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Abstract This paper investigates the problem of expo-
nential synchronization of switched stochastic competitive
neural networks (SSCNNs) with both interval time-varying
delays and distributed delays. The distributed delays can be
unbounded or bounded; the stochastic perturbation is of the
form of multi-dimensional Brownian motion, and the net-
works are governed by switching signals with average
dwell time. Based on new multiple Lyapunov-Krasovkii
functionals, the free-weighting matrix method, Newton-
Leibniz formulation, as well as the invariance principle of
stochastic differential equations, two sufficient conditions
ensuring the exponential synchronization of drive-response
SSCNNs are developed. The provided conditions are
expressed in terms of linear matrix inequalities, which are
dependent on not only both lower and upper bounds of the
interval time-varying delays but also delay kernel of
unbounded distributed delays or upper bounds for bounded
distributed delays. Control gains and average dwell time
restricted by given conditions are designed such that they
are applicable in practice. Numerical simulations are given
to show the effectiveness of the theoretical results.
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1 Introduction

Neural networks have attracted the attention of many
researchers of different areas since they have been fruit-
fully applied in signal and image processing, associative
memories, combinatorial optimization, automatic control,
and so on [1-4]. In 1983, Cohen and Grossberg [5] pro-
posed competitive neural networks (CNNs). Recently,
Meyer-Bise et al. [6-8] proposed the so called CNNs with
different time scales, which can be seen as the extension of
Hopfield neural networks [9], cellular networks [10],
Cohen and Grossberg’s CNNs [5], and Amari’s model for
primitive neuronal competition [11]. In the CNNs model,
there are two types state variables: the short-term memory
variables (STM) describing the fast neural activity and the
long-term memory variables (LTM) describing the slow
unsupervised synaptic modifications. Global exponential
stability of CNNs with or without delays was investigated
in [6-8, 12-15].

In the past decades, since the concept of drive-response
synchronization for coupled chaotic systems was proposed
in [16], much attention has been drawn to control and
chaos synchronization [17] due to its potential applications
such as secure communication, biological systems, infor-
mation science, etc., [18]. In [16], a chaotic system, called
the driver (or master), generates a signal sent over a
channel to a responder (or slave), which uses this signal to
synchronize itself with the driver. In other words, in the
drive-response (or master-slave) systems, the response
(or slave) system is influenced by the behavior of the drive
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(or master) system, but the drive (or master) system is
independent of the response (or slave) one. The principle of
using chaos to secure communication is this: the useful
signal information with chaos signal is transmitted from
driver to responder, then the useful signal information is
recovered when synchronization between the states of
driver to responder is realized. It was found in [19] that
some delayed neural networks can exhibit chaotic
dynamics. In [20], Lou and Cui studied the exponential
synchronization for a class of CNNs with time-varying
delays by instantaneous state feedback control scheme. The
synchronization criteria were given by linear matrix
inequality (LMI). By combining adaptive control scheme
with LMI approach, Gu [21] investigated synchronization
for CNNs with stochastic perturbations. However, authors
of [20] and [21] did not consider distributed delays.

Since neural networks usually have a spatial extent due
to the presence of an amount of parallel pathways with a
variety of axon size and lengths [22], it is more practical to
model them by introducing distributed delays. The
unbounded distributed delay implies that the distant past
has less influence compared to the recent behavior of the
state [22], while bounded distributed delay means that there
is a distribution of propagation delays only over a period of
time [25-28]. We note that most existing results on sta-
bility or synchronization of neural networks with bounded
distributed delays obtained by using LMI approach can not
be directly extended to those with unbounded distributed
delays (see Remark 3). Although there were some results
on the exponential stability or synchronization of neural
networks with unbounded distributed delays, they were all
obtained by algebra approach [2, 15, 29]. As is well known,
compared with LMI result, algebraic one is more conser-
vative, and criteria in terms of LMI can be easily checked
by using the powerful Matlab LMI toolbox. This motivates
us to investigate the exponential synchronization of CNNs
with unbounded distributed delays based on LMI approach.
At the same time, the LMI approach of this paper is
applicable to exponential synchronization of CNNs with
bounded distributed delays.

Switched systems have attracted much research atten-
tion in control theory field during recent years. A switched
system is composed of several dynamical subsystems and a
switching law that specifies the active subsystem at each
instant of time. Switched systems have numerous appli-
cations in communication systems, control of mechanical
systems, automotive industry, aircraft and air traffic con-
trol, electric power systems [30-33], and many other fields.
In [30, 31, 33], asymptotic synchronization of switched
systems and application in communication is investigated.
In this paper, we shall investigate exponential synchroni-
zation of switched competitive neural networks with both
interval time-varying delays and distributed delays. In
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order to guarantee exponential synchronization, switches
are required not to happen too frequently [34, 35]. The
concept of average dwell time [34] is then introduced in
this paper to describe this phenomenon. Inspired by mul-
tiple Lyapunov function in [36], a new multiple Lyapunov-
Krasovskii functional will be designed to cope with the
switching problem.

Recently, the research on stochastic models has received
considerable interest, since stochastic perturbations have
come to play an important role in many real systems [4, 21,
23, 24, 29, 37, 38]. However, to the best of our knowledge,
no published paper concerning exponential synchronization
of stochastic competitive neural networks (SCNNs) with
both interval time-varying delays and distributed delays is
reported in the literature. Since CNNs are extensions of
neural networks, we further study SCNNs.

Based on the above discussions, in this paper, we aim
to investigate exponential synchronization of SSCNNs
with interval time-varying delays and distributed delays.
Both unbounded and bounded distributed delays are
considered. The switching rule is described by introducing
the concept of average dwell time. By constructing new
Lyapunov-Krasovskii functionals and employing a com-
bination of the free-weighing matrix method, Newton-
Leibniz formulation, and inequality technique, controller
is designed to achieve exponential synchronization of the
considered systems. The provided conditions are expres-
sed in terms of LMIs, which are dependent on not only
both lower and upper bounds of the interval time-varying
delays but also delay kernel for unbounded distributed
delays or upper bounds for bounded distributed delays
and can be easily checked by the effective LMI toolbox in
Matlab. Some restrictions are imposed on control gains
and average dwell time for the practical application in
engineering and secure communication. Some useful
lemmas can be easily obtained from our results, and some
existing results are extended and improved. Numerical
simulations are given to demonstrate the effectiveness of
the new results.

