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Abstract Volatility forecasting is vital important in
finance to reduce risk and take better decisions. This paper
proposes a spline wavelet support vector machine
(SWSVM) to forecast the volatility of financial time series
based on generalized autoregressive conditional hetero-
scedasticity model. An admissible spline wavelet kernel is
constructed by incorporating the wavelet technique and
spline theory into support vector machine (SVM). Since
spline wavelet function can yield features that describe the
stock time series both at various locations and at varying
time granularities, the SWSVM gains the cluster feature of
volatility well. Compared with Gaussian kernel in the
standard SVM, the applicability and validity of spline
wavelet kernel in SWSVM are confirmed through com-
puter simulations and experiments on real-world stock
data.
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1 Introduction

Time series prediction is important and challenging task in
finance. Compared with traditional time series analysis with
emphasis on modeling the conditional first moment, Engle
[1] and Bollerslev [2] developed generalized autoregressive
conditional heteroscedasticity (GARCH) model to take the
dependency of the conditional second moments into
modeling consideration. Since this accommodates the
increasingly important demand to explain and to model risk
and uncertainty in financial time series, GARCH model has
been main tool for volatility forecasting [3—8]. To enhance
the forecasting performance of GARCH farther, Perez-Cruz
proposed GARCH-SVM model and proved that forecasting
volatility using support vector machine (SVM) is not only
feasible but also effective [9].

SVM have originally been used for classification pur-
poses but their principles can be extended easily to the task
of regression and time series prediction [10-12]. The pre-
diction performance of SVM is greatly dependent upon
kernel [13]. There are many kinds of existent support
vector kernels such as the Gaussian and polynomial kernels
used to map the data in input space to a high-dimensional
feature space in which the problem becomes linearly sep-
arable. Since wavelet function can describe stock time
series both at various locations and at varying time gran-
ularities [14-17], it should describe the cluster feature of
volatility well. One of the basic methods for constructing
wavelets involves the use of spline functions, which are
probably the simplest functions with small supports [18,
19]. Therefore, it is valuable for us to research the problem
of whether a desirable performance could be achieved if we
combine SVM with spline wavelet theory. In this paper, we
construct a novel spline wavelet kernel for SVM to forecast
volatility.
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The objective of this paper is to evaluate the perfor-
mance of spline wavelet kernel in spline wavelet support
vector machine (SWSVM) for volatility prediction
according to GARCH model by comparing it with the
Gaussian kernel in SVM. This paper is organized as fol-
lows: Sect. 2 provides a brief introduction to the multi-
resolution theory of wavelets. Section 3 describes how to
construct spline wavelet kernel and prove that it is
admissible support vector kernel. Section 4 discusses about
the experimental results on simulating and real data sets,
followed by conclusions in the last section.

2 Multi-resolution theory
Multi-resolution analysis is the decomposition of the

Hilbert space L,(R) to the nested sequence of closed sub-
spaces {V;};cz, which satisfy the following relations [15]:

1 --cv,cVicVyCcV,4CV,C---
(2) closes UV, p =L(R), NV;={0}
jez jez

(3) VfeL® andVjeZ, f(x)€V; & f(2x) eV,

4) YfeLyR)andVkeZ, f(x)eVo&flx—k) eV

(5) 3d¢ € Vi so that {@(x — k) }iez is the Riesz basis in
Vo.

Dilatations and translations of scaling function ¢(x), the
{pjx) = ®(277x — k)}1ez is the Riesz basis in V;. Let us
denote by W; the complement of the subspace V; in the
space V;_y, there is V,_; = V; ® W,, j € Z. Similarly, the
Riesz basis of W;is {y;(x) = W(27x — k)} ez by dilata-
tions and translations of wavelet function y/(x).

3 Spline wavelet kernel and SWSVM

Theorem 1: Let x € R, the scaling function ¢™(x) is
B-spline of the order (N — 1) with the compact support
interval [0, N] and the integer division {x; = k, k € Z}, the
recursion formula is valid [20]

(N) X—k -
op (%) = N — 1(Pk (x)
k+ N — (N—1)
+ﬁ(pk+l (x), N:2,3,..., (1)
(1) 1, k<x<k+1
@ (%) = Apprn(x) = ,
0, otherwise,

where ¢{V(x) = @™ (x — k).

Theorem 2: Compactly supported spline wavelet
1//(N)(x)can be expressed by the wavelet equation y™ (x) =
S, d(k)™N) (2x — k), where scaling function is B-spline

©™(x) given in (1), and coefficients d(k) are equal to [19]
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Theorem 3: Let Yy (x) be a mother wavelet, let j and k
denote the dilation and translation, respectively. All
calculations are done on integer divisions, with the finest
resolution level division {x;, =k k=0, ..., 2"}. If s,
t € RY, then dot-product wavelet kernels are:

M J L-N

k=113 3 v

i=1 j=1 k=1—

W), L=2"7 (3)

Proof: Let X, . x' € RM and a, ...,

1

Z apa K (x7, x7)

a,eR,

Hence, dot-product kernels satisfy Mercer’s condition.
Therefore, it is admissible support vector kernel.

