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Abstract The Principal Component Analysis (PCA) is a
powerful technique for extracting structure from possibly
high-dimensional data sets. It is readily performed by
solving an eigenvalue problem, or by using iterative
algorithms that estimate principal components. This paper
proposes a new method for online identification of a non-
linear system modelled on Reproducing Kernel Hilbert
Space (RKHS). Therefore, the PCA technique is tuned
twice, first we exploit the Kernel PCA (KPCA) which is a
nonlinear extension of the PCA to RKHS as it transforms
the input data by a nonlinear mapping into a high-dimen-
sional feature space to which the PCA is performed. Sec-
ond, we use the Reduced Kernel Principal Component
Analysis (RKPCA) to update the principal components that
represent the observations selected by the KPCA method.

Keywords RKHS - SLT - Kernel method - RKPCA -
Online RKPCA

1 Introduction
Since the introduction of Support Vector Machines (SVM)

[19], many learning algorithms have been transferred to a
kernel representation [2, 7]. The important benefit lies on
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the fact that nonlinearities can be allowed, while avoiding
to solve a nonlinear optimization problem. The transfer is
implicitly accomplished by means of a nonlinear map in a
Reproducing Kernel Hilbert Space F, (RKHS) [9].

Kernel methods have been successfully applied to a
large class of problems, such as identification of nonlinear
system [2, 3, 16, 17], diagnostic system [24], time series
prediction [13], face recognition [26], biological data pro-
cessing for medical diagnosis [23].... The attractiveness of
such algorithms stands from their elegant treatment of data
issued from nonlinear processes. However, these tech-
niques suffer from computational complexity as the
amount of computer memory and the training time
increases rapidly with the number of observations. It is
clear that for large datasets (as for example in image pro-
cessing, computer vision or object recognition), the kernel
method with its powerful advantage of dealing with non-
linearities is computationally limited. For large datasets, an
eigen decomposition of Gram matrix can simply become
too time-consuming to extract the principal components
and therefore the system parameter identification becomes
a tough task. To overcome this burden, recently a theo-
retical foundation for online learning algorithm with kernel
method in reproducing kernel Hilbert spaces was proposed
[4, 5, 14, 15, 18, 22, 25]. Also online kernel algorithm is
more useful when the system to be identified is time-
varying, because these algorithms can automatically track
changes of system model with time-varying and time lag-
ging characteristic.

In this paper, we propose a new method for online
identification of a nonlinear system parameters modeled on
Reproducing Kernel Hilbert Space (RKHS). This method
uses the Reduced Kernel Principal Component Analysis
(RKPCA) that selects the observation data to approach the
Principal Components Analysis kept by the Kernel
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Principal Component Analysis method KPCA [2]. The
selected observations are used to build an RKHS model
with a reduced parameter number. The proposed online
identification method updates the list of the retained prin-
cipal components and then the RKHS model by evaluating
the error between the output model and the process one.
The proposed technique may be very helpful to design an
adaptive control strategy of nonlinear systems.

The paper is organized as follows. In Sect. 2, we remind
the Reproducing Kernel Hilbert Space (RKHS). Section 3
is devoted to the modeling in RKHS. The Reduced Kernel
Principal Component Analysis RKPCA method is pre-
sented in Sect. 4. In Sect. 5, we propose the new online
RKPCA method. The proposed algorithm has been tested
to identify the Wiener-Hammerstein benchmark [21] and a
chemical reactor [8].