The rest of this paper is organized as follows. In Sect. 2,
models of considered SSCNNSs are presented. Some nec-
essary assumptions, definitions, and lemmas are also given
in this section. Our main results and their rigorous proofs
are described in Sect. 3. In Sect. 4, one example with
numerical simulations is offered to show the effectiveness
of our results. In Sect. 5, conclusions are given. At last,
acknowledgments.

2 Preliminaries

The CNNs with time-varying delays and unbounded dis-
tributed delays is described as:
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STM:ei(1) = —coxi(t) + Y _af’ (x;(1))
=1

+zn:bufj(xj(t—f(t)))

—Zdu / 1= 5)f(x(s))ds

—00

+EiZm,-l(t)wl, i=1,2,...,n,
=1

—omy(t)+ Bwif ' (xi(1)), 1=1,2,...,p,

(1)
where x(1) = (x;(1),...,x,(¢))" € R" is the state vector of
the CNNs; f(x(t)) = (F' (x1(2)), .. ../ (xa(1)))" denotes
the neuron activation function; M(¢) = (m;),x, is the
synaptic efficiency; Z = diag(oy, o, . ..,0,) and Y = diag
(B, Py - -+, B,) denote disposable scaling constants with
o; > 0; C = diag(cy, ca, . - .,cn)T
the time constant of the neuron; A =

(bij)nxna and D =
matrix,

LTM : ity (1) =

with ¢; > 0 represents
(aij)nxm B =
(dij)nxn are the connection weight
time-delayed weight matrix, and the distribu-
tively time-delayed weight matrix,
(wl,wz7...7wp)T is the constant external stimulus; E =
diag(E',E?,...,E") is the strength of the external stim-
ulus. ¢ is the time scale of STM state. Here, 7(f) denotes
the time-varying delay of the CNNs. k(-) is the delay
kernel.

Let S(t) = (S1(2),82(2), - . ., Su(2))" and Si(r) = S0, my
()w; = m! (t)w,i = 1,2,...,n. Then the CNNs (5) can be
rewritten in the following form:

respectively; w =

STM : &x;(t) = —cix;(t) + i:azjfj(xj(t))

# 3 sfe o)

—Zd,]/ (1= $)f (s (s)) ds + E'S,(1),
LTM : S:(t) = —a:Si (1) + Bilw|*f (x:(2)),
i=1,2,...,n,

(2)

where |w|>=w?+w}+ --+w? is a constant. Without
loss of generality, the input stimulus vector w is assumed
to be normalized with unit magnitude, i.e., wl? = 1, and
the fast time-scale parameter ¢ is also assumed to be
unit. Then the system (2) turns out to the following

networks:

STM : (1) = —caxi(t) + Y ayf’ (x;(1))
=

3l - ()

>4 / FI0g(s)) ds + E'S,(0),
j=1

LTM : S;(t) = —o;Si(1) + [ff,(x,( ),

i=1,2,...,n,
(3)
or
STM : i(t) = — Cx(r) + Af (x(¢)) + Bf (x(t — (1))

-D / k(t — $)f (x(s)) ds + ES(z),
LTM : S(t) = — 28(r) + YXf(x(2)).
(4)
By introducing switching signal into the system (4), one

can obtain the following switched CNNs:

STM : dy(r) = | — Coy(t) + Aafs(3(1)) + Bofs (y(t — 74(1)))

I

D, / Kot — ), (3(s)) ds

—00

+EGR(1) + U(,} dr + ho(t,e(r), e(t — 15(1))) do(t),

LTM : dR(1) = [=E.R(1) + Yof5(y(1))] dt,

(5)

A switching signal is simply a piecewise constant signal
taking values on index set. In model (5), the ¢ : [0, +00) —
M={1,2,...,m} is a switching signal. Then
{Cs,As,Bs,Dg,Es, B, Yo, fs(+), T6(+), ks ()} is a family of
matrices, activation functions, time-varying delays, and
delay kernels parametrized by index set M. We always
assume that the values of ¢ is unknown, but its instanta-
neous value is available in real time.

Based on the concept of drive-response synchronization,
we design the following response CNNs:

STM : dy(t) = | — Coy(t) + Aofs (9(£)) + Bof o (0(t — 14(2)))

t

-0, / kot = )£, (3(5)) ds

—00

+E,R(r) + Ug} dr + he(t,e(1), e(t — 14(1))) do(2),

LTM : dR(t) =[-Z.R(1) + Yofo(y(1))] dt,
(6)

where U, is the state feedback controller given to achieve
the exponential synchronization between drive and
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response systems, which is of the form (we assume that the
information on the sizes of 7,(¢) are available):

U, = —Kje(t) — Kppe(t — 15(1)). (7)
Here, K, and K,, are feedback gain parameters to be
scheduled. Moreover, (1) = (w;(7),...,w,(1))" is a

n-dimensional Brown motion defined on a complete proba-
bility space (Q,F,P) with a natural filtration {F,},-,
generated by {(s): 0 < s < t}. Here, the white noise dw;(t)
is independent of dw;(t) for i # j, and h, : R x R" x
R" — R™" is called the noise intensity function matrix. This
type of stochastic perturbation can be regarded as a result
from the occurrence of random uncertainties during the
process of transmission. We assume that the output signals of
(5) can be received by (6).

Throughout this paper,
assumptions:

we make the following

(H;) There exist constants 7, j, 7,2, and p, such that
O S ‘Ca,l S ‘C(r(t) S Tg,25 %rr(t) S Hg-

(H,) The delay kernel &, : [0, +00) — [0, +00) is real-
valued non-negative continuous function that satisfies

(1) there exists positive number ¢, such that

fgoo ke(s)ds = ¢,
(2) there exist positive numbers a and H, such that
[y ko (s) ds < H,.

(H;) There exist constants /', and Fé,i =1,2,...,n,

such that

i)~ FO)
y

1< DI <

Vx,y € Rjx # y.
(Hy) A(z, 0, 0) = 0 and there exist symmetric positive-
definite matrices J,; and J, such that

trace (h] (1, e(t), e(t — 4(1)) o (1, €(1), e(t — 74(1))))
< el (D) gre(t) + € (1 — To(1)oae(t — 14(1)).

