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Abstract This paper investigates the problem of expo-

nential synchronization of switched stochastic competitive

neural networks (SSCNNs) with both interval time-varying

delays and distributed delays. The distributed delays can be

unbounded or bounded; the stochastic perturbation is of the

form of multi-dimensional Brownian motion, and the net-

works are governed by switching signals with average

dwell time. Based on new multiple Lyapunov-Krasovkii

functionals, the free-weighting matrix method, Newton-

Leibniz formulation, as well as the invariance principle of

stochastic differential equations, two sufficient conditions

ensuring the exponential synchronization of drive-response

SSCNNs are developed. The provided conditions are

expressed in terms of linear matrix inequalities, which are

dependent on not only both lower and upper bounds of the

interval time-varying delays but also delay kernel of

unbounded distributed delays or upper bounds for bounded

distributed delays. Control gains and average dwell time

restricted by given conditions are designed such that they

are applicable in practice. Numerical simulations are given

to show the effectiveness of the theoretical results.

Keywords Switched systems � Competitive neural

networks � Exponential synchronization � Unbounded

distributed delay � Vector-form noise � LMI

1 Introduction

Neural networks have attracted the attention of many

researchers of different areas since they have been fruit-

fully applied in signal and image processing, associative

memories, combinatorial optimization, automatic control,

and so on [1–4]. In 1983, Cohen and Grossberg [5] pro-

posed competitive neural networks (CNNs). Recently,

Meyer-Bäse et al. [6–8] proposed the so called CNNs with

different time scales, which can be seen as the extension of

Hopfield neural networks [9], cellular networks [10],

Cohen and Grossberg’s CNNs [5], and Amari’s model for

primitive neuronal competition [11]. In the CNNs model,

there are two types state variables: the short-term memory

variables (STM) describing the fast neural activity and the

long-term memory variables (LTM) describing the slow

unsupervised synaptic modifications. Global exponential

stability of CNNs with or without delays was investigated

in [6–8, 12–15].

In the past decades, since the concept of drive-response

synchronization for coupled chaotic systems was proposed

in [16], much attention has been drawn to control and

chaos synchronization [17] due to its potential applications

such as secure communication, biological systems, infor-

mation science, etc., [18]. In [16], a chaotic system, called

the driver (or master), generates a signal sent over a

channel to a responder (or slave), which uses this signal to

synchronize itself with the driver. In other words, in the

drive-response (or master-slave) systems, the response

(or slave) system is influenced by the behavior of the drive
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(or master) system, but the drive (or master) system is

independent of the response (or slave) one. The principle of

using chaos to secure communication is this: the useful

signal information with chaos signal is transmitted from

driver to responder, then the useful signal information is

recovered when synchronization between the states of

driver to responder is realized. It was found in [19] that

some delayed neural networks can exhibit chaotic

dynamics. In [20], Lou and Cui studied the exponential

synchronization for a class of CNNs with time-varying

delays by instantaneous state feedback control scheme. The

synchronization criteria were given by linear matrix

inequality (LMI). By combining adaptive control scheme

with LMI approach, Gu [21] investigated synchronization

for CNNs with stochastic perturbations. However, authors

of [20] and [21] did not consider distributed delays.

Since neural networks usually have a spatial extent due

to the presence of an amount of parallel pathways with a

variety of axon size and lengths [22], it is more practical to

model them by introducing distributed delays. The

unbounded distributed delay implies that the distant past

has less influence compared to the recent behavior of the

state [22], while bounded distributed delay means that there

is a distribution of propagation delays only over a period of

time [25–28]. We note that most existing results on sta-

bility or synchronization of neural networks with bounded

distributed delays obtained by using LMI approach can not

be directly extended to those with unbounded distributed

delays (see Remark 3). Although there were some results

on the exponential stability or synchronization of neural

networks with unbounded distributed delays, they were all

obtained by algebra approach [2, 15, 29]. As is well known,

compared with LMI result, algebraic one is more conser-

vative, and criteria in terms of LMI can be easily checked

by using the powerful Matlab LMI toolbox. This motivates

us to investigate the exponential synchronization of CNNs

with unbounded distributed delays based on LMI approach.

At the same time, the LMI approach of this paper is

applicable to exponential synchronization of CNNs with

bounded distributed delays.

Switched systems have attracted much research atten-

tion in control theory field during recent years. A switched

system is composed of several dynamical subsystems and a

switching law that specifies the active subsystem at each

instant of time. Switched systems have numerous appli-

cations in communication systems, control of mechanical

systems, automotive industry, aircraft and air traffic con-

trol, electric power systems [30–33], and many other fields.

In [30, 31, 33], asymptotic synchronization of switched

systems and application in communication is investigated.

In this paper, we shall investigate exponential synchroni-

zation of switched competitive neural networks with both

interval time-varying delays and distributed delays. In

order to guarantee exponential synchronization, switches

are required not to happen too frequently [34, 35]. The

concept of average dwell time [34] is then introduced in

this paper to describe this phenomenon. Inspired by mul-

tiple Lyapunov function in [36], a new multiple Lyapunov-

Krasovskii functional will be designed to cope with the

switching problem.

Recently, the research on stochastic models has received

considerable interest, since stochastic perturbations have

come to play an important role in many real systems [4, 21,

23, 24, 29, 37, 38]. However, to the best of our knowledge,

no published paper concerning exponential synchronization

of stochastic competitive neural networks (SCNNs) with

both interval time-varying delays and distributed delays is

reported in the literature. Since CNNs are extensions of

neural networks, we further study SCNNs.

Based on the above discussions, in this paper, we aim

to investigate exponential synchronization of SSCNNs

with interval time-varying delays and distributed delays.

Both unbounded and bounded distributed delays are

considered. The switching rule is described by introducing

the concept of average dwell time. By constructing new

Lyapunov-Krasovskii functionals and employing a com-

bination of the free-weighing matrix method, Newton-

Leibniz formulation, and inequality technique, controller

is designed to achieve exponential synchronization of the

considered systems. The provided conditions are expres-

sed in terms of LMIs, which are dependent on not only

both lower and upper bounds of the interval time-varying

delays but also delay kernel for unbounded distributed

delays or upper bounds for bounded distributed delays

and can be easily checked by the effective LMI toolbox in

Matlab. Some restrictions are imposed on control gains

and average dwell time for the practical application in

engineering and secure communication. Some useful

lemmas can be easily obtained from our results, and some

existing results are extended and improved. Numerical

simulations are given to demonstrate the effectiveness of

the new results.

The rest of this paper is organized as follows. In Sect. 2,

models of considered SSCNNs are presented. Some nec-

essary assumptions, definitions, and lemmas are also given

in this section. Our main results and their rigorous proofs

are described in Sect. 3. In Sect. 4, one example with

numerical simulations is offered to show the effectiveness

of our results. In Sect. 5, conclusions are given. At last,

acknowledgments.

2 Preliminaries

The CNNs with time-varying delays and unbounded dis-

tributed delays is described as:

Neural Comput & Applic

123



STM :e _xiðtÞ¼�cixiðtÞþ
Xn

j¼1

aijf
jðxjðtÞÞ

þ
Xn

j¼1

bijf
jðxjðt�sðtÞÞÞ

�
Xn

j¼1

dij

Z t

�1

kðt�sÞf jðxjðsÞÞds

þEi
Xp

l¼1

milðtÞwl; i¼1;2;...;n;

LTM : _milðtÞ¼�aimilðtÞþbiwlf
iðxiðtÞÞ; l¼1;2;...;p;

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð1Þ

where xðtÞ ¼ ðx1ðtÞ; . . .; xnðtÞÞT 2 R
n is the state vector of

the CNNs; f ðxðtÞÞ ¼ ðf 1ðx1ðtÞÞ; . . .; f nðxnðtÞÞÞT denotes

the neuron activation function; M(t) = (mil)n9p is the

synaptic efficiency; N ¼ diagða1; a2; . . .; anÞ and ! ¼ diag

ðb1; b2; . . .; bnÞ denote disposable scaling constants with

ai [ 0; C ¼ diagðc1; c2; . . .; cnÞT with ci [ 0 represents

the time constant of the neuron; A = (aij)n9n, B =

(bij)n9n, and D = (dij)n9n are the connection weight

matrix, time-delayed weight matrix, and the distribu-

tively time-delayed weight matrix, respectively; w ¼
ðw1;w2; . . .;wpÞT is the constant external stimulus; E ¼
diagðE1;E2; . . .;EnÞ is the strength of the external stim-

ulus. e is the time scale of STM state. Here, s(t) denotes

the time-varying delay of the CNNs. kð�Þ is the delay

kernel.