2 Reproducing kernel Hilbert space

Let E C R? be an input space and L*(E) the Hilbert space
of square integrable functions defined on E. Let k: E X
E — R be a continuous positive definite kernel. It is proved
[6, 9] that it exists as a sequence of an orthonormal eigen
functions (1, Y, ..., ¥,) in L*(E) and a sequence of cor-

responding real positive eigenvalues (o1, 0, ..., 6;) (Where
[ can be infinite) so that
i
x0) =S o) xteE. (1)
j=1

Let F; C L*(E) be a Hilbert space associated to the
kernel k and defined by:

! L2
= {f cL*(E)/f = Zw,-(pi and Z%< —|—oo}
i=1 j=1 %
(2)

. The scalar product in the

~

where @, = \Joup, i =1, ...,
space Fj is given by:

! I .
P <Zwi(pi7ZZ:i(Pj> = ZWiZi (3)
i=1 Jj=1 i=1

The kernel k is said to be a reproducing kernel of the
Hilbert space F) if and only if the following conditions are
satisfied.

{VxEE, k(x,-) € Fx )
Vx€ E and Vf € F, (f(-),k(x,-))p=f(x)

where k(x,-) means k(x,x’) Vx € E. Fy is called repro-
ducing kernel Hilbert space (RKHS) with kernel k£ and
dimension /. Moreover, for any RKHS, there exists only
one positive definite kernel and vice versa [10].

Fi
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Among the possible reproducing kernels, we mention
the Radial Basis function (RBF) defined as:

ke, 1) = exp(— Iy — /242

with p a fixed parameter.

Vx,t € E (5)

3 RKHS models

Consider a set of observations {x() y()} _, .y With X e

R",y() € R are respectively the system 1nput and output.
According to the statistical learning theory (SLT) [19, 20],
the identification problem in the RKHS F; can be formu-
lated as a minimization of the regularized empirical risk.
Thus, it consists in finding the function f* € F} such that

= Zw o = ;g;an (50— (<)) + Al71E,
(6)

where M is the measurement number and A is a
regularization parameter chosen in order to ensure a
generalization ability to the solution f*. According to the
representer theorem [9], the solution f* of the optimization
problem (6) is a linear combination of the kernel k applied
to the M measurements x(i), i=1,...,M, as:

M
X) = Za?kxm,x. (7)
=1

To solve the optimization problem (6), we can use some
kernel methods such that Support Vector Machine (SVM)
[11], Least Square Support Vector Machine (LSSVM) [7],
Regularization Network (RN) [3], Kernel Partial Least
Square (KPLS) [12], . In [2], the Kernel Principal
Component Analysis KPCA were proposed. This method
reconsiders the regularization idea by finding the solution
to the identification problem in some subspace Fj,q,
spanned by the so-called principal component and yields to
a RKHS model with M parameters.

In the next section, we present the Reduced KPCA
method in which we approximate the retained principal
components given by the KPCA with a set of vectors of
input observations. This approximation is performed by a
set of particular training observations and allows the con-
struction of a RKHS model with much less parameters.

4 RKPCA method

Let a nonlinear system with an input # € R and an output
y € R from which we extract a set of observations be
{u® y@},_, . Let F; be an RKHS space with kernel k.

.....
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To build the input vector 1@ of the RKHS model, we use the
NARX (Nonlinear auto regressive with eXogeneous input)
structure as:

x) = {u(i), . my,m, € N

(3)

The set of observations becomes D = {x,y®@}_

where x{) € R™*™*+! and y() ¢ R and the RKHS model of
this system based on (7) can be written as:

. . . T
wlimm) =1 y<z—my>} :

M
) = Zaik(x(i>,x(j)) (9)
i=1
Let the application O:

O:E—R

®1(x)

(10)

x—O(x) = :

@(x)

where ¢; are given in (2).
The Gram matrix K associated with the kernel k is an
M-dimensional square matrix so that

KiJ:k(x(i>,x<j)) for i,j=1,...M (11)
The kernel trick [10] is so that
(O(x), () =k(x,x') x, X €E (12)

We assume that the transformed data {®(x))},_, €

R/ are centered [2]. The empirical covariance matrix of the
transformed data is symmetrical and /-dimensional. It is
written as following:

1 X A .
Cy= MZ@(x@))q)(x('))T, Cy € R
i=1

Let [ be the number of the eigenvectors {V;} =1
the Cy matrix that corresponds to the nonzeros positive
eigenvalues {/;},_; ;. Itis proved in [2] that the number
[ is less or equal to M.

