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Abstract We compare the generalization characteristics
of complex-valued and real-valued feedforward neural
networks. We assume a task of function approximation
with phase shift and/or amplitude change in signals having
various coherence. Experiments demonstrate that complex-
valued neural networks show smaller generalization error
than real-valued networks having doubled input and output
neurons in particular when the signals have high coherence,
that is, high degree of wave nature. We also investigate the
relationship between amplitude and phase errors. It is
found in real-valued networks that abrupt change in
amplitude is often accompanied by steep change in phase,
which is a consequence of local minima in real-valued
supervised learning.

Keywords Complex-valued neural network -
Function approximation - Generalization

1 Introduction

Researches on complex-valued neural networks (CVNN5)
have revealed various aspects of their dynamics. However,
at the same time, it is true that a complex number is rep-
resented by a pair of real numbers, namely real and
imaginary parts, or amplitude and phase. Actually, a vari-
ety of useful neural dynamics theories are obtained by
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paying attention to the real and imaginary parts [1, 10, 11]
or amplitude and phase [2, 3]. This fact sometimes leads to
an assumption that a CVNN is almost equivalent to a
double-dimensional real-valued neural network.

In this paper, we compare complex- and real-valued
neural networks by focusing on their generalization char-
acteristics. We investigate the generalization ability of
feedforward complex-valued and double-dimensional real-
valued neural networks, in particular when they learn and
process wave-related data for function approximation or
filtering. We observe the characteristics by feeding signals
that have various degrees of wave nature by mixing a
sinusoidal wave and white noise. Computer experiments
demonstrate that the generalization characteristics of
CVNNs are different from those of double-dimensional
real-valued neural networks (RVNNs) depending on the
degree of wave nature of the signals, or the coherence.

This paper is an extension of a conference paper [8]. A
statistical evaluation and discussion on this topic are also
given in Ref. [9]. Contrarily, we concentrate on the rela-
tionship between the amplitude and phase response
occurring with the time shift and amplitude changes in the
input signals.

This paper is organized as follows. Section 2 reviews a
property of complex numbers by representing them as
2 x 2 matrices and discuss its effect on the supervised
learning in non-layered feedforward neural networks.
Section 3 presents the construction of the computer
experiments and learning dynamics. In Sect. 4, we show
the difference in the generalization characteristics experi-
mentally. We find that the generalization ability of CVNNs
is higher than that of double-dimensional RVNNs espe-
cially when they process signals having high degree of
wave nature. We discuss the characteristics specific to
respective networks. Section 5 is the conclusion.

@ Springer



1358

Neural Comput & Applic (2013) 22:1357-1366

2 Qualitative difference between complex-
and real-valued neural networks

2.1 Complex number represented as real 2 x 2 matrix

First, we review the nature of a complex number [5]. As we
focus on multiplication out of the four arithmetic opera-
tions of complex numbers, we can represent a complex
number as a real 2 x 2 matrix. That is, with every complex

number ¢ = a + v —1b, where a and b are real numbers,
we associate a C-linear transformation

T.:C—C, z—cz=ax—Dby+V—1(bx+ ay) (1)
If we identify C with R* by

z=x+iy=<§> (2)

it follows that
—b
“(3) - ()
y bx + ay
G2 )0)
\b a y

In other words, the linear transformation 7, determined by

(3)

¢ = a + ib is described by the matrix (Z _ab). Gen-

erally, a mapping represented by a 2 x 2 matrix is non-
commutative. However, in the present case, it becomes
commutative.

The most important point of this representation lies in
the fact that it clearly expresses the function specific to the
complex numbers as the rotation and amplification or

attenuation as
a —b cosf) —sinf

(b a )r<sin0 cosf ) (4)

where r = va? + b* and 0 = arctan b/a denote amplifica-

tion or attenuation of amplitude and rotation angle applied
to the complex signals z, respectively.

