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Abstract This paper deals with the problem of global

stability of stochastic reaction–diffusion recurrent neural

networks with continuously distributed delays and Dirich-

let boundary conditions. The influence of diffusion, noise

and continuously distributed delays upon the stability of

the concerned system is discussed. New stability conditions

are presented by using of Lyapunov method, inequality

techniques and stochastic analysis. Under these sufficient

conditions, globally exponential stability in the mean

square holds, regardless of system delays. The proposed

results extend those in the earlier literature and are easier to

verify.

Keywords Stochastic system �
Recurrent neural network � Delay � Reaction–diffusion �
Dirichlet boundary condition

1 Introduction

The stability of recurrent neural networks has attracted

considerable attention due to its potential applications in

classification, parallel computing, associative memory,

signal and image processing, and especially in solving

some difficult optimization problems. In practice, signifi-

cant time delays, such as constant time delays, time-vary-

ing delays, especially, continuously distributed delays, are

ubiquitous both in neural processing and in signal trans-

mission. For example, in the modeling of biological neural

networks, it is necessary to take account of time delays due

to the finite processing speed of information. Time delays

may lead to bifurcation, oscillation, divergence or insta-

bility which may be harmful to a system [1, 2]. The sta-

bility of neural networks with delays has been studied in

[2–24] and references therein.

In addition to the delay effects, a neural system is usu-

ally affected by external perturbations. Synaptic transmis-

sion is a noisy process brought on by random fluctuations

from the release of neurotransmitters and other probabi-

listic causes [9]. Therefore, it is significant to consider

stochastic effects to the stability property of the delayed

recurrent neural networks.

Moreover, both in biological and artificial neural net-

works, diffusion effects cannot be avoided when electrons

are moving in asymmetric electromagnetic fields. Hence, it

is essential to consider the state variables varying with time

and space. The neural networks with diffusion terms can

commonly be expressed by partial differential equations

[10–15] have considered the stability of neural networks

with diffusion terms, in which boundary conditions are all

the Neumann boundary conditions.

The neural networks model with Dirichlet boundary

conditions has been considered in [16, 21], but it concen-

trated on deterministic systems and did not take random

perturbation into consideration. To the best of our knowl-

edge, few authors have considered global exponential sta-

bility in the mean square of stochastic reaction–diffusion

recurrent neural networks with continuously distributed

delays and Dirichlet boundary conditions. Motivated by

these, the stability of stochastic reaction–diffusion neural

networks with both continuously distributed delays and

Dirichlet boundary conditions is studied in this paper. We
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use a similar method as in [21], but deal with a more

general case in which stochastic perturbations are con-

cerned. The influence of diffusion, continuously distributed

delays upon the stability of the concerned system is also

discussed. New conditions ensuring the globally exponen-

tial stability in the mean square are presented by using of

Lyapunov method, inequality techniques and stochastic

analysis. These conditions show that the stability is inde-

pendent of the magnitude of delays, but is dependent of the

magnitude of noise and diffusion effects. Therefore, under

the sufficient conditions, diffusion and noisy fluctuations

are important to the system. The proposed results extend

those in the earlier literature and easier to verify.

This paper is constructed as follows. In Sect. 2, our

mathematical model of the stochastic reaction–diffusion

recurrent neural networks with continuously distributed

delays and Dirichlet boundary conditions is presented and

some preliminaries are given. Our main results are given in

Sect. 3 . In Sect. 4, some examples are provided to illustrate

the effectiveness of the obtained results. Our conclusions

are drawn in Sect. 5.