Due to the large size [ of Cy, the calculus of {V;},_,
can be difficult. The KPCA method shows that these

yeeey =1,...,

the gram matrix K according to [1]:

M

Vi=> B 0G0, =10 (14)
i=1

where (B;,);_, _, are the components of {f;},_, , asso-

ciated to their nonzero eigenvalues pi; > --- > .
The principle of the KPCA method consists in orga-

nizing the eigenvectors {f;},_; , in the decreasing order

of their corresponding eigenvalues {s},_, ,. The prin-

cipal components are the p first vectors {Vj}j:1 asso-

oD
ciated with the highest eigenvalues and are often sufficient
to describe the structure of the data [1, 2]. The number

p satisfies the Inertia Percentage criterion IPC given by:

p* = arg(IPC >99) (15)
where
p .
IPC = Zgjl i 100 (16)
Do M

The RKHS model provided by the KPCA method is [1].
14 M ]
50 =3 0, 3 k()
q=1 i=1

Since the principal components are a linear combination

(17)

high projection value in the direction of V; [1].
The projection of the ®(x(!) on the V; called ®(x( ); €
R and can be written as:

S); = (V, @), j=1,..p (18)

According to (14) and (12), the relation (18) is written:

M

D), = D Bk, =1,p (19)
m=1

To select the vectors {d)(xg)i))}, we project all the

{(D(x("))}i:lp_"M vectors on each principal component

{Vi}j—1.., and we retained x,(,j) € {x0},_, ,, that satisfies

yeeey

oM
and (20)

where ( is a given threshold.

Once the {x;(,i) Hetop

component {V;},_;  is determined, we transform the

corresponding to the p principal

vector ®(x) € R' to the ®(x) € R” vector that belongs to

the space generated by {@(xi)}j:l and the proposed

oD
reduced model is

)4
Togg = > @b, (21)
j=1

where

é)(x<“ew))j=<cb(x,§")),c1>(x<"eW>)> for j=1,...p (22)
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and according to the kernel trick (12), the model (21) is
P
Tred = > aki(x") (23)
j=1
where

ki(x) = k(xl(f),x) for j=1,..,p (24)

The model (23) is less complicate than that provided
by the KPCA. The identification problem can be
formulated as a minimization of the regularized least
square written as:

-M@=%§IG”—§}MKWU>+§MW (25)

i=1

. . . ~ A ~N\T
where p is a regularization parameter and @ = (4y, . . ., d,)
is the parameter estimate vector.
The solution of the problem (25) is
a=(F+pl)'G (26)

With:

M R .
; ki (xm) U

G= D | R

M
> ks (xa)) MU
i=1

ZZA:: ki (x@) ki (xm) ﬁ: ki (xm) k, (xu))

F= D eRP

ﬁ:kb(ﬁo)kl(ﬁo)“.ﬁikh(xm)kh(xm)

and

(27)

And I, € RP7 is the p identity matrix.
The RKPCA algorithm is summarized by the five fol-
lowing steps:

1. Determine the nonzero eigenvalues {1}, ,

2. Order the {f;} ; on the decreasing way with

=1,
respect to the corresponding eigenvalues.

3. For the p retained principal components, choose the
{(x§)};_,.., that satisfy (20).

4. Solving (25) to determine a* € R”.

5. The reduced RKHS model is given by (23).

@ Springer

5 Online RKPCA method

In this section, we propose an online Reduced Kernel
Principal Component Analysis method, which consists on
updating the vectors that approximate the principal com-
ponents. This proposed method is detailed in the following
steps.