Let SðtÞ ¼ ðS1ðtÞ; S2ðtÞ; . . .; SnðtÞÞT and SiðtÞ ¼
Pp

l¼1 mil

ðtÞwl ¼ mT
i ðtÞw; i ¼ 1; 2; . . .; n: Then the CNNs (5) can be

rewritten in the following form:

STM : e _xiðtÞ ¼�cixiðtÞþ
Xn

j¼1

aijf
jðxjðtÞÞ

þ
Xn

j¼1

bijf
jðxjðt� sðtÞÞÞ

�
Xn

j¼1

dij

Z t

�1

kðt� sÞf jðxjðsÞÞdsþEiSiðtÞ;

LTM : _SiðtÞ ¼�aiSiðtÞþbijwj2f iðxiðtÞÞ;
i¼ 1;2; . . .;n;

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

ð2Þ

where jwj2 ¼w2
1þw2

2þ � � �þw2
p is a constant. Without

loss of generality, the input stimulus vector w is assumed

to be normalized with unit magnitude, i.e., |w|2 = 1, and

the fast time-scale parameter e is also assumed to be

unit. Then the system (2) turns out to the following

networks:

STM : _xiðtÞ ¼ �cixiðtÞ þ
Xn

j¼1

aijf
jðxjðtÞÞ

þ
Xn

j¼1

bijf
jðxjðt � sðtÞÞÞ

�
Xn

j¼1

dij

Z t

�1

f jðxjðsÞÞ dsþ EiSiðtÞ;

LTM : _SiðtÞ ¼ �aiSiðtÞ þ bifiðxiðtÞÞ; i ¼ 1; 2; . . .; n;

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð3Þ

or

STM : _xðtÞ ¼ � CxðtÞ þ Af ðxðtÞÞ þ Bf ðxðt � sðtÞÞÞ

� D

Z t

�1

kðt � sÞf ðxðsÞÞ dsþ ESðtÞ;

LTM : _SðtÞ ¼ � NSðtÞ þ !f ðxðtÞÞ:

8
>>>>><

>>>>>:

ð4Þ

By introducing switching signal into the system (4), one

can obtain the following switched CNNs:

STM : dyðtÞ ¼ � CryðtÞ þ ArfrðyðtÞÞ þ Brfrðyðt � srðtÞÞÞ

2
4

� Dr

Z t

�1

krðt � sÞfrðyðsÞÞ ds

þErRðtÞ þ Ur

3
5dt þ hrðt; eðtÞ; eðt � srðtÞÞÞ dxðtÞ;

LTM : dRðtÞ ¼ ½�NrRðtÞ þ !rfrðyðtÞÞ� dt;

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð5Þ

A switching signal is simply a piecewise constant signal

taking values on index set. In model (5), the r : ½0;þ1Þ !
M ¼ f1; 2; . . .;mg is a switching signal. Then

fCr;Ar;Br;Dr;Er;Nr;!r; frð�Þ; srð�Þ; krð�Þg is a family of

matrices, activation functions, time-varying delays, and

delay kernels parametrized by index set M: We always

assume that the values of r is unknown, but its instanta-

neous value is available in real time.

Based on the concept of drive-response synchronization,

we design the following response CNNs:

STM : dyðtÞ ¼ � CryðtÞ þ ArfrðyðtÞÞ þ Brfrðyðt � srðtÞÞÞ

2
4

�Dr

Z t

�1

krðt � sÞfrðyðsÞÞ ds

þErRðtÞ þ Ur

3
5dt þ hrðt; eðtÞ; eðt � srðtÞÞÞ dxðtÞ;

LTM : dRðtÞ ¼½�NrRðtÞ þ !rfrðyðtÞÞ� dt;

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð6Þ

where Ur is the state feedback controller given to achieve

the exponential synchronization between drive and
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response systems, which is of the form (we assume that the

information on the sizes of sr(t) are available):

Ur ¼ �Kr;1eðtÞ � Kr;2eðt � srðtÞÞ: ð7Þ

Here, Kr,1 and Kr,2 are feedback gain parameters to be

scheduled. Moreover, xðtÞ ¼ ðx1ðtÞ; . . .;xnðtÞÞT is a

n-dimensional Brown motion defined on a complete proba-

bility space ðX;F ;PÞ with a natural filtration fF tgt� 0

generated by {x(s): 0 B s B t}. Here, the white noise dxiðtÞ
is independent of dxjðtÞ for i = j, and hr : Rþ� R

n �
R

n ! R
n�n is called the noise intensity function matrix. This

type of stochastic perturbation can be regarded as a result

from the occurrence of random uncertainties during the

process of transmission. We assume that the output signals of

(5) can be received by (6).

Throughout this paper, we make the following

assumptions:

(H1) There exist constants sr,1, sr,2, and lr such that

0� sr;1� srðtÞ� sr;2; _srðtÞ� lr:

(H2) The delay kernel kr : ½0;þ1Þ ! ½0;þ1Þ is real-

valued non-negative continuous function that satisfies

(1) there exists positive number 1r such thatRþ1
0

krðsÞ ds ¼ 1r;

(2) there exist positive numbers a and Hr such thatRþ1
0

easkrðsÞ ds�Hr:

(H3) There exist constants f i
r and Fi

r; i ¼ 1; 2; . . .; n;

such that

f i
r�

f i
rðxÞ � f i

rðyÞ
x� y

�Fi
r; 8x; y 2 R; x 6¼ y:

(H4) h(t, 0, 0) = 0 and there exist symmetric positive-

definite matrices Jr,1 and Jr,2 such that

traceðhT
rðt; eðtÞ; eðt � srðtÞÞÞhrðt; eðtÞ; eðt � srðtÞÞÞÞ

� eTðtÞJr;1eðtÞ þ eTðt � srðtÞÞJr;2eðt � srðtÞÞ:

In order to investigate the problem of exponential

synchronization between (5) and (6), we define the error

state e(t) = y(t) - x(t) and z = R(t) - S(t). Subtracting

(5) from (6) yields the following switched error system:

STM : deðtÞ ¼ � ðCr þ Kr;1ÞeðtÞ � Kr;2eðt � srðtÞÞ

2
4

þArgrðeðtÞÞ þ Brgrðeðt � srðtÞÞÞ

�Dr

Z t

�1

krðt � sÞgrðeðsÞÞ dsþ ErzðtÞ

3
5dt

þ hrðt; eðtÞ; eðt � srðtÞÞÞ dxðtÞ;
LTM : dzðtÞ ¼½�NrzðtÞ þ !rgrðeðtÞÞ� dt:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð8Þ

where gr(e(t)) = fr(y(t)) - fr(x(t)), gr(e(t - sr(t))) =

fr(y(t - sr(t))) - fr(x(t - sr(t))).

The initial condition associated with the switched error

system (8) is given in the following form:

eðsÞ ¼ uðsÞ; zðsÞ ¼ /ðsÞ; s� 0;

for any u;/ 2 L2
F 0
ðð�1; 0�;RnÞ; where L2

F 0
ðð�1; 0�;RnÞ

is the family of all F 0-measurable }ðð�1; 0�;RnÞ-valued

random variables satisfying sups� 0 EkuðsÞk
2\þ1 and

sups� 0 Ek/ðsÞk
2\þ1; and }ðð�1; 0�;RnÞ denotes the

family of all continuous Rn-valued functions uðsÞ;/ðsÞ on

ð�1; 0� with the norm kuðsÞk ¼ max1� i� n sups� 0 juiðsÞj
and k/ðsÞk ¼ max1� i� n sups� 0 j/iðsÞj:

Definition 1 [34] A switching signal r is said to have

average dwell time Ta if there exist two positive constants

N0 and Ta such that

NrðT ; tÞ�N0 þ
T � t

Ta
; 8T � t� 0; ð9Þ

where Nr(T, t) denotes the number of discontinuities of a

switching signal r on the interval (t, T).