2 Model description and preliminaries

Consider the following stochastic reaction–diffusion

delayed recurrent neural networks with the Dirichlet

boundary conditions:

duiðt; xÞ ¼
Xm

k¼1

o

oxk
Dik

oui

oxk

� �
dt þ �biuiðt; xÞ½

þ
Xn

j¼1

cijfjðujðt; xÞÞ þ
Xn

j¼1

dij

Z t

�1

Kijðt � sÞgjðujðs; xÞÞdsþ Ji�dt

þ
Xn

j¼1

rijðujðt; xÞÞdwjðtÞ;

uiðt;xÞ ¼ 0; ðt;xÞ 2 ½0;þ1Þ� oX;
uiðt;xÞ ¼/iðt;xÞ; ðt;xÞ 2 ð�1;0� �X; i¼ 1;2; . . .;n:

ð1Þ

In the above model,

(i) n C 2 is the number of neurons in the networks; x ¼
ðx1; x2; . . .; xmÞT 2 X � Rm and X = {x = (x1,

x2,…,xm)T||xi| \ li = 1,2,…,m} is a bounded compact

set with smooth boundary qX and mes X [ 0 in space

Rm;

(ii) u(t,x) = (u1(t,x),u2(t,x),…,un(t,x))T [ Rn and ui(t,x) is

the state of the ith neuron at time t and in space x;

(iii) smooth function Dik [ 0 represents the transmission

diffusion operator along the ith unit; bi [ 0 repre-

sents the rate with which the ith unit will reset its

potential to the resting state in isolation when

disconnected from the networks and external inputs;

cij,dij denote the strength of jth unit on the ith unit at

time t and in space x;

(iv) fj(uj(t,x)) and gj(uj(t,x)) denote the activation function

of the jth unit at time t and in space x; /
(t,x) = (/1(t,x),/2(t,x),…,/n(t,x))T and /i(t,x) are

continuous function;

(v) w(t) = (w1(t),…,wn(t))T is a n-dimensional Brownian

motion defined on a complete probability space

ðX;F ;PÞ with a natural filtration fF tgt� 0 generated

by the standard Brownian motion {w(s):0 B s B t}.

(vi) The delay kernels Kij:[0, ??)? [0, ??)

(i,j = 1,2,…,n) are real-valued nonnegative continu-

ous functions and satisfy the following conditions

(a) $0
?Kij(s)ds = 1,

(b) $0
?sKij(s)ds \?,

(c) There exists a positive l such that

$0
?selsKij(s)ds \?.

Let C[(-?,0] 9 X,Rn] denote the Banach space of

continuous functions which map (-?,0] 9 X into Rn with

norm k/k ¼ sup�1\h� 0 j/ðhÞj:j � j is the Euclidean norm

in Rn. xt = {x(t ? h) :-?\ h B 0} for t C 0. Denote by

C ¼ Cb
F 0
½ð�1; 0� � X;Rn� the family of all bounded F 0

measurable, random variables /, satisfying k/kp
Lp ¼

sup�1\h� 0 Ek/ðsÞkp\1; where E stands for the math-

ematical expectation with respect to the given probability

measure P. For / [ C, define the norm

k/k2 ¼ sup�1\t� 0

Xn

i¼1

k/iðtÞk2
2

( )
;

k/iðtÞk
2
2 ¼

Z

X

j/iðt; xÞj
2
dx:

Let L2(X) be the space of real Lebesgue measurable

function on X. It is a Banach space for the L2-norm

kuiðtÞk2 ¼
Z

X

juiðt; xÞj2dx

2

4

3

5

1
2

;

where u(t,x) = (u1(t,x),u2(t,x),…,un(t,x))T [ Rn. Define

kuðtÞk ¼
Xn

i¼1

kuiðtÞk2
2

" #1
2

:

Throughout this paper, for system (1), we have the

following assumptions:
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(A1) fj, gj and rij are Lipschitz continuous with Lipschitz

constants Fj [ 0,Gj [ 0 and Lij [ 0, respectively,

for i,j = 1,2,…,n.

