÞ; . . .; nT

in

ðuðtÞÞ�T , nijðuðtÞÞ¼ ½nT
ij1ðu1ðtÞÞ;nT

ij2ðu2ðtÞÞ; . . .;nT
ijnðunðtÞÞ�T

and Hðuðt� sðtÞÞÞ¼ diagfhT
1 ðuðt� sðtÞÞÞ;hT

2 ðuðt� sðtÞÞÞ;
. . .; hT

n ðuðt� sðtÞÞÞgn	n3 where hiðuðt� sðtÞÞÞ¼ ½hT
i1ðuðt�

sðtÞÞÞ; hT
i2ðuðt� sðtÞÞÞ; . . .; hT

inðuðt� sðtÞÞÞ�T , hijðuðt�
sðtÞÞÞ¼ ½hT

ij1ðu1ðt� s1ðtÞÞÞ;hT
ij2ðu2ðt� s2ðtÞÞÞ; . . .; hT

ijn

ðunðt� snðtÞÞÞ�T , then the above system can be written

in the following vector-matrix form with impulsive

perturbation:

_uðtÞ ¼ �Cuðt � rÞ þ ðAþ NðuðtÞÞDÞf ðuðtÞÞ
þ ðBþHðuðt � sðtÞÞÞEÞgðuðt � sðtÞÞÞ

DuðtkÞ ¼ Jkðuðt�k ÞÞ; k 2 Zþ;

ð5Þ

or in equivalent form:

d

dt
uðtÞ � C

Z t

t�r

uðsÞds

2

4

3

5

¼ �CuðtÞ þ ðAþ NðuðtÞÞDÞf ðuðtÞÞ
þ ðBþHðuðt � sðtÞÞÞEÞgðuðt � sðtÞÞÞ

DuðtkÞ ¼ Jkðuðt�k ÞÞ; k 2 Zþ: ð6Þ

Remark 4.1 System (4) can be rewritten in the following

vector-matrix form:

d

dt
uðtÞ �C

Z t

t�r

uðsÞds

2
4

3
5¼�CuðtÞ þ ðAþ ~NT ~DÞf ðuðtÞÞ

þ ðBþ ~HT ~EÞgðuðt� sðtÞÞÞ

DuðtkÞ ¼ Jkðuðt�k ÞÞ ¼ �Dk uðt�k Þ �C

Ztk

tk�r

uðsÞds

8
<

:

9
=

;; k 2 Zþ

ð7Þ

where ~N ¼ diagfn; n; . . .; ngn	n; n ¼ ðn1; n2; . . .; nnÞT ; ~D ¼
ðD1þDT

1 ;D2þDT
2 ; . . .;DnþDT

n Þ
T ; ~H ¼ diagfh;h; . . .;hgn	n;
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h ¼ ðh1; h2; . . .; hnÞT , and ~E¼ðE1þET
1 ;E2þET

2 ; . . .; Enþ
ET

n Þ
T : In fact, nl and hl in the aforementioned equality

should be nijl(u(t)) and hijl(u(t - s(t))) in (5), respectively.

Obviously, they are generally relevant to weights dijl, dilj

and eijl;eilj;i; j; l¼1;2; . . .;n; therefore, the aforementioned

form is identical to system (5) only if nijl(u(t)) and hij-

l(u(t - s(t))) are independent of the weights dijl, dilj and

eijl;eilj;i; j; l¼1;2; . . .;n:

In order to obtain the main results, we need the fol-

lowing lemmas.

Lemma 4.2 [18] Let X, Y and P be real matrices

of appropriate dimensions with P [ 0. Then, for any

positive scalar �, the following matrix inequality holds:

XT Y þ YT X� ��1XT P�1X þ �YT PY :

Lemma 4.3 [19] Given any real matrix M = MT [ 0 of

appropriate dimension and a vector function xð�Þ :

½a; b� ! R
n, such that the integrations concerned are

well defined, then

Zb

a

xðsÞds

2

4

3

5
T

M

Zb

a

xðsÞds

2

4

3

5�ðb� aÞ
Zb

a

xTðsÞMxðsÞds:

5 Main results

In this section, we present a delay-dependent criterion for

the asymptotic stability of system (7) with Assumptions 1

to 6.

Theorem 5.1 For given scalars s2 [ s1 C 0, r and g, the

equilibrium point of (7) is globally asymptotically stable if

there exist symmetric matrix P ¼
P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2
4

3
5[ 0;

positive diagonal matrices Ql; l ¼ 1; 2; . . .; 5;R1; S1; S2;

T1; T2; T3; positive scalars �j; j ¼ 1; 2; . . .; 14; real matrix X

such that the following LMIs hold:

P ðI � DkÞ
� P

	 

� 0; k 2 Zþ ð8Þ

P ¼ X W
WT �!

	 

\0 ð9Þ

where X ¼ ½Xij�12	12;W ¼ ½W�14	12;! ¼ diagf�1I; �2I; . . .;

�14Ig;

X1;1 ¼ �2P11C þ P12 þ PT
12 þ

X4

i¼1

Qi þ r2R1

� 1

s2

S1 � 4s2
2T1 � 4ðs2 � s1Þ2T2 � 4r2T3

� 2C1R1Z1 � 2C2R2Z2; X1;2 ¼
1

s2

S1;

X1;3 ¼ P13; X1;4 ¼ �P12 � P13;

X1;5 ¼ P11C � PC; X1;6 ¼ Z1ðR1 þ C1Þ
þ PA; X1;7 ¼ Z2ðR2 þ C2Þ; X1;8 ¼ PB;

X1;10 ¼ CT P11C � P12C þ 4rT3;

X1;11 ¼ �CTP12 þ PT
22 þ 4s2T1;

X1;12 ¼ �CTP13 þ P23 þ 4ðs2 � s1ÞT2;

X2;2 ¼ �ð1� gÞQ4 �
1

s2

S1 �
1

s2 � s1

ðs2S1 þ S2Þ

� 1

s2 � s1

S2 � 2C2R2Z3; X2;3 ¼
1

s2 � s1

S2;

X2;4 ¼
1

s2 � s1

ðs2S1 þ S2Þ;X2;8 ¼ Z3ðR2 þ C2Þ;

X3;3 ¼ �Q1 �
1

s2 � s1

S2; X3;10 ¼ �P13C;

X3;11 ¼ PT
23; X3;12 ¼ PT

33;

X4;4 ¼ �Q2 �
1

s2 � s1

ðs2S1 þ S2Þ; X4;10 ¼ P12C þ P13C;

X4;11 ¼ �PT
22 � PT

23; X4;12 ¼ �P23 � PT
33;X5;5 ¼ �Q3;

X5;6 ¼ CTK1; X5;7 ¼ CTK2; X5;9 ¼ �CT X;

X6;6 ¼ �2Z1 � K1A� ATK1 þ ��DTD; X6;7 ¼ �ATK2;

X6;8 ¼ �K1B; X6;9 ¼ AT X; X6;10 ¼ �AT P11C;

X6;11 ¼ �AT P12; X6;12 ¼ �AT P13; X7;7 ¼ Q5 � 2Z2;

X7;8 ¼ �K2B; X8;8 ¼ �ð1� gÞQ5 � 2Z3 þ ~�EE;
X8;9 ¼ BT X; X8;10 ¼ �BTP11C; X8;11 ¼ �BT P12;

X8;12 ¼ �BT P13; X9;9 ¼ s2
2ðs2 � s1ÞS1 þ s4

2T1

þ ðs2
2 � s2

1ÞT2 þ r4T3 þ ðs2 � s1Þ2S2 � X � XT ;

X10;10 ¼
1

r
R1 � 4T3; X11;11 ¼ �4T1; X12;12 ¼ �4T2;

W1;1 ¼ lP; W6;2 ¼ lK1; W7;3 ¼ lK2;

W1;4 ¼ lP; W6;5 ¼ mK1; W7;6 ¼ mK2;