Definition 2 The zero solution of (8) is said to be

exponentially stable in mean square if for any initial con-

dition (eT(t0), zT(t0))T, there exist some positive constants

M0 and g such that EðkeðtÞk2 þ kzðtÞk2Þ�M0e�gðt�t0Þ:

Lemma 1 [39]. (Schur Complement). The linear matrix

inequality (LMI)

S ¼ S11 S12

ST
12 S22

� �
\0

is equivalent to any one of the following two conditions:

ðL1Þ S11\0; S22 � ST
12S�1

11 S12\0;

ðL2Þ S22\0; S11 � S12S�1
22 ST

12\0;

where S11 = S11
T , S22 = S22

T .

According to assumptions ðH3Þ and ðH4Þ; the system (8)

admits a trivial solution. Obviously, if the trivial solution of

(8) is exponentially stable in mean square for any given

initial condition, then the global exponential synchroniza-

tion between SSCNN (5) and (6) is achieved.

3 Main results

For any t [ 0, let tiði ¼ 0; 1; 2; . . .; kÞ be the switching

points of r over the interval (0, t) satisfying 0 ¼
t0\t1\t2\ � � �\tk\t: Suppose system (8) with the

r(ti)th = lth subsystem is activated when t 2 ½ti; tiþ1Þ for

i ¼ 0; 1; 2; . . .; k; where l 2M ¼ f1; 2; . . .;mg: Then, for

t 2 ½ti; tiþ1Þ; we get

Neural Comput & Applic
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STM : deðtÞ ¼ � ðCl þ Kl;1ÞeðtÞ � Kl;2eðt � slðtÞÞ

2

4

þ AlglðeðtÞÞ þ Blglðeðt � slðtÞÞÞ

�Dl

Z t

�1

klðt � sÞglðeðsÞÞ dsþ ElzðtÞ

3

5dt

þ hlðt; eðtÞ; eðt � slðtÞÞÞ dxðtÞ;
LTM : dzðtÞ ¼½�NlzðtÞ þ !lglðeðtÞÞ� dt:

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

ð10Þ

For simplicity, we denote

GlðtÞ ¼ �ðCl þ Kl;1ÞeðtÞ � Kl;2eðt � slðtÞÞ þ AlglðeðtÞÞ
þ Blglðeðt � slðtÞÞÞ

� Dl

Z t

�1

klðt � sÞglðeðsÞÞ dsþ ElzðtÞ; ð11Þ

hlðtÞ ¼ hlðt; eðtÞ; eðt � slðtÞÞÞ: ð12Þ

Then system (10) can be rewritten as

STM : deðtÞ ¼ GlðtÞdt þ hlðtÞ dxðtÞ;
LTM : dzðtÞ ¼ ½�NlzðtÞ þ !lglðeðtÞÞ� dt:

�
ð13Þ

The following theorem is the main result of this paper,

which states the exponential mean square stabilization

conditions for the error system (8).

Theorem 1 Suppose that the assumptions (H1)–(H4)

hold, r is a switching signal with average dwell time Ta. Then

the trivial solution of system (8) is exponentially stable in

mean square, if, for a given scalar a, there exist symmetric

positive-definite matrices Rl,i, i = 1, 2, Pl,j, j = 1, 2, 3,

4, Ql,k, k = 1, 2, 3, positive-definite diagonal matrices

Ul;Wl; matrices Nl,i, Sl,i, Ml,i, Yl,i, i = 1, 2, an invertible

matrix Ol, positive scalars ql and h, for each l 2M such

that the following LMIs hold,

Pl Dl

� �Xl

� �
\0; ð14Þ

Rl;i� hR~l;i; Pl;j� hP~l;j; Ql;k � hQ~l;k; 8l; ~l 2M;

ð15Þ

a� 1

Ta
ln h[ 0; ð16Þ

Rl;1� qlI; ð17Þ

further more, the convergence rate can be estimated as

a� 1
Ta

ln h; where Dl¼ðHl;21Sl;Hl;20Nl;Hl;21Ml;Hl
bOlDlÞ;

ST
l ¼ðST

l;1;0;S
T
l;2;0;0;0;0;0Þ;MT

l ¼ðMT
l;1;0;M

T
l;2;0;0;0;0;0Þ;

NT
l ¼ðNT

l;1;0;N
T
l;2;0;0;0;0;0Þ; bOT

l ¼ðOT
l ;0;0;0;0;O

T
l ;0;0Þ;

Hl;21¼ easl;2�easl;1

a ;Hl;20¼ easl;2�1
a ;

Rþ1
0

easklðsÞds�Hl;sl;21 ¼
sl;2� sl;1;Fl ¼ diagðF1

l f 1
l ;F

2
l f 2

l ; . . .;Fn
l f n

l Þ; f l¼ diagð1
2
ðF1

l þ
f 1
l Þ; 12ðF2

l þ f 2
l Þ; . . .;12 ðFn

l þ f n
l ÞÞ;

Pl ¼

Pl;1 OlEl Pl;2 Ml;1 �Sl;1 Pl;3 OlAl þ f lUl OlBl

� Pl;4 0 0 0 ET
l OT

l Rl;2!l 0

� � Pl;5 Ml;2 �Sl;2 0 0 f lWl

� � � �e�asl;1 Pl;3 0 0 0 0

� � � � �e�asl;2 Pl;4 0 0 0

� � � � � Pl;6 OlAl OlBl

� � � � � � Pl;7 0

� � � � � � � Pl;8

0

BBBBBBBBBBBBB@

1

CCCCCCCCCCCCCA

;

Pl;1 ¼ qlJl;1 þ aRl;1 þ Pl;1 þ Pl;3 þ Pl;4 þ Nl;1 þ NT
l;1 � FlUl � OlCl � ClO

T
l � Yl;1 � YT

l;1;

Pl;2 ¼ �Nl;1 þ NT
l;2 þ Sl;1 �Ml;1 � Yl;2; Pl;3 ¼ Rl;1 � Ol � ClO

T
l � YT

l;1;

Pl;4 ¼ �Rl;2Nl � NlRl;2 þ aRl;2; Pl;6 ¼ sl;2Ql;1 þ sl;21Ql;2 � Ol � OT
l ;

Pl;5 ¼ qlJl;2 � FlWl � ð1� llÞe�asl;2 Pl;1 � Nl;2 � NT
l;2 þ Sl;2 þ ST

l;2 �Ml;2 �MT
l;2;

Pl;7 ¼ �Ul þ Pl;2 þ 1lQl;3; Pl;8 ¼ �Wl � ð1� llÞe�asl;2 Pl;2;

Xl ¼

Hl;21ðQl;1 þ Ql;2Þ 0 0 0

0 Hl;20Ql;1 0 0

0 0 Hl;21Ql;2 0

0 0 0 HlQl;3

0
BBB@

1
CCCA:
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Moreover, the estimation of the control gains is

Kl,i = O-1
lYl,i, i = 1, 2.