(A2) B-C?F-D?G is a nonsingular M-matrix, where

F = diag(F1,…,Fn), G = diag(G1,…,Gn);

B = diag(b1,…,bn), C? = (|cij|)n 9 n,

D? = (|dij|)n 9 n;

If there is no noise in system (1), it turns out to be

the following deterministic system.

duiðt; xÞ ¼
Xm

k¼1

o

oxk
Dik

oui

oxk

� �
dt

þ �biuiðt; xÞ þ
Xn

j¼1

cijfjðujðt; xÞÞ
"

þ
Xn

j¼1

dij

Z t

�1

Kijðt � sÞgjðujðs; xÞÞdsþ Ji

3

5dt;

x 2 X: ð2Þ

Let

HiðuiÞ ¼ �biui þ
Xn

j¼1

cijfjðujÞ

þ
Xn

j¼1

dij

Z t

�1

Kijðt � sÞgjðujÞdsþ Ji

i ¼ 1; 2; . . .; n

then it is known that the solution of Hi(ui) = 0

(i = 1,2,…,n) are equilibrium point of system (2).

Since

HiðuiÞ ¼ �biui þ
Xn

j¼i

cijfjðujÞ þ
Xn

j¼1

dijgjðujÞ

Z t

�1

Kijðt � sÞdsþ Ji

¼ �biui þ
Xn

j¼1

cijfjðujÞ þ
Xn

j¼1

dijgjðujÞ þ Ji;

i ¼ 1; 2; . . .; n

from hypothesis (A1) and (A2) (see [24]), we know that

system (2) has one unique equilibrium point

u* = (u1
*,u2

*,…,un
*)T. Suppose

(A3) rij(ui
*) = 0 for i,j = 1,2,…,n.

Then u* = (u1
*,…,un

*)T is an equilibrium point of system

(1) provided that system (1) satisfies (A1)–(A3).

We end this section by introducing the definition of

globally exponential stability in the mean square and a

useful lemma.

Definition 1 For every / 2 C ¼ Cb
F 0
½ð�1; 0� � X;Rn�;

the equilibrium solution of system (1) is said to be globally

exponentially stable in the mean square if there exists

positive scalars a[ 0 and b[ 0 such that

Ekxðt;/Þk2� ae�btEk/k2:

Lemma 1 [16] Let X be a cube |xi| \ li (i = 1,2,…,m)

and let h(x) be a real-valued function belonging to C1(X)

which vanish on the boundary qX of X, i.e., h(x)|qX = 0.

Then
Z

X

h2ðxÞdx� l2i

Z

X

oh

oxi

����

����
2

dx:

3 Main results

In this section, we will employ the Ito formula and mar-

tingale theory to present a sufficient condition for the

globally exponential stability in the mean square of sto-

chastic reaction–diffusion recurrent neural networks with

continuously distributed delays and Dirichlet boundary

conditions defined by Eq. 1. The usual continuously dis-

tributed delayed RNNs without diffusion or stochastic

perturbation are included as special cases of equation (1).

Theorem 1 The stochastic reaction–diffusion delayed

recurrent neural network (1) with Dirichlet boundary

condition is globally exponentially stable in mean square if

there exist constants ri [ 0, bij [ 0, (i = 1,2,…,n,

j = 1,2,…,n), such that

�2ribi �
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij

þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjG
2
i bjijdjij þ

Xn

j¼1

rjL
2
ji\0;

ð3Þ

in which Fi,Gi and Lij, (i = 1,2,…,n, j = 1,2,…,n) are

Lipschitz constants.

Proof If condition (3) holds, we can always find a small

positive number c[ 0 such that for i = 1,2,…,n

�2ribi �
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij

þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjL
2
ji þ

Xn

j¼1

rjG
2
i bjijdjij

Z1

0

KjiðsÞe�sdsþ c\0:

Let us consider functions
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piðyiÞ ¼ riyi � 2ribi �
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj

þ
Xn

j¼1

rjFijcjij þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjG
2
i bjijdjij

Zþ1

0

KjiðsÞ � e2yis þ
Xn

j¼1

rjL
2
ji; ð4Þ

From (4) and (A2), we have pi(0) \ -c\ 0 and pi(yi) is

continuous for yi [ [0, ??). In addition, pi(yi)? ?? as

yi? ??. Thus there exists constant ei [ (0, ??) such that

pið�iÞ ¼ ri�i� 2ribi�
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij

þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjG
2
i bjijdjij

Zþ1

0

KjiðsÞ� e2�is

þ
Xn

j¼1

rjL
2
ji ¼ 0;

for i [ 1,2,…,n.