2.2 Phase rotation and amplitude amplification/
attenuation in neural networks

Let us consider how the above feature of the complex
number emerges in neural dynamics. Assume a task to
realize a mapping that transforms an input x™ to an output
x°UT shown in Fig. 1a through supervised learning that
adjusts the synaptic weights wj;. Simply, we have only a
single teacher pair of input and output signals here. We
consider a very simple feedforward neural network in the
real number domain shown in Fig. 1b having a single-

layer, 2-input, 2-output. For simplicity, we omit possible
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Fig. 1 a A task to map x™ to x°Y", and a simple RVNN to learn the
task having b 2-input 2-output single-layer structure and ¢ a possible
but degenerate solution that is often not useful, and a simple CVNN to
learn the same task having b 1-input 1-output single-layer structure
and c expected learning result [5]

nonlinearity at the neurons, that is, the activation function
is the identity function. Then, the general input—output
relationship is described by using four real numbers a,
b, ¢, and d as

() = (2 4) () g

In the present case, we have a variety of possible mappings
realized by the learning because the number of parameters
to be determined is larger than that of the condition, that is,
the learning task is an ill-posed problem. The functional
difference among the possible mapping functions emerges
as the difference in the generalization characteristics. For
example, learning can result in a degenerate mapping
shown in Fig. 1c, which is often unuseful in practice.
Next let us consider the learning of the mapping in
the complex domain, which transforms a complex value
N = (x{N, xiN) to another complex value xOUT — x?UT,
XU, Figure 1d shows a CVNN, where the weight is a

single complex value w = |w| exp(v/ —1 0). The situation is
expressed just like in (5) with the constraint (4) as
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(x?UT) _ (|w|cosO —|w|sin0)(x{N> ()
KOUT )7\ w|sin®  |w|cos® )\ xN

The degree of freedom is reduced, and the arbitrariness of
the solution is also reduced. That is, we have a unique
solution in this case as follows. Figure 1d illustrates the
result of the learning. The mapping is a combination of
phase rotation and amplitude attenuation.

This property can be a great advantage when we deal
with information related with waves such as electromag-
netic wave, lightwave, and electron wave. This is an
intuitive expectation, and investigated numerically in the
following sections.

3 Construction of experiments and learning dynamics

We organize our experiment as follows.

e Preparation of input signals: Variously weighted sum-
mation of sinusoidal wave (coherent wave) and non-
wave data, that is, white noise having random amplitude
and phase (or real and imaginary parts).

e Definition of the task to learn: Identity mapping, which is
expected to show the learning characteristics clearly, for
the above signals with various degrees of wave nature.

e Evaluation of generalization: Observation of the gen-
eralization error when the input signals shift in time
and/or when the amplitude is changed.

3.1 Forward processing and learning dynamics
3.1.1 Complex-valued neural network

We consider a layered feedforward network having input
terminals, hidden neurons, and output neurons. In the case
of a CVNN, we employ a phase-amplitude-type sigmoid
activation function and the teacher-signal-backpropagation
learning process [3, 7] with notations of

Fig. 2 Schematic diagram of
the learning process of
complex- and double-
dimensional real-valued 2l
feedforward neural networks for
pairs of input—output teachers
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2 =1[z1,- 2 »2,211)"  (Input signal vector) (7)
zH:.[zl,...,zh,...,ZH,ZH.H]T ()

(Hidden-layer output signal vector)

2L =[z, 2, .,ZO]T (Output-layer signal vector)

9)
WH = [w,;] (Hidden neuron weight matrix) (10)
WO = [w,;] (Output neuron weight matrix) (11)
where []T means transpose. In (10) and (11), the weight

matrices include additional weights wy;; and w,y 1,
equivalent to neural thresholds, where we add formal
constant inputs z;,.; = 1 and zg,; =1 in (7) and (8),
respectively. Respective signal vectors and synaptic
weights are connected with one another through an
activation function f(z) as

=fF(WHZ) 20 =F(WOH) (12)

where f(z) is a function of each vector element z (€ C)
defined as

f(z) = tanh(|z]) exp (\/—_1 argz) (13)

Figure 2 is a diagram to explain the supervised learning
process. We prepare a set of teacher signals at the input
2= [ .. " and the 2=
[Z1s -+ s Zoss- - 20s) (s=1,...,5,...8) for which we
employ the teacher-signal backpropagation learning. We
define an error function E to obtain the dynamics [3, 7] as

os Zisy -+ -5 2ss Al s output
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OF ( )