Proof Consider the following multiple Lyapunov-

Krasovskii functional candidate:

Vðl; eðtÞÞ ¼
X4

i¼1

Viðl; eðtÞÞ; ð18Þ

where

V1ðl;eðtÞÞ ¼ eTðtÞRl;1eðtÞþ zTðtÞRl;2zðtÞ;

V2ðl;eðtÞÞ ¼
Z t

t�slðtÞ

eaðs�tÞ½eTðsÞPl;1eðsÞ

þ gT
l ðeðsÞÞPl;2glðeðsÞÞ�ds

þ
Z t

t�sl;1

eTðsÞeaðs�tÞPl;3eðsÞds

þ
Z t

t�sl;2

eTðsÞeaðs�tÞPl;4eðsÞds

V3ðl;eðtÞÞ ¼
Z0

�sl;2

Z t

tþm

GT
l ðsÞeaðs�tÞQl;1GlðsÞdsdm

þ
Z�sl;1

�sl;2

Z t

tþm

GT
l ðsÞeaðs�tÞQl;2GlðsÞdsdm;

V4ðl;eðtÞÞ ¼
Z0

�1

Z t

tþm

klð�mÞgT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞdsdm

Calculating the time derivative of V(l, e(t)) along the

trajectory of system (13) by using Itô’s differential

formula, one can obtain that

dVðl; eðtÞÞ ¼
X4

i¼1

LViðl; eðtÞÞ dt þ 2eTðtÞRl;1hlðtÞ dxðtÞ;

ð19Þ

where

LV1ðl;eðtÞÞ¼2eTðtÞRl;1GlðtÞþ2zTðtÞRl;2½�NlzðtÞ
þ!lglðeðtÞÞ�þ traceðhT

l ðtÞRl;1hlðtÞÞ
�2eTðtÞRl;1GlðtÞþ2zTðtÞRl;2½�NlzðtÞ
þ!lglðeðtÞÞ�þql½eTðtÞJl;1eðtÞ
þeTðt�slðtÞÞJl;2eðt�slðtÞÞ�
þaeTðtÞRl;1eðtÞþazTðtÞRl;2zðtÞ�aV1ðl;eðtÞÞ;

ð20Þ

LV2ðl; eðtÞÞ ¼ eTðtÞðPl;1 þ Pl;3 þ Pl;4ÞeðtÞ

þ gT
l ðeðtÞÞPl;2glðeðtÞÞ

� ð1� _slðtÞÞeTðt � slðtÞÞe�aslðtÞPl;1eðt � slðtÞÞ

� ð1� _slðtÞÞgT
l ðeðt � slðtÞÞÞe�aslðtÞPl;2glðeðt � slðtÞÞÞ

�
X4

i¼3

eTðt � si
lÞe�asi

l Pl;ieðt � si
lÞ � aV2ðl; eðtÞÞ

� eTðtÞðPl;1 þ Pl;3 þ Pl;4ÞeðtÞ þ gT
l ðeðtÞÞPl;2glðeðtÞÞ

� ð1� llÞeTðt � slðtÞÞe�asl;2 Pl;1eðt � slðtÞÞ

� ð1� llÞgT
l ðeðt � slðtÞÞÞe�asl;2 Pl;2glðeðt � slðtÞÞÞ

� eTðt � sl;1Þe�asl;1 Pl;3eðt � sl;1Þ

� eTðt � sl;2Þe�asl;2 Pl;4eðt � sl;2Þ � aV2ðl; eðtÞÞ; ð21Þ

LV3ðl;eðtÞÞ¼ sl;2GT
l ðtÞQl;1GlðtÞ

�
Z t

t�sl;2

GT
l ðsÞeaðs�tÞQl;1GlðsÞds�aV3ðl;eðtÞÞ

þðsl;2� sl;1ÞGT
l ðtÞQl;2GlðtÞ

�
Zt�sl;1

t�sl;2

GT
l ðsÞeaðs�tÞQl;2GlðsÞds

¼GT
l ðtÞðsl;2Ql;1þ sl;21Ql;2ÞGlðtÞ

�
Zt�slðtÞ

t�sl;2

GT
l ðsÞeaðs�tÞðQl;1þQl;2ÞGlðsÞds

�
Z t

t�slðtÞ

GT
l ðsÞeaðs�tÞQl;1GlðsÞds

�
Zt�sl;1

t�slðtÞ

GT
l ðsÞeaðs�tÞQl;2GlðsÞds�aV3ðl;eðtÞÞ;

ð22Þ

LV4ðl;eðtÞÞ¼
Z0

�1

klð�mÞgT
l ðeðtÞÞQl;3glðeðtÞÞdm

�
Z0

�1

klð�mÞgT
l ðeðtþ mÞÞeamQl;3glðeðtþ mÞÞdm

�aV4ðl;eðtÞÞ¼ 1lg
T
l ðeðtÞÞQl;3glðeðtÞÞ

�
Z t

�1

klðt� sÞgT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞds

�aV4ðl;eðtÞÞ: ð23Þ
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Now define new vector nl(t) as

nT
l ðtÞ ¼ ðeTðtÞ; zTðtÞ; eTðt � slðtÞÞ; eTðt � sl;1Þ;

eTðt � sl;2Þ;GT
l ðtÞ; gT

l ðeðtÞÞ; gT
l ðeðt � slðtÞÞÞÞ:

For any matrices Nl,i, Sl,i, Ml,i, i = 1, 2, and any invertible

matrix Ol with appropriate dimensions, from Newton-

Leibniz formulation and (11)–(13), we have

2½eTðtÞNl;1 þ eTðt � slðtÞÞNl;2�½eðtÞ � eðt � slðtÞÞ

�
Z t

t�slðtÞ

GlðsÞ ds�
Z t

t�slðtÞ

hlðsÞ dxðsÞ� ¼ 0; ð24Þ

2½eTðtÞSl;1 þ eTðt � slðtÞÞSl;2�½eðt � slðtÞÞ � eðt � sl;2Þ

�
Zt�slðtÞ

t�sl;2

GlðsÞ ds�
Zt�slðtÞ

t�sl;2

hlðsÞ dxðsÞ� ¼ 0; ð25Þ

2½eTðtÞMl;1 þ eTðt � slðtÞÞMl;2�½eðt � sl;1Þ � eðt � slðtÞÞ

�
Zt�sl;1

t�slðtÞ

GlðsÞ ds�
Zt�sl;1

t�slðtÞ

hlðsÞ dxðsÞ� ¼ 0; ð26Þ

2½eTðtÞ þ GT
l ðtÞ�Ol½�ðCl þ Kl;1ÞeðtÞ � Kl;2eðt � slðtÞÞ

þ AlglðeðtÞÞ þ Blglðeðt � slðtÞÞÞ � Dl

Z t

�1

klðt � sÞgl

� ðeðsÞÞ dsþ ElzðtÞ � GlðtÞ� ¼ 0: ð27Þ

On the other hand, one can derive the following inequality:

�
Zt�slðtÞ

t�sl;2

GT
l ðsÞeaðs�tÞðQl;1 þ Ql;2ÞGlðsÞ ds

� 2nT
l Sl

Zt�slðtÞ

t�sl;2

GlðsÞ ds

¼ �
Zt�slðtÞ

t�sl;2

eST eaðs�tÞðQl;1 þ Ql;2Þ
� ��1 eS ds

þ nT
l SlðQl;1 þ Ql;2Þ�1ST

l nl

Zt�slðtÞ

t�sl;2

e�aðs�tÞ ds

� �
Zt�slðtÞ

t�sl;2

eST eaðs�tÞðQl;1 þ Ql;2Þ
� ��1 eS ds

þ Hl;21n
T
l SlðQl;1 þ Ql;2Þ�1ST

l nl; ð28Þ

where eST
l ¼ nT

l Sl þ GT
l ðsÞeaðs�tÞðQl;1 þ Ql;2Þ: Similarly, one

has

�
Z t

t�slðtÞ

GT
l ðsÞeaðs�tÞQl;1GlðsÞ ds� 2nT

l Nl

Z t

t�slðtÞ

GlðsÞ ds

� �
Z t

t�slðtÞ

eN T eaðs�tÞQl;1

� ��1 eN dsþ Hl;20n
T
l NlQ

�1
l;1 NT

l nl;

ð29Þ

�
Zt�sl;1

t�slðtÞ

GT
l ðsÞeaðs�tÞQl;2GlðsÞ ds� 2nT

l Ml

Zt�sl;1

t�slðtÞ

GlðsÞ ds

� �
Zt�sl;1

t�slðtÞ

eMT eaðs�tÞQl;2

� ��1 eM ds

þ Hl;21n
T
l MlQ

�1
l;2 MT

l nl; ð30Þ

�
Z t

�1

klðt � sÞgT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞ ds

� 2nT
l
bOlDl

Z t

�1

klðt � sÞglðeðsÞÞ ds

¼ �
Z t

�1

eOT
l eaðs�tÞk�1

l ðt � sÞQl;3

� ��1 eOl ds

þ nT
l
bOlDlQ

�1
l;3 DT

l
bOT

l nl

Z t

�1

e�aðs�tÞklðt � sÞ ds

� �
Z t

�1

eOT
l eaðs�tÞk�1

l ðt � sÞQl;3

� ��1 eOl ds

þ Hln
T
l
bOlDlQ

�1
l;3 DT

l
bOT

l nl; ð31Þ

where eN T
l ¼ nT

l Nl þ GT
l ðsÞeaðs�tÞQl;1; eMT

l ¼ nT
l Ml þ GT

l ðsÞ
eaðs�tÞQl;2; eOT

l ¼ nT
l
bOlDl þ gT

l ðeðsÞÞeaðs�tÞQl;3:

In view of assumption ðH3Þ; for any positive diagonal

matrices Ul ¼ diagð/1
l ;/

2
l ; . . .;/n

l Þ and Wl ¼ diagðw1
l ;

w2
l ; . . .;wn

l Þ; the following two inequalities hold [40]:

0� eðtÞ
glðeðtÞÞ

� �T �FlUl f lUl

f lUl �Ul

� �
eðtÞ

glðeðtÞÞ

� �
; ð32Þ

0� eðt�slðtÞÞ
glðeðt�slðtÞÞÞ

� �T �FlWl f lWl

f lWl �Wl

� �
eðt�slðtÞÞ

glðeðt�slðtÞÞÞ

� �
:

ð33Þ

Substituting (20)–(23) into (19), adding (24)–(33) to the

right side of (19) and letting Yl,i = OlKl,i produce that

dVðl; eðtÞÞ� ½nT
l ðtÞHlnlðtÞ � aVðl; eðtÞÞ � Rl�dt

þ KðdxðtÞÞ; ð34Þ
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where

Hl ¼ Pl þ Hl;21SlðQl;1 þ Ql;2Þ�1ST
l

þ Hl;20NlQ
�1
l;1 NT

l þ Hl;21MlQ
�1
l;2 MT

l

þ Hl
bOlDlQ

�1
l;3 DT

l
bOT

l ;

Rl ¼
Zt�slðtÞ

t�s2
l

eST eaðs�tÞðQl;1 þ Ql;2Þ
� ��1 eS ds

þ
Z t

t�slðtÞ

eN T eaðs�tÞQl;1

� ��1 eN ds

þ
Zt�sl;1

t�slðtÞ

eMT eaðs�tÞQl;2

� ��1 eM ds

þ
Z t

�1

eOT
l eaðs�tÞk�1

l ðt � sÞQl;3

� ��1 eOl ds;

Kð dxðtÞÞ ¼ 2eTðtÞRl;1hlðtÞ dxðtÞ

� 2nT
l Nl

Z t

t�slðtÞ

hlðsÞ dxðsÞ

� 2nT
l Sl

Zt�slðtÞ

t�s2
l

hlðsÞ dxðsÞ

� 2nT
l Ml

Zt�s1
l

t�slðtÞ

hlðsÞ dxðsÞ:

From ea(s-t)Ql,i [ 0, i = 1, 2, 3 and kl
-1(t - s) C 0,

we get Rl [ 0: By virtue of Lemma 1, (14) is equivalent

to Hl\0: Therefore, by integrating both sides of (34) from

t0 to t (t0 \ t) and taking expectation, one can obtain that

EVðl; eðtÞÞ� e�aðt�t0ÞEVðl; eðt0ÞÞ: ð35Þ

Particularly, when t 2 ½tk; tkþ1Þ; it follows from (35) that

EVðrðtÞ; eðtÞÞ� e�aðt�tkÞEVðrðtkÞ; eðtkÞÞ: ð36Þ

By (15), at the switching instant tk, one gets

EVðrðtkÞ; eðtkÞÞ� hEVðrðt�k Þ; eðt�k ÞÞ; ð37Þ

where tk
- is the left limitation of tk.

According to Definition 1, there exist positive constant

N0 such that the number k of discontinuities of the

switching signal r on the interval (0, t) satisfies k ¼
Nrðt; 0Þ�N0 þ t

Ta
: By induction, it follows from (36) to

(37) that

EVðrðtÞ; eðtÞÞ� e�aðt�tkÞhEVðrðt�k Þ; eðt�k ÞÞ
� e�aðt�tk�1Þh2

EVðrðt�k�1Þ; eðt�k�1ÞÞ
� � �
� e�athk

EVðrð0Þ; eð0ÞÞ
¼ e�atek ln h

EVðrð0Þ; eð0ÞÞ
� e�ateðN0þ t

Ta
Þ ln h

EVðrð0Þ; eð0ÞÞ
¼ eN0 ln h

EVðrð0Þ; eð0ÞÞe�ða� 1
Ta

ln hÞt: ð38Þ

Let k ¼ minl2MfkminRl;1; kminRl;2g: One has from (18)

that

kEðkeðtÞk2 þ kzðtÞk2Þ�EVðrðtÞ; eðtÞÞ: ð39Þ

It follows from (38) to (39) that

EðkeðtÞk2 þ kzðtÞk2Þ� 1

k
eN0 ln h

EVðrð0Þ; eð0ÞÞe�ða� 1
Ta

ln hÞt:

Since a� 1
Ta

ln h [ 0; in view of Definition 2, the trivial

solution of system (8) is exponentially stable in mean

square. This completes the proof. h

Next we shall consider synchronization of drive-

response SSCNNs with time-varying delays and bounded

distributed delays, which are described as:

STM : _xðtÞ ¼ �CrxðtÞ þ ArfrðxðtÞÞ þ Brfrðxðt � srðtÞÞÞ

� Dr

Z t

t�#rðtÞ

frðxðsÞÞ dsþ ErSðtÞ;

LTM : _SðtÞ ¼ �NrSðtÞ þ !rfrðxðtÞÞ;

8
>>>>>><

>>>>>>:

ð40Þ

STM :dyðtÞ¼ �CryðtÞþArfrðyðtÞÞþBrfrðyðt�srðtÞÞÞ

2

4

�Dr

Z t

t�#rðtÞ

frðyðsÞÞds þErRðtÞþUr

3

5dt

þhrðt;eðtÞ;eðt�srðtÞÞÞdxðtÞ;
LTM :dRðtÞ¼½�NrRðtÞþ!rfrðyðtÞÞ�dt;

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð41Þ

where (40) is the drive system and (41) is the response

system, 0 \ 0r(t) B 0r, 0r is positive constant, Ur has the

same form as (7).

By the same method as that used in the proof of Theo-

rem 1, we can also derive sufficient conditions under which

(41) exponentially synchronize with (40).

Subtracting (40) from (41) yields

Neural Comput & Applic

123



STM : deðtÞ ¼ � ðCr þ Kr;1ÞeðtÞ � Kr;2eðt � srðtÞÞ

2
4

þ ArgrðeðtÞÞ þ Brgrðeðt � srðtÞÞÞ

�Dr

Z t

t�#rðtÞ

grðeðsÞÞ dsþ ErzðtÞ

3

75dt

þ hrðt; eðtÞ; eðt � srðtÞÞÞ dxðtÞ;
LTM : dzðtÞ ¼ ½�NrzðtÞ þ !rgrðeðtÞÞ� dt:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð42Þ

Similarly, we get the following error system when t 2
½ti; tiþ1Þ for i ¼ 0; 1; 2; . . .; k; and the lth subsystem is

activated:

STM : deðtÞ ¼ � ðCl þ Kl;1ÞeðtÞ � Kl;2eðt � slðtÞÞ

2
4

þ AlglðeðtÞÞ þ Blglðeðt � slðtÞÞÞ

�Dl

Z t

t�#lðtÞ

glðeðsÞÞ dsþ ElzðtÞ

3

75dt

þ hlðt; eðtÞ; eðt � slðtÞÞÞ dxðtÞ;
LTM : dzðtÞ ¼ ½�nlzðtÞ þ tlglðeðtÞÞ� dt:

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð43Þ

For simplicity, we also denote

GlðtÞ ¼�ðClþKl;1ÞeðtÞ�Kl;2eðt� slðtÞÞþAlglðeðtÞÞ

þBlglðeðt� slðtÞÞÞ�Dl

Z t

t�#lðtÞ

glðeðsÞÞdsþElzðtÞ;