By choosing e = min1 B i B n{ei} [ 0, we have

pið�Þ ¼ ri�� 2ribi�
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij

þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjG
2
i bjijdjij

Zþ1

0

KjiðsÞ

� e2�sþ
Xn

j¼1

rjL
2
ji�0 ð5Þ

for i [ 1,2,…,n.

Let u* = (u1
*,…,un

*)T be an equilibrium point of system

(1) and let zi = ui-ui
*, then Eq. 1 is equivalent to

dziðtÞ ¼
Xm

k¼1

o

k
Dik

oziðtÞ
k

� �
dt

þ �biziðt; xÞ þ
Xn

j¼1

cij
~fjðzjðt; xÞÞ

(

þ
Xn

j¼1

dij

Z t

�1

Kijðt � sÞ~gjðzjðs; xÞÞds

9
=

;dt

þ
Xn

j¼1

rijðujðt; xÞÞdwjðtÞ; x 2 X; ð6Þ

where

~fjðzjðt; xÞÞ ¼ fjðzjðt; xÞ þ u�j Þ � fjðu�j Þ;

~gjðzjðs; xÞ ¼ gjðzjðs; xÞ þ u�j Þ � gjðu�j Þ:

For system (6), we construct the following Lyapunov

functional:

VðtÞ ¼ V1ðtÞ þ V2ðtÞ

with

V1ðtÞ ¼
Z

X

Xn

i¼1

rijziðt; xÞj2e�tdx;

and

V2ðtÞ ¼
Z

X

Xn

i¼1

ri

�
Xn

j¼1

jbijdijj
Zþ1

0

KijðsÞ
Z t

t�s

j~gjðzjðq; xÞÞj2e�ðqþsÞdqds

2
4

3
5dx:

Applying Ito formula to V1(t) and V2(t), respectively, we

obtain

dV1ðsÞ ¼
Z

X

�e�s
Xn

i¼1

rijziðs; xÞj2ds

(
þ 2e�s

Xn

i¼1

riziðs; xÞ

�
Xm

k¼1

o

oxk
Dik

ozi

oxk

� �
� biziðs; xÞ

"

þ
Xn

j¼1

cij
~fjðzjðs; xÞÞ þ

Xn

j¼1

dij

Zs

�1

Kijðs� qÞ½gjðujðq; xÞÞ � gjðu�j Þ�dq

3
5ds

þ 2e�s
Xn

i¼1

riziðs; xÞ
Xn

j¼1

rijðujðs; xÞÞdwjðsÞ:

þe�s
Xn

i¼1

ri

Xn

j¼1

r2
ijðujðs; xÞÞds

)
dx; ð7Þ

and

dV2ðsÞ ¼
Z

X

Xn

i¼1

ri

Xn

j¼1

jbijdijj
Z1

0

KijðqÞjgjðzjðs; xÞ þ u�j Þ

2
4

�gjðu�j Þj
2
e�ðsþqÞdqds

i
dx�

Z

X

Xn

i¼1

ri

Xn

j¼1

jbijdijj
"

Z1

0

KijðqÞjgjðzjðs� q; xÞ þ u�j Þ � gjðu�j Þj
2
e�sdqds

3

5dx:

ð8Þ
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Since

2e�s
Xn

i¼1

riziðs; xÞ
Xn

j¼1

dij

Zs

�1

Kijðs� qÞ gj zjðq; xÞ þ u�j

� �
� gj u�j

� �h i
dq

� e�s
Xn

i¼1

ri

Xn

j¼1

jdijjb�1
ij

Zs

�1

Kijðs� qÞjziðs; xÞj2dq

þ e�s
Xn

i¼1

ri

Xn

j¼1

jdijjbij

Zs

�1

Kijðs� qÞ gj zjðq; xÞ þ u�j

� �
� gj u�j

� ����
���
2

dq

¼ e�s
Xn

i¼1

ri

Xn

j¼1

jdijjb�1
ij

Zs

�1

Kijðs� qÞjziðs; xÞj2dq

þ e�s
Xn

i¼1

ri

Xn

j¼1

jdijjbij

Z1

0

KijðqÞ gj zjðs� q; xÞ þ u�j

� �
� gj u�j

� ����
���
2

dq; ð9Þ

substituting (9) into (7) and combining with (8), we have

VðtÞ¼Vð0Þþ
Z t

0

dVðsÞ¼Vð0Þþ
Z t

0

dV1ðsÞþ
Z t

0

dV2ðsÞ

�
Z t

0

Z

X

�e�s
Xn

i¼1

rijziðs;xÞj2
(

þ2e�s
Xn

i¼1

riziðs;xÞ

Xm

k¼1

o

k
Dik

ozi

oxk

� �" #
�2e�s

Xn

i¼1

riziðs;xÞbiziðs;xÞ

þ2e�s
Xn

i¼1

rijziðs;xÞj
Xn

j¼1

cijFjjzjðs;xÞj

þe�s
Xn

i¼1

ri

Xn

j¼1

jdijjb�1
ij

Zs

�1

Kijðs�qÞjziðs;xÞj2dq

þe�s
Xn

i¼1

ri

Xn

j¼1

jdijjbij

Z1

0

KijðqÞ gj zjðs�q;xÞþu�j

� ����

�gj u�j

� ����
2

dqþ
Xn

i¼1

ri

Xn

j¼1

jbijdijj
"

Z1

0

KijðqÞ gj zjðs;xÞþu�j

� �
�gj u�j

� ����
���
2

e�ðsþqÞdq

3
5

�
Xn

i¼1

ri

"
Xn

j¼1

jbijdijj
Z1

0

KijðqÞ gj zjðs�q;xÞþu�j

� ����

�gj u�j

� ����
2

edq

#)
dxdsþ

Z t

0

Z

X

Xn

i¼1

ri e�s
Xn

j¼1

L2
ijjzjðs;xÞj2

(

dxdsþ2e�sziðs;xÞ
Xn

j¼1

rijðujðs;xÞÞdxdwjðsÞ
)
: ð10Þ

From the Dirichlet boundary conditions and Lemma 1,

we have

Z

X

Xn

i¼1

riziðt; xÞ
Xm

k¼1

o

oxk
Dik

oziðt; xÞ
oxk

� �
dx ¼

�
Xn

i¼1

ri

Xm

k¼1

Z

X

Dik
iðt; xÞ
oxk

� �2

dx

� �
Xn

i¼1

ri

Xm

k¼1

Z

X

Dik

l2k
jziðt; xÞj2dx:

Since
R t

0

R
X 2e�s

Pn
i¼1 riziðs; xÞ

Pn
j¼1 rijðujðs; xÞÞdxdwjðsÞ

is a martingale [20], we have

E

Z t

0

Z

X

2e�s
Xn

i¼1

riziðs; xÞ
Xn

j¼1

rijðujðs; xÞÞdxdwjðsÞ ¼ 0:

Therefore, taking expectation on both sides of (10), we

obtain

EVðtÞ�EVð0ÞþE

Z t

0

e�s
Z

X

Xn

i¼1

i�
Xm

k¼1

2Dikri

l2
k

� 2ribi

"