It’s well known to all that the Gaussian kernel need to
compute a 1 by 1 kernel matrix, O(/). The major difference
on complexity of spline wavelet kernel is on the con-
structing stage to gain Multi-resolution frame. Hence, if
there is the number h of frame elements describing the
frame-based kernel, the computational complexity can be
calculated by O(h* x I%).

4 Experiment analysis

Two simulated data sets are examined in the first series of
experiment. Each data set consists of 1,560 samples gen-
erated by a GARCH (1,1) model:

Vi = U+ 08 (4)
ol =w+oay’ , + o, (5)

where y, is daily return and ¢, is innovation, an uncorrelated
process with zero mean and unit variance. For the sake of
simplicity, the mean of a financial return series p is often
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neglected. In addition, the parameters w, o and  must
satisfy @ > 0, o, § > 0 to ensure that the conditional var-
iance o7 is positive. The experimental setup is as follows:
=0, ®w=0.1, « =04 and f = 0.5 and a disturbance
term ¢, distributed first as Gaussian and then as a Student’s ¢
with four degrees of freedom (kurtosis = 4). This second
distribution tries to model the excess of kurtosis that
appears in real financial series. Every time series consists of
1,560 samples. They are referred to as Data-1 and Data-2.

The data examined in the experiment are composed of
the following daily indices: DAXINDX, FRCAC40,
FTSE100, JAPDOWA and SPCOMP. These stock market
indices P, are then transformed into daily returns y, by 100
times their log differences:

y: = 1001n(p;/p;—1) (6)

All the index data encompass the period from 1 January
1992 to 31 December 1997. There are 1,560 observations for
each time series of daily return. Each whole data set is divided
into several overlapping training and testing sets according to
the walk-forward testing routine [21]. Each training and test
set is moved forward through the time series by 130
observations, in which there are a total of 520 observations
in the training set, 520 observations in the test set. The
optimal values of C, ¢ and y in SVM with Gaussian kernel are
chosen based on fivefold cross validation. The same method
is also used in the SWSVM to choose C, ¢ and the dilation j
separately. All parameters are shown in Table 1. The results
are collated and the best results are recorded as follow, which
are gained from the first sets (January 1992—January 1996).

The prediction performance is evaluated using the fol-
lowing statistical metrics: normalized mean squared error
(NMSE), normalized mean absolute error (NMAE) and the
hit rate (HR). These metrics are calculated as follows:

NMSE

- \/Z,Nl (2 *y?)2/Z,N:1 02 =), 03 =92)

/ZL i =i

: (012 _ytz—]) ()’zz _yzz—l) 20
: else

N ~
NMAE =Y " |67 —y; (8)

et
=X qi, 4t =
Nt:1 0

©)

where N represents the total number of data points in the
test set. o2 denotes the predicted conditional variance. y
represents the predicted return. y denotes the actual return.
The NMSE relates the mean square error of the predicted
volatility g7 by SVM to the mean square error of the naive
model 02 =y? |. The NMAE is more robust against out-
liers in comparison with NMSE. They are the measures of
the deviation between the actual and predicted values. The
smaller the values of them, the closer are the predicted time
series values to the actual values. On the contrary, the
larger the value of HR as a measure of how often the model
gives the correct direction of change of volatility, the better
is the performance of prediction.

The smaller cross-validation error is the stronger gen-
eralization ability of model is. After we gained parameters
by cross-validation method to avoid over-fitting, we firstly
inspect the prediction result of training set, which is sup-
plement for prediction result of test set.

The results on the training set are listed in Table 2. It can
be observed that in all the daily indices, the smaller values of
NMSE are in the spline wavelet kernel. The smaller values of
NMAE are in spline wavelet kernel with the exclusion
of FTSE100 and JAPDOWA, too. As for HR, only in Data- 1
and DAXINDX the larger values are in Gaussian kernel. A
paired-test [22] is performed to determine if there is signif-
icant difference between the two kernels based on the NMSE
of the training set. The calculated #-value indicates that spline
wavelet kernel outperforms Gaussian kernel with 5% sig-
nificance level for a one-tailed test.