ð44Þ

hlðtÞ ¼ hlðt; eðtÞ; eðt � slðtÞÞÞ: ð45Þ

Then system (43) can be rewritten as

STM : deðtÞ ¼ GlðtÞdt þ hlðtÞ dxðtÞ;
LTM : dzðtÞ ¼ ½�NlzðtÞ þ !lglðeðtÞÞ� dt:

�
ð46Þ

Theorem 2 Suppose that the assumptions ðH1Þ; ðH3Þ, and

ðH4Þ hold, r is a switching signal with average dwell time

Ta. The trivial solution of error system (42) is exponentially

stable in mean square, if, for a given scalar a, there exist

symmetric positive-definite matrices Rl,i, i = 1, 2,

Pl,j, j = 1, 2, 3, 4, Ql,k, k = 1, 2, 3, positive-definite

diagonal matrices Ul;Wl; matrices Nl,i, Sl,i, Ml,i, Yl,i, i =

1, 2, , an invertible matrix Ol, positive scalars ql and h, for

each l 2M such that the following LMIs hold,

Pl Dl

� �Xl

� �
\0; ð47Þ

Rl;i�hR~l;i; Pl;j�hP~l;j; Ql;k�hQ~l;k; 8l;~l2M; ð48Þ

a� 1

Ta
ln h[ 0; ð49Þ

Rl;1� qlI; ð50Þ

further more, the convergence rate can be estimated

as a� 1
Ta

ln h; where Dl ¼ ðHl;21Sl;Hl;20Nl;Hl;21Ml;Hl

bOlDlÞ; ST
l ¼ ðST

l;1; 0; S
T
l;2; 0; 0; 0; 0; 0Þ;MT

l ¼ ðMT
l;1;0;M

T
l;2; 0;

0; 0; 0; 0Þ;NT
l ¼ ðNT

l;1; 0;N
T
l;2; 0; 0; 0; 0; 0Þ; bOT

l ¼ ðOT
l ; 0; 0;

0; 0;OT
l ; 0; 0Þ;Hl;21 ¼ easl;2�easl;1

a ; Hl;20 ¼ easl;2�1
a ;Hl ¼ ea#�1

a ;

sl;21 ¼ sl;2 � sl;1; Fl ¼ diagðF1
l f 1

l ; F2
l f 2

l ; . . .; Fn
l f n

l Þ; f l ¼
diagð1

2
ðF1

l þ f 1
l Þ; 1

2
ðF2

l þ f 2
l Þ; . . .; 1

2
ðFn

l þ f n
l ÞÞ;

Pl ¼

Pl;1 OlEl Pl;2 Ml;1 �Sl;1 Pl;3 OlAl þ f l/l OlBl

� Pl;4 0 0 0 ET
l OT

l Rl;2!l 0

� � Pl;5 Ml;2 �Sl;2 0 0 f lwl

� � � �e�asl;1 Pl;3 0 0 0 0

� � � � �e�asl;2 Pl;4 0 0 0

� � � � � Pl;6 OlAl OlBl

� � � � � � Pl;7 0

� � � � � � � Pl;8

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

;

Pl;1 ¼ qlJl;1 þ aRl;1 þ Pl;1 þ Pl;3 þ Pl;4 þ Nl;1 þ NT
l;1 � Fl/l � OlCl � ClO

T
l � Yl;1 � YT

l;1;

Pl;2 ¼ �Nl;1 þ NT
l;2 þ Sl;1 �Ml;1 � Yl;2; Pl;3 ¼ Rl;1 � Ol � ClO

T
l � YT

l;1;

Pl;4 ¼ �Rl;2Nl � NlRl;2 þ aRl;2; Pl;6 ¼ sl;2Ql;1 þ sl;21Ql;2 � Ol � OT
l ;

Pl;5 ¼ qlJl;2 � Flwl � ð1� llÞe�asl;2 Pl;1 � Nl;2 � NT
l;2 þ Sl;2 þ ST

l;2 �Ml;2 �MT
l;2;

Pl;7 ¼ �/l þ Pl;2 þ #lQl;3; Pl;8 ¼ �wl � ð1� llÞe�asl;2 Pl;2;

Xl ¼

Hl;21ðQl;1 þ Ql;2Þ 0 0 0

0 Hl;20Ql;1 0 0

0 0 Ql;2 0

0 0 0 HlQl;3

0
BB@

1
CCA:
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Moreover, the estimation of the control gains is

Kl,i = O-1
lYl,i, i = 1, 2.

Proof Consider another multiple Lyapunov-Krasovskii

functional candidate as:

Vðl; eðtÞÞ ¼
X3

i¼1

Viðl; eðtÞÞ þ V4ðl; eðtÞÞ;

where Vi(l, e(t)), i = 1, 2, 3, are defined as those in the

proof of Theorem 1, while

V4ðl; eðtÞÞ ¼
Z0

�#

Z t

tþm

gT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞ ds dm

Calculating the time derivative of Vðl; eðtÞÞ along the

trajectory of system (46) by using Itô’s differential formula

derives that

dVðl; eðtÞÞ ¼
X3

i¼1

LViðl; eðtÞÞ dt þ LV4ðl; eðtÞÞ dt

þ 2eTðtÞRl;1hlðtÞ dxðtÞ;

where

LV4ðl; eðtÞÞ ¼ #gT
l ðeðtÞÞQl;3glðeðtÞÞ

�
Z0

�#

gT
l ðeðt þ mÞÞeamQl;3glðeðt þ mÞÞ dm

� aV4ðl; eðtÞÞ

�#lg
T
l ðeðtÞÞQl;3glðeðtÞÞ

�
Z t

t�#lðtÞ

gT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞ ds

� aV4ðl; eðtÞÞ:

From Newton-Leibniz formulation and (44), one has

2½eTðtÞ þ GT
l ðtÞ�Ol½�ðCl þ Kl;1ÞeðtÞ � Kl;2eðt � slðtÞÞ

þ AlglðeðtÞÞ þ Blglðeðt � slðtÞÞÞ

� Dl

Z t

t�#lðtÞ

klðt � sÞglðeðsÞÞ dsþ ElzðtÞ � GlðtÞ� ¼ 0:

Similar to (31), it is obvious that

�
Z t

t�#lðtÞ

gT
l ðeðsÞÞeaðs�tÞQl;3glðeðsÞÞ ds

� 2nT
l
bOlDl

Z t

t�#lðtÞ

glðeðsÞÞ ds

¼ �
Z t

t�#lðtÞ

eOT
l eaðs�tÞQl;3

� ��1 eOl ds

þ nT
l
bOlDlQ

�1
l;3 DT

l
bOT

l nl

Z t

t�#lðtÞ

e�aðs�tÞ ds

� �
Z t

t�#lðtÞ

eOT
l eaðs�tÞQl;3

� ��1 eOl ds

þ Hln
T
l
bOlDlQ

�1
l;3 DT

l
bOT

l nl:

The other part of the proof is same as that in the proof of

Theorem 1. This completes the proof. h

Note that, for a given a [ 0, sometimes the feasible

solution obtained by using LMI toolbox in Matlab is not

applicable in practice, for example, the magnitude of feed-

back gains Kl;i; i ¼ 1; 2; l 2M may be too large to opera-

tion, the scalar h may be very large such that the average

dwell time Ta is also large. From a point of view of the

engineering application, magnitude of feedback gains

Kl;i; i ¼ 1; 2; l 2M should not be very large. From a point of

view of the secure communication, if Ta is too large, which

means the system switched to one subsystem and stay for too

long, it is possible for an intruder to recover the digital binary

signal [30]. Therefore, it is necessary to impose restrictions

on the magnitude of feedback gains Kl,1, Kl,2, and h (or Ta).

Since Kl;i ¼ O�1
l Yl;i; i ¼ 1; 2; l 2 M; restricting the magni-

tude of feedback gains Kl,i is equivalent to restricting the

norms of Ol
-1 and Yl,i, i.e. [41]:

kO�1
l k\dl; kYl;ik\kl;i; i ¼ 1; 2; l 2M; ð51Þ

where dl, kl,i are positive scalars. According to Lemma 1,

(51) is equivalent to

�dlOl I
I �dlOl

� �
\0; A1 ¼

�kl;iI YT
l;i

Yl;i �kl;iI

� �
\0;

i ¼ 1; 2; l 2M:

ð52Þ

It is easy to see that if h\ x, then ln h
a \ ln x

a : From (16) to

(49), we know Ta
h \ Ta

x, where Ta
h and Ta

x are minimum

Neural Comput & Applic

123



values of average dwell time corresponding to h and

x, respectively.