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij þ ri

Xn

j¼1

jdijjb�1
ij

�
Zs

�1

Kijðs�qÞjziðs;xÞj2dq

þ
Xn

j¼1

rjL
2
jiþ
Xn

j¼1

rjG
2
i jbjidjij

Z1

0

KjiðqÞe�qdq

3
5jziðs;xÞj2dxds

¼ EVð0Þþ
Z

X

Xn

i¼1

i�
Xm

k¼1

2Dikri

l2k
� 2ribiþ

Xn

j¼1

riFjjcijj
"

þ
Xn

j¼1

rjFijcjij þ ri

Xn

j¼1

jdijjb�1
ij þ

Xn

j¼1

rjL
2
ji

þ
Xn

j¼1

rjG
2
i jbjidjij

Z1

0

KjiðqÞe�qdq

3

5E

�
Z t

0

e�sjziðs;xÞj2dsdx:

It follows from (5) that

EVðtÞ�EVð0Þ t� 0: ð11Þ
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Since

EVð0Þ¼
Z

X

Xn

i¼1

riEjzið0;xÞj2þ
Xn

i¼1

ri

Xn

j¼1

jbijdijj
"

Z1

0

KijðsÞ
Z0

�s

gj zjðs;xÞþu�j

� ����

�gj u�j

� �
j2e�ðsþqÞdqds�dx

�
Z

X

Xn

i¼1

max
1�i�n

frigjzið0;xÞj2
"

þ
Xn

i¼1

ri

Xn

j¼1

bijjdijjG2
j E

Z1

0

KijðsÞ

Z0

�s

e�ðsþqÞdqjzjðs;xÞj2ds

3
5dx� max

1�i�n
frig

1þ max
1�i�n

Xn

j¼1

bjijdjijG2
i

Z1

0

se�sKjiðsÞds

8
<

:

9
=

;

0
@

1
AEk/k2;

ð12Þ

and

EVðtÞ�
Z

X

Xn

i¼1

riEjziðt; xÞj2e�tdx� e�t min
1� i� n

frigEkzðtÞk2;

t [ 0;

ð13Þ

combining (12) and (13) with (11), we have

EkzðtÞk2�k/k2
e��t;

where

a ¼
max1� nfrig 1þmax1� i

Pn
j¼1 bjijdjijG2

i

R1
0

se�sKjiðsÞds
n o� �

min1� n frig
[ 1

is a constant. This complete the proof.

In Theorem 1, if we take Dik = 0,

i = 1,…,n,k = 1,…,m, system (1) turns out to be the fol-

lowing stochastic recurrent neural networks with continu-

ously distributed delays.

duiðtÞ ¼ �biuiðt; xÞ þ
Xn

j¼1

cijfjðujðt; xÞÞ
"

þ
Xn

j¼1

dij

Z t

�1

Kijðt � sÞgjðujðs; xÞÞ þ Ji

3
5dt

þ
Xn

j¼1

rijðujðt; xÞÞdwjðtÞ; t 2 ½0;þ1Þ ð14Þ

uiðtÞ ¼ /iðtÞ; t 2 ð�1; 0�; i ¼ 1; . . .; n;

Corollary 1 Under assumptions (A1)–(A3), if there exist

constants ri [ 0, bij [ 0, (i = 1,2,…,n,j = 1,2,…,n) such

that

� 2ribi þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij þ ri

Xn

j¼1

b�1
ij jdijj

þ
Xn

j¼1

rjG
2
i bjijdjij þ

Xn

j¼1

rjL
2
ji\0:

Then for all / 2 C ¼ Cb
F 0
½ð�1; 0�;Rn�; the equilibrium

solution of system (14) is globally exponentially stable in

the mean square.

For system (1), when rij = 0, i,j, = 1,2,…,n, it turns out

to be the deterministic recurrent neural networks (2). So we

have

Corollary 2 Under assumptions (A1)–(A2), if there exist

constants ri [ 0, bij [ 0, (i = 1,2,…,n,j = 1,2,…,n), such

that

� 2ribi �
Xm

k¼1

2Dikri

l2
k

þ
Xn

j¼1

riFjjcijj þ
Xn

j¼1

rjFijcjij

þ ri

Xn

j¼1

b�1
ij jdijj þ

Xn

j¼1

rjG
2
i jbjidjij\0:

ð15Þ

Then for all / 2 C ¼ Cb
F 0
½ð�1; 0�;Rn�; the equilibrium

point of system (2) is globally exponentially stable.