In order to investigate the problem of exponential
synchronization between (5) and (6), we define the error
state e(t) = y(f) — x(t) and z = R(¢#) — S(¢). Subtracting
(5) from (6) yields the following switched error system:

STM : de(t) = | — (Co + Ky 1)e(t) — Koae(t — 14(1))

+As8s(e(t)) + Bogo(e(t — 75(1)))

t

_p, / kolt — 5)g0(e(s)) ds + Eyz(t)| dr
T (tye(t), elt — 70(1))) doo(s),
LTM : dz(1) =[-Ez(r) + Ysgs(e(?))] dr.

(3)
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where g,(e(?)) = fo(y(1)) — fo(x(1)), gs(e(t — 14(1))) =
Jo((t — 15(1))) — fo(x(t — 15(2))).

The initial condition associated with the switched error
system (8) is given in the following form:

e(s) = @(s), z(s) = o(s), s<0,

for any @, ¢ € L%_—O((—OO, 0]3 Rn)7 where L%:O((—OO, 0]7 RH)
is the family of all Fy-measurable p((—o0,0], R")-valued
random variables satisfying supx§0E||(p(s)||2< + oo and
sup; < E|[¢(s)||* < + 00, and p((—oc0,0], R") denotes the
family of all continuous R"-valued functions ¢(s), ¢(s) on
(—00, 0] with the norm [[¢(s)|| = max; <;<, sups < |@;(s)]
and [[¢(s)[| = maxi << sup; < [¢;(s)]-

Definition 1 [34] A switching signal ¢ is said to have

average dwell time T, if there exist two positive constants
Ny and T, such that

T—1t
No(Tu I)SNO + T )

a

VT >1>0, (9)

where N,(T, t) denotes the number of discontinuities of a
switching signal ¢ on the interval (¢, 7).

Definition 2 The zero solution of (8) is said to be
exponentially stable in mean square if for any initial con-
dition (e’(ty), z'(t9))", there exist some positive constants

My and 5 such that E([le(t)])* 4 [|z(1)||*) < Moe 10—1).

Lemma 1 [39]. (Schur Complement). The linear matrix
inequality (LMI)

S S
S = <0
( Sty S»
is equivalent to any one of the following two conditions:

(Ly) S11<0, Sy —SLS;!'S1.<0,
(Lg) S22<0, S11—S1252_2151T2<0,

where S]] = S]TI, S22 = ng

According to assumptions (H3) and (H4), the system (8)
admits a trivial solution. Obviously, if the trivial solution of
(8) is exponentially stable in mean square for any given
initial condition, then the global exponential synchroniza-
tion between SSCNN (5) and (6) is achieved.

3 Main results

For any ¢t >0, let #,(i=0,1,2,...,k) be the switching
points of ¢ over the interval (0, 7) satisfying 0=
<t <th<---<tp<t. Suppose system (8) with the
o(t;)th = Ith subsystem is activated when 7 € [t;,#;41) for
i=0,1,2,...,k, where [ € M ={1,2,...,m}. Then, for
t € [t tiv1), we get
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Theorem 1 Suppose that the assumptions (H;)—(Hj)

STM : de(t) = | — (C; + Ki1)e(t) — Kize(t — 7(2)) hold, o is a switching signal with average dwell time T,. Then
the trivial solution of system (8) is exponentially stable in
mean square, if, for a given scalar a, there exist symmetric
positive-definite matrices R;;,i=1,2,P;;j=1,2,3,
4, Qui, k =1, 2, 3, positive-definite  diagonal matrices

—D / kit = s)gi(e(s)) ds + Epz(r)| dr ©,,V;, matrices Nij S;;, My, Y1 i = 1, 2, an invertible

+Aigi(e(t)) + Bigi(e(t — 1(t)))

t

—00 matrix O,, positive scalars p; and 0, for each | € M such
+ hi(t,e(t), e(t — 1(1))) do(t), that the following LMIs hold,
LTM : dz(¢) =[-Fz(t) + Yig:(e(2))] dr.
I, A
(10) . —Q <0, (14)
For simplicity, we denote R < 9Rf,i? P,< 9Pf,j? 01k <00;,, VI, leM,

Gi(t) = —(Cr + Kip)e(t) — Kipe(t — w(t)) + Aigile(t)) (15)

+ Big(e(t — (1)) |
! a—?ln0>0, (16)

b, / Ku(t — $)gi(e(s)) ds + Exz(1), (11) “
e Riy<pid, (17)
hi(t) = hy(t,e(t), e(t — 1,(2))). (12) further more, the convergence rate can be estimated as

—LIn0, where A, = (H» S, H 20N, H M, HOD
Then system (10) can be rewritten as aT Tal; ) wTere 1= 1321T b 1-22 b l’? 1LHI0Dy),
STM : de(t) = Gy(t)dt + hy(t) deo(t) 51 =(511,0,812:0,0,0,0,0), M =(Mi1,0,M15,0,0,0,0,0),
{ e NCAPSPRS (13)  NT = (N7,,0,N%,,0,0,0,0,0), 07 = (O,0,0,0,0,0,0,0)
LTMIdZ(I)Z[—LZZ(Z)—I—Ylgl(e(Z))] dr. 1 f;,l; am“l‘27 » Uy 7”:” ) 1+OO 1YY, U,V U, UV,
Hjp === Hipo ===, [ e“k(s)ds<Hj 1 =

a ’ a

T12 _’El,lvfl :dlag(FllﬁlaFlzf}zv ’Flnf}n)7fl:dlag(%(Fll +

The following theorem is the main result of this paper,
which states the exponential mean square stabilization

conditions for the error system (8). fll)a%(Fzz +fzz)v~-~7% (FI+11),

I, O Tl M, =S s OA+f9 OB
¥  Ils O 0 0 ElO! Ri2Y; 0
* *  Ils M, —Si2 0 0 1Y
* * * —e 4P, 5 0 0 0 0

I, = ’ ;

* * * * —e 2Py 0 0 0
* * * * * I 6 OA; OB,
* * * * * * I1, 0
* * * * * * * Il 5

I = pJig +aRyi + Py + Pz + Pra + Npj +NZI —Fi®; — 0,C;— COf — Y1 — YITI,
I, = =N, +NITZ + 811 — My — Yo, T3=Ry — 0 — CO] — YZI’

4 = —Ri2E — ERip +aRip, T =101+ 1121012 — 0, — O],

s = pplip — Fi¥ — (1 — py)e 2Py — Njp — NZZ + S + SITJ - M, — M{z;

7 =—-O+Pp+¢0i3, ILg=—-Y —(1—p)e P,

Hi1(Q1 + Qi) 0 0 0
Q= 0 H; 2001 0 0
0 0 Hi210i 0

0 0 0 H 03
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the estimation of the control gains is
Wini=1,2.