W10;7 ¼ lCT P11; W10;8 ¼ mCT P11; W11;9 ¼ lPT
12;

W11;10 ¼ mPT
12; W12;11 ¼ lPT

13; W12;12 ¼ mPT
13;

W9;13 ¼ lX; W9;14 ¼ mX; P ¼ P11 þ R1K1 þ R2K2;

�� ¼ �1 þ �2 þ �3 þ �7 þ �9 þ �11 þ �13;

~� ¼ �4 þ �5 þ �6 þ �8 þ �10 þ �12 þ �14:
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Proof Construct a Lyapunov–Krasovskii functional in the

form

Vðt; uðtÞÞ ¼ V1ðt; uðtÞÞ þ V2ðt; uðtÞÞ þ V3ðt; uðtÞÞ
þ V4ðt; uðtÞÞ þ V5ðt; uðtÞÞ ð10Þ

where

Calculating the upper right derivative of V along the

solution of (7) at the continuous interval ½tk�1; tkÞ; k 2 Zþ;
we get

DþðV1ðt; uðtÞÞÞ

¼
uðtÞ � C

R t

t�r uðsÞds
R t

t�s2
uðsÞds

R t�s1

t�s2
uðsÞds

2

664

3

775

T

P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2
64

3
75

_uðtÞ � CuðtÞ þ Cuðt � rÞ
uðtÞ � uðt � s2Þ

uðt � s1Þ � uðt � s2Þ

2
64

3
75; ð11Þ

DþðV2ðt; uðtÞÞÞ ¼ uTðtÞR1 � f TðuðtÞÞ
� �

K1 þ uTðtÞR2

��

� gTðuðtÞÞ
�
K2

�
_uðtÞ; ð12Þ

DþðV3ðt; uðtÞÞÞ� uTðtÞQ1uðtÞ � uTðt � s1ÞQ1uðt � s1Þ

þ uTðtÞQ2uðtÞ � uTðt � s2ÞQ1uðt � s2Þ

þ uTðtÞQ3uðtÞ � uTðt � rÞQ3uðt � rÞ

þ uTðtÞQ4uðtÞ

� ð1� gÞuTðt � sðtÞÞQ4uðt � sðtÞÞ

þ gTðuðtÞÞQ5gðuðtÞÞ

� ð1� gÞgTðuðt � sðtÞÞÞQ5gðuðt � sðtÞÞÞ
ð13Þ

V1ðt; uðtÞÞ ¼
uðtÞ � C

R t

t�r uðsÞds
R t

t�s2
uðsÞds

R t�s1

t�s2
uðsÞds

2

664

3

775

T
P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2

64

3

75

uðtÞ � C
R t

t�r uðsÞds
R t

t�s2
uðsÞds

R t�s1

t�s2
uðsÞds

2

664

3

775;

V2ðt; uðtÞÞ ¼ 2
Xn

i¼1

k1i

ZuiðtÞ

0

ðr1is� fiðsÞÞdsþ k2i

ZuiðtÞ

0

ðr2is� giðsÞÞds

8
><

>:

9
>=

>;
;

V3ðt; uðtÞÞ ¼
Z t

t�s1

uTðsÞQ1uðsÞdsþ
Z t

t�s2

uTðsÞQ2uðsÞdsþ
Z t

t�r

uTðsÞQ3uðsÞds

þ
Z t

t�sðtÞ

uTðsÞQ4uðsÞdsþ
Z t

t�sðtÞ

gTðuðsÞÞQ5gðuðsÞÞds;

V4ðt; uðtÞÞ ¼ r
Z0

�r

Z t

tþh

uTðsÞR1uðsÞdsdhþ s2ðs2 � s1Þ
Z0

�s2

Z t

tþh

_uTðsÞS1 _uðsÞdsdh

þ ðs2 � s1Þ
Z�s1

�s2

Z t

tþh

_uTðsÞS2 _uðsÞdsdh

V5ðt; uðtÞÞ ¼ 2s2
2

Z t

t�s2

Z t

h

Z t

k

_uTðsÞT1 _uðsÞdsdhdkþ 2½s2
2 � s2

1�
Zt�s1

t�s2

Z t

h

Z t

k

_uTðsÞT2 _uðsÞdsdhdk

þ 2r2

Z t

t�r

Z t

h

Z t

k

_uTðsÞT3 _uðsÞdsdhdk
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DþðV4ðt; uðtÞÞÞ ¼ r2uTðtÞR1uðtÞ � r
Z t

t�r

uTðsÞR1uðsÞds

þ s2
2ðs2 � s1Þ _uTðtÞS1 _uðtÞ

� s2ðs2 � s1Þ
Z t

t�s2

_uTðsÞS1 _uðsÞds

þ ðs2 � s1Þ2 _uTðtÞS2 _uðtÞ

� ðs2 � s1Þ
Zt�s1

t�s2

_uTðsÞS2 _uðsÞds ð14Þ

DþðV5ðt; uðtÞÞÞ ¼ _uTðtÞ s4
2T1 þ ðs2

2 � s2
1Þ

2T2 þ r4T3

h i
_uðtÞ

� 2s2
2

Z t

t�s2

Z t

h

_uTðsÞT1 _uðsÞdsdh

� 2ðs2
2 � s2

1Þ
Zt�s1

t�s2

Z t

h

_uTðsÞT2 _uðsÞdsdh

� 2r2

Z t

t�r

Z t

h

_uTðsÞT3 _uðsÞdsdh: ð15Þ

By Lemma 4.3, we have

�
Z t

t�r

uTðsÞR1uðsÞds� � 1

r

Z t

t�r

uðsÞds

2

4

3

5
T

R1

Z t

t�r

uðsÞds

2

4

3

5

ð16Þ

�
Z t

t�sðtÞ

_uTðsÞS1 _uðsÞds

� � 1

s2

uðtÞ � uðt � sðtÞÞ½ �T S1 uðtÞ � uðt � sðtÞÞ½ � ð17Þ

�
Zt�sðtÞ

t�s2

_uTðsÞðs2S1 þ S2Þ _uðsÞds

� � 1

s2 � s1

uðt � sðtÞÞ � uðt � s2Þ½ �Tðs2S1 þ S2Þ

	 uðt � sðtÞÞ � uðt � s2Þ½ � ð18Þ

�
Zt�s1

t�sðtÞ

_uTðsÞS2 _uðsÞds

� � 1

s2 � s1

uðt � s1Þ � uðt � sðtÞÞ½ �T

	 S2 uðt � s1Þ � uðt � sðtÞÞ½ � ð19Þ

�
Z t

t�s2

Z t

h

_uTðsÞT1 _uðsÞdsdh

� � 2

s2
2

s2uðtÞ �
Z t

t�s2

uðsÞds

2

4

3

5
T

T1

s2uðtÞ �
Z t

t�s2

uðsÞds

2

4

3

5 ð20Þ

�
Zt�s1

t�s2

Z t

h

_uTðsÞT2 _uðsÞdsdh

� � 2

s2
2 � s2

1

ðs2 � s1ÞuðtÞ �
Zt�s1

t�s2

uðsÞds

2

4

3

5
T

T2

ðs2 � s1ÞuðtÞ �
Zt�s1

t�s2

uðsÞds

2

4

3

5 ð21Þ

�
Z t

t�r

Z t

h

_uTðsÞT1 _uðsÞdsdh

� � 2

r2
ruðtÞ �

Z t

t�r

uðsÞds

2

4

3

5
T

T1

ruðtÞ �
Z t

t�r

uðsÞds

2
4

3
5: ð22Þ

Furthermore, one can infer from inequality (2) that the

following matrix inequalities hold for any positive diagonal

matrices Zk, (k = 1, 2, 3) with compatible dimensions

0� � 2uTðtÞC1R1Z1 � 2f TðuðtÞÞZ1f ðuðtÞÞ
þ 2uTðtÞZ1ðR1 þ C1Þf ðuðtÞÞ ð23Þ

0� � 2uTðtÞC2R2Z2 � 2gTðuðtÞÞZ2gðuðtÞÞ
þ 2uTðtÞZ2ðR2 þ C2ÞgðuðtÞÞ ð24Þ

0� � 2uT
s C2R2Z3us � 2gTðusÞZ3gðusÞ
þ 2uT

s Z3ðR2 þ C2ÞgðusÞ ð25Þ

The following equation holds for any real matrix X with a

compatible dimension

0 ¼ 2 _uTðtÞX � _uðtÞ � Cuðt � rÞ þ ðAþ NðuðtÞÞDÞf ðuðtÞÞ½
þ BþHðuðt � sðtÞÞÞEÞgðuðt � sðtÞÞÞð �: ð26Þ