First step, to determine the optimal value of the
parameters u of the kernel associated to the RKHS model,
an offline learning step on an n-observation set [ =
{M,yMy, . (x) y™) is carried out till the provided
RKHS model approximates correctly the nonlinear system.
Then, we apply the RKPCA method to reduce the num-
ber of the model parameters and the resulting model is
written as:

;mzinm (28)
j=1

Let I, be the set of observations that correspond to the

retained principal components. I, = {x,gj) Yietp

At time instant (n + 1), the RKHS model output is
obtained according to (28) as:

p .
o) = Zdjk(xg),xMH)) (29)
=

The error between the estimated output and the real
one is

n+l) _ y(n+1) _

e( y(nJrl) (30)

If "D < €1, where ¢; is a given threshold, the model
approaches sufficiently the system behavior. Else an
update of the RKHS model is required which can be
accomplished either by actualizing the model parameters
or by actualizing the retained principal components.

In both cases, we calculate the projection of ®(x”"") on

the space Fy,., spanned by {CD(x;f))} i=1...p- This projection

is denoted d(x"*1) so that its j'th component is given by:
(i(x(thl)) _ <(I)()Cg)) , (D(x(n+l))> _ k(xg),x<”+l)),
J
j=1,...,p (31)

A good approximation of ®(x"*!) by ®(x"*!) requires
satisfying the following condition:

o) =llof2)] | <o )

The set I, is updated to I, = {I,, x"*1} to determine
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If (32) isn’t satisfied, we actualize the set {‘x}()i>}j:1,...,p
using the observation set [,,,; then we built the Gram

matrix corresponding to I, given by:

k(xél),xl(yl)) k(xél),x<”+')>
k(x(’1+1>7x,(,1>) k(x(n+1)7x(n+1))

and we compute its eigenvalues.
According to relations (15), (16) and (33), we deter-
mine the new p principal component. Then, we used the

RKPCA to determine the new set {x?}j:l,m’p, that
approaches the p, retained principal components. The

RKPCA model is given by:

5= jiajk (xg>,x) (34)

Finally, we estimate the parameters d;; j=1,...,p
In the following, we summarize the algorithm of the
online RKPCA method.

6 Online RKPCA algorithm
6.1 Offline phase

1. According to (15) and (16), we determine the
p retained principal components resulting from the

processing of an n measurement set. Then, we deter-
mine the [, = {xg)}jzlwp
RKHS model is given by:

P .
y= Z@k(xi”,x)
=

set according to (20). The

6.2 Online phase

1. At time instant (n + 1), we have a new data (x""',

Y'Y, if TP < ¢, the model approaches sufficiently
the behavior of the system, else we need to update the

RKHS model (28) by the projection ®(x"t!) given by
(31).

2. If (32) is satisfied, we use the set I, | = {I,,x"*1}
to actualize the parameters {4;};_; ,, else we

update the {x,(,")}jzlwp set using the I,,; set and
the relations (15), (16) and (33). The new RKHS
model is given by (34), and the a; parameters of the
model can be determined using the least square

method.

7 Simulations

The proposed method has been tested for modeling
a Wiener Hammerstein benchmark and a chemical
reactor.

7.1 Description of wiener Hammerstein benchmark
model

The system to be modelled is sketched by Fig. 1. It consists
on an electronic nonlinear system with a Wiener Ham-
merstein structure that was built by Gerd Vendesteen [21].
This process was adopted as a nonlinear system benchmark
in SYSID 2009.

7.2 Results

To build the RKHS model, we use the RBF Kernel (Radial
Basis Function)

/112
K(x, %) = exp =Xy 1= 88 35
(x,¥) ( . (39)

We use a heuristic approach to select the input vector
that yields the minimal normalized mean square error
between real output and estimated one. This approach is
called sequential forward search, in which each input is
selected sequentially. The selected vector is:x(k) =
{u(k — 1), u(k —2),u(k —4), ... u(k—15),y(k — 1)} e
R! selected with validation Normalized Mean Square
Error NMSE of 0.063.