Moreover,
Kii=0"

Proof Consider the following multiple Lyapunov-
Krasovskii functional candidate:
4

Vil,e(t) = 3 Vill,e(0)),

i=1

(18)

where

Ville(r)) = ' (OR122(1),

/ O (5)Pyye(s)

+e& (e(S))Pz,zgz(e(S))] ds

1

+ / e’ (5)e?"I P ze(s) ds

=1

1

+ / e’ (5)e" Py 4e(s) ds

=12

0 t

Vi(l,e(t)) = / /G,T(s)e“(“_’)QlﬁlGl(s)dsdv

—T2 1V

—Tu1 t

+ / / G (5)e*™Q1,G(s) dsdv,

—Tp Vv

0 t

Vall,e(r)) = / / k(=g (e(s))e" ) Q1 agi(e(s)) dsdv

—00  I+v

Calculating the time derivative of V(I, e(r)) along the
trajectory of system (13) by using It6’s differential
formula, one can obtain that

dv(le(r)) = Z LV;(1,e(t)) dt + 2e” (£)R;1 (1) doo(t),
i=1
(19)
where
LVy(Le(t))=2e" (1)R1Gi(t) +27" (1) Ry 2[—Zsz(t)
+Yigi(e(t))] +trace(h] ()Ri (1))
<2e" ()R, Gy(t) + 22" (1) Ri2[—Eiz(t)
X)) + il (1) ine(t)
+e (t—1(t)J2e(t—(1))]
+ae” ()R 1e(t) +az" ()R pz(t) —aVi(Le(t)),
(20)
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LVy(Le(t)) = e (t)(P1 + Pis + Pra)e(t)
+ g/ (e(1))Pr2gi(e(1))
— (1= 1,(2))e” (1 — 1y(1))e Py e(t — (1))
— (1= (1)g] (et — 1(1))e " Pagi(e(t — (1))
4

=3 e (1= t)e " Pye(r — 1)) — aVa(l, e(t))

=3
<el (1) (P14 Pis + Pra)e(t) + g; (e(t))Pragi(e(1))
— (1= w)e’ (r = u(r)e 2 Pre(t — u(r))
— (1= w)gf (et = u(r))e ™ Pragi(e(t — u(1)))
- eT(t —11)e M Pse(t — 1)

— eT(t — ‘Cljz)eiml‘zpz74€(l‘ — ‘L']A’z) — an(l, e(t)),

LV3(1Le(t) =1,G] (1)011Gi(t)

t

- / G/ (5)e"*011Gi(s)ds —aV(L,e(1))

=712

(21)

+ (12— 111)G} (1) Q12Gi(t)
=11
- / G] (5)e"“ ™ Q12Gy(s) ds
=712
=G| (t)(112011 +1121012)Gi(t)
t—1(1)
- / Gl ()" (Qu1 + 012)Gy(s) ds

=172

t

- / G/ (s)e“@*’) 0,1G(s)ds

t=7(t)

=1

- / Gf(s)ea<37t)Ql,2Gl(S) ds—aVs(le(1)),

(22)

gl (e(1))Qragi(e(t))dv

— / kl(fv)ng(e(tJr v))e” Qi3gi(e(t+v))dv

—aVi(lLe(t) =cg (e(1))Qi3gi(e(t))

- / kil — )gT (e(s))e*0 ) O1agi(e(s)) ds

—00

—aVi(L,e(t)). (23)
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Now define new vector &,(f) as

&(1) = (€' (0),2" (1), € (1 = (1)), " (r = wa),
el (1 —112),G[ (1), 8 (e(1)), g (e(r — (1))

For any matrices N;, S;;, M;;, i = 1, 2, and any invertible
matrix O; with appropriate dimensions, from Newton-
Leibniz formulation and (11)—(13), we have

20" (1)Nyy + e (t — ©(1))Ny2][e(t) — e(t — (1))
- / G(s)ds — / hy(s)do(s)] =0, (24)

-0 =)

2[6T(l)sl’| + eT(t — ‘Cl(l‘))SLz][e‘(l‘ — ‘C](l‘)) — e(t — ‘51,2)

t—7,(t) t—1(1)

- / G(s)ds — h(s)dw(s)] =0, (25)
20 (M) + e" (t — (1)) Myo][e(t — 111) — e(t — (t))

- / Gi(s)ds — / h(s)dw(s)] =0, (26)

t—7y(1)

2[e" (1) + G ()]O/[—(C1 + Ki1)e(t) — Kipe(r — (1))

t

1 Agi(e() + Bigi(elt — (1)) — Dy / kit - s)a

—00

t—7(t)

x (e(s))ds + Eiz(t) — Gi(1)] = 0. (27)
On the other hand, one can derive the following inequality:
t=(1)
- / G (9)e"" Q1 + 012)Gi(s) ds
=72
t=(1)
— 28 / Gy(s) ds
=11
t=7(1)
= - / sT <€a(kt)(Q1,1 + Q1,2)>71§d8
=11

t—7(t)

+ &7 S1(0n1 + Qz,z)flslTﬁz /

—12

efa(sft) ds

t—1(t)

. 1
< - / st (60(5—1)(Q1,1 + Qz,z)) Sds
=12
+ Hip ETS) (011 + 012) 'S8T, (28)

where 5‘7 = i,TSl + G,T(s)e“(s_”(Ql’l + Q;2). Similarly, one
has

t t

- / G (5)e"“Q;1Gi(s) ds — 2ET N, / Gy(s) ds

t—7(t) t=7(1)

‘
< — / NT (e”(“')Ql,1>7lﬁdS +H1,2051TN1Q;T11N1T517
t=(t)
(29)
-1 =17
- / GT (5)e"“Q;,Gi(s) ds — 2&T M, / G/(s)ds

t—7(t) t=7(t)

=1
. -1 _
< - / M’ (e'I(“‘—’)Q,,z) M ds
t—1(1)