By Lemma 4.2, the following inequalities hold for any

positive scalars �i; ði ¼ 1; 2; . . .; 14Þ
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2uTðtÞPNðuðtÞÞDf ðuðtÞÞ� ��1
1 uTðtÞPNðuðtÞÞNðuðtÞÞTPuðtÞ

þ �1f TðuðtÞÞDTDf ðuðtÞÞ ð27Þ

� 2f TðuðtÞÞK1NðuðtÞÞDf ðuðtÞÞ
� ��1

2 f TðuðtÞÞK1NðuðtÞÞNðuðtÞÞTK1f ðuðtÞÞ
þ �2f TðuðtÞÞDTDf ðuðtÞÞ ð28Þ

� 2gTðuðtÞÞK1NðuðtÞÞDf ðuðtÞÞ
� ��1

3 gTðuðtÞÞK2NðuðtÞÞNðuðtÞÞTK2gðuðtÞÞ
þ �3f TðuðtÞÞDTDf ðuðtÞÞ ð29Þ

2uTðtÞPHðusÞEgðusÞ� ��1
4 uTðtÞPHðusÞHTðusÞPT uðtÞ
þ �4gTðusÞETEgðusÞ ð30Þ

� 2f TðuðtÞÞK1HðusÞEgðusÞ
� ��1

5 f TðuðtÞÞK1HðusÞHTðusÞK1f ðuðtÞÞ
þ �5gTðusÞETEgðusÞ ð31Þ

� 2gTðuðtÞÞK2HðusÞEgðusÞ
� ��1

6 gTðuðtÞÞK2HðusÞHTðusÞK2gðusÞ
þ �6gTðusÞETEgðusÞ ð32Þ

� 2

Z t

t�r

uðsÞds

0
@

1
A

T

CT P11NðuðtÞÞDf ðuðtÞÞ

� ��1
7

Z t

t�r

uðsÞds

0
@

1
A

T

CT P11NðuðtÞÞNTðuðtÞÞ

P11C

Z t

t�r

uðsÞds

0

@

1

Aþ �7f TðuðtÞÞDTDf ðuðtÞÞ ð33Þ

� 2

Z t

t�r

uðsÞds

0
@

1
A

T

CT P11HðusÞEgðusÞ

� ��1
8

Z t

t�r

uðsÞds

0

@

1

A
T

CT P11HðusÞHTðusÞ

P11C

Z t

t�r

uðsÞds

0

@

1

Aþ �8gTðusÞETEgðusÞ ð34Þ

� 2

Z t

t�s2

uðsÞds

0

@

1

A
T

PT
12NðuðtÞÞDf ðuðtÞÞ

� ��1
9

Z t

t�s2

uðsÞds

0
@

1
A

T

PT
12NðuðtÞÞNTðuðtÞÞ

P12

Z t

t�s2

uðsÞds

0
@

1
Aþ �9f TðuðtÞÞDTDf ðuðtÞÞ ð35Þ

� 2

Z t

t�s2

uðsÞds

0
@

1
A

T

PT
12HðusÞEgðusÞ

� ��1
10

Z t

t�s2

uðsÞds

0

@

1

A
T

PT
12HðusÞHTðusÞ

P12

Z t

t�s2

uðsÞds

0

@

1

Aþ �10gTðusÞETEgðusÞ ð36Þ

� 2

Zt�s1

t�s2

uðsÞds

0
@

1
A

T

PT
13NðuðtÞÞDf ðuðtÞÞ

� ��1
11

Zt�s1

t�s2

uðsÞds

0

@

1

A
T

PT
13NðuðtÞÞNTðuðtÞÞ

P13

Zt�s1

t�s2

uðsÞds

0
@

1
Aþ �11f TðuðtÞÞDTDf ðuðtÞÞ ð37Þ

� 2

Zt�s1

t�s2

uðsÞds

0

@

1

A
T

PT
13HðusÞEgðusÞ

� ��1
12

Zt�s1

t�s2

uðsÞds

0
@

1
A

T

PT
13HðusÞHTðusÞ

P13

Zt�s1

t�s2

uðsÞds

0
@

1
Aþ �12gTðusÞETEgðusÞ ð38Þ

� 2 _uTðtÞXNðuðtÞÞDf ðuðtÞÞ
� ��1

13 _uTðtÞXNðuðtÞÞNðuðtÞÞT XT _uðtÞ
þ �13f TðuðtÞÞDTDf ðuðtÞÞ ð39Þ

�2 _uTðtÞXHðusÞEgðusÞ� ��1
14 _uTðtÞXHðusÞHTðusÞXT _uðtÞ
þ �14gTðusÞETEgðusÞ: ð40Þ

Since

NðuðtÞÞNTðuðtÞÞ

¼diag
Xn

j¼1

kn1jðuðtÞÞk2;
Xn

j¼1

kn2jðuðtÞÞk2; . . .;
Xn

j¼1

knnjðuðtÞÞk2

( )

HðusÞHTðusÞ

¼diag
Xn

j¼1

kh1jðusÞk2;
Xn

j¼1

kh2jðusÞk2; . . .;
Xn

j¼1

khnjðusÞk2

( )

and
Pn

j¼1knijðuðtÞÞk2�
Pn

l¼1 l2
l ;
Pn

j¼1khijðuðtÞÞk2�
Pn

l¼1

m2
l it follows that

NðuðtÞÞNTðuðtÞÞ� l2I; HðusÞHTðusÞ� m2I: ð41Þ
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Substituting (11–41) into (10) and making some

manipulations, we have

DþðVðt;uðtÞÞÞ�fTðtÞXfðtÞþuTðtÞ ��1
1 l2þ ��1

4 m2
� �

P2uðtÞ

þ f TðuðtÞÞ ��1
2 l2þ ��1

5 m2
� �

K2
1f ðuðtÞÞ

þgTðuðtÞÞ ��1
3 l2þ ��1

6 m2
� �

K2
2gðuðtÞÞ

þ
Z t

t�r

uðsÞds

0
@

1
A

T

��1
7 l2þ ��1

8 m2
� �

CT P2
11C

	
Z t

t�r

uðsÞds

0

@

1

Aþ
Z t

t�s2

uðsÞds

0

@

1

A
T

	 ��1
9 l2þ ��1

10 m2
� �

P12PT
12

Z t

t�s2

uðsÞds

0
@

1
A

þ
Zt�s1

t�s2

uðsÞds

0

@

1

A
T

��1
11 l2þ ��1

12 m2
� �

P13PT
13

	
Zt�s1

t�s2

uðsÞds

0

@

1

Aþ _uTðtÞ ��1
13 l2þ ��1

14 m2
� �

XXT _uðtÞ;

where

fTðtÞ ¼
"

uTðtÞ uTðt � sðtÞÞ uTðt � s1Þ

uTðt � s2Þ uTðt � rÞ f TðuðtÞÞ gTðuðtÞÞ

gTðuðt � sðtÞÞÞ _uTðtÞ
Z t

t�r

uðsÞds

0

@

1

A
T

Z t

t�s2

uðsÞds

0
@

1
A

T Zt�s1

t�s2

uðsÞds

0
@

1
A

T#
:

From Lemma 4.2 and the well-known Schur complements,

D?(V(t,u(t))) \ 0 holds if the LMI (9) is true for

t 2 ½tk�1; tkÞ; k 2 Zþ:

It follows from (9) that

DþðVðt; uðtÞÞÞ� � fTðtÞP�fðtÞ; k 2 Zþ; ð42Þ

where P� ¼ �P: Suppose that t 2 ½tn�1; tnÞ; n 2 Zþ: Then,

integrating inequality (42) at each interval [tk-1, tk),

1 B k B n - 1, we derive that

Vðt�1 Þ ¼ Vð0Þ �
Zt1

0

fTðsÞP�fðsÞds;

Vðt�2 Þ ¼ Vðt1Þ �
Zt2

t1

fTðuÞP�fðsÞds;

..