Remark 1 If the following inequalities hold

kmaxðRl;iÞ� hkminðR~l;iÞ; kmaxðPl;jÞ� hkminðP~l;jÞ;
kmaxðQl;kÞ� hkminðQ~l;kÞ; 8l; ~l 2M:

then (15) and (48) hold. Hence, the h in (15) and (48) can

be replaced by

h ¼ maxfhi; ĥj; ~hk; i ¼ 1; 2; j ¼ 1; 2; 3; 4; k ¼ 1; 2; 3g;

where

ki
max ¼ max

l2M
fkmaxðRl;iÞg; ki

min ¼ min
l2M
fkminðRl;iÞg;

hi ¼
ki

max

ki
min

;¼ 1; 2;

k̂ j
max ¼ max

l2M
fkmaxðPl;jÞg; k̂ j

min ¼ min
l2M
fkminðPl;jÞg;

ĥj ¼
k̂ j

max

k̂ j
min

;¼ 1; 2; 3; 4;

~kk
max ¼ max

l2M
fkmaxðQl;kÞg; ~kk

min ¼ min
l2M
fkminðQl;kÞg;

~hk ¼
~kk

max

~kk
min

;¼ 1; 2; 3:

Remark 2 In this paper, the upper bound of the derivative

of time-varying delays lr is not necessarily less than 1.

Both of the lower and upper bounds of the time-varying

delays are considered in the delay-dependent LMIs, which

are less conservative than those (see [26, 27, 42]) only

include upper bounds of the time-varying delays when the

delays are interval ones. Moreover, the main results of [42]

are special case of our Theorem 1 when m = 1 and

S(t) = 0. Furthermore, if sr(t) is non-derivable, then by

letting Pl,1 = Pl,2 = 0, Theorem 1 and Theorem 2 still

hold.

Remark 3 When m = 1, the models of this paper become

competitive neural networks with time-varying delays and

distributed delays, and the results of this paper are also

new. When replace cixi(t) by ai(xi), and assume ðH1Þ in

[20] holds, our results still hold when some changes are

made accordingly. In addition, assumption ðH3Þ; which

was first proposed in [40], is weaker than the assumptions

ðH2Þ and ðH2�Þ in [20]. Furthermore, the conditions ðH3Þ
and ðH3�Þ in [20] that the time-varying delay is differen-

tiable are necessary, however, as pointed out in Remark 2,

these conditions can be removed from our results. It is

worth mentioning that, in this paper, the distributed delays

are also considered and the LMIs are related to lower and

upper bounds of the time-varying delays. Hence, our model

is more general and the synchronization criteria are less

conservative than those in [20]. Summarizing the above

analysis, results of this paper extend and improve those in

[20].

Remark 4 If h = 1, then Rl;i ¼ Ri; i ¼ 1; 2;Pl;j ¼ Pj; j ¼
1; 2; 3; 4;Ql;k ¼ Qk; k ¼ 1; 2; 3; 8l 2M: Hence, there is

one common Lyapunov-Krasovskii functional for (13) or

(46), which implies that the global exponential synchro-

nization between SSCNNs (5) and (6) or (40) and (41) can

be achieved under arbitrary switching.

Remark 5 When m = 1 and S(t) = 0, (5), and (40) turn

out to general stochastic neural networks with time-varying

and distributed delays. Our LMI conditions are also

applicable to exponential synchronization of stochastic

neural networks with unbounded or bounded distributed

delays. In [25–28], synchronization of neural networks

with mixed delays was investigated by LMI approach, and

the following lemma is indispensable:

Lemma [43]. For any constant matrix D 2 R
n�n;DT ¼

D [ 0; scalar s[ 0 and vector function x : ½t � s; t� !
R

n; one has

r
Zr

0

xTðsÞDxðsÞ ds�
Zr

0

xðsÞ ds

0
@

1
A

T

D

Zr

0

xðsÞ ds

provided that the integrals are all well defined, where

T denotes transpose and D [ 0 denotes that D is positive

definite matrix.

One can see that the above lemma does not neces-

sarily hold when r!1: Therefore, results of this paper

can not be derived by simply extending results in [25–28]

by replacing bounded distributed delays with unbounded

distributed delays. On the other hand, in addition to time-

varying and unbounded distributed delays, one can

consider impulsive effects and get exponential synchro-

nization criteria in terms of LMIs, which is also less

conservative than algebraic criteria in [2]. Hence, results

of this paper extend and improve those in [25–28]

and [2].

Remark 6 In this paper, exponential synchronization of

SSCNNs with time-varying delays, unbounded or bounded

distributed delays are studied, two theorems are obtained

formulated by LMIs. Moreover, several lemmas can be

easily obtained from our results. For example, (1) from

Remark 1 to Remark 5, one can gets some useful lemmas

by taking some special parameters; (2) if a = 0,h = 1 in

Theorems 1 and 2, then globally asymptotic synchroniza-

tion between SSCNNs (5) and (6) or (40) and (41) can be

achieved under arbitrary switching, respectively. To the

best of our knowledge, similar problem is seldom consid-

ered in the literature. Therefore, to some extent, the results

of this paper are new.
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4 A numerical example

In this section, we provide one example with its simula-

tions to show that our theoretical results obtained above are

effective and practical.

Consider the switched competitive neural networks with

two switched subsystems as follows:

STM : _xðtÞ ¼ �CrxðtÞ þ ArfrðxðtÞÞ þ Brfrðxðt � srðtÞÞÞ

� Dr

Z t

�5

krðt � sÞfrðxðsÞÞ dsþ ErSðtÞ;

LTM : _SðtÞ ¼ �NrSðtÞ þ !rfrðxðtÞÞ;

8
>>>>><

>>>>>:

ð53Þ

where xðtÞ ¼ ðx1ðtÞ; x2ðtÞÞT ; SðtÞ ¼ ðS1ðtÞ; S2ðtÞÞT ; r :

½0;þ1Þ!M¼f1; 2g; k1ðmÞ¼k2ðmÞ¼e�2m; f1ðxÞ¼ f2ðxÞ ¼
ðtanhðx1Þ; tanhðx2ÞÞT ; s1ðtÞ ¼ s2ðtÞ ¼ 1:5� j sin tj;

In the case that initial values are chosen as xðtÞ ¼
ð5; 2ÞT ; SðtÞ ¼ ð1:5; 0:5ÞT ; 8t 2 ½5; 0�; and x(t) = 0, S(t) =

0 for t \ -5, chaotic-like trajectories of subsystems 1 and

2 are depicted in Figs. 1 and 2, respectively.

Let system (53) be the driver network and design the

response SSCNNs with the same two switched subsystems

as

STM :dyðtÞ¼ �CryðtÞþArfrðyðtÞÞþBrfrðyðt�srðtÞÞÞ

2
4

�Dr

Z t

�5

krðt�sÞfrðyðsÞÞds

þErRðtÞþUr

3

5dt

þhrðt;eðtÞ;eðt�srðtÞÞÞdxðtÞ;
LTM :dRðtÞ¼½�NrRðtÞþ!rfrðyðtÞÞ�dt;

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

ð54Þ

where e(t) = y(t) - x(t), z(t) = R(t) - S(t),

hrðt;eðtÞ;eðt�srðtÞÞÞ¼0:5
e1ðtÞ 0

0 e2ðtÞ

� �

þ0:5
e1ðt�srðtÞÞ 0

0 e2ðt�srðtÞÞ

� �
:

−3 −2 −1 0 1 2 3 4 5
−10

−5

0

5

10

15

x
1
(t)

x 2(t
)

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

S
1
(t)

S
2(t

)

Fig. 1 Phase trajectories

x(t) and S(t) of subsystem 1

subsystem 1

C1 ¼
1:2 0

0 1

� �
;A1 ¼

3 �3

8 5

� �
;B1 ¼

�1:4 0:1

0:3 �8

� �
;D1 ¼

1:2 0:1

2 2

� �
;