+H1,21§1TM1QZ21M1T517 (30)

- / Kt — )87 (e())e“ Q1 se(s)) ds

1

— 270D, / ki(t — s)gi(e(s)) ds

~ -1
- / or (e“<H>k;1(z _ s)Ql_g) 0,ds
t

+ flTalD;QlT;DlTaITf, / efa(“t)kl(t —s)ds

—00
t

~ -1~
S — / OIT (ea(xit)klil (I — S)Q173) O] ds
+H151T51D1Q1_,31D1T51Tfl, (31)
where JVIT = flTNl + G,T(s)e"(s’ﬁQl?l,MlT = é,TMz + Gl (s)
e 705,07 = &L 0D, + g] (e(s))e*“ Q5.
In view of assumption (H3), for any positive diagonal
matrices ®; = diag(db,] , (;’),2, . ¢]) and ¥, = diag(tﬁ,‘7
Wi, ...y}, the following two inequalities hold [40]:

0= (i) T (Far 2o ) (aieen ) @

e(t—7(t) \'[(—-FY¥, [,¥ e(t—1(t))
0= (gicent) (Fa ) (il )
(33)

Substituting (20)—(23) into (19), adding (24)—(33) to the
right side of (19) and letting Y;; = O,K;; produce that

dV(Le(t) <[& (1)0&(t) —aV(l,e(r)) — Z)]dt
+ A(do(t)), (34)
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where

O, =11, + H;2:8:(011 + Ql,z)flsT
+ Hi20NiQ; | N] + Hi:: M, Q3 M

+ H,0,0,0;3D] 07,
t=7(t) |
21 _ / §T (ea(s_l)(Ql.l + lez)) §ds
t—rf
t
~ -1 -

+ / NT (e“(s”)Q“) N ds

t—7(t)

=1

~ -1
mr (e““—f)Q,,z) M ds

7
p 1
+ / 51T (ea(x—t)kl—l (l — S)Qz.g) 51 dS,

A(do(t)) = 2e" ()R (1) do(t)
—2¢lN; / hy(s)da(s)
t—7(t)
t=7(t)
—2¢ls, hy(s) dao(s)

—2¢ M, / hy(s) do(s).
t—7(t)
From ¢““"Q,;>0,i=1,2,3 and k '(t —s) >0,
we get 2; > 0. By virtue of Lemma 1, (14) is equivalent

to ®; <0. Therefore, by integrating both sides of (34) from
to to t (o < f) and taking expectation, one can obtain that

EV (1, e(t) <e “UEV(L e(t)). (35)

Particularly, when ¢ € [t #41), it follows from (35) that

EV(a(1),e(t)) <e " WEV(a(n), e(tr)). (36)
By (15), at the switching instant #;, one gets
EV(o(t), e(tr)) < OEV(a(t; ), et ), (37)

where 1 is the left limitation of 7.

According to Definition 1, there exist positive constant
No such that the number k of discontinuities of the
switching signal ¢ on the interval (0, f) satisfies k =
N, (1,0) <Ny +Tia. By induction, it follows from (36) to
(37) that

@ Springer

EV(a(t),e(t)) < ef’l(’*’k)HEV(o(t,:), e(ty))
< eia(titkfl)ozEV(U(tl;l)v e(ti1))

<e “0'EV(0(0),e(0))

_ e—at klnH]EV 0)76‘(0))

Sefar (No+, ln(-)EV(G(O) ( ))

:eN‘]l“oIEV(a( ),e(0))e” O (38)
Let 4 = minyep{AminR11; AminRi2}. One has from (18)
that
E([le)® + 12(0)*) SEV(a (1), e(r)). (39)
It follows from (38) to (39) that

E(lle(n)|* + lz(0]*) < N“"@EV( (0), e(0))e~ (7m0,

Since a — TllnH > 0, in view of Definition 2, the trivial
solution of system (8) is exponentially stable in mean
square. This completes the proof. U

Next we shall consider synchronization of drive-
response SSCNNs with time-varying delays and bounded
distributed delays, which are described as:

STM : (1) = —Cox(t) + Aofy (x(2)) + Bofs (x(t — 14(2)))
— D, Jo(x(s))ds + E;S(t),
]
LTM : $(t) = —E,8(t) + Yof 5 (x(1)),
(40)
STM:dy(t) = | — Coy(1) +Aafs(y(1)) +Bafs (y(1—14(1)))

—D, / fe(y(s))ds +ER(t)+ U, | dt
t—1,(1)
+he(te(t),e(t—1,(2)))dw(t),
LTM:dR(t) =[—ER(t) + Yof - (¥(¢))]dt,

(41)

where (40) is the drive system and (41) is the response
system, 0 < 9,(f) < 9,, 9, is positive constant, U, has the
same form as (7).

By the same method as that used in the proof of Theo-
rem 1, we can also derive sufficient conditions under which
(41) exponentially synchronize with (40).

Subtracting (40) from (41) yields
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STM : de(t) = | — (Co + Ky 1)e(t) — Kone(t — 14(t))
+ Asgo(e(t)) + Bogo(e(t — 14(1)))
-D, / go(e(s))ds + Eqz(r)| dt
=, (1)
LT 0 = (5t Tt

(42)

Similarly, we get the following error system when ¢ €
[ti,tiy1) for i=0,1,2,...,k, and the /th subsystem is

activated:
STM : de(t) = | — (C; + Ki1)e(t) — Kppe(t — 1(1))
F Agilelt)) + Bigi(elt — (1))
-mz/gmwm+mmw
t=9(1)
LTM  d2) = [ty el

(43)

For simplicity, we also denote
Gl(l) = —(Cl +Kl_1)e(t) — K/ﬁze(l - ‘C[([)) +A1gl(€(t))
t

+&mm—mm%m‘/gw@mwmwx

t—9,(1)

hy(t) = hy(t,e(t), e(t — 7(2))). (45)
Then system (43) can be rewritten as

{ STM : de(t) = Gy(t)dt + hy(t) do(2), (46)
LTM : dz(r) = [—Ez(r) + Yigi(e(r))] dr