The results on the test set in Table 3 provide a better
basis for a comparison of the two kernels where over-fitting
issues may be neglected. As expected, the results of the test
set are worse than those of the training set in terms of

Table 1 Parameters of model Stock indices

Gaussian kernel

Spline wavelet kernel

Cc Epsilon Gamma c Epsilon Jj
Data-1 35.1344 0.000011 0.3038 17.5702 0.000081 2
Data-2 13.2920 0.000045 0.7825 23.3347 0.000059 3
DAXINDX 1.0451 0.012609 0.1589 1.7266 0.003512 3
FRCAC40 11.8356 0.003906 0.3526 1.4822 0.005975 2
FTSE100 6.4264 0.006807 0.6361 2.3901 0.010869 2
JAPDOWA 1.3561 0.012609 0.7324 10.6866 0.015511 2
SPCOMP 1.6044 0.009708 0.3717 3.3726 0.007431 1
Scope [2720 28 2724 271 272 1] [2720 28 2724 271 (1, 4]
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Table 2 Results on the training set

Stock indices Gaussian kernel Spline wavelet kernel

0.014

FRCACA40: Gaussian kernel

NMSE NMAE HR NMSE NMAE HR
Data-1 0.8844 0.9157 0.6683 0.8731 0.8606 0.6264
Data-2 0.8721 0.9682 0.5134 0.8216 0.9362 0.5832
DAXINDX  0.7649 0.8486 0.7073 0.7559 0.8390 0.7055
FRCAC40 0.7960 0.9574 0.6525 0.6955 0.7566 0.7228
FTSE100 0.6980 0.6738 0.7883 0.6587 0.7080 0.7893
JAPDOWA  0.8506 0.6556 0.6663 0.8189 0.8205 0.7217
SPCOMP 0.7683 0.9643 0.6457 0.7378 0.8546 0.6971
t-Value 3.3431 > 10.056 = 1.9432
Table 3 Results on the test set
Stock indices Gaussian kernel Spline wavelet kernel

NMSE NMAE HR NMSE NMAE HR
Data-1 0.6033 0.6417 0.6444 0.6582 0.5952 0.7156
Data-2 0.9360 0.9136 0.4939 0.9035 0.8823 0.5231
DAXINDX  0.7484 0.7960 0.7502 0.7170 0.8117 0.7689
FRCAC40 0.7724 0.8745 0.6845 0.7058 0.8152 0.7065
FTSE100 0.8296 0.5361 0.7844 0.6893 0.7750 0.7908
JAPDOWA  0.8906 0.7148 0.6246 0.7932 0.6755 0.6948
SPCOMP 0.7780 0.9941 0.6688 0.7229 0.8321 0.6795
t-Value 2.2835 > 10.05,6 = 1.9432

NMSE, NMAE and HR. But the similar conclusion can
still be achieved. The table illustrates that apart from Data-
1, the smaller values of NMSE are founded in spline
wavelet kernel. And the smaller values of NMAE are
founded in spline wavelet kernel except for DAXINDX and
FTSE100. The larger values of HR all occurred in spline
wavelet kernel. And a paired-test on the NMSE of the test
set also shows that spline wavelet kernel outperforms
Gaussian kernel with 5% significance level for a one-tailed
test.

_ The squared observations y? and the predicted values of
o? from both two kernels for the test sets are illustrated in
Figs. 1 and 2, where only the FRCAC40 is drawn, since it
has well representative values of NMSE and NMAE in all
daily indices. In this investigation, all of the parameters are
seen in Table 1. It is clear that both Gaussian and spline
wavelet kernel are enough to grasp the features reflected by
the naive model. The predictions made by both kernels are
very similar according to Figs. 1 and 2, although, as we can
see in Table 3, performance of spline wavelet kernel is
better than that of Gaussian kernel.

All experiments are run on 1.6 MHz Intel processors
with 2 GB main memory under window XP professional.
Training time in CPU-seconds of SVM is 3.5688 while that
of WSVM is 3.1182¢ 4 003. WSVM is more slowly than
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Fig. 2 Squared observations and forecasted volatility by spline
wavelet kernel

SVM because better prediction performance gained by
constructing wavelet kernel based on multi-scale theory is
at the cost of the time consuming.

5 Conclusion and discussion

An effective spline wavelet kernel which we combine
spline theory and wavelet method with SVM to construct
for volatility forecasting is presented in this paper. The
existence of spline wavelet kernel is proven firstly. And
then the forecasting performance is evaluated by using two
simulated data sets and five real daily indices. As demon-
strated in the experiment, spline wavelet kernel forecasts
significantly better than Gaussian kernel in all aspects. The
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superior performance of spline wavelet kernel to the
Gaussian kernel mostly lies in that spline wavelet is a set of
bases that can approximate arbitrary functions. Future work
will involve a theoretic analysis of the multi-scale frame on
spline. More sophisticated spline wavelet kernel which can
closely follow the volatility cluster will be explored for
further improving the performance of SWSVM in volatility
forecast.