.

Vðt�n�1Þ ¼ Vðtn�2Þ �
Ztn�1

tn�2

fTðsÞP�fðsÞds;

VðtÞ ¼ Vðtn�1Þ �
Z t

tn�1

fTðsÞP�fðsÞds;

which implies that

VðtÞ ¼ Vð0Þ �
Z t

0

fTðsÞP�fðsÞds

þ
X

0\tk � t

½VðtkÞ � Vðt�k Þ�; t� 0: ð43Þ

In order to analyze inequality (43), we need to consider the

change of V at impulse times. First, it follows from (8) that

P ðI � DkÞP
H P

	 

� 0,

I 0

0 P�1

	 

P ðI � DkÞP
H P

	 


	
I 0

0 P�1

	 

� 0

,
P I � Dk

H P�1

	 

� 0

, P� ðI � DkÞT PðI � DkÞ[ 0;

ð44Þ

in which the last equivalent relation is obtained by the

well-known Schur complements. Secondly, from model

(7), it can be obtained that

uðtkÞ � C

Ztk

tk�r

uðsÞds ¼ uðt�k Þ � Dk uðt�k Þ � C

Ztk

tk�r

uðsÞds

2
4

3
5

� C

Ztk

tk�r

uðsÞds ¼ ðI � DkÞ uðt�k Þ � C

Ztk

tk�r

uðsÞds

2
4

3
5;
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which together with (44) yields

V1ðtkÞ ¼ uðtkÞ�C

Ztk

tk�r

uðsÞds

2

4

3

5
T

P uðtkÞ�C

Ztk

tk�r

uðsÞds

2

4

3

5

¼ uðt�k Þ�C

Ztk

tk�r

uðsÞds

2
4

3
5

T

	ðI�DkÞT PðI�DkÞ uðt�k Þ�C

Ztk

tk�r

uðsÞds

2

4

3

5

� uðt�k Þ�C

Ztk

tk�r

uðsÞds

2

4

3

5
T

P yðt�k Þ�C

Ztk

tk�r

uðsÞds

2

4

3

5

¼ V1ðt�k Þ:

Thus, we can deduce that

VðtkÞ�Vðt�k Þ; k 2 Zþ:

Substituting above inequality to (43), it yields

VðtÞ þ
Z t

0

fTðsÞP�fðuÞds�Vð0Þ; t� 0: ð45Þ

Applying Lemma 4.3 and (45), we have

C

Z t

t�r

uðsÞds

������

������

2

¼ C

Z t

t�r

uðsÞds

2
4

3
5

T

C

Z t

t�r

uðsÞds

2
4

3
5

�kmaxðC2Þ
Z t

t�r

uðsÞds

2
4

3
5

T Z t

t�r

uðsÞds

2
4

3
5

� kmaxðC2Þ
kminðQ3Þ

Z t

t�r

uðsÞds

2
4

3
5

T

Q3

Z t

t�r

uðsÞds

2
4

3
5

�r
kmaxðC2Þ
kminðQ3Þ

Z t

t�r

uTðsÞQ3uðsÞds

�r
kmaxðC2Þ
kminðQ3Þ

V2ðtÞ�r
kmaxðC2Þ
kminðQ3Þ

VðtÞ

�r
kmaxðC2Þ
kminðQ3Þ

Vð0Þ; t�0:

Similarly,

uðsÞ � C

Z t

t�r

uðsÞds

������

������

2

¼ uðsÞ � C

Z t

t�r

uðsÞds

2
4

3
5

T

uðsÞ � C

Z t

t�r

uðsÞds

2
4

3
5

� V1ðtÞ
kminðPÞ

� VðtÞ
kminðPÞ

� Vð0Þ
kminðPÞ

; t� 0:

Hence, it can be obtained that

uðtÞk k� C

Z t

t�r

uðsÞds

������

������
þ uðsÞ � C

Z t

t�r

uðsÞds

������

������

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r
kmaxðC2Þ
kminðQ3Þ

Vð0Þ

s

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vð0Þ

kminðPÞ

s

\1; t� 0;

where

Vð0Þ ¼ nTð0ÞPnð0Þ þ
Xn

i¼1

k1i

Zuið0Þ

0

ðr1is� fiðsÞÞds

8
><

>:

þ k2i

Zuið0Þ

0

ðr2is� giðsÞÞds

9
>=

>;

þ
Z0

�s1

uTðsÞQ1uðsÞdsþ
Z0

�s2

uTðsÞQ2uðsÞds

þ
Z0

�r

uTðsÞQ3uðsÞdsþ
Z0

�sð0Þ

uTðsÞQ4uðsÞds

þ
Z0

�sð0Þ

gTðuðsÞÞQ5gðuðsÞÞds

þ r
Z0

�r

Z0

h

uTðsÞR1uðsÞdsdh

þ s2ðs2 � s1Þ
Z0

�s2

Z0

h

_uTðsÞS1 _uðsÞdsdh

þ ðs2 � s1Þ
Z�s1

�s2

Z0

h

_uTðsÞS2 _uðsÞdsdh

þ 2s2
2

Z0

�s2

Z0

h

Z0

k

_uTðsÞT1 _uðsÞdsdhdk

þ 2½s2
2 � s2

1�
Z�s1

�s2

Z0

h

Z0

k

_uTðsÞT2 _uðsÞdsdhdk

þ 2r2

Z0

�r

Z0

h

Z0

k

_uTðsÞT3 _uðsÞdsdhdk

� 2kmaxðPÞ þ 2kmaxðK1 þ K2ÞkmaxðR1 � R2Þs1½
	kmaxðQ1Þs2kmaxðQ2Þ þ rkmaxðQ3Þ
þ s2kmaxðQ4Þ þ s2kmaxðQ5ÞkmaxðR2Þ þ r3kmaxðR1Þ
þ s3

2ðs2 � s1ÞkmaxðS1Þ
þ ðs2 � s1Þ3kmaxðS2Þ þ 2s5

2kmaxðT1Þ
þ ½s2

2 � s2
1�ðs2 � s1Þ3kmaxðT2Þ

þ2r5kmaxðT3Þ
�
kuk2

q\1:
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So the solution u(t) of model (7) is uniformly bounded

on ½0;1Þ: Thus, considering the continuity of activation

function f(i.e.,(A1)), it can be deduced from system (6) that

there exists some constant M [ 0 such that k _uðtÞk� M; t 2
½tk�1; tkÞ; k 2 Zþ: It implies that j _uiðtÞj�M; t 2 ½tk�1; tkÞ;
k 2 Zþ; i 2 H; where _u denotes the right-hand derivative

of u at impulsive times.