The chosen thresholds are

e =0.09, & =0.01
We performed the online identification using the online
RKPCA algorithm developed in Sect. 5. The total number
of observations is 187,000.
The parameter estimate vector is
a=10*x[-195-0.05 162 —0.06 043 0.25
—-0.24 0.74 0.02 -0.88 0.20 —1.3 0.96

—0.09 0.52 —0.17]"e R'®

The number of the retained principal components
is p = 16. They form the columns of the following matrix.

ut y (1)
_>

WGy | fL

Fig. 1 Wiener Hammerstein benchmark
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0.1548 —0.0130 0.5902  0.4587 —1.8770 —0.3059 —1.2271 —0.5081
03063  0.0124  0.5394 1.0115 —1.2494 —0.3609 —1.5622 —1.1670
04549  —0.6057 0.1463 1.3868  —0.2050 —0.3986 —1.6233 —1.3631
0.6884 —1.2271 —0.3183 1.2855  0.7722 —-0.3921 —1.4379 —1.1622
1.0424  —1.5622 —-0.4996 0.7018 1.2917 —0.1648 —1.1519 —0.8728
14352 —1.6233 —0.2486 —0.0577 1.2196 03866 —0.7533 —0.7543
1.6841 —1.4379 0.2949 —0.5806 0.6960 1.0159 —0.2881 —0.8175
Xp = 1.6209 —1.1519 0.8508 —0.6249  0.0398 1.1821 0.2074
1.1935  —0.7533 12003 —0.2688 —0.4113 0.5181 0.5579
0.5020 —-0.2881 1.2693  0.1535 —0.4522 —0.7251 0.6482
—0.2245  0.2074 1.0915 02609 —0.0752 —1.7504 0.4391
—0.7056  0.5579  0.7615 —0.1370 0.5456 —1.8503  0.1023
04249  0.6157 —0.1363  1.4868  0.2250 —0.3786 1.5243
—0.3052  0.4391 02393 —1.6206  1.4795 0.0906  —0.1878
0.1257 —0.3746  0.0989  0.3945 —0.2572 —-0.2520 —0.5236 —0.1092

—0.0058 0.5579 —0.0031 —0.6057 —0.1593 —0.1160 0.4391 —0.0076
—0.0052 0.6482 —0.0076 —1.2271 —0.1878 —0.0141 0.1023 —0.0024
—0.0076  0.4391 —0.0038 —1.5622 —0.0165 0 —0.1593 —0.0130
—0.0024  0.1023 —-0.0076 —1.6233 0.2627 —0.0096 —0.1878 0.0124
—0.0130 —0.1593 —0.0041 —1.4379 0.5648 —0.0024 —0.0165 —0.6057
0.0124 —0.1878 —0.0072 —1.1519 0.8893 —0.0082 0.2627 —1.2271
—0.6057 —0.0165 —0.0048 —0.7533 1.1832 —0.0031 0.5648 —1.5622
—1.2271 02627 —0.0065 -0.2881 1.2989 —0.0076 0.8893 —1.6233
—1.5622 0.5648 —0.0048 0.2074 1.0348 —0.0038 1.1832 —1.4379
—1.6233  0.8893 —0.0062 0.5579  0.3567 —0.0076 1.2989 —1.1519
—1.4379 1.1832 —-0.0048 0.6482 —0.5081 —0.0041 1.0348 —0.7533
—1.1519 12989 —0.0065 0.4391 —1.1670 —0.0072 0.3567 —0.2881
—0.0076  0.4431 —0.0048 —1.5421 —0.0187 —0.0045 —0.1373 —0.0172
—0.2881 0.3567 —0.0058 —0.1593 —1.1622 —0.0065 —1.1670 0.5579

—0.1274 —0.2397 —0.0666 —0.4865 0.0670 —0.1569 —0.0841 —0.2417

In Fig. 2a—c, we present the system and the model
output during the online identification. We picked the
performance of our algorithm in the training sample
windows [4800 5800], [10° 1.110°] and [183200
184200]. We remark that the model output is in con-
cordance with the system output, indeed the Normalized
mean Square Error is equal to 0.087. This shows the
good performances of the proposed online identification
method.