Acknowledgments We gratefully acknowledge the many helpful
discussions and suggestions we have had with Prof. Dr. Kuno Egle in
Department of Econometrics, Statistics and Mathematical Finance,
School of Economics and Business Engineering, University of
Karlsruhe. We also wish to thank the generous support provided by
Baden-Wiirttenberg state government in Germany.

References

1. Engle RF (1982) Autoregressive conditional heteroskedasticity
with estimates of the variance of UK inflation. Econometrica
50:987-1008. doi:10.2307/1912773

2. Bollerslev T (1986) A generalized autoregressive conditional
heteroskedasticity. J Econom 31:307-327. doi:10.1016/0304-
4076(86)90063-1

3. Day TE, Lewis CM (1998) The behavior of the volatility implicit
in the prices of stock index options. J Financ Econ 22:103-122.
doi:10.1016/0304-405X(88)90024-4

4. Franses PH, van Dijk D (1996) Forecasting stock market vola-
tility using (nonlinear) GARCH models. J Forecast 15:229-235.
doi:10.1002/(SICI)1099-131X(199604)15:3<229::AID-FOR620
>3.0.CO;2-3

5. Harvey CR, Whaley RE (1991) S&P100 index option volatility.
J Finance 46:1551-1561. doi:10.2307/2328872

6. Hull J, White A (1987) The pricing of options on assets with
stochastic volatilities. J Finance 42:281-300. doi:10.2307/232
8253

10.

11.

12.
13.

14.

15.
16.

17.

19.

20.

21.

22.

. Li WK, Mak TK (1994) On the squared residual autocorrelations

in nonlinear time series with conditional heteroskedasticity.
J Time Ser Anal 15:627-636. doi:10.1111/j.1467-9892.1994.
tb00217.x

. Poterba JM, Summers LH (1986) The persistence of volatility

and stock market fluctuations. Am Econ Rev 76:1142-1151

. Perez-Cruz F, Afonso-Rodriguez JA, Giner J (2003) Estimating

GARCH models using support vector machines. Quant Finance
3(3):163-172

Smola AJ, Scholkopf BA (1998) Tutorial on support vector
regression. NeuroCOLT technical report NC-TR-98-030. Royal
Holloway College, London

Vapnik VN (1995) The nature of statistical learning theory.
Springer, New York

Vapnik VN (1998) Statistical learning theory. Wiley, New York
Scholkopf B, Burges CJC, Smola AJ (1999) Advances in kernel
methods. The MIT Press, London

Daubechies 1 (1990) The wavelet transform: time-frequency
localization and signal analysis. IEEE Trans Inform Theory
36(5):961-1005. doi:10.1109/18.57199

Daubechies I (1992) Ten lectures on wavelets. SIAM, Philadelphia
Mallat S (1998) A theory for muliresolution signal decomposi-
tion: The wavelet representation. IEEE Trans Pattern Anal Mach
Intell 11:674-693. doi:10.1109/34.192463

Mallat S (1998) A wavelet tour of signal processing. Academic
Press, Boston

. Chui CK (1992) An introduction to wavelets. Academic Press,

London

Chui CK (1997) Wavelets: a mathematical tool for signal anal-
ysis. SIAM, Philadelphia

Zavjalov YS, Kvasov BI, Miroshnicenko VL (1980) Spline
function methods. Nauka, Moscow

Kaastra I, Boyd M (1996) Designing a neural network for fore-
casting financial and economic time series. Neurocomputing
10(3):215-236. doi:10.1016/0925-2312(95)00039-9
Montgomery DC, Runger GC (1999) Applied statistics and
probability for engineers. Wiley & Sons, New York

@ Springer


http://dx.doi.org/10.2307/1912773
http://dx.doi.org/10.1016/0304-4076(86)90063-1
http://dx.doi.org/10.1016/0304-4076(86)90063-1
http://dx.doi.org/10.1016/0304-405X(88)90024-4
http://dx.doi.org/10.2307/2328872
http://dx.doi.org/10.2307/2328253
http://dx.doi.org/10.2307/2328253
http://dx.doi.org/10.1111/j.1467-9892.1994.tb00217.x
http://dx.doi.org/10.1111/j.1467-9892.1994.tb00217.x
http://dx.doi.org/10.1109/18.57199
http://dx.doi.org/10.1109/34.192463
http://dx.doi.org/10.1016/0925-2312(95)00039-9

	GARCH prediction using spline wavelet support vector machine
	Abstract
	Introduction
	Multi-resolution theory
	Spline wavelet kernel and SWSVM
	Experiment analysis
	Conclusion and discussion
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