Proof If there is no stochastic perturbation, the solution

of system (2) is deterministic. By Cauchy inequality and

Theorem 1, we have kzðtÞk ¼ EkzðtÞk� ðEkzðtÞk2Þ
1
2�

a
1
2ðEk/k2Þ

1
2e�

�
2
t; for all t C 0.

Thus system (2) is globally exponentially stable, which

is the result of [21].

Remark 1 We extend [21] to systems with stochastic

perturbation.

Remark 2 Noting ðEjxðtÞjp̂Þ1=p̂�ðEjxðtÞjpÞ1=p
for

0\p̂\p; we see that the pth moment exponential stability

implies the p̂ th moment exponential stability (see [19]).

Therefore for system (1), the globally exponential stability

in the mean square implies the mean value exponential

stability of an equilibrium solution.

Remark 3 Global exponential stability is the term used

for the deterministic system. For the effect of stochastic

forces to the stability property of continuously distributed

delayed RNNs (1), we usually study the almost sure

exponential stability, mean square exponential stability and
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mean value exponential stability of their equilibrium

solution. Generally speaking, the pth moment exponential

stability and the almost sure stability do not imply each

other and additional conditions are required in order to

deduce one from the other (see [19])

Remark 4 In [18], the activation functions are bounded.

However, in corollary 1, the stability conditions are

obtained without assuming the boundedness, monotonicity

and differentiability of the activation functions nor sym-

metry of synaptic interconnection weights. Hence the

proposed results are easier to verify.

4 An example

In this section, we present a numerical example to dem-

onstrate the effectiveness of the proposed results.

Example 1 Consider the following stochastic reaction–

diffusion delayed recurrent neural networks:

duiðt; xÞ ¼
P2

k¼1

o
oxk

Dik
oui

oxk

� �
� biuiðt; xÞ þ

P2

j¼1

cijfjðujðt; xÞÞ
"

þ
P2

j¼1

dij

R t

�1 Kijðt � sÞgjðujðs; xÞÞ þ Ji

#
dt þ

P2

j¼1

rijðujðt; xÞÞdwjðtÞ;

ðt; xÞ 2 ½0;þ1Þ � X
uiðt; xÞ ¼ 0; ðt; xÞ 2 ½�s;þ1Þ � oX;
uiðt; xÞ ¼ /iðt; xÞ; ðt; xÞ 2 ½�s; 0� � X; i ¼ 1; 2:

8
>>>>>>>>>><

>>>>>>>>>>:

ð16Þ

where X = {x|xi| \ 1, i = 1,2} and D11 = 0.5, D12 = 0.5,

D21 = 0.3, D22 = 0.7, b1 = 0.5, b2 = 0.4, c11 = 0.5,

c12 = 0.4, c21 = 0.3, c22 = 0.2, d11 = 0.1, d12 = 0.2,

d21 = 0.3, d22 = 0.5, L11 = L12 = L21 = L22 = 0.4,

J = (J1,J2)T is the constant input vector. Kij(t) = te-t,

i,j = 1,2,gj(x) = arctan(x) , fj(x) = 0.5(|x ? 1| - |x - 1|),

(j = 1,2). Obviously, fj(�) and gj(�) satisfy Lipschitz

condition with Fj = Gj = 1. By simple calculation , we get

B� CþF � DþG ¼ �0:1 �0:6
�0:6 �0:3

� �
:

Choosing r1 = r2 = 1, b11 = 1, b12 = 1, b21 = 1, and

b22 = 1, we have

�2r1b1 �
X2

k¼1

2D1kr1

l2k
þ
X2

j¼1

r1Fjjc1jj þ
X2

j¼1

rjF1jcj1j

þ
X2

j¼1

r1b
�1
1j jd1jj þ

X2

j¼1

rjG
2
1jbj1dj1j

þ
X2

j¼1

L2
j1 ¼ �0:28\0;�2r2b2

�
X2

k¼1

2D2kr2

l2k
þ
X2

j¼1

r2Fjjc2jj þ
X2

j¼1

rjF2jcj2j

þ
X2

j¼1

r1b
�1
2j jd2jj þ

X2

j¼1

rjG
2
2jbj2dj2j

þ
X2

j¼1

L2
j2 ¼ �0:38\0:

Hence, it follows from Theorem 1 that system (16) is

globally exponentially stable in the mean square. Figure 1

gives the numerical results of Example 1.

Example 2 Consider a stochastic reaction–diffusion

recurrent neural network with continuously distributed

delays:

d
u1ðt; xÞ
u2ðt; xÞ

� �
¼

D11
ou1

ox1
D12

ou1

ox2

D21
ou2

ox1
D22

ou2

ox2

 !
o

ox1

o
ox2

 !
dt

�
16 0

0 9

� �
u1

u2

� �
dt þ

1 2

3 1

� �
arctan u1

arctan u2

� �
dt

�
�3 1

2 �2

� �
Rt

�1
Kðt � sÞ � tanhðu1Þds

Rt

�1
Kðt � sÞ � tanhðu2Þds

0

BBB@

1

CCCAdt

�4u1 u1

u2 u2

� �
dw1ðtÞ
dw2ðtÞ

� �

ð17Þ

where tanhðxÞ ¼ ex�e�x

exþe�x ; KðtÞ ¼ e�t and X = {x||xi| \ 1,

i = 1,2}.

It is obvious that Fj = Gj = 1, j = 1,2 and

B� CþF � DþG ¼ 4 �3

�5 5

� �

which is a nonsingular M-matrix. Choosing r1 = r2 = 1,

b11 = 1, b12 = 1, b21 = 1, and b22 = 1, we have

0 0.5 1 1.5 2 2.5 3
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

u
1
(t)

u
2
(t)

Fig. 1 Numerical results of Example 1
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� 2r1b1 �
X2

k¼1

2D1kr1

l2k
þ
X2

j¼1

r1Fjjc1jj

þ
X2

j¼1

rjF1jcj1j þ
X2

j¼1

r1b
�1
1j jd1jj

þ
X2

j¼1

rjG
2
1jbj1dj1j þ

X2

j¼1

L2
j1 ¼ �1\0;

and

� 2r2b2 �
X2

k¼1

2D2kr2

l2k
þ
X2

j¼1

r2Fjjc2jj þ
X2

j¼1

rjF2jcj2j

þ
X2

j¼1

r1b
�1
2j jd2jj þ

X2

j¼1

rjG
2
2jbj2dj2j þ

X2

j¼1

L2
j2 ¼ �1\0:

It follows from Theorem 1 that system (17) is globally

exponentially stable in the mean square.

5 Conclusions

As is pointed out in Sect. 1, stochastic perturbation and

diffusion do exist in a neural network, due to random

fluctuations and asymmetry of the field. Thus it is neces-

sary and rewarding to study stochastic effects to the sta-

bility property of reaction–diffusion neural networks. In

this paper, some new conditions ensuring the global

exponential stability in the mean square of the considered

system are derived, by using of Lyapunov method,

inequality techniques and stochastic analysis. Notice that,

these obtained results show that, the stability conditions on

system (1) are independent of the magnitude of delays, but

are dependent of the magnitude of noise and diffusion

effect. Therefore, in the above content, globally exponen-

tial stability in the mean square holds, regardless of system

delays. The proposed results extend those in the earlier

literature and are easier to verify. Our methods are also

suitable to the more general stochastic reaction–diffusion

neural networks with time delays.
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