Theorem 2 Suppose that the assumptions (H,), (H3), and
(Hy4) hold, o is a switching signal with average dwell time
T,.. The trivial solution of error system (42) is exponentially
stable in mean square, if, for a given scalar a, there exist
symmetric  positive-definite matrices R,i=1,2,
P,j=1,2,3,4, O, k=1, 2, 3, positive-definite
diagonal matrices @;,¥;, matrices N;; S;;, My, Y1 i =
1, 2, , an invertible matrix O,, positive scalars p; and 0, for
each | € M such that the following LMIs hold,

H/ Al
( « —Qz) <0, (47)
R <OR;;, P<OP;, Q<00 VII€M, (48)
1
af?aln0>0, (49)
Rl‘l S plla (50)

further more,
a— ln 0,

the convergence rate can be estimated
Ay = (H;2181, Hi20Ny, Hipi My, Hy
6,D,),S, = (87,,0,57,,0,0,0,0,0), M = (M],,0,M],,0,
0,0,0,0),N] = (N/},0,N/,,0,0,0,0,0),07 = (0[,0,0,
av 1

. T e - o
0,0,0;,0,0),Hjp1 =, Hjp = ¢ JHp =,

_ F — diao(F! 2 z
Tl = T — T, By = diag(Ff FHE, .. ~7F7fz")a Ji

as where

(44)  diag(3 (F/ +f1), 5 (F} + 7). .- 53 (FF + 1),
I, O Tl M, —Si1 s OA+fi¢, OB
* H1’4 0 0 0 EITOZT RI’QY[ 0
* x 15 M, —Si2 0 0 fi
* * * —E_MHPI 3 0 0 0 0
Hl = ’ _ I
* * * * —e YU2Pyy 0 0 0
* * * * * ;6 O/A; OB,
* * * * * * I1;7 0
* * * * * * * IT; 5
I, = pJiy +aRy + Py + Pz + Pra+ Ny +NZ1 — Fip — 0,C; — CIOIT =Y - YITI’
I, = =Ny, +N{2 + 81— My — Yo, Ti3=Ry — 0 — GO} — 11’
4 = —RipZ — ERip +aRpy, e = 12011 + 121012 — 01— 0],
;s = pJip — Frp, — (1 — e 2Py — Ny — NZZ + 80 + SIT’Z —M;, — MIY:Z,
M7 =—¢;+Pio+ 9013, Tig=—y;— (1 —)e 2P,
Hi1(Q1 + 012) 0 0 0
Q — 0 Hi20011 0 0
=
0 0 O 0
0 0 0 HQs;
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Moreover, the estimation of the control gains is
Ki=0"Y,i=102.

Proof Consider another multiple Lyapunov-Krasovskii

functional candidate as:

3

V(le(t) =Y Vill,e(t)) + Va(l,e(1)),

i=1
where Vi(l, e(t)), i = 1, 2, 3, are defined as those in the

proof of Theorem 1, while

0 t

Va(l,e(r)) = / / gl (e(5))e"C™Qr3gi(e(s)) dsdv

- t+v

Calculating the time derivative of V([ e(r)) along the
trajectory of system (46) by using 1t6’s differential formula
derives that

AV (1, e(t)) = i LVl e(t)) dt + LVa(l, e(r)) dt
D2 (R (1) deo(s),

where

LV4(l,e(r)) = Vg (e(t))Qiagile(r))
0

— / g,T(e(t +v)e”Qizgi(e(t+v))dv

)
—aVy(le(t))
<8 (e(t))Qizgi(e(t))

1

[ et Nouaels) a

t—90,(1)
—aVy(le(t)).

From Newton-Leibniz formulation and (44), one has

2[€T(Z‘) + GlT(t)]Ol[—(Cz + K“)e(t) — Kl,ze(t — T[(l))
+Aigi(e(?)) + Bigi(e(t — u(t)))

t

D, / Ku(t — $)gi(e(s)) ds + Exz(t) — Gi(1)] = 0.
t—19(1)

Similar to (31), it is obvious that
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270D, / gi(e(s)) ds
1=1(1)

1

~ -1 -
= — / OIT (ea<S_Z)Q1~3) 01 ds

t*’l?l([)
t

+ & 00D} 0] ¢ e~ dg
t—0(1)

t
~ —1 -
S — / 0? (ea(sit)QLg) OIdS
t—10;(t)
+H& 010103 D] 0] ¢
The other part of the proof is same as that in the proof of
Theorem 1. This completes the proof. O

Note that, for a given a > 0, sometimes the feasible
solution obtained by using LMI toolbox in Matlab is not
applicable in practice, for example, the magnitude of feed-
back gains Kj;,i = 1,2,/ € M may be too large to opera-
tion, the scalar 6 may be very large such that the average
dwell time T, is also large. From a point of view of the
engineering application, magnitude of feedback gains
K;i,i =1,2,1 € M shouldnotbe very large. From a point of
view of the secure communication, if 7, is too large, which
means the system switched to one subsystem and stay for too
long, itis possible for an intruder to recover the digital binary
signal [30]. Therefore, it is necessary to impose restrictions
on the magnitude of feedback gains K, ;, K;,, and 0 (or T,).
Since K;; = O;'Y,;,i = 1,2,1 € M, restricting the magni-
tude of feedback gains K;; is equivalent to restricting the
norms of O, and Y, 1e. [41]:
lo7 I <ar,

||Yl,i||</ll,i7 i= 1,2,[6./\/1, (51)

where §;, 4;; are positive scalars. According to Lemma 1,
(51) is equivalent to

—80, 1 (YT
( I —5101><0’ A1< Yii gl <0,
i=121eM.

(52)

It is easy to see that if 6 < w, then %’ < % From (16) to
(49), we know T9 < T, where T2 and T% are minimum
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values of average dwell time corresponding to 6 and
o, respectively.

Remark 1 If the following inequalities hold
lmax(Rl,i) S Hlmin (Rh)a )vmax(Pl,j) S ijmin (P[J)7
imax(Ql,k) S eimin(Q[,k)v Vla l~€ M.

then (15) and (48) hold. Hence, the 0 in (15) and (48) can
be replaced by

0 = max{0;,0;,00,i=1,2,j=1,2,3,4,k=1,2,3},
where

;”fnax = IIQ%{;WM(RIJ)}’ )“im'n = ggj\z]{;bmin (Rii)}

0 = x5
il

‘min

L = rllel%l‘{)“maX(PlJ)}v Domin = gﬂ{imin<Pu)}v
T
0; = A']'."”C,: 1,2,3,4,

‘min

T
lmax - IIIGI%({)“M!IX(QU() }7

Toin = }’gj\{tl{ﬂvmin(Qlﬁk)}a

Sk
~ A
Op = e = 1,2,3.