E1 ¼
0:5 0

0 1:5

� �
;N1 ¼

1 0

0 1:5

� �
;!1 ¼

0:5 0

0 0:3

� �
;

8
>>><

>>>:

subsystem 2

C2 ¼
1 0

0 1

� �
;A2 ¼

3 �3

3:5 5

� �
;B2 ¼

�1:4 �0:1

0:3 �4

� �
;D2 ¼

1:2 �0:5

�1 2

� �
;

E2 ¼
0:5 0

0 1:3

� �
;N2 ¼

1:5 0

0 1:5

� �
;!2 ¼

0:5 0

0 0:3

� �
:

8
>>><

>>>:
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It is easily to see sl;1 ¼ 0:5; sl;2 ¼ 1:5; sl;21 ¼ 1; 1l ¼
0:5; Jl;i ¼ diagð0:5; 0:5Þ; f i

l ¼ 0;Fi
l ¼ 1; i; l ¼ 1; 2:

It is obvious that s1(t) and s2(t) are interval and

non-derivable, Fl ¼ 0; f l ¼ diagð0:5; 0:5Þ; l ¼ 1; 2: Given

a = 0.5, we have Hl,21 = 1.6659, Hl,20 = 2.2340, Hl =

0.6667. By letting Pl,1 = Pl,2 = 0, l = 1, 2, and solving

LMIs (14), (15), (17) by using the Matlab LMI toolbox, we

get the following feasible solutions

R1;1 ¼
860:5318 �0:5529

�0:5529 895:6303

� �
;R1;2 ¼

187:4976 6:6653

6:6653 162:4821

� �
;

P1;3 ¼
200:9815 0:4022

0:4022 173:8762

� �
;P1;4 ¼

223:5511 0:4221

0:4221 191:0878

� �
;

Q1;1 ¼
6:1066 �0:3539

�0:3539 1:2111

� �
;Q1;2 ¼

6:1860 �0:3568

�0:3568 1:2513

� �
;

Q1;3 ¼
224:7438 31:4419

31:4419 160:8311

� �
;

O1 ¼
16:8087 �0:6138

�0:6138 2:6952

� �
; Y1;1 ¼

874:0922 10:5085

10:5085 900:7125

� �
;

Y1;2 ¼
512:4160 0:3382

0:3382 490:8519

� �
;

R2;1 ¼
21:8414 �0:0022

�0:0022 21:9478

� �
;R2;2 ¼

3:9417 0:0553

0:0553 4:3805

� �
;

P2;3 ¼
5:1576 0:0067

0:0067 5:0747

� �
;P2;4 ¼

5:6072 �0:0011

�0:0011 5:5143

� �
;

Q2;1 ¼
0:1752 0:0342

0:0342 0:0692

� �
;Q2;2 ¼

0:1793 0:0361

0:0361 0:0676

� �
;

Q2;3 ¼
4:9956 0:5147

0:5147 4:7656

� �
;

O2 ¼
0:3489 0:0567

0:0567 0:1541

� �
; Y2;1 ¼

22:2930 0:0732

0:0732 22:2804

� �
;

Y2;2 ¼
12:7930 0:1741

0:1741 12:6815

� �
;

h = 7.5514. Therefore, the average dwell time should

satisfies Ta [ ln 7:5514
0:5 ¼ 4:0435; and the feedback gains

are

K1;1 ¼
52:5820 12:9366

15:8741 337:1340

� �
;K1;2 ¼

30:7454 6:7266

7:1275 183:6508

� �

K2;1 ¼
67:8665 �24:7466

�24:4790 153:6421

� �
;K2;2 ¼

38:7977 �13:6816

�13:1362 87:3013

� �

The largest norm of control gains is 337.8669, and the

average dwell time should satisfies Ta [ 4.0435. They

seem to be large to implement in practice. Hence, we can

impose restrictions on feedback gains Ki,j, i, j = 1, 2 and h
to get ideal feasible solutions. Letting Pl,1 = Pl,2 = 0,

l = 1, 2, and solving LMIs (14), (15), (17), and (52) with

d1 = d2 = k1,1 = k1,2 = k2,1 = k2,2 = 20 and h\ x =

2.5, by using the Matlab LMI toolbox, we get the

following ideal feasible solutions

R1;1 ¼
9:3442 �0:3089

�0:3089 9:4606

� �
;R1;2 ¼

6:4123 0:5667

0:5667 22:7185

� �
;

P1;3 ¼
0:9066 �0:0446

�0:0446 0:7358

� �
;P1;4 ¼

0:8988 �0:0435

�0:0435 0:7325

� �
;

Q1;1 ¼
0:0844 �0:0036

�0:0036 0:0410

� �
;Q1;2 ¼

0:0872 �0:0034

�0:0034 0:0460

� �
;

Q1;3 ¼
3:5597 0:4873

0:4873 2:1763

� �
;

O1 ¼
0:3557 �0:0026

�0:0026 0:1129

� �
; Y1;1 ¼

9:5691 0:0878

0:0878 9:6528

� �
;

Y1;2 ¼
6:4450 0:0112

0:0112 6:4718

� �
;

R2;1 ¼
9:2648 �0:2696

�0:2696 9:1310

� �
;R2;2 ¼

10:8471 1:7716

1:7716 31:1135

� �
;

P2;3 ¼
0:9488 0:0763

0:0763 0:9342

� �
;P2;4 ¼

0:9420 0:0724

0:0724 0:9294

� �
;

Q2;1 ¼
0:1199 0:0259

0:0259 0:0761

� �
;Q2;2 ¼

0:1269 0:0240

0:0240 0:0870

� �
;

Q2;3 ¼
2:8961 �0:0456

�0:0456 3:0642

� �
;

O2 ¼
0:3878 0:1055

0:1055 0:2091

� �
; Y2;1 ¼

9:5680 0:0061

0:0061 9:6016

� �
;

Y2;2 ¼
6:4412 �0:0166

�0:0166 6:4252

� �
;
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Fig. 2 Phase trajectories

x(t) and S(t) of subsystem 2
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h = 2.4231. Therefore, the average dwell time only needs

to meet the Ta [ ln 2:4231
0:5 ¼ 1:7701; and the feedback gains

are

K1;1 ¼
26:912 20:8743

1:3998 85:5373

� �
;

K1;2 ¼
18:1228 0:4522

0:5182 57:3462

� �
;

ð55Þ

K2;1 ¼
28:5814 �14:4500

�14:3837 53:1991

� �
;

K2;2 ¼
19:2724 �9:7314

�9:7979 35:6310

� �
:

ð56Þ

The largest norm of control gains is 85.56, which is much

smaller than 337.1340.

Let Ta = 2, (55) and (56) are control gains of subsystem

1 and 2, respectively, the subsystem 1 is activated at t = 0.

By virtue of Theorem 1, (53) and (54) can be exponen-

tiallysynchronized with the estimated exponential syn-

chronization rate index 0:5� ln 2:4231
2
¼ 0:0575: The

initial conditions of the numerical simulations are taken as:

xðtÞ ¼ ð5; 2ÞT ; SðtÞ ¼ ð1:5; 0:5ÞT ; yðtÞ ¼ ð�2;�1ÞT ;RðtÞ ¼
ð�2:5;�5ÞT ; 8t 2 ½5; 0�: Figure 3 shows the phase trajec-

tory of response system (54). Figure 4 presents state

trajectories of the error system between (53) and (54).

5 Conclusions

In this paper, exponential synchronization of SSCNNs with

both interval time-varying delays and distributed delays is

studied. Especially, the distributed delays can be unboun-

ded. Multi-dimensional Brownian motion stochastic per-

turbation is included. New multiple Lyapunov-Krasovkii

functionals are designed to get new sufficient conditions

guaranteeing the exponential synchronization. The derived

conditions are expressed in terms of LMIs, which are less

conservative than algebraic results and easy to be solved by

using Matlab LMI toolbox. Some useful lemmas can be

easily deduced from the new results, and some existing

results are extended and improved. Moreover, some

restrictions are imposed on control gains and average dwell

time such that obtained feasible solutions are applicable in

practice. Finally, numerical simulations show the effec-

tiveness of the theoretical results.
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