In the following, we shall prove jjuðtÞjj ! 0 as t!1:
We first show that

kuðtkÞk ! 0 as tk !1: ð46Þ

Obviously, it is equal to prove juiðtkÞj ! 0 as tk !1; i 2
H: First, note that j _uiðtÞj �M; t 2 ½tk�1; tkÞ; k 2 Zþ; then

for any �[ 0; there exists a d ¼ �
2M [ 0 such that for any

t0; t00 2 ½tk�1; tkÞ; k 2 Zþ and |t
0

- t
0 0
| \ d implies

juiðt0Þ � uiðt00Þj �Mjt0 � t00j ¼ �

2
; i 2 H: ð47Þ

By (A5), we define �d ¼ minfd; 1
2
hg; where h ¼ infk2Zþ

ftk � tk�1g[ 0: From (45), it can be obtained that

Z t

0

juiðsÞj2ds�
Z t

0

uTðuÞuðsÞds�
Z t

0

fTðsÞfðsÞds

� 1

kminðP�Þ

Z t

0

fTðsÞP�fðsÞds\1; t [ 0;

which implies

Ztkþ�d

tk

juiðsÞj2ds! 0 as tk !1:

Applying Lemma 4.3, we get

Ztkþ�d

tk

juiðsÞjds�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�d
Ztkþ�d

tk

juiðsÞj2ds

vuuut ! 0 as tk !1: ð48Þ

So for above given �; there exists a T ¼ Tð�Þ[ 0 such that

tk [ T implies

Ztkþ�d

tk

juiðsÞjds\
�

2
�d:

From the continuity of |ui(t)| on ½tk; tk þ �d� and using

integral Mean value theorem, there exists some constant

nk 2 ½tk; tk þ �d� such that

juiðnkÞj�d ¼
Ztkþ�d

tk

juiðsÞjds\
�

2
�d;

which leads to

juiðnkÞj �
�

2
: ð49Þ

Together (47) with (49), one may deduce that for any

�[ 0; there exists a T ¼ Tð�Þ[ 0 such that tk [ T implies

juiðtkÞj � juiðtkÞ � uiðnkÞj þ juiðnkÞj �
�

2
þ �

2
¼ �:

This completes the proof of (46).

Now we are in a position to prove that juiðtÞj ! 0 as

t!1; i 2 H:
In fact, it follows from (47) that for any �[ 0; there

exists a d ¼ �
2M [ 0 such that for any t0; t00 2 ½tk�1; tkÞ; k 2

Zþ and |t
0

- t
00
| \ d implies

juiðt0Þ � uiðt00Þj �
�

2
; i 2 H: ð50Þ

Since (46) holds, there exists a constant T1 ¼ T1ð�Þ[ 0

such that

juiðtkÞj\
e
2
; tk [ T1: ð51Þ

In addition, applying the same argument as (48), we can

deduce that

Ztþ�d

t

juiðsÞjds! 0 as t!1;

where �d ¼ minfd; 1
2
hg; h ¼ infk2Zþftk � tk�1g[ 0: So for

above given �; there exists a constant T2 ¼ T2ð�Þ[ 0 such

that

Z t

t��d

juiðsÞjds\
�

2
�d; t [ T2: ð52Þ

Set T� ¼ minftljtl� maxfT1; T2g; l 2 Zþg: Now, we claim

that juiðtÞj � �; t [ T�: In fact, for any t [ T� and without

loss of generality assume that t 2 ½tm; tmþ1Þ;m� l: Now, we

consider the following two cases:

Case 1. t 2 ½tm; tm þ �d�:
In this case, it is obvious from (50) and (51) that

juiðtÞj � juiðtÞ � uiðtmÞj þ juiðtmÞj �
�

2
þ �

2
¼ �:

Case 2. t 2 ½tm þ �d; tmþ1Þ:
In this case, we know that ui(s) is continuous on

½t � �d; t� � ½tm; tmþ1Þ: By integral Mean value

theorem, there exists at least one point st 2
½t � �d; t� such that
Z t

t��d
juiðsÞjds ¼ juiðstÞj�d;

which together with (52) yields juiðstÞj\ �
2
:

Then, in view of st 2 ½t � �d; t�; we obtain

juiðtÞj � juiðtÞ � uiðstÞj þ juiðstÞj �
�

2
þ �

2
¼ �:
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So in either case we have proved that juiðtÞj � �; t [ T�:
Therefore, the zero solution of system (7) is globally

asymptotically stable, which implies that model (1) has a

unique equilibrium point which is globally asymptotically

stable. This completes the proof.

For system (1), when aij ¼ dijl ¼ 0; i; j; l ¼ 1; 2; . . .; n; it

reduces to the following high-order Hopfield neural net-

works with time-varying delays and impulsive perturbations:

_xiðtÞ ¼ �cixiðt � rÞ þ
Xn

j¼1

bij ~gjðxjðt � sjðtÞÞÞ

þ
Xn

j¼1

Xn

l¼1

eijl~gjðxjðt � sjðtÞÞÞ~glðxlðt � slðtÞÞÞ þ Ji

DxiðtkÞ ¼ Jikðxiðt�k ÞÞ; k 2 Zþ; ð53Þ

where i ¼ 1; 2; . . .; n: Before proceeding, we assume the

following assumption which will be used in the following

Theorem.

Assumption 7 There exist constants mj [ 0 and rj, j ¼
1; 2; . . .; n such that cj \ rj

~gjðsÞ
�� ��� mj; cj�

~gjðuÞ � ~gjðvÞ
u� v

� rj;

for anys; u; v 2 R; u 6¼ v: ð54Þ

System (5) can be rewritten in the following form:

_uðtÞ ¼ �Cuðt � rÞ þ ðBþHðuðt � sðtÞÞÞEÞgðuðt � sðtÞÞÞ
DuðtkÞ ¼ Jkðuðt�k ÞÞ; k 2 Zþ; ð55Þ

or in equivalent form:

d

d
uðtÞ � C

Z t

t�r

uðsÞds

2

4

3

5

¼ �CuðtÞ þ ðBþHðuðt � sðtÞÞÞEÞgðuðt � sðtÞÞÞ
DuðtkÞ ¼ Jkðuðt�k ÞÞ; k 2 Zþ: ð56Þ

Now, we present a global asymptotic stability result for the

delayed high-order neural networks with time delay in the

leakage term and impulsive perturbations.

Theorem 5.2 For given scalars s2 [ s1 C 0, r and g, the

equilibrium point of (4) is globally asymptotically stable if

there exist symmetric matrix P ¼
P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2

4

3

5[ 0;

positive diagonal matrices Ql; l ¼ 1; 2; . . .; 5;R1; S1; S2; T1;

T2; T3; positive scalars �j; j ¼ 4; 6; 8; 10; 12; 14; real matrix

X such that the following LMIs hold:

P ðI � DkÞ
� P

	 

� 0; k 2 Zþ ð57Þ

P̂ ¼ X̂ Ŵ
ŴT �!̂

	 

\0 ð58Þ

where X̂ ¼ ½X̂ij�11	11; Ŵ ¼ ½Ŵ�6	11; !̂ ¼ diagf�4I; �6I; �8I;

�10I; �12I; �14Ig,

X̂1;1 ¼ �2P11C þ P12 þ PT
12 þ

X4

i¼1

Qi þ r2R1 �
1

s2

S1

� 4s2
2T1 � 4ðs2 � s1Þ2T2 � 4r2T3 � 2C1R1Z1 � 2C2R2Z2;

X̂1;2 ¼
1

s2

S1; X̂1;3 ¼ P13; X̂1;4 ¼ �P12 � P13;

X̂1;5 ¼ �2R2K2C; X̂1;6 ¼ Z2ðR2 þ C2Þ;
X̂1;7 ¼ P11Bþ R2K2B; X̂1;9 ¼ CT P11C � P12C þ 4rT3;

X̂1;10 ¼ �CT P12 þ PT
22 þ 4s2T1;

X̂1;11 ¼ �CT P13 þ P23 þ 4ðs2 � s1ÞT2;

X̂2;2 ¼ �ð1� gÞQ4 �
1

s2

S1 �
1

s2 � s1

ðs2S1 þ S2Þ

� 1

s2 � s1

S2 � 2C2R2Z3; X̂2;3 ¼
1

s2 � s1

S2;

X̂2;4 ¼
1

s2 � s1

ðs2S1 þ S2Þ; X̂2;7 ¼ Z3ðR2 þ C2Þ;