—=(1—z ) Zo| — |Z,| cos(argz, — arg Z,

gy = (1= o) (o] = 2] cos(argz, — arp 2)
X |zp| cos(arg z, — argZ, — arg wyy,)

R . |zn]

—|z,112,| sin(arg z, — arg Z,) ————

ol sin(arez, —arg2,)

x sin(arg z, — argzZ, — arg wo,)
1 OE

[Won| O(arg wop)
= (1= 1o ) (Jzo| = [z cosarg 2, — arg 2,2
(18)

x sin(arg z, — arg Z, — arg wyp)
o . |2
+ |20]12,| sin(arg z, — arg Z,) 1
tanh ™" |z,|
x cos(argz, — argz, — arg wop)

where (-)"" and (-)° indicate the update of the weights

from () to ()™ and K is a learning constant. The
teacher signals at the hidden layer 28 = [71,...,%;,. . ., zH}T
are obtained by making the output teacher vector itself z°

propagate backward as
= (1) W)’ (19)

where (-)" denotes Hermite conjugate. Using 2!, the
hidden-layer neurons change their weights by following
(15)—-(18) with replacement of the suffixes o, & with
h, i [4, 6].

3.1.2 Double-dimensional real-valued neural network

Similarly, the forward processing and learning of a double-
dimensional RVNN is explained as follows. Figure 2
includes also this case. We represent a complex number as
a pair of real numbers as z; = xp;_1 + V=1 xy;. That is, we
have a double-dimensional real input vector zg, a double-
dimensional hidden signal vector zR, and a double-dimen-
sional output signal vector z§. A forward signal processing
connects the signal vectors as well as hidden neuron
weights WR and output neuron weights Wy through a real-
valued activation function fy as

real&imaginary r
Z{z = X1y X2 5oy X2i—15 X205+« 3 X201, X201, X21 41, X21 42
(= ZI) (Input signal vector)
(20)
zE :[xl,xz, sy X2n—15X2h, - - -,XZH—17x2H7x2H+1,x2H+2]T
(Hidden-layer output signal vector)
(21)
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ZR *[xla-XZ; v ey X20—15X20, -« - '7-x20*17-x20]

. (22)
(Output-layer signal vector)

WH = [wry;]  (Hidden neuron weight matrix) 23

WS = [Wron] (Output neuron weight matrix) 24

@ =fi(Wize) 2 = fa(Wizg)
fr(x) = tanh(x)

where the thresholds are wg 2741, WRn2142, WRI2H+1, and
Wrnon+2 With formal additional inputs x4y, =1,
Xopao = 1, X0y = 1, and x5, = 1. We employ the
conventional error backpropagation learning.

25

)
)
)
26)

(
(
(
(

4 Computer experiments
4.1 Experimental setup

We chose the identity mapping as the task to be learned to
show the network characteristics most clearly. To generate
input signals as a function of time z(#) having several
degrees of coherence, we added white Gaussian noise n(f)
to a sinusoidal wave sinwt (angular frequency ) with
various weighting as z(¢) = as sin wf + a,n(t) where ag and
a, denote equivalent amplitude. Then, the degree of wave
nature is expressed as the signal-to-noise ratio SNR =
aga, where SNR = oo means complete wave, while
SNR = 0 corresponds to complete non-wave. The network
parameters are as follows: Number of input neurons
I = 16, hidden neurons H = 25, output neurons O = 16,
learning constant K = 0.01, and the learning iteration =
3,000.