‘min

Remark 2 In this paper, the upper bound of the derivative
of time-varying delays i, is not necessarily less than 1.
Both of the lower and upper bounds of the time-varying
delays are considered in the delay-dependent LMIs, which
are less conservative than those (see [26, 27, 42]) only
include upper bounds of the time-varying delays when the
delays are interval ones. Moreover, the main results of [42]
are special case of our Theorem 1 when m = 1 and
S(¢) = 0. Furthermore, if 7,(f) is non-derivable, then by
letting P;; = P;, = 0, Theorem 1 and Theorem 2 still
hold.

Remark 3 When m = 1, the models of this paper become
competitive neural networks with time-varying delays and
distributed delays, and the results of this paper are also
new. When replace cxi(f) by o,(x;), and assume (H1) in
[20] holds, our results still hold when some changes are
made accordingly. In addition, assumption (H3), which
was first proposed in [40], is weaker than the assumptions
(H2) and (H2") in [20]. Furthermore, the conditions (H3)
and (H3*) in [20] that the time-varying delay is differen-
tiable are necessary, however, as pointed out in Remark 2,
these conditions can be removed from our results. It is
worth mentioning that, in this paper, the distributed delays
are also considered and the LMIs are related to lower and
upper bounds of the time-varying delays. Hence, our model
is more general and the synchronization criteria are less
conservative than those in [20]. Summarizing the above

analysis, results of this paper extend and improve those in
[20].

Remark 4 1f 0 =1, then R;; =R;,i=1,2,P;; = Pj,j =
1,2,3,4,01k = O,k =1,2,3,¥l € M. Hence, there is
one common Lyapunov-Krasovskii functional for (13) or
(46), which implies that the global exponential synchro-
nization between SSCNNs (5) and (6) or (40) and (41) can
be achieved under arbitrary switching.

Remark 5 When m = 1 and S(¢) = 0, (5), and (40) turn
out to general stochastic neural networks with time-varying
and distributed delays. Our LMI conditions are also
applicable to exponential synchronization of stochastic
neural networks with unbounded or bounded distributed
delays. In [25-28], synchronization of neural networks
with mixed delays was investigated by LMI approach, and
the following lemma is indispensable:

Lemma [43]. For any constant matrix D € R™" DT =
D > 0, scalar © > 0 and vector function o : [t —t,1] —
R", one has

o g T o

a/wT(s)Dcu(s) ds > /w(s) ds D/w(s) ds

0 0 0

provided that the integrals are all well defined, where
T denotes transpose and D > 0 denotes that D is positive
definite matrix.

One can see that the above lemma does not neces-
sarily hold when ¢ — oco. Therefore, results of this paper
can not be derived by simply extending results in [25-28]
by replacing bounded distributed delays with unbounded
distributed delays. On the other hand, in addition to time-
varying and unbounded distributed delays, one can
consider impulsive effects and get exponential synchro-
nization criteria in terms of LMIs, which is also less
conservative than algebraic criteria in [2]. Hence, results
of this paper extend and improve those in [25-28]
and [2].

Remark 6 In this paper, exponential synchronization of
SSCNNs with time-varying delays, unbounded or bounded
distributed delays are studied, two theorems are obtained
formulated by LMIs. Moreover, several lemmas can be
easily obtained from our results. For example, (1) from
Remark 1 to Remark 5, one can gets some useful lemmas
by taking some special parameters; (2) if a = 0,0 =1 in
Theorems 1 and 2, then globally asymptotic synchroniza-
tion between SSCNNs (5) and (6) or (40) and (41) can be
achieved under arbitrary switching, respectively. To the
best of our knowledge, similar problem is seldom consid-
ered in the literature. Therefore, to some extent, the results
of this paper are new.
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4 A numerical example

Let system (53) be the driver network and design the

response SSCNNs with the same two switched subsystems

In this section, we provide one example with its simula-  as
tions to show that our theoretical results obtained above are
effective and practical. y | STM:dy(r) = | — Coy(t) +Adfo (4(1)) + B (v(t = (1))

Consider the switched competitive neural networks with
two switched subsystems as follows: .

STM : x(t) = —Cox(t) + Acfe(x(2)) + Bofs (x(t — 4(1))) —-D, / ko (t—s)f5(y(s))ds

t
-5
—D, / ko (t — 8)fs(x(s)) ds + E;S(t),
, -3 +E,R(1)+ U, | dt

LTM : S(t) = —E;S(1) + Yofs(x(2)),

(53) Yy (1,e(1),e(t— 1, (1)) doo (1),
where  x(1) = (x1(1),%2(1))", S(1) = (S1(1), $2(1))", o LTM:dR(r) = [~ E,R(1) + Yof, (v(1))]d1,
0-400) = M= (1,2}, ki (1) =ka(3) =™, /i()= o(x) = (54)
(tanh(x;), tanh(x))", 71 (r) = 12(¢) = 1.5 — | sin1],

1.2 0 3 -3 —-14 0.1 1.2 0.1
G = AL = ,B1 = Dy = ;
0 1 8 5 03 -8 2 2
subsystem 1
05 0\ _ 1 0 05 0
El - = = 7Yl = )
0 15 0 1.5 0 03
1 0 3 =3 —-14 -0.1 1.2 —-05
G = Az = By = Dy = :
0 1 35 5 0.3 —4 -1 2
subsystem 2
05 0\ _ 1.5 0 05 O
E> = ,Ep = 1o = .
0 13 0 15 0 03

In the case that initial values are chosen as x(¢) =

where e(f) = y(t) — x(2), z(r) = R(¢) — S(¢),

(5,2)",8(r) = (1.5,0.5)",Vr € [5,0], and x(r) = 0, S(t) = ei(t) 0

0 for t < —35, chaotic-like trajectories of subsystems 1 and ho(t,e(t),e(t—14(1))) :0-5( 0 €2(t)>

2 are depicted in Figs. 1 and 2, respectively. os <el(t—rg(t)) 0 >
' 0 er(t—14(1)) )

Fig. 1 Phase trajectories 15

x(#) and S(7) of subsystem 1

10

-5

-10
-3
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Fig. 2 Phase trajectories

x(¢) and S(7) of subsystem 2

0.5

It is easily to see 7,1 =0.5,710=15,712 =1, =
0.5,J;; = diag(0.5,0.5),/f = 0,F; = 1,i,l = 1,2.