X̂3;3 ¼ �Q1 �
1

s2 � s1

S2; X̂3;9 ¼ �P13C;

X3;10 ¼ PT
23; X̂3;11 ¼ PT

33;

X4;4 ¼ �Q2 �
1

s2 � s1

ðs2S1 þ S2Þ; X̂4;9 ¼ P12C þ P13C;

X̂4;10 ¼ �PT
22 � PT

23; X̂4;11 ¼ �P23 � PT
33; X̂5;5 ¼ �Q3;

X̂5;6 ¼ CTK2; X̂5;8 ¼ �CT X; X̂6;6 ¼ Q5 � 2Z2;

X̂6;7 ¼ �K2B; X̂7;7 ¼ �ð1� gÞQ5 � 2Z3 þ ~�EE;
X̂7;8 ¼ BT X; X̂7;9 ¼ �BT P11C; X̂7;10 ¼ �BT P12;

X̂7;11 ¼ �BT P13; X̂8;8 ¼ s2
2ðs2 � s1ÞS1 þ s4

2T1

þ ðs2
2 � s2

1ÞT2 þ r4T3 þ ðs2 � s1Þ2S2 � X � XT ;

X̂9;9 ¼
1

r
R1 � 4T3; X̂10;10 ¼ �4T1;

X̂11;11 ¼ �4T2; Ŵ1;1 ¼ mðP11 þ R2K2Þ;
Ŵ6;2 ¼ mK2; Ŵ9;3 ¼ mCT P11; Ŵ10;4 ¼ mPT

12;

Ŵ11;5 ¼ mPT
13; Ŵ8;6 ¼ mX;

~� ¼ �4 þ �6 þ �8 þ �10 þ �12 þ �14:

Remark 5.3 The new augumented Lyapunov–Krasovskii

functional with triple integral and leakage delay terms in

this paper is completely new and efficient than [6].

Remark 5.4 Recently, few authors have discussed the

triple integral terms added in the Lyapunov–Krasovskii

functional, see for example [20]. There are few papers

having triple integral terms deriving stability results of

neural networks, see for example [20]. The leakage delays

were not taken in these triple integral terms. Motivating

this reason, we have included the leakage delay in the triple

integrals, which is also one of the reason of reducing
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conservatism. The free-weighting matrix method has also

been applied to reduce less conservative stability condi-

tions. In [6], the authors used the few free-weighting

matrices and found some conservative stability results than

the published papers in the literature. However, there still

exists room for further improvement than the results dis-

cussed in [6]. Motivating this reason, we introduce some

triple integral terms for interval time-varying delays in the

Lyapunov–Krasovskii functional and derived some less

conservative stability results. This plays an important role

in the further reduction of conservatism and we find the

better upper bound than the result reported in [6].

When there is no leakage delay, that is, model (7)

becomes

duðtÞ
d
¼ �CuðtÞ þ ðAþ ~NT ~DÞf ðuðtÞÞ

þ ðBþ ~HT ~EÞgðuðt � sðtÞÞÞ: ð59Þ

For model (59), we have the following result by Theorem

5.5.

Theorem 5.5 For given scalars s2 [ s1 C 0, r and g, the

equilibrium point of (4) is globally asymptotically stable if

there exist symmetric matrix P ¼
P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2
4

3
5[ 0,

positive diagonal matrices Ql, l = 1, 2, 4, S1, S2, T1, T2,

positive scalars �j; j ¼ 1; 2; . . .; 12; real matrix X such that

the following LMI holds:

P ¼
~X ~W
~WT �~!

	 

\0 ð60Þ

where ~X ¼ ½~Xij�10	10;
~W ¼ ½ ~W�12	10;

~! ¼ diagf�1I; �2I; . . .;

�12Ig,

~X1;1 ¼ �PC � CP þ P12 þ PT
12 þ

X4

i¼1

Qi �
1

s2

S1

� 4s2
2T1 � 4ðs2 � s1Þ2T2

� 2C1R1Z1 � 2C2R2Z2; ~X1;2 ¼
1

s2

S1;

X1;3 ¼ P13; ~X1;4 ¼ �P12 � P13;

~X1;5 ¼ Z1ðR1 þ C1Þ þ PA; ~X1;6 ¼ Z2ðR2 þ C2Þ;
~X1;7 ¼ PB; ~X1;9 ¼ �CT P12 þ PT

22 þ 4s2T1;

~X1;10 ¼ �CTP13 þ P23 þ 4ðs2 � s1ÞT2;

~X2;2 ¼ �ð1� gÞQ4 �
1

s2

S1 �
1

s2 � s1

ðs2S1 þ S2Þ

� 1

s2 � s1

S2 � 2C2R2Z3;

~X2;3 ¼
1

s2 � s1

S2; ~X2;4 ¼
1

s2 � s1

ðs2S1 þ S2Þ;

~X2;7 ¼ Z3ðR2þC2Þ; ~X3;3 ¼�Q1�
1

s2� s1

S2;

~X3;9 ¼ PT
23;

~X3;10 ¼ PT
33;

~X4;4 ¼�Q2�
1

s2� s1

ðs2S1þ S2Þ; ~X4;9 ¼�PT
22�PT

23;

~X4;10 ¼�P23�PT
33;

~X5;5 ¼�2Z1�K1A�ATK1

þ��DTD; ~X5;6 ¼�ATK2; ~X5;7 ¼�K1B;

~X5;8 ¼ AT X; ~X5;9 ¼�AT P12; ~X5;10 ¼�AT P13;

~X6;6 ¼ Q5� 2Z2; ~X6;7 ¼�K2B;

~X7;7 ¼�ð1� gÞQ5� 2Z3þ~�EE; ~X7;8 ¼ BT X;

~X7;9 ¼�BT P12; ~X7;10 ¼�BT P13;

~X8;8 ¼ s2
2ðs2� s1ÞS1þ s4

2T1þ ðs2
2� s2

1ÞT2

þ ðs2� s1Þ2S2�X�XT ;

~X9;9 ¼�4T1; ~X10;10 ¼�4T2; ~W1;1 ¼ lP;
~W5;2 ¼ lK1; ~W6;3 ¼ lK2; ~W1;4 ¼ mP; ~W5;5 ¼ mK1;

~W6;6 ¼ mK2; ~W9;7 ¼ lPT
12;

~W9;8 ¼ mPT
12;

~W10;9 ¼ lPT
13;

~W10;10 ¼ mPT
13;

~W8;11 ¼ lX;

~W8;12 ¼ mX;

P ¼ P11 þR1K1þR2K2; ��¼ �1þ �2þ �3þ �7þ �9þ �11;

~�¼ �4þ �5þ �6þ �8þ �10þ �12:

When there is no leakage delay, that is, model (56)

becomes

duðtÞ
d
¼ �CuðtÞ þ ðBþ ~HT ~EÞgðuðt � sðtÞÞÞ: ð61Þ

For model (61), we have the following result by Theorem

5.6.