4.2 Results and discussion

Figures 3, 4, 5, 6 display typical examples of the learning
curves and output signals when SNR = oo, 20dB, 10dB,
and 0dB, respectively. Figure 3a shows an example of the
learning curve when SNR = oo, that is, the signal is
sinusoidal. We find that the learning is almost successfully
completed for both the CVNN and RVNN. The learning
errors converge roughly at zero, which means that there is
only slight residual error at the learning teacher points.
However, the curves are different from each other at the
beginning of the learning. The curve of the CVNN shows
quick decreases. Contrarily, that of the RVNN has a pla-
teau just after the beginning and then steep decrease. This
tendency is often observed in the RVNN to learn high-
coherence signals, which implies that the RVNN is subject
to local minima.
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Fig. 3 Example of a learning curve, b amplitude, and ¢ phase when
the input signal amplitude gradually changed, and d amplitude and e
phase when the input signal gradually shifts in time, in the real-valued

After the learning, we feed other input signals to inves-
tigate the generalization. As mentioned above, the wave-
length is adjusted to span over the 16 neural input terminals.

0
0 0.2 04060810 0204060810 02 04 06 0.81
Normalized time shift

(d)

Generalization to Phase Change (Phase Part)
RVFNN Output CVFNN Output

Output(Phase Part)

0 02 04 06 0810 02 04 06 0810 02 04 06 0.8 1
Normalized time shift

(e)

and complex-valued neural networks (RVNN and CVNN) when no
noise is added to sinusoidal signals (S/N = o)

Figure 3b and c presents examples of the output amplitude
and phase, respectively, showing from left-hand side to the
right-hand side the ideal output of the identity mapping, the
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Fig. 4 Example of a learning curve, b amplitude, and ¢ phase when
the input signal amplitude gradually changed, and d amplitude and e
phase when the input signal gradually shifts in time, in the real-valued

RVNN outputs, and the CVNN outputs of the 16 output
neurons. The horizontal axis shows the amplitude changing
from O to 1. Figure 3d and e shows the output amplitude and
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and complex-valued neural networks (RVNN and CVNN) when no
noise is added to sinusoidal signals (S/N = 20 dB)

phase when the input signal is shifted in time. The horizontal
axes present the time shift # normalized by the unit-wave
duration 7.
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Fig. 5 Example of a learning curve, b amplitude, and ¢ phase when
the input signal amplitude gradually changed, and d amplitude and e
phase when the input signal gradually shifts in time, in the real-valued

We find that the RVNN output amplitude and phase values are
very different from the ideal ones. The learning has been con-
ducted at 16 snapshots of the signal waveform, that is, four points
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and complex-valued neural networks (RVNN and CVNN) when no
noise is added to sinusoidal signals (S / N = 10dB)

in the amplitude (¢ = 0,0.25, 0.5, 0.75) multiplied by four phase
shifts, or time shifts # normalized by the signal wave period T (¢/
T = 0, 1/8, 2/8, 3/8) plus initial waveform phase at respective

@ Springer



1364

Neural Comput & Applic (2013) 22:1357-1366

20

Square Error

Generalization to Amplitude Change (Amplitude Part)
Ideal Output

RVFNN Output

Output(Amplitude Part)

RVNN -
CVNN —
0 - 500 1000 1500 20IOO 25IOO 3000
Learning iteration
(a)
Generalization to Phase Change (Amplitude Part)
CVFNN Output Ideal Output RVFNN Output CVFNN Output
1 14
T 12
©
o
o 1
©
>
= 08
Q.
€
<
=
Q.
=
)

0 I :
002 04 06 0810 02 04 06 0810 02 04 06 0.8 1
Input Amplitude Change

(b)

Generalization to Amplitude Change (Phase Part)
Ideal Output RVFNN Output CVFNN Output

{

Output(Phase Part)
o

[

002 04 06 0810 02 04 06 0810 02 04 06 08 1
Input Amplitude Shift

(©)
Fig. 6 Example of a learning curve, b amplitude, and ¢ phase when

the input signal amplitude gradually changed, and d amplitude and e
phase when the input signal gradually shifts in time, in the real-valued

neurons 2in/16 (i =0,1,2,...,15). (For the details of the
learning process, see Ref. [9].) In each charts in Fig. 3b,c,d, ore,
we have 16 curves corresponding to the 16 neuron outputs.
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and complex-valued neural networks (RVNN and CVNN) when no
noise is added to sinusoidal signals (S/N = 0 dB)

Figure 3b shows the output amplitude response when
the input signal amplitude is changed. The ideal output
(left-hand side) is given as the proportional outputs where
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16 curves are identical. However, the RVNN output
amplitudes are largely different. At the learning points of 0,
0.25, and 0.5, the curves are forced to converge at almost
ideal values. The phase values at 0.25 and 0.5 in Fig. 3c
also show values near to the ideal ones. However, in total,
it deviates very largely from the ideal line, though at the
0-amplitude point the phase value means nothing.