It is obvious that 7,(f) and 71,(f) are interval and
non-derivable, F; = 0,f, = diag(0.5,0.5),/ = 1,2. Given
a=10.5, we have H;,; = 1.6659, H,,, = 2.2340, H, =
0.6667. By letting P,y = P;, =0,/ =1, 2, and solving
LMIs (14), (15), (17) by using the Matlab LMI toolbox, we
get the following feasible solutions

860.5318 —0.5529 187.4976  6.6653
( ~0.5529 895.6303) 12 ( 6.6653 162.4821>
200.9815  0.4022 223.5511  0.4221
13 ( 0.4022 173.8762) 1= ( 0.4221 191.0878)
6.1066 —0.3539 6.1860 —0.3568
' (70.3539 12111 ) 12 (70.3568 1.2513 >
2247438 31.4419
( 31.4419 160.8311)
16.8087 —0.6138 874.0922  10.5085
' (—0.6138 2.6952 ) M ( 10.5085 900.7125)

512.4160

0.3382

0.3382
490.8519

21.8414 —0.0022 _(3.9417 0.0553
—0.0022  21.9478 > 0.0553 4.3805

51576 0.0067 56072 —0.0011
~ \0.0067 5.0747) 24:(70.0011 5.5143)
0.1752  0.0342 0.1793  0.0361
0.0342 0.0692) 2:(0.0361 0.0676)
49956 0.5147
Qo3 = (0.5147 4.7656)

03489 0.0567 222930  0.0732
2T (0.0567 0.1541) 2= ( 0.0732 22.2804)
127930 0.1741
22 ( 0.1741 12.6815)

0 = 7.5514. Therefore, the average dwell time should
satisfies 7, > 053514 = 4.0435, and the feedback gains
are

=3
[$))
-1
-15
-2
5 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4
8,
(525820 12.9366 (307454 6.7266
b 15.8741 337.1340 )7 7.1275  183.6508
[ 67.8665 —24.7466 [ 387977 —13.6816
27\ 2244790 1536421 )77 T \213.1362 87.3013

The largest norm of control gains is 337.8669, and the
average dwell time should satisfies T, > 4.0435. They
seem to be large to implement in practice. Hence, we can
impose restrictions on feedback gains K, , i, j = 1, 2 and 0
to get ideal feasible solutions. Letting P;; = P;, = 0,
Il =1, 2, and solving LMIs (14), (15), (17), and (52) with
51 = 52 = /11,1 = 11’2 = 12,1 = /12’2 =20 and O0<w =
2.5, by using the Matlab LMI toolbox, we get the
following ideal feasible solutions

/93442 —0.3089 (64123 0.5667
Ry = (—0‘3089 9.4606 ) 2 (0.5667 22.7185>
P ( 0.9066 —0.0446)‘])14 _ ( 0.8988 —0.0435)
: —0.0446  0.7358 —0.0435  0.7325
0.0844  —0.0036 0.0872  —0.0034
Qi1 = (—0.0036 0.0410 )’Q” - (—0.0034 0.0460 )
3.5597 0.4873
Qi3 = ( )
0.4873 2.1763
03557  —0.0026 9.5691 0.0878
( ~0.0026  0.1129 ) b (0.0878 9.6528)
6.4450 0.0112
(00112 6.4718)
9.2648  —0.2696 10.8471  1.7716
( —0.2696  9.1310 ) > ( 1.7716 31.1135)
0.9488  0.0763 0.9420 0.0724
(0 0763 09342)’ = (0.0724 0.9294)
0.1199 0.0259 /01269 0.0240
(0 0259 0.0761) : (0.0240 0.0870)
[ 28961 —0.0456
Qs = (—0.0456 3.0642 )
0.3878 0.1055 9.5680 0.0061
27 (0.1055 0.2091) 21 = (0.0061 9.6016)
6.4412  —0.0166
e (2
~0.0166  6.4252
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Fig. 3 Phase trajectories of

y(t) and R(¢) for the response
system (54)

-4

Fig. 4 State trajectories of the

error system between (53) and
(54)

e, z,(t)
&,(t) z,(t)

0 = 2.4231. Therefore, the average dwell time only needs
to meet the 7, > % = 1.7701, and the feedback gains
are

K=

)

26912 20.8743
1.3998 85.5373 )’

~ [18.1228  0.4522 (55)
2 ( 0.5182 57.3462)’
Ky, — ( 28.5814 —14.4500)
, —14.3837  53.1991 )’ 56)
Koy — ( 19.2724 —9.7314)' (
, —9.7979 35.6310

The largest norm of control gains is 85.56, which is much
smaller than 337.1340.

Let T, = 2, (55) and (56) are control gains of subsystem
1 and 2, respectively, the subsystem 1 is activated at t = 0.
By virtue of Theorem 1, (53) and (54) can be exponen-
tiallysynchronized with the estimated exponential syn-
chronization rate index 0.5 — % = 0.0575. The
initial conditions of the numerical simulations are taken as:
x(t) = (5,2)",8(t) = (1.5,0.5)" ,y(1) = (=2, - 1)",R(r) =
(=2.5,—5)",Vr € [5,0]. Figure 3 shows the phase trajec-
tory of response system (54). Figure 4 presents state
trajectories of the error system between (53) and (54).

@ Springer

5 Conclusions

In this paper, exponential synchronization of SSCNNs with
both interval time-varying delays and distributed delays is
studied. Especially, the distributed delays can be unboun-
ded. Multi-dimensional Brownian motion stochastic per-
turbation is included. New multiple Lyapunov-Krasovkii
functionals are designed to get new sufficient conditions
guaranteeing the exponential synchronization. The derived
conditions are expressed in terms of LMIs, which are less
conservative than algebraic results and easy to be solved by
using Matlab LMI toolbox. Some useful lemmas can be
easily deduced from the new results, and some existing
results are extended and improved. Moreover, some
restrictions are imposed on control gains and average dwell
time such that obtained feasible solutions are applicable in
practice. Finally, numerical simulations show the effec-
tiveness of the theoretical results.
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