Theorem 5.6 For given scalars s2 [ s1 C 0, r and g, the

equilibrium point of (61) is globally asymptotically stable if

there exist symmetric matrix P ¼
P11 P12 P13

PT
12 P22 P23

PT
13 PT

23 P33

2
4

3
5[ 0;

positive diagonal matrices Ql, l = 1, 2, 4, S1, S2, T1, T2,

positive scalars �j; j ¼ 4; 6; 10; 12; 14; real matrix X such

that the following LMIs hold:

P̂ ¼ X̂ Ŵ
ŴT �!̂

	 

\0 ð62Þ

where X̂ ¼ ½X̂ij�11	11; Ŵ ¼ ½Ŵ�6	11; !̂ ¼ diagf�4I; �6I; �8I;

�10I; �12I; �14Ig;
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X̂1;1 ¼ �PC � CP þ P12 þ PT
12 þ Q1 þ Q2 þ Q4

� 1

s2

S1 � 4s2
2T1 � 4ðs2 � s1Þ2T2 � 2C2R2Z2;

X̂1;2 ¼
1

s2

S1; X̂1;3 ¼ P13; X̂1;4 ¼ �P12 � P13;

X̂1;5 ¼ Z2ðR2 þ C2Þ; X̂1;6 ¼ P11Bþ R2K2B;

X̂1;8 ¼ �CT P12 þ PT
22 þ 4s2T1;

X̂1;9 ¼ �CT P13 þ P23 þ 4ðs2 � s1ÞT2;

X̂2;2 ¼ �ð1� gÞQ4 �
1

s2

S1 �
1

s2 � s1

ðs2S1 þ S2Þ

� 1

s2 � s1

S2 � 2C2R2Z3; X̂2;3 ¼
1

s2 � s1

S2;

X̂2;4 ¼
1

s2 � s1

ðs2S1 þ S2Þ; X̂2;6 ¼ Z3ðR2 þ C2Þ;

X̂3;3 ¼ �Q1 �
1

s2 � s1

S2; X3;8 ¼ PT
23; X̂3;9 ¼ PT

33;

X4;4 ¼ �Q2 �
1

s2 � s1

ðs2S1 þ S2Þ; X̂4;8 ¼ �PT
22 � PT

23;

X̂4;9 ¼ �P23 � PT
33; X̂5;5 ¼ Q5 � 2Z2; X̂5;6 ¼ �K2B;

X̂6;6 ¼ �ð1� gÞQ5 � 2Z3 þ ~�EE; X̂6;7 ¼ BT X;

X̂6;8 ¼ �BTP12; X̂6;9 ¼ �BT P13;

X̂7;7 ¼ s2
2ðs2 � s1ÞS1 þ s4

2T1 þ ðs2
2 � s2

1ÞT2

þ ðs2 � s1Þ2S2 � X � XT ;

X̂8;8 ¼ �4T1; X̂9;9 ¼ �4T2; Ŵ1;1 ¼ mðP11 þ R2K2Þ;
Ŵ5;2 ¼ mK2; Ŵ8;3 ¼ mPT

12; Ŵ9;4 ¼ mPT
13; Ŵ7;5 ¼ mX;

~� ¼ �4 þ �6 þ �10 þ �12 þ �14:

6 Numerical examples

Example. 4.1 Consider the delayed impulsive neural

networks (5) with

C ¼ diagf1:3232; 1:1122; 1:6091g;

A ¼
0:8698 �0:4190 0:0390

�0:0688 0:5440 0:1518

0:1106 0:2315 �0:4615

2

64

3

75

B ¼
�1:9429 0:7346 �1:1934

�0:4597 �0:6754 �0:3736

�0:1670 1:5342 �0:8716

2
64

3
75

D1 ¼
0:0134 0:0247 �0:0052

0:0227 0:0062 0:0185

�0:0319 0:0268 0:0196

2
64

3
75

D2 ¼
�0:0034 0:0138 0:0187

�0:0221 �0:0340 �0:0243

�0:0321 0:0510 �0:0136

2
64

3
75

D3 ¼
0:0113 �0:0412 0:0062

0:0177 0:0083 �0:0134

0:0216 0:0093 0:0041

2
64

3
75

E1 ¼
0:1290 0:0129 �0:0258

�0:0258 0:0516 0:0387

0:0129 0:0258 0:0516

2
64

3
75

E2 ¼
0:1300 0:0520 �0:0546

0:0260 0:1820 0:0260

�0:0260 0:0520 0:2080

2
64

3
75

E3 ¼
�0:1248 0:0208 �0:0416

0:0208 �0:0624 �0:0208

�0:0416 �0:0208 0:1872

2
64

3
75

Dk ¼ 0:8I; ~f1ðxÞ ¼ 0:88 tanhð0:2159xÞ;
~f2ðxÞ ¼ 0:88 tanhð0:4318xÞ; ~f3ðxÞ ¼ 0:88 tanhð0:1477xÞ;
~g1ðxÞ ¼ 0:88 tanhð0:3523xÞ; ~g2ðxÞ ¼ 0:88 tanhð0:4205xÞ;
~g3ðxÞ ¼ 0:88 tanhð0:2614xÞ:

Obviously, Assumptions 1 and 2 are satisfied with

l ¼ m ¼ 0:88; R1 ¼ f0:19; 0:38; 0:13g;
R2 ¼ f0:31; 0:37; 0:23g;C1 ¼ C2 ¼ 0:

Let us take r ¼ 0:1;D1 ¼ 0; g ¼ 1 and D2 ¼ 0:7; by

resorting to the Matlab LMI Control Toolbox to solve the

LMIs in Theorem 5.1, we obtain the following feasible

solutions

P11 ¼
17:2403 �0:8533 �2:4016

�0:8533 35:3785 0:3160

�2:4016 0:3160 23:3963

2

64

3

75

P12 ¼
1:1276 0:6467 �1:1154

�0:8119 2:4727 �0:5851

�0:2719 0:7354 2:9255

2
64

3
75

P13 ¼
1:6135 0:3439 0:0918

�0:5430 5:0347 �0:1657

0:4043 1:0088 2:3753

2
64

3
75

P22 ¼
2:3520 0:0169 �1:1796

0:0169 4:4274 0:2448

�1:1796 0:2448 4:2203

2
64

3
75

P23 ¼
�1:4931 0:0348 0:0171

�0:0689 �3:6227 �0:1245

0:0542 �0:0461 �2:1508

2

64

3

75

P33 ¼
3:4573 0:0783 �0:1084

0:0783 7:8873 0:1241

�0:1084 0:1241 5:3331

2

64

3

75
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L1 ¼
6:9801 0 0

0 5:0875 0

0 0 2:2756

2
64

3
75

L2 ¼
1:5292 0 0

0 2:4936 0

0 0 2:6118

2

64

3

75

Q1 ¼
3:8340 0 0

0 8:3122 0

0 0 6:5979

2

64

3

75

Q2 ¼
2:7007 0 0

0 3:5844 0

0 0 5:6033

2

64

3

75

Q3 ¼
15:8514 0 0

0 21:2684 0

0 0 25:0580

2

64

3

75

Q4 ¼
1:4616 0 0

0 2:3302 0

0 0 2:9593

2
64

3
75

Q5 ¼
19:8221 0 0

0 19:5376 0

0 0 33:6038

2
64

3
75

R1 ¼
10:0896 0 0

0 17:1444 0

0 0 16:7234

2
64

3
75

S1 ¼
7:3462 0 0

0 14:2564 0

0 0 6:0977

2
64

3
75

S2 ¼
0:8033 0 0

0 3:0533 0

0 0 1:2883

2
64

3
75

T1 ¼
1:9413 0 0

0 5:1983 0

0 0 2:8887

2
64

3
75

T2 ¼
2:7176 0 0

0 6:4714 0

0 0 3:9232

2

64

3

75

T3 ¼
16:1764 0 0

0 12:5327 0

0 0 15:4581

2

64

3

75

Z1 ¼
34:2672 0 0

0 37:6956 0

0 0 44:9374

2

64

3

75

Z2 ¼
26:3512 0 0

0 27:0018 0

0 0 38:6477

2
64

3
75

Z3 ¼
126:9633 0 0

0 109:7197 0

0 0 125:5990

2
64

3
75

X ¼
4:7477 �0:2724 �0:8058

0:0334 9:7679 �0:0469

�0:7055 0:3084 5:4820

2

64

3

75;

�1 ¼ 114:1212; �2 ¼ 42:9172; �3 ¼ 42:1433;

�4 ¼ 111:2413; �5 ¼ 41:1892; �6 ¼ 40:4159;

�7 ¼ 52:9226; �8 ¼ 51:1170; �9 ¼ 42:7997;

�10 ¼ 41:0721; �11 ¼ 42:9904; �12 ¼ 41:2624;

�13 ¼ 72:2590; �14 ¼ 70:1599:

We are ready to discuss the same example for nominal

system (i.e., removing the impulse term in the reported

Theorems). The following Table 1 shows that the maxi-

mum allowable upper bound of the time delay s2 for the

different fixed delays s1 and r.