To evaluate the performance of the proposed method,
we plot in Fig. 3, the evolution of the NMSE. We notice
that the error goes down when the number of observation
goes high.

In the Table 1, we summarized the results of the online
identification algorithm in terms of kernel parameter,
NMSE, and parameters number.

7.3 Chemical reactor modeling
7.3.1 Process description

The process is a Continuous Stirred Tank Reactor CSTR
which is a nonlinear system used for the conduct of the
chemical reactions [8]. A diagram of the reactor is given in
Fig. 4.

The physical equations describing the process are

%(tt) = Wl(l) + WZ(t) -0, zm
k].Cb(I)

(1 + kaCy(r)

@ Springer

where h(?) is the height of the mixture in the reactor of the
feed of reactant 1 w; (resp, reactant 2, w,) with concentration
Cb; (resp. Cb,). The feed of product of the reaction is wy
and its concentration is Cp,. k; and k, are consuming reactant
rate. The temperature in the reactor is assumed constant and
equal to the ambient temperature. We are interested by
modeling the subsystem presented in Fig. 5.

For the purpose of the simulations, we used the CSTR
model of the reactor provided with Simulink of Matlab.
The parameter ¢ = 208 is determine using the cross-vali-
dation technique in the offline phase.

The input vector of RKHS model is

x(k) = [wi(k — 1), wi(k —2),cb(k — 1), cb(k —2)]"
(37)

The number of observations is 300.

In Fig. 6, we represent the online reduced kernel prin-
cipal component analysis output as well as the system
output. We notice concordance between both outputs with
a Normalized mean Square Error equal to 0.083%.

In Fig. 7, we draw the evolution of the NMSE, we notice
that the online identification algorithm presents readily an
error less than 1% since the 20th training sample.

In the Table 2, we summarized the performance of the
online identification algorithm in terms of kernel parame-
ter, NMSE, and parameters number.

8 Conclusion
In this paper, we have proposed an online reduced kernel

principal component analysis method for nonlinear system
parameter identification. Through several experiments, we
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Fig. 2 System and model
outputs during the online
identification

0.6

04 -

0.2

-1.2

benchmark output E
............. online RKPCA

4800

0.6

4900 5000 5100 5200 5300 5400 5500 5600 5700 5800

0.4

0.2

S

benchmark output 7
------ e === online RKPCA

1.001 1.002 1.003 1.004 1.005 1.006 1.007 1.008 1.009 1.01
5
x 10

0.6

04

0.2 |-

benchmark output
------ «-:--- online RKPCA

753
ity
A
*
£

.8
1.832

1.833 1.834 1.835 1.836 1.837 1.838 1.839 1.84 1.841 1.842
5
x 10

showed the accuracy and good scaling properties of the
proposed method. This algorithm has been tested for
identifying a Wiener Hammerstein benchmark model and a

chemical reactor, and the results were satisfying. The
proposed technique may be very helpful to design an
adaptive control strategy of nonlinear systems.
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Fig. 3 Evolution of NMSE

Table 1 Results of the Wiener Hammerstein benchmark identifica-
tion with the online RKPCA algorithm

Kernel parameter NMSE Observation Number of the
number model parameters
RBF, u = 88 0.087 187,000 16

. C,, : Concentration
C,, : Concentration
of reactant 2
of reactant 1

W, W, : feed of reactant 2

feed of reactant 1

W, : feed of produc

—

C 5, - Concentration product

Fig. 4 Chemical reactor diagram

W, : Feed of reactant 1

—
C, : Product

Concentration

Fig. 5 Considered subsystem
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Fig. 6 System and model outputs during the online identification
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Fig. 7 Evolution of NMSE

Table 2 Results of the chemical reactor identification with the online
RKPCA algorithm

Kernel parameter ~NMSE %  Observation ~ Number of the
number model parameters

RBF, u = 208 0.083 300 15
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