At the last learning point, amplitude of 0.75, the state is
different. The amplitude values do not converge but are
scattered instead. The phase values also differ from the
ideal ones. The result implies that the network sought
optimal solution in the scattered amplitude condition,
which is a local minimum.

In contrast, the 16 amplitude outputs of the CVNN in
Fig. 3b are identical with one another, which situation is
the same as the ideal one, though the amplitude curves
show saturation at the large amplitude region. This result
reflects directly the saturation characteristic of the neuron
activation function. As an optimal learning result, the
network shows slightly larger amplitude in the small input-
amplitude region, while a little smaller amplitude in the
large input region. The phase values in Fig. 3c are similar
to ideal ones, though at around O-amplitude they are
meaningless and deviating.

Next, we observe the responses to the time shift (or
phase shift) of the input signal. The horizontal axes in
Figs. 3d and e show the time shift normalized by the wave
period 7. Figure 3d presents the output amplitude when the
input amplitude is fixed at 0.5. Ideally, it should be 0.5
constantly. However, the RVNN outputs deviate very lar-
gely again. The phase values in Fig. 3e also deviate from
the ideal ones. The large phase error regions in (e) corre-
spond to the regions of steep amplitude changes in (d).
Contrarily, the CVNN output amplitude values in Fig. 3d
are almost constant. The value is a little different from 0.5
because of the nonlinearity of the neuron activation func-
tion. The phase values of the CVNN in Fig. 3e are almost
identical with the ideal lines.

As seen above, the CVNN presents better generalization
ability in both amplitude and phase for coherent signals. Its
feature is obvious in the response including the phase
rotation observed clearly as the phase stability against input
amplitude changes as well as the linear phase changes
versus the input phase shift. These characteristics match the
single neuron dynamics in Fig. le in Sect. 2, which shows
that the elemental process consists of phase rotation as well
as amplitude change if needed.

Figures 4, 5, 6 show the data for SNR = 20dB, 10dB,
and 0dB, respectively. As the degree of wave nature
decreases, the generalization error increases. However, in
any SNR case, both the amplitude and phase of the CVNN
exhibit better generalization than those of the RVNN.

Note that the time required for the learning can also be
longer, in particular for the signals with lower degree of
wave nature (smaller the SNR, lower the coherence). This
fact is attributed to the smaller degree of freedom of the
CVNN s described in Sect. 2.2.

The correspondence between steep changes in amplitude
and phase is sometimes observed also in these low coher-
ence cases. For example, in Fig. 6b where SNR = 0dB, at
amplitude of about 0.75, the amplitude has a sharp dip for
several neuron outputs. Correspondingly, in Fig. 6¢c, we
can find phase change in the phase outputs of the same
neurons. Such changes are observed only in the RVNN
where there is no implicit limitation of phase-and-ampli-
tude elemental dynamics.

5 Conclusion

This paper investigated numerically the generalization
characteristics in the feedforward complex-valued and real-
valued neural networks (CVNN and RVNN). We compared
a CVNN and a double-dimensional RVNN in a simple
case where the networks deal with the task of function
approximation. Computer experiments demonstrated that
the CVNN exhibits better generalization characteristics in
particular for signals having high degree of wave nature,
that is, coherence. This fact is attributed to the smaller
degree of freedom of the CVNN than that of the RVNN,
resulting in a learning tendency to assume phase rotation
and amplitude amplification or attenuation. We also
investigated the relationship between the amplitude and
phase errors. We found in the RVNN that abrupt change in
amplitude is often accompanied by a steep change in phase.
This phenomenon is a consequence of local minima in the
RVNN and not observed in the CVNN. These character-
istics of the CVNN are expected to be used in many
applications to deal with wave phenomena and wave-
related information processing.
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