In addition, the time-varying delay has been chosen as

sðtÞ ¼ 0:0335 sin t þ 2 of Theorem 1 in [6] for g = 0.0335.

However, if we set sðtÞ ¼ 0:1131 sin t þ 2310; from

Theorem 5.5, we can verify that this system (59) has a

unique equilibrium point, which is globally asymptotically

stable for the same g. Hence, the results presented in this

paper are less conservative than those studied in [6].

Example 4.2 Consider the delayed impulsive neural net-

works (18) with

C ¼ diagf1:5; 1:8; 1:2g;

B ¼
1:63 0:03 �0:13

�0:02 0:98 0:12

0:01 �0:08 0:79

2

64

3

75;

E1 ¼
0:09 0:01 �0:01

0:02 0:04 0:03

�0:01 0:02 0:04

2

64

3

75;

E2 ¼
0:05 0:02 �0:02

0:01 0:07 0:01

�0:01 0:02 0:08

2

64

3

75;

E3 ¼
0:06 �0:01 0:02

�0:01 0:03 0:01

0:02 0:01 0:09

2

64

3

75;

~g1ðxÞ ¼ 0:32 tanhð2:1875xÞ; ~g2ðxÞ ¼ 0:32 tanhð1:875xÞ;
~g3ðxÞ ¼ 0:32 tanhð2:5xÞ:

S70 Neural Comput & Applic (2013) 22 (Suppl 1):S55–S73

123



Obviously, Assumptions 2 and 3 are satisfied with

m ¼ 0:96; R2 ¼ diagf0:7; 0:6; 0:8g; C2 ¼ 0:

Let us take r ¼ 0:1;D1 ¼ 0; g ¼ 1 and D2 ¼ 0:4; by

resorting to the Matlab LMI Control Toolbox to solve the

LMIs in Theorem 5.2, we obtain the following feasible

solutions

P11 ¼
9:9922 0:1362 0:2353

0:1362 24:1624 0:0452

0:2353 0:0452 33:5189

2
64

3
75

P12 ¼
3:0881 0:1002 �0:1599

�0:0387 7:2257 0:3217

0:7965 �0:4158 7:0316

2
64

3
75

P13 ¼
4:6915 0:0303 �0:1965

�0:0116 6:2722 0:4893

0:3055 �0:0066 7:6997

2
64

3
75

P22 ¼
6:5362 0:3236 0:2186

0:3236 14:0224 �0:1517

0:2186 �0:1517 14:2731

2
64

3
75

P23 ¼
�3:8589 0:2214 �0:1754

�0:2006 �5:5219 0:0946

0:2506 �0:1626 �7:6842

2
64

3
75

P33 ¼
7:8346 �0:1926 0:4265

�0:1926 17:0687 0:0545

0:4265 0:0545 17:7939

2
64

3
75

L1 ¼
38:8900 0 0

0 38:8900 0

0 0 38:8900

2
64

3
75

L2 ¼
0:0360 0 0

0 2:8687 0

0 0 1:2729

2
64

3
75

Q1 ¼
5:1989 0 0

0 11:3801 0

0 0 13:9093

2
64

3
75

Q2 ¼
0:1117 0 0

0 6:5120 0

0 0 3:6061

2
4

3
5

Q3 ¼
6:1709 0 0

0 19:7847 0

0 0 11:2085

2

4

3

5

Q4 ¼
0:0724 0 0

0 4:8340 0

0 0 2:2166

2

4

3

5

Q5 ¼
0:3394 0 0

0 16:4172 0

0 0 6:3795

2

4

3

5

R1 ¼
43:4857 0 0

0 19:9572 0

0 0 13:8792

2
4

3
5

S1 ¼
11:5391 0 0

0 12:1150 0

0 0 13:1566

2
4

3
5

S2 ¼
0:3816 0 0

0 7:8574 0

0 0 11:0949

2
4

3
5

T1 ¼
8:1451 0 0

0 14:7522 0

0 0 16:7977

2
4

3
5

T2 ¼
12:5145 0 0

0 16:5321 0

0 0 18:6317

2

4

3

5

T3 ¼
141:7516 0 0

0 13:6979 0

0 0 12:0782

2

4

3

5

Z2 ¼
0:6482 0 0

0 24:3500 0

0 0 11:2151

2
4

3
5

Z3 ¼
25:5316 0 0

0 32:1935 0

0 0 34:8652

2
4

3
5

X ¼
1:3547 0:0195 0:1148

0:0048 3:8938 �0:1546

0:0322 �0:1306 4:3937

2

4

3

5;

�4 ¼ 93:4792; �6 ¼ 14:6164; �8 ¼ 25:8435;

�10 ¼ 16:1415; �12 ¼ 16:8014; �14 ¼ 38:3909:

Table 1 Maximum allowable

upper bound s2 for various

values of r with fixed s1 and

g = 1

r 0.1 0.2 0.3 0.4 0.5

s1 = 0 1.3053 1.1241 0.9470 0.8850 0.8246

s1 = 1 2.3046 2.0337 1.5724 11.3571 1.3106

s1 = 10 11.2968 11.0334 10.5724 10.3344 10.2493

s1 = 100 101.2866 101.0322 100.5724 100.3340 100.2493

s1 = 1000 1,001.2575 1,001.0275 1,000.5714 1,000.0333 1,000.2487
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We are ready to discuss the same example for nominal

system (i.e., removing the impulse term in the reported

Theorems). The following Table 2 shows that the

maximum allowable upper bound of the time delay s2 for

the different fixed delays s1 and r.

In addition, the time-varying delay have been chosen as

sðtÞ ¼ 0:1023 sin t þ 2 of Theorem 1 in [6] for g = 0.1023.

However, if we set sðtÞ ¼ 0:1023 sin t þ 2795; from

Theorem 5.6, we can verify that this system (61) has a

unique equilibrium point, which is globally asymptotically

stable for the same g. Hence, the results presented in this

paper is less conservative than those studied in [6].

Remark 4.3 In the simulations, one may find that high-

order Hopfield neural networks (5) with r = 0 are globally

asymptotically stable (see Fig. 1). If we take r = 1.5, it is

easy to check that the LMIs (8–9) have not any feasible

solutions via MATLAB LMI toolbox, which implies that

our results cannot guarantee the stability of high-order

Hopfield neural networks (5) for the example 4.1. In this case,

from simulations, it is interesting to find that high-order

Hopfield neural networks (5) is not stable (see Fig. 2). This

greatly shows the advantage of our development results.

Similarly, for example 4.2, Figs. 3 and 4.

7 Conclusion

In this paper, we have investigated a class of high-order

Hopfield neural networks with time delay in the leakage

term under impulsive perturbations. Sufficient condition to

ensure the global existence and uniqueness of the solution
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Fig.3 Fig.4

Figs. 1–4 State trajectories of tyhe system

Table 2 Maximum allowable upper bound s2 for various values of r
with fixed s1 and g = 1

r 0.1 0.2 0.3

s1 = 0 0.9557 0.7383 0.3978

s1 = 1 1.9484 1.6993 1.2305

s1 = 10 10.9483 10.6993 10.2305

s1 = 100 100.9481 100.6992 100.2305
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for the high-order Hopfield neural networks by using the

contraction mapping theorem have been derived. Next,

some sufficient conditions on the global asymptotic sta-

bility results have been derived for a class of high-order

Hopfield-type neural networks with mixed delays and

impulsive perturbations. A new method has been proposed

to obtain the delay-dependent stability criteria by intro-

ducing an appropriate Lyapunov–Krasovskii functionals

including triple integral terms. Less conservative results

have been derived by applying the free-weighting matrix

method and LMI techniques. Finally, the effectiveness

of the proposed results has been demonstrated by two

numerical